
The Ising Model

Ingredients : N-site lattice 2
, typically with

periodic boundary conditions. At each site :
lies a spin =11 . Now consider

H = - J [0
: 0;

-MoH[0
nearest neighbor link ->

< ij

This is the Ising Hamiltonian . We are interested

in the 121 =N-> Ithermodynamic limit.
Solvable exactly in d = 1 and in d = 2 with H =0 ·

Else numerical approaches (Monte Carlo , field theory
and RG ,

series expansions.

Correlation f : Cij = <0:0j) ("correlator")
-

Cij = (0:j) - (Oi) <Oj) ("connected
correlati)

When 5 = 0
,
<Oi) = tanh(MoH/kT)
Zij = O for itj

When Jt0 ,
different sites are correlated : I . #O

ij
H = 0 : I

- symmetry ; Ell = Elsol where
8 = So, , , ..., on3 and 28 = 5- 0

,, -52 , ....
-53

This entails<0.) = 0 . At T = 0 there are



two ground states : It) = 15TT ... /

(H) =+ ...
th

The energy of each is Eo = -Ninks] where
Nlinks EzN on a lattice of coordination number z .

The T= 0 density matrix is yo: (H) <N +E <N
from which we have mi (T, H =0) = <0: )

= 0 and

[ij (T, H =0 = 1
.
Note :

y (+ ) = [ =
-BElExco/[e-BECyl

& Y

Spontaneous symmetry breaking for H = 0 :

① Cij(T) = <0:0 -> m2 /T) with MITI) = 0
dij->
H = 0

② m/T1 = lim him <O;) order of limits important!
H ->0N+d

m/TcTd + 0 ,m/zo



d = 1 solution

Choose periodic boundary conditions on a chain
of length 1 . then

= -5-Mot
z(T

,
L
, H) = TreBl = TrRL

with Roo : eB5or'
MoHI+12

I (
ep(5+H e

-BJ

I
+

e-B5 eB(5-Moth wal
& -

2

Note R = eBcrsh(BMoH1 + e-B5X + ePTsinLIBoit) E
Then EITiL, H) = X? + X ? where def(x -R) =0

=> x
_
(T, H) = ePTcrsh(BpoHIJeRTsinGIBMoH)+ e-295

As L+* The largest eigenvalve dominates and
F(T

,
L
,H) = -LKBT logd + (T, H)

Then the magnetization is



m =-sicht45
The magnetic susceptibility is

X:I
As 5to we recover the Curie susceptibility XH)=
Correlation functions :

< 0
.
0
,
) = Tr(ER"ER"-" 1/T- R = C(ul

Then with R = x + 1t) < + 1 + X = 1->- 1 we have

* z++ z ++ +x t
- -

z
- -

+(x]+z -

z
-+

((n) =
xi + Xt

where Zoo . = ColElo' .

For H = 0 we have R = eB51 + 2-B5X .
Then

(1) = E(14) 114)) = Eti) , and

Ex = = z - + =) ,
z++ = z .. =0 .

This



C(ul = 100, )=
=Base
~ tanb !

"

(B5) for L->*

Writing Cln) = efful/3151 we have

3(t) = Mocin IsInt
and as T+ 0 we obtain 3-o) = -e25/hrt
Domain walls : + T + if + * 14+* ↑
DW energy is ECTH) - ECPT) = 25. Thus

F = 2M5 - boTlog() + Er
Er : - 15

= L . &25x +myT(x(ogx + (1 - x)(og(+ -x]]] + Eo
where M = # DW and x= = DW density



Setting = 0 = X:
This is finite for all >O ,

which is consistent

with no LR spin order.
↓

+
+ + + + T

↑ +4t ↓#IHigher dimensions : +44444 to↓
z = 2[e-2BJLy

↓ + 44 ↓ d

j

whereT is a configuration of tops . Thus

z =2Ne-2BJP x -BE
P = total perimeter

and Er = -Minks5 = - [NzJ .

Approximation : Np = /z-llP =

Npe-2B5p = exp((Ight - 11 - 2B5)p)
and DWs proliferate for

RT > ketait = 1 . 825

(exact 2 .27J/


