PHYSICS 2D FINAL EXAM FALL QUARTER 2023
PROF. HIRSCH

Justify all your answers to all 11 problems. Write clearly.
Time dilation; Length contraction: At:yAtO s L=L, ly ;¢c=3x% 10°m/ s

Lorentz transformation: x'=y(x —ut) ;y'=y; t'=y(t—ux/c”)

. | V. —u v 14 1
Velocity: v_ =—2r v = 4 = V=
l-uv /¢ 7 y(-uv _/c”) 1-u?/c?
) ) ) , lxu/c
Inverse transformations: u — —u, primed <> unprimed; Doppler: f'=1f =g/
Ful/c

Momentum: p=ymv ; Energy: E=ymc’ ; Kinetic energy: K =(y-1)mc’

E= W , restenergy: E = me’

Electron: m_ =0.51 IMev /c* ; Proton: m, = 938.26 Mev / c* ; Neutron: m = 939.55Mev / c*
Atomic unit: lu=931.5MeV /c? ; electron volt: leV =1.6x107"°J

Photoelectric effect: eV =K _ =hf—¢=hc/A-¢ ; ¢ =work function
Stefan law: I =0T*, 0=5.67037x10"W /m’-K* ; Wien's law: A T =2.8978x10” m- K
I(T)= [I(A,T)dA 5 I=(c/4u ; u(A,T)=NAE, (A,T); N(A)= i—’f

0

Boltzmann distribution: N(E) = Ce” ®*" ; N= f N(E)dE ; E, =% f EN(E)dE
0 0

Classical: E, = kT ; Planck: E = ne = nhf; N=EN(EH) s E = %EEHN(EH)
n=0

n=0
51.4
Planck: E, = % ; hc=1,240eV -nm ; /lmT = hc/4.96k ; o= 27 2k3
el T _q 15¢°h
Boltzmann constant: k=(1/11,604)eV /K 1A=1A=0.1nm
Compton scattering: A'-A=4 (1-cos0); A = N =0.00243nm
mc

double-slit interference maxima: d sin 6 = nA; single-slit diffraction minima: asinf = nA

de Broglie: )Lzﬁ ;f=% ; w=2nf ;k=27”; E=hw ; p=hk
p

2

matter: £ = ;; (nonrelativistic) or E =/ p’c’ + m’c* (relativistic); photons: E = pc
m

Uncertainty: AxAk~1 AtAw~1 ; AxAp~h AtAE~h ; AA:\/<A2>—<A>2
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. dw w
hic=197.3 eV nm ; roup and phase velocity : v =— ;v =—
group p y:v, K P
. . s A B
Schrodinger equation: -———+UX)W(x,) =ih — ; PEX,)=y(x)e "
2m ox at

2 aZw

Time - independent Schrodinger equation: -—
2m d

+UCOY=Eyp(x) ;  [de y'y=1

2
X

P(x,<x<x)=[lp)fdx 5 < f(x)>= [|p)Ff(x)dr
2 nwx a*h’n? h* )
oo square well: X)=,|—sin(——) ; E = ; =0.0381eVnm~ (electron
q Y,(0= s 1 E, o T ( )

In 2 or 3 dimensions: —Zh—Vzl/J(f)‘f‘U(f)l/}(f):Elp(f)
m

htond ond 2 . naw
2D square well: ¥  (x,y)=¥, (x)W ; E = —4+2) ;W (w)= |—sin
q D (s, ) 3 B, =T R e ) W, (0= [ sinCTE)

i

_mw 2 2
Harmonic oscillator: W _(x)=H, (x)e 2 ;E, =(n+ l)if‘za); E = ;; + lma)zxzzlma)zA2
m
2
Step potential : reflection coef : R = M , T=1-R ; k= 1/2—’?(E -U)
(k, + k,) h
—270{(){)(!){ _
Tunneling:  yY(x)~e** ; T=e*™ ; T=e ™ ;oalx)= W
. 2Z€2 2 2
Rutherford scattering: U = ;e /(4me,)=1.44eV -nm = ke
dme r
2
_Z.¢ cotlH s f,= ntwb® ; N(O)= constantx(i)2 x%
dme, 2 K, sin“(8/2)
. 1 1 1 1
Line spectra: —=R(—-—) ; R=——
pectra: 5 =RCa =) 91 13nm
2 2, 2 ke’ n’
Bohratom:r=(aO/Z)n ; E =-EZ /n yE, = ;a, = i L=mvr=nh
n " 2a, m ke’ ¢

E, =13.6eV ; a,=0.0529nm

Observables, operators, eigenvalues, eigenfunctions:
<A4>= fd3r1p*(;7)Aop1p(F) ; ifd yp=ayp==> A4=0
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Spherically symmetric potential: W , (r,0,¢)=R (r)Y, (0,9) ; Y, (0,¢)=P" (@)™

quantum numbers: n=1,2,3,... ; O=</=n-1 ; —fsmésf
Angular momentum: L=7xp ; |[*|= (((+ )R> L =mnh
2 2
Radial probability density: P(r)= r IR ,(r) > Energy: E = —I;LZ—Z
a, n

o 1 Z —Irla p e n!
Ground state of hydrogen-like ions: W, =——(—)"e " ; f drr'e™” =
7" a, .

Orbital magnetic moment: @=——1 ; uo=-pu,m o u _ M 579107V /T

2me B 2me

Spin 1/2: s=%, 1S|=ys(s+Da 5 S =mh ; m =x1/2 ;ﬁs=2_—eg§ cg=2
m

Orbital+spin mag moment: U= z_—e(]: + g§ ) ; Energyin mag. field: U=-fi-B
m

subshells: 1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f, 5d, 6p, 7s, 5f, 6d
2(20+1) electrons per subshell. Screened electron: E = (-13.6¢ V)Zesz /n’

Problem 1 (6 points)

On their 20th birthday, twin B departs earth on a spaceship traveling at speed 0.6¢c with
respect to the earth, twin A remains on earth. On their 21st birthday, as measured in each
own's reference frame, they both light candles to celebrate.

(a) How old is twin B when the light from twin A's candle reaches him/her, as measured
in twin B's reference frame?

(b) How old is twin A when the light from twin B's candle reaches him/her, as measured
in twin A 's reference frame?

Explain all steps.

Problem 2 (6 points)

A blackbody emits maximum power per unit wavelength at wavelength 1000nm.
(a) What is its temperature, in degree Kelvin?

(b) If at the temperature found in (a), this body emits 100W/nm at wavelength
100,000nm, how much power per nm does it emit at 100,000nm if its temperature is
raised by 100K?

Hint: your answer can be approximate. Use Taylor expansion if justified.
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Problem 3 (6 points)

A photon incident on an electron at rest is scattered at a 60° angle relative to the
incidence direction. The wavelength of the scattered photon is the Compton wavelength,
0.00243nm.

(a) Find the kinetic energy of the scattered electron, in eV.

(b) Find the angle of the scattered electron’s trajectory relative to the incidence direction.
Give your answer in degrees.

Problem 4 (6 points)

>
photons, electrons
> t /__th —_——

>

pLey

>

Photons with photon energy 2eV and electrons with kinetic energy 2eV are incident on a
screen that is perpendicular to the beam and has a narrow slit of width a =0.5um

(um=10"m). After passing through the slit, photons and electrons emerge each with a

range of angles O relative to the incidence direction. Using the uncertainty principle (not
using any other formula), estimate the range of angles 6 for

(a) the photons

(b) the electrons

Give your answers in degrees.

Problem 5 (6 points)

Hydrogen atoms in a cubic container with transparent walls are moving at speed 1000m/s
in random directions. Electrons are all in their ground state. Photons from a radiation
source are incident through one of the walls of the container in direction perpendicular to
the wall.

(a) What should be the smallest wavelength A of the radiation so that atoms that are
moving towards the wall through which the radiation is coming in will absorb photons

and atoms moving away from it will not? Give an approximate value for A and explain
your answer.

(b) The atoms that absorb radiation will change their speed. Do they speed up or slow
down? Calculate their speed after absorbing a photon, in m/s.
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Problem 6 (6 points)

There are 5 electrons in a two-dimensional square box of side length 0.56nm. Electrons
don’t interact with each other but have spin /2 and obey the Pauli principle. The system is
in the lowest possible energy state. There is no magnetic field.

(a) Find the total energy in eV.

(b) Find the wavelength of the longest wavelength photon that this system can absorb.
Give your answer in nm.

(c) Find the wavelength of the next longest wavelength photon that this system can
absorb, different from the one found in (b). Give your answer in nm.

There are no selection rules for this system.

Problem 7 (6 points)

00 >

a X

An electron is in the one-dimensional potential well shown in the figure. The left wall is
of infinite height. The width of the well is a=0.5nm. The potential energy is O for

0 <x<a . The height of the potential well for x>ais U, .

(a) Assume first that U = . Give the wavefunction and the energy (in eV) for the
electron in the ground state.

(b) For a finite value of U, the ground state energy is 1eV. Find what is the value of
U,,ineV.

Hint: Use the conditions that the wavefunction and its first derivative have to be
continuous at x=a. Explain all steps.

Problem 8 (6 points)

The radius of the tin nucleus, with Z=50, is R=6.666 x 10 nm
(a) o particles of kinetic energy 7.2 MeV are incident on a foil of tin. Find the distance

of closest approach of an a particle to the center of a nucleus, d, in nm

(b) Approximate the Coulomb potential of the tin nucleus by a square barrier of height
the average of the Coulomb potentials at distances R and d from the center of the nucleus.
The potential energy is negative inside the nucleus, i.e. for r<R.

Calculate the probability that an o particle incident on a tin nucleus will penetrate the

Coulomb barrier and enter the nucleus. If 100 million a particle are incident on nuclei
reaching their distance of closest approach, how many will end up inside nuclei?
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Problem 9 (6 points)

An electron in a one-dimensional atom has potential energy U(x) = —ke’ / x (x>0). We
found by solving the one-dimensional Schrodinger equation that its ground state wave
function is

P(x)=Cxe ™ x>0,0 for x<0

with C a constant and a the Bohr radius. Its ground state energy is E = —ke’ / (2a,) ,
same as in three dimensions.

(a) Calculate the uncertainty in the position of the electron, Ax , expressed as a number
timesa, .

(b) Calculate the uncertainty in its momentum, Ap , expressed as a number times (%/a,) .

You may use the fact that just like in 3 dimensions the average kinetic energy is minus
half the average potential energy. You may not assume that the average potential energy
is the same as in 3 dimensions. Justify all steps.

(c) Verify whether the uncertainty theorem is satisfied , namely whether AxAp =7/ 2

Problem 10 (6 points)
The angular momentum operators are given by the formulae

oo _gpreest 9 & 1L &, _h

op . Py 2 - 2 2 ? z,0p .
v sinf 060 90" sin" 0 d¢ 109
An electron in a hydrogen atom is in a stationary state described by the wavefunction

Y(r,0,¢) = R(r)sin® Osin pcos ¢
(a) Explain how you can tell that the uncertainty in Z_ for this electron is not zero.

(b) Calculate the uncertainty in L_. You may use the fact that < L_>=0 for this
wavefunction without proving it.
(c) By applying an operator to this wavefunction find the quantum number 7 . Justify all

steps. Use that 1=sin” 6 +cos’ 0

Problem 11 (6 points)
For a hydrogen atom with an electron in the 2p state, we estimated that the internal
magnetic field seen by the electron due to its orbital motion around the proton was

B =0.39T , and the resulting fine structure splitting was AE =4.53 x 107eV .

Using the same reasoning, find B, and AE for an electron in the 2p state of the He"ion.

Hints: Express your quantities in terms of Z (Z=2 here) to extract the Z-dependence of
the quantities you calculate, then you can obtain the answers from the hydrogen answers.
The magnetic field at the center of a circular loop of radius r through which a current i

flows is B = i/(2r) . Remember that i=current has units charge divided by time. Use
Bohr atom relations. Justify all steps.



