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2
cos / 3 0.661

cos
A A Aπ

φ
= =  

 
 

3.    
2

1 2 5.6 eV
8

hE
mL

= =  

 
With 2L L′ = , 

2 2 2

1 2 2 2

1 1 (5.6 eV) 1.4 eV
8 8 (2 ) 4 8 4

h h hE
mL m L mL

′ = = = = =
′

 

 
 

4. With 2 /n L nλ = , 
 

1 2 3
2(0.144nm) 2(0.144nm) 2(0.144nm)0.288 nm 0.144 nm 0.096 nm

1 2 3
λ λ λ= = = = = =

 
 

5. The smallest energy is (using Equation 5.3) 
  

2 2 2

1 2 2 2 2

( ) (1240 eV nm) 98 eV
8 8( ) 8(511,000 eV)(0.062 nm)

h hcE
mL mc L

⋅
= = = =  

 
Then 2

2 12 391eVE E= = and 2
3 13 881eVE E= = . 

 
 
6. With L = 1.2 × 10−14 m = 10 fm, 

 
2 2 2

1 2 2 2 2

( ) (1240 MeV fm) 1.4 MeV
8 8( ) 8(940 MeV)(12 fm)

h hcE
mL mc L

⋅
= = = =  

  
 

7. (a) At x = a, 1 2 1 2and / /d dx d dxψ ψ ψ ψ= = : 
 

20 ( ) and 2 2( )a d c ab a d= − − − = −  
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From the second equation, ( 1)d a b= + .  Inserting this into the first equation, we find 

2 2c a b= . 
 
(b) With 2 3ψ ψ=  at x = w, we get 2( ) 0w d c− − = , or  
 

2 2( 1) (2 1)w d c a b a b a b= + = + + = +  
 
The slope is discontinuous at w suggesting an infinite discontinuity in the potential 
energy at that location. 
 

8. (a) The regions with x < a and x > a do not contribute to the normalization.  The 
normalization integral is 

  

 
/ 23 5

2 2 2 2 2 2 4 2 2 4 2 4 2

/ 2

( ) ( ) ( 2 ) 2
3 5

a
a a

a a
a

x xx dx b a x dx b a a x x dx b a x aψ
+

+ +

− −
−

 
= − = − + = − + 

 
∫ ∫ ∫  

 
 Evaluating the integral and setting it equal to 1, we find 
  

5 5
2 5

5

4 2 152 1 or
3 5 16
a ab a b

a
 

− + = = 
 

 

 
(b) 2 2 2 2 2( ) | ( ) | ( )P x dx x dx b a x dxψ= = − , and with x = +a/2 and dx = 0.010a we obtain 

22
2

5

15( ) (0.010 ) 0.0053
16 4

aP x dx a a
a

 
= − = 

 
 

 

(c)  
3 5

2 2 2 2 2 4 2
5/2 /2

/2

15( /2 : ) ( ) ( ) 2
16 3 5

a
a a

a a
a

x xP a a x dx b a x dx a x a
a

ψ
 

= = − = − + 
 

∫ ∫  

 

  
2 3 5

4 3 5
5

15 2 1 0.104
16 2 3 8 5 32

a a a aa a a a
a

     = − − − + − =     
      

 

 
9. With ( ) bxx Cxeψ −= , we have / bx bxd dx Ce bCxeψ − −= − and 

  
2

2
2 2 bx bxd bCe b Cxe

dx
ψ − −= − +  

 
We now substitute ( )xψ and 2 2/d dxψ into the Schrödinger equation: 
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2
2( 2 ) ( )

2
bx bx bx bxbCe b Cxe U x Cxe ECxe

m
− − − −− − + + =

  

 
Canceling the common factor of bxCe− and solving for E, 
 

2 2 2

( )
2

b bE U x
mx m

= − +
   

 
The energy E will be a constant only if the two terms that depend on x cancel each other: 
 

2 2

( ) 0 or ( )b bU x U x
mx mx

+ = = −
   

 
The cancellation of the two terms depending on x leaves only the remaining term for the 
energy: 

2 2

2
bE
m

= −
  

 
10. (a)  The regions with x < −L/2 and x > +L/2 do not contribute to the normalization 

integral.  The remaining integral is: 
  

0 / 22 2 2 2 2

/ 2 0

0 / 22 3 2 2 2 3 2 2 2

/ 2 0

| ( ) | (2 / 1) ( 2 / 1)

(4 / 3 2 / ) (4 / 3 2 / ) / 3

L

L

L

L

x dx C x L dx C x L dx

C x L x L x C x L x L x C L

ψ
−

−

= + + − +

= + + + − + =

∫ ∫ ∫
 

 
Setting the integral equal to 1 gives 3/C L= . 
 
(b) 2 2 2 2( ) | ( ) | (4 / 4 / 1)P x dx x dx C x L x L dxψ= = − + and with x = 0.250L and dx = 0.010L, 
 

2

2

3 4 4( ) 1 (0.010 ) 0.0075
16 4
L LP x dx L

L L L
 

= − + = 
 

 

 

(c)
/23 2/4 /42 2 2

2 20 0
0

4 4 3 4 4 1(0 : /4) | ( ) | 1
3 2 2

L
L L x xP L x dx C x x dx x

L L L L L
ψ

  = = − + = − + =  
   

∫ ∫  

 

(d) 
2 20 / 22

2 2/ 2 0

3 4 4 4 4| ( ) | 1 1
L

L

x x x xx x x dx x dx x dx
L L L L L

ψ
−

   
= = + + + − +   

   
∫ ∫ ∫  
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0 / 24 3 2 4 3 2

2 2
/ 2 0

3 4 3 4 0
3 2 3 2

L

L

x x x x x x
L L L L L L

−

   
= + + + − + =   

   
 

 
It is apparent from the shape of the wave function that the equal probability densities for 
positive and negative x cancel to give an average of zero. 
 

 

2 20 / 22 2 2 2 2
2 2/ 2 0

0 / 25 4 3 5 4 3 2

2 2
/ 2 0

3 4 4 4 4| ( ) | 1 1

3 4 3 4
5 3 5 3 40

L

L

L

L

x x x xx x x dx x dx x dx
L L L L L

x x x x x x L
L L L L L L

ψ
−

−

   
= = + + + − +   

   

   
= + + + − + =   

   

∫ ∫ ∫
 

 

The rms value is then 2 2
rms / 40 0.158x x L L= = = . 

 
11. (a) The normalization integral is 

 

 2 2 2 2 2 2 2 2
30

2| ( )| 2 2 1
(2 )

bx bxx dx A x e dx A x e dx A
b

ψ
+∞ +∞ +∞− −

−∞ −∞
= = = =∫ ∫ ∫   

so 32A b= .  
 
(b) The wave function can be written as ( ) bxx Aeψ = for x < 0 and ( ) bxx Aeψ −= for x > 0. 
   

 
202 2 2 2 2

0

2| ( )|
2

bx bx Ax dx A e dx A e dx
b

ψ
+∞ +∞ −

−∞ −∞
= + =∫ ∫ ∫   

 
and A b= .  
 

12.  For the x > 0 wave function, we have 
 

 
2

2
2andbx bxd dAbe Ab e

dx dx
ψ ψ− −= − =   

 
Substituting into the Schrödinger equation then gives 
 

 
2 2 2

2 or
2 2

bx bx bx bAb e UAe EAe U E
m m

− − −− + = − + =
 

  

 
This is consistent with a constant value of U, which we can take to be 0, giving 

2 2 /2E b m= − . Repeating the calculation for the x < 0 wave function gives an identical 
result.  
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So the potential energy is a constant (zero) for x < 0 and for x > 0. What happens 
at x = 0? Note that the wave function is continuous at x = 0 (both give ψ = A at x = 0) but 
that the derivative dψ/dx is not continuous. This suggests an infinite discontinuity in U(x) 
at x = 0, and because the wave functions approach 0 as x → ∞ there must be a negative 
potential energy that produces the bound states. So the potential energy is 
 

 
( ) 0 0, 0
( ) 0

U x x x
U x x

= < >
= −∞ =

  

 
This type of function is known as a delta function. 
 

13. (a)   
2 2 2

1 2 2 2 2

( ) (1240 eV nm) 4.63 eV
8 8( ) 8(511,000 eV)(0.285 nm)

h hcE
mL mc L

⋅
= = = =  

 
  

 4 1 1 1 14 1: 16 15 15(4.63 eV) 69.5 eVE E E E E E→ ∆ = − = − = = =  
 
(b) 4 3 1 1 14 3 : 16 9 7 7(4.63 eV) 32.4 eVE E E E E E→ ∆ = − = − = = =  

 4 2 1 1 14 2 : 16 4 12 12(4.63 eV) 55.6 eVE E E E E E→ ∆ = − = − = = =  

 3 2 1 1 13 2 : 9 4 5 5(4.63 eV) 23.2 eVE E E E E E→ ∆ = − = − = = =  

 3 1 1 1 13 1: 9 8 8(4.63 eV) 37.0 eVE E E E E E→ ∆ = − = − = = =  

 2 1 1 1 12 1: 4 3 3(4.63 eV) 13.9 eVE E E E E E→ ∆ = − = − = = =  

 
14. With 2

1 11.54 eV and nE E n E= = we have 
 

3 3 1 1 1 1

4 4 1 1 1 1

9 8 8(1.54 eV) 12.3 eV

16 15 15(1.54 eV) 23.1eV

E E E E E E

E E E E E E

∆ = − = − = = =

∆ = − = − = = =
 

 

15. 2 2 2 2

0 0
sin sin with /

L nn x LA dx A u du u n x L
L n

ππ π
π

= =∫ ∫ .  The integral is a standard form 

that can be found in integral tables: 
  

( )2 2 2 21 1
2 40 0

sin sin 2
2

n
nL L LA u du A u u A

n n

π
π

π π
= − =∫  

 
Setting the integral equal to 1 for normalization gives 2 /2 1or 2/A L A L= = . 
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16. (a)
/3 /3 /32 2 2

10 0 0

2 2(0 : /3) | ( ) | sin sin
L L xP L x dx dx u du

L L
ππψ

π
= = =∫ ∫ ∫  

 
/3

0

2 sin 2 0.1955
4 4
u u

π

π
 = − = 
 

 

 

(b) 
2 /3 2 /3 2 /32 2 2

1/3 /3 /3

2 2( /3 : 2 /3) | ( ) | sin sin
L L

L L

xP L L x dx dx u du
L L

π

π

πψ
π

= = =∫ ∫ ∫  

 
2 /3

/3

2 sin 2 0.6090
4 4
u u

π

ππ
 = − = 
 

 

 

(c)  2 2 2
12 /3 2 /3 2 /3

2 2(2 /3 : ) | ( ) | sin sin
L L

L L

xP L L x dx dx u du
L L

π

π

πψ
π

= = =∫ ∫ ∫  

 

2 /3

2 sin 2 0.1955
4 4
u u

π

ππ
 = − = 
 

 

 

17. (a)  2 2 2 5
3

2 3 2 3 (0.188 nm)( ) | ( ) | sin sin 0.001 nm 2.63 10
0.189 nm 0.189 nm

xP x dx x dx dx
L L

π πψ −= = = = ×  

 

(b) 2 22 3 2 3 (0.031 nm)( ) sin sin 0.001 nm 0.0106
0.189 nm 0.189 nm

xP x dx dx
L L

π π
= = =  

 

(c)  2 2 32 3 2 3 (0.079 nm)( ) sin sin 0.001 nm 5.42 10
0.189 nm 0.189 nm

xP x dx dx
L L

π π −= = = ×  

 
(d) A classical particle has a uniform probability to be found anywhere within the region, 
so 3( ) (0.001 nm) /(0.189 nm) 5.29 10P x dx −= = × . 
 

18. With 2 2
0 ( )x yE E n n= +  the levels above 50E0 are as follows: 

 
nx ny E nx ny E 

6 4 52E0 6 5 61E0 
4 6 52E0 5 6 61E0 
7 2 53E0 7 4 65E0 
2 7 53E0 4 7 65E0 
7 3 58E0 8 1 65E0 
3 7 58E0 1 8 65E0 
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The level at E = 65E0 is 4-fold degenerate. 
 
 
19. With 2 2

0 ( / 4)x yE E n n= +  the levels are as follows: 
 

nx ny E nx ny E 

1 1 1.25E0 2 3 6.25E0 
1 2 2.00E0 1 5 7.25E0 
2 1 2.25E0 2 4 8.00E0 
1 3 3.25E0 3 1 9.25E0 
2 2 5.00E0 1 6 10.00E0 
1 4 5.00E0 3 2 10.00E0 

 
The levels at E = 5.00E0 and E = 10.00E0 are both 2-fold degenerate. 
 

 
20. Using Equations 5.39 and 5.40, we have 
 

  

2 2
2 2 2

2 2

2 2
2 2 2

2 2

( ) ( )( cos sin )

( ) ( )( sin cos ) ( ) ( )

( ) ( )( cos sin )

( ) ( )( sin cos ) ( ) ( )

x x x x

x x x x x

y y y y

y y y y y

dfg y g y k A k x k B k x
x dx

d fg y g y k A k x k B k x k g y f x
x dx

dgf x f x k C k y k D k y
y dy

d gf x f x k C k y k D k y k f x g y
y dy

ψ

ψ

ψ

ψ

∂
= = −

∂

∂
= = − − = −

∂
∂

= = −
∂

∂
= = − − = −

∂

 

With ( , ) 0U x y =  inside the well, Equation 5.37 gives 
 

  
2

2 2( ) ( ) ( ) ( ) ( ) ( )
2 x yk f x g y k f x g y Ef x g y

m
 − − − = 

  

 

and so 
2

2 2( )
2 x yE k k

m
= +
 . 
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35. (a)  
2 2 2

2 2
1 2 2 2 2

100( ) 100(1240 eV nm)10 2160 eV
8 8 8(511,000 eV)(0.132 nm)

h hcE n E
mL mc L

⋅
= = = = =  

 

 (b) 2 2 41 12 2 2(511,000 eV)(2160 eV) 4.70 10 eV/p p mE mc E c
c c

∆ = = = = = ×  

 

 (c)  3
4

1 1 1240 eV nm 4.2 10 nm
2 2 4.70 10 eV

hcx
p c pπ π

−⋅
∆ = = = ×

∆ ∆ ×


−  

 
 
36.  

 
 

37. 
3

2 2 2 2 2 2
av 0 0 0

2 2( ) | ( ) | sin sin with
L L nn x L n xx x x dx x dx u u du u

L L L n L
ππ πψ

π
 = = = = 
 ∫ ∫ ∫  

 
 The integral is a standard form that can be found in integral tables. 
 
 

2 3 2 2 3
2 2

av 3 3 2 2
0

2 1 cos2 2 ( ) 1 1( ) sin 2
( ) 6 4 8 4 ( ) 6 4 3 2

n
L u u u u L n nx u L

n n n

π
π π

π π π
      = − − − = − = −            

 
38. With av /2x L= from Example 5.5, we have 
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35. (a)  
2 2 2

2 2
1 2 2 2 2

100( ) 100(1240 eV nm)10 2160 eV
8 8 8(511,000 eV)(0.132 nm)

h hcE n E
mL mc L

⋅
= = = = =  

 

 (b) 2 2 41 12 2 2(511,000 eV)(2160 eV) 4.70 10 eV/p p mE mc E c
c c

∆ = = = = = ×  

 

 (c)  3
4

1 1 1240 eV nm 4.2 10 nm
2 2 4.70 10 eV

hcx
p c pπ π

−⋅
∆ = = = ×

∆ ∆ ×


−  

 
 
36.  

 
 

37. 
3

2 2 2 2 2 2
av 0 0 0

2 2( ) | ( ) | sin sin with
L L nn x L n xx x x dx x dx u u du u

L L L n L
ππ πψ

π
 = = = = 
 ∫ ∫ ∫  

 
 The integral is a standard form that can be found in integral tables. 
 
 

2 3 2 2 3
2 2

av 3 3 2 2
0

2 1 cos2 2 ( ) 1 1( ) sin 2
( ) 6 4 8 4 ( ) 6 4 3 2

n
L u u u u L n nx u L

n n n

π
π π

π π π
      = − − − = − = −            

 
38. With av /2x L= from Example 5.5, we have 
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2

2 2 2
av av 2 2 2 2

1 1 1 1( ) ( )
3 2 2 12 2

Lx x x L L
n nπ π

   ∆ = − = − − = −   
   

 

 
39. (a) The particle has no preferred direction of motion, so it is equally likely to be moving 

in the positive and negative x directions.  We therefore expect that av 0p = . 
 (b) Because the potential energy is zero inside the well, the kinetic energy is equal to the 

total energy: 

  
2 2 2 2 2

2
2 2or so

2 8 4n
p h n h nK E p
m mL L

= = =  

 
For a given level n, p2 is constant so 2

av( )p  has that same value. 
 

(c)   
2 2

2 2
av av 2( ) ( ) 0

4 2
h n hnp p p

L L
∆ = − = − =  

 

40.  
2 2 2 22 2( 2 ) (1 2 )ax ax ax axd dA xe A e ax e Ae ax

dx dx
ψ − − − −= = − = −  

 
2 2 2

2
2 2 3

2 [( 4 ) (1 2 )( 2 ) ] ( 6 4 )ax ax axd A ax e ax ax e Ae ax a x
dx
ψ − − −= − − − − = − +  

 
Substituting the second derivative into the Schrödinger equation, we have 

   

  
2 2 2

2
2 3 21( 6 4 )

2 2
ax ax axAe ax a x kx Axe EAxe

m
− − −− − + + =

  

 
After canceling common factors and combining terms, 
 

  
2 2 2

2 2 3 0
2
k a ax E

m m
   

− + − =   
   

   

 
In order for this to be valid for all possible values of x, both of the quantities in 
parentheses must be zero: 
 

  
2 2 2 2

0 0
0

2 3 3 3or AND
2 2 2 2
k a m a ma E

m m m
ω ω ω= = = = =

  



 

 

 
2 2 2

2 2
2 2 2 2 2 2 2 2

3 30 0

2| ( ) | 2
48 2

ax ax uA Ax dx A x e dx A x e dx u e du
a a

πψ
∞ ∞ ∞ ∞− − −

−∞ −∞
= = = =∫ ∫ ∫ ∫  

 
where we have made the substitution 2u x a=  to put the integral into a standard form 
that is found in integral tables.   Setting the result equal to 1 gives 
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3/ 2 3/ 43

2 0 0
1/ 4

4 2 2 24 or
2

a m mA Aω ω
π ππ
   = = =   
    

 

 
41.  

2

0 0 0 0

2 2 2 2 2| ( ) | | ( ) | 2 | ( ) | 2 ax

x x x x
P x dx x dx x dx A e dxψ ψ ψ

−∞ ∞ ∞ ∞ −

−
= + = =∫ ∫ ∫ ∫  

 
2 20

1 1

1 22 0.157
2

u um e du e du
a

ω
π π

∞ ∞− −= = =∫ ∫


 

 
42. (a) The x and y motions are independent, and each contributes an energy of 1

0 2( )nω + , 
but the integer n is not necessarily the same for the two independent motions.   Thus the 
total energy is 

  
   1 1

0 0 02 2( ) ( ) ( 1)x y x yE n n n nω ω ω= + + + = + +    
 
(b) 

 
(c) The level with energy 0N ω  has N different possible sets of quantum numbers ,x yn n .  
Both nx and ny range from 0 to N−1 but with their sum fixed to N.  The number of 
possible values of nx is then N (the values are 0, 1, 2, …, N-2, N-1), and for each value of 
nx the value of ny is fixed.  The total degeneracy of each level is thus 1x yN n n= + + . 

 
43. (a) With 2 2

av av( ) ( )x x x∆ = − , clearly xav = 0 for this wave function. Then 
 

 
2

2 2 2 1 2 2 / 1
av 30

2( ) | ( ) | 2 2
(2/ ) 2

x b bx x x dx b x e dx b
b

ψ
+∞ +∞− − −

−∞
= = = =∫ ∫   

 
So / 2 0.71x b b∆ = = . 
 

04 ω  

03 ω  

02 ω  

0ω  

Energy 

4 

3 

2 

1 

(0,3), (1,2), (2,1), (3,0) 

(0,2), (1,1), (2,0) 

(0,1), (1,0) 

(0,0) 

Degeneracy         (nx, ny) 
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(b) The maximum probability density occurs at x = 0, where 2 1( ) | ( ) |P x x bψ −= = . We 
now find the location where P(x) drops to half that value, that is, where 2| |/ 0.5x be− = , or 

2 | | / ln(0.5)x b− = : 
 
 | | ( /2) ln(0.5) or 0.347x b x b= − = ±   
 
Our estimate for ∆x is then the distance between the two points where the probability is 
half its maximum value, so ∆x = 0.69b, which agrees very well with the result of the 
more rigorous calculation from part (a).   

 
44.    (a) With 

2

( ) axx Axeψ −= , we have 
22 2 2 2( ) | ( ) | axP x x A x eψ −= = , and so 

 

 
2 2 22 2 2 2 2 2 2 2(2 ) ( 4 ) 2 (1 2 ) 0ax ax axdP A x e A x ax e xA e ax

dx
− − −= + − = − =   

 
The two maxima are located where 21 2 0ax− = , or 1/ 2x a= . 
(b) The probability density at the maximum is 2 1( /2 )P A a e−= . To find where the 
probability density drops to half this value, we set 
 
 

22 2 2 2 11
2 ( / 2 )axA x e A a e− −=   

 
and solve for x. A trial and error method converges quickly to the values x1 = 0.34a-1/2 
and x2 = 1.16a-1/2. 
(c) We can take the width of the distribution between the 2 half-height points as a 
measure of the most probably location of the particle, so ∆x = x2 − x1 = 0.82a-1/2. 

(d) Using 2 2
av av( ) ( )x x x∆ = −  with xav = 0 by symmetry, we then have 

 

 
22 2 2 2 4 2 2

av 20

3( ) | ( ) | 2 2
8(2 )

axx x x dx A x e dx A
a a

πψ
+∞ +∞ −

−∞
= = =∫ ∫   

 
With 2 3/2 1/24A a π −= from the normalization, this becomes (x2)av = 3/4a and thus ∆x = 
0.87a-1/2, in very good agreement with the estimate from the width of the distribution.     
  

 




