
BE

Suppose Fext = -U = 0
.
We can then take U =0,

in which caseCBE is

+(p. = 0
Solution (check it ! ) : fr

, p , t =4/5-r/pt, j
where fl p, t = 0) = 4/rp) is any function.

Example : Erp) = Ce-rYzwe-pYk? Then

f(F
, pit) = Ce-1=

-#+,2020 - 542k >

One-dime version /rescaled x , p . t) :

fxpEl = Ce-1
* -EEPK

,
-P12

Level sets of f : set fix
, p, El = Ce-

*12

Then x = pEIXp are the equs for
the level sets. With constant force (rescaled) :

f(x
, TiE) = C4(x-pE-lFE 2, 5

- Ft)
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-collisionalInvariants

Consider Atrip1 . Then its an value at timet is

sAlti) = Sdr(dpA(r, j) flr, p, t)

=SJpAp-
-

Integrating by parts,



A =Jd-p
+Al

,p)]
If Art

, pltI) is conserved between collisions,
then

: (d(dpA
A quantity Ar, p) which is conserved in collisions
is calledalisional -mariant. Examples
include particle number (A : 1) , total momentum

It = p9) , and total Kinetic energy (A=< /p1).

atteringProcesses

S
rate per volume to scatter

Let w(pp(f(p)dpdpl = <1 + dp > 3 +Elite)
at time t

Units of wallp are i
because [fpld3p] = -3 . The differential
scattering cross section is then



do=p=
[

and
~

density of scatterers

: Sp1Sw(f(r,+ -w(p()f(r,p,+)
this is calledinglearticlecuttering . We

also have twoeticlecuttering .
Let

w (p' Ph(p , P1)f(p)f(q, )d3pdSp , d3p'd3p! =
rate pervolume to scatter two particles
& ( +di , Pitdpi)) -> 51p' + dp , pi +dph]

Then

# = (dp , (dp)dipiw( ,pilpilfirpit
-wipi/p,1/fp ;it

Approximation :

- (, p,, Pit = fitf(r, P , it



then we have

#= Sap, JdpJdph[W(p - Pep :pilf(ifPit
- wIp; P : 14 ,Pi(fir,pit) fr, Pist)]

#DetailedBalance

DB is a constraint on the equilibrium dist" Flip) .
For one-body scattering , the integrand of the

collision term is

w(pp' f(r ,p , +) - w(p' (5) fir,pit

thus
,
a uniform and time-independent fipl satisfying
w(p/pf(p) = wip' pl fi I

=>a/p1p
will make the integrand of I coll vanish
for all pand p . Thrsftp) is a sol-to



the BE with collisions
.
For two-body scattering,

DB requires

W(p , P1/p: i) f(r
, 5 f(,piit
= w/p;/p , pi)fIr,pit) fr, Pist)

Boltzmann's It-theorem
-

Although the microscopic laws governing a system

may be time-reversal invariant, the Boltzmann

equation itself establishesanrow of the
Define

h(rt) =Saipfi, p , /log(fir, p, t)a3)

j (5 , t) = (dip f, p , /log(fir, p, t)a3) fre
where a is any constant with dimensions of

action. After some grinding (see 38 .
3
.
7 in

the Lecture notes) , we arrive at



Chit) + 5 .j(t = ot o

with

o (r
,
+) = - E(dp(d3p , /d

*p1(dpi(w/p ! pilp,i
x f(r

, pit)f(r, pl , t)(xlogy - x + 1)
where

↑Pippi;, t=
Integrating,

AHH : (dirwit o

St(t) = Sa3-h1,t
So st always decreases -- the arrow of time!


