
PHYSICS 140B W26 : STATISTICAL PHYSICS

MIDTERM EXAM

(1) The formula for isothermal compressibility κT is

κT (T, n) = −
1

V

(
∂V

∂p

)

T,N

= n−2

(
∂n

∂µ

)

T

.

(a) Consider an ideal Bose gas of ballistic particles in d = 3 dimensions, In the condensed
phase, i.e. for T < Tc(n), the compressibility diverges: κT = +∞. Why is this the case?

(b) Obtain an expression for κT (T, z) when T > Tc(n).

(c) Show that κT = 1/nk
B
T in the low density limit. Hint: This involves taking the z → 0

limit of your expression from part (b).

(2) The dispersion relation for a relativistic massive particle is

ε(k) =
√

(~ck)2 + (mc2)2 = ~c
√

k2 + k2
C

,

where k
C
= mc/~ is the Compton wavevector.

(a) Find the single particle density of states g(ε) in d = 3 dimensions, assuming these
particles are S = 1

2
fermions. Sketch g(ε) versus ε for ε ∈ R.

(b) What is the Fermi wavevector k
F
(n) as a function of the number density?

(c) Find the density of states at the Fermi energy g(ε
F
) in terms of k

F
(n).
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Potentially useful formulae:

Lit(z) =
∞∑

m=1

zm

mt
Lit(1) = ζ(t) z

d

dz
Lit(z) = Lit−1(z)

g(ε) dε =
gΩd

(2π)2
kd−1 dk g(ε) = Cεr−1Θ(ε) r = d/θ , z = exp(µ/k

B
T )

β =
1

k
B
T

∞∫

0

dε
εt−1

z−1 eβε − 1
= Γ(t) (k

B
T )t Lit(z)

nc(T ) = CΓ(r) ζ(r) (k
B
T )r pc(T ) = CΓ(r)ζ(r + 1)(k

B
T )r+1

n(T < Tc, n0) = n0 + nc(T ) n(T > Tc, µ) = CΓ(r)(k
B
T )r Lir(z)

p(T < Tc, n0) = pc(T ) p(T > Tc, µ) = CΓ(r)(k
B
T )r+1 Lir+1(z)

For ballistic particles, CΓ(r)(k
B
T )r = λ−d

T with λT =
√

2π~2/mk
B
T .

fT (ω) =
1

eβω + 1
f
T=0+

(ω) = Θ(−ω)

Ĩ(T, µ) =

∞∫

−∞

dε fT (ε− µ)φ(ε) =

µ∫

−∞

dεφ(ε) +
π2

6
(k

B
T )2 φ′(µ) +

7π4

360
(k

B
T )4 φ′′′(µ) + . . .
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