
-VariationalDensity Matrix
Let Y = [P(0) (2) where 10) denotes
a configuration of a given system. For N spins,
take U = : : So, ...,W] · The free energy is

F : E-TS = Tr(gFi) +bT Trlylogy)
= [PyEr + kgT& Plug Py

In equilibrium
,
F achieves a minimum atfixed

(T
,
V
,
N) . Since Tri = [Pp = / Inormalization),

j

We extremize Fusing Lagrange's method of
undetermined multipliers : multiplier
- extended function ↓

F
*
(Spr3 , x) = [lEjB +4gTPlogh) + 1/fp -1)
If there are a total states U

,
This results

in 2 + 1 equations in 22 + 1 unknowns [P,, ..., Pe ,23 :



·F = E + RT logB +T + x =

· = [P- =
j

Note that setting OFX =0 yields the constraint

equation . The solution is the Boltzmann dist:

pee-ElkT = Boltzmann weight

z = [e-Erlkat= partition function
Here

, z
= expli+)

We conclude that any dist* other than 187
must yield a greater value of F than that
at thefrre thermodynamic equilibrium.
The disadvantage with the exact dist" Dj
is that it is difficult to calculate with



But we can construct an approximation to PA
which involves a set of variational parameters.
Consider the Ising model,

#:.join -H
and the variational density matrix

PvartE) = Fy(t NB normalized

I
with y(o) = [ Clm/80. + 1

+ [ (1 -m)80
, 1

Then (0:=[plo: = m

E = T- (yu F) = - [NF(0) m2 - NHm

with 510) = [JIR) and Jij : JR, -E,1)
The entropy is S = -lgTrGravlog Prav =Ns

= - R Trglogy : -ly(r)logpla)
= -up((((og() + ((log)))



Thus with O = kT /5(0)
,
h = H/510)

,
f = FINFIO

we have

f(m ,
0
, h) = - Em - hm +0( (log) +Eg]]

Now we extremite wet the variational parameter m :

= -m-h + Eologm) =0 =

m = tanh
This we recover the same MF therry as we
derived using the neglectof fluctuations method.
A Landar expansion yields

f(m
,
0
,
h) = - Olog2-hm-610-1m-Emmi...

12

Using the neglectof floats method,
f(m

,
P ,h) = Em2-Ologcosh/) - Olog2
=

- Olog-h +-@m+ + ...



q-state Potts Model

Hamiltonian : F : - [[5.80 Hoi
where o: 1, ..., 93 ·

When H = 0 the model

has a Sq-symmetry , where Sq is the symmetric
group ,

i . e, permutations of 11 .
2
,
... 193.

For the single site variational density matrix,



take y(0) = X80
,111-80,

1) and
s

Pra-18)=1
,
910il

This Problo = 1) = X and Problo =2) = ...Problem
G

Note= I so the dist is normalized . Now

E = Tr/franF) = - INF10KN+ - NH

S = - Ratr/Pranlogyra) = -NRExlogx + 1 -x)log) ))
Rescaling as before ,

f(x
, 0 , h) = -Ex# +Ogx+-4x

The MF equ is

0= -X+ +Ologx-Ol
The order parameter is U =X-q . This vanishes

in the symmetric /high temperaturel phase when
n = 0 (i . e . no symmetry-breaking field).



A Landav expansion yields
f(x

,
0
, h) = to + Lan-syn + &bu

+
+.

with coefficients

a=y ,
b=

Note that y
= 0 When 9 :2 .

This is because

the 2-state Potts model is equivalent to the
2-state Ising model , for which the transition
at h = 0 is second order. For q2 there is

a cubic term in the Landar expansion , which

suggests that the transition is first order
(i . e

.
discontinuous) . If wefruncate the Landau

expansion at fourth order in n ,
the transition

occurs when yo : Eab ,
which gives

Oc= 101 =1



But if we do not truncate and solve for the

exact MF results for the transition
,
we find

MFglqui =E


