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Chapter 6

Classical Interacting Systems
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6.2 Ising Model

6.2.1 Hamiltonian

The simplest model of an interacting system consists of a lattice £ of N sites, each of which hosts a spin

o; which may be either up (0, = +1) or down (o; = —1). The Hamiltonian is
(i) ¢

The energy J accounts for an interaction between sites i and j, here taken to be nearest neighbors on L.
When J = 0, the model describes /N noninteracting spins. The geometry is then irrelevant, and as we
saw in §4.8.1, for each spin we have (o,) = p, tanh(pgH/kpT).

In zero external field (i.e. H = 0), energetic considerations dictate that the interaction term on each
link (ij) prefers neighboring spins to be ferromagnetically aligned in a [11) or |]]) configuration (i.e.
0,0; = +1) when J > 0, and antiferromagnetically aligned in a | 1) or [{1) configuration (i.e. 0;0; = —1)
when J < 0.

This model is not exactly solvable in general. In one dimension, the solution is quite straightforward.
In two dimensions, Onsager’s solution of the model (with H = 0) is among the most celebrated results
in statistical physics. In higher dimensions the system has been studied by numerical simulations (the
Monte Carlo method), by series expansions, and by field theoretic calculations (renormalization group),
but no exact solutions exist.

One important aspect of interacting systems is the emergence of correlations. We define the correlation
matrix of the Ising model C;;(T, H) = (0, 0,;), which is the average of the product o, ajl. When J = 0 the
system is noninteracting, and the average of the product is the product of the averages for all i # j, i.e.
Cy;(T, H) = m;m,, where m; = (0,). Thus the connected correlator,

Cij(T7H) = <0i0j> - <Uz'><‘7j> ) (6.2)

which is the average of the product minus the product of the averages, vanishes identically for J = 0
whenever i # j.

When J # 0, however, there are nontrivial correlations between different sites. Consider, for example,
the case H = 0. In this case the model has what we call a Z, symmetry, which means that for any
spin configuration & = {oy,...,0y}, the energy E(o) is invariant under reversing the direction of
all the spins. Le. if e0 = {—0y,...,—0y}, we have E(ea) = E(o) for each of the 2V possible spin
configurations o. This means that (5;) = Oforalli. AtT = 0 there are two ground states, |{) = |11 ---)
and |}) = |ll] ---), each with energy £, = — N/, where N, is the number of nearest neighbor
links on £?. The (ergodic) zero temperature density matrixis py = 5|1 )(ft|+3 |4 )({|, and we compute

averages by (O) = Tr(p,O). Thus (0;) = 0 and éij(T, H=0) =1

'The correlation matrix C;; (T, H) is defined for arbitrary sites i and j. In the thermodynamic limit, it is inde-
pendent of the system size V.

20n a lattice with coordination number z and with periodic boundary conditions, N, 1zN.

inks — 2
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6.2.2 Spontaneous symmetry breaking

In quantum mechanics, the eigenstates of a Hamiltonian f, which commutes with all the generators
of a symmetry group G may be classified according to the representations of that group. Typically this
entails the appearance of degeneracies in the eigenspectrum, with degenerate states transforming into
each other under the group operations, as we saw above. Adding a perturbation V' to the Hamiltonian
which breaks G down to a subgroup H will accordingly split these degeneracies, and the new multiplets
of H = H, + V are characterized by representations of the lower symmetry group H.

In quantum field theory, or in the thermodynamic limit of a classical system, as a consequence of the
infinite number of degrees of freedom, symmetries may be spontaneously broken. This means that even
if the Hamiltonian H (or action S) for the field theory is invariant under a group G of symmetry trans-
formations, the ground state or thermodynamic density matrix may not be invariant under the full
symmetry group G. The presence or absence of spontaneous symmetry breaking (SSB), and its detailed
manifestations, will in general depend on the couplings, or the temperature in the case of quantum sta-
tistical mechanics. SSB is usually associated with the presence of a local order parameter which transforms
nontrivially under some group operations, and whose whose quantum statistical average vanishes in
a fully symmetric phase, but takes nonzero values in symmetry-broken phase®. The parade example is
the Ising model, [ = — ", <jJi;0,0;, where each o, = +1, the subscript i indexes a physical location
in space, such as a site R, on a particular lattice. The model is explicitly Z, symmetric under o; — €o;
forall i, where e € {+1, —1}, yet if the interaction matrix J;; = J(R; — R;) is short-ranged and the space
dimension d is greater than one, there is a critical temperature T, below which SSB sets in, and the system
develops a spontaneous magnetization m = (o;). You know how in quantum mechanics, the eigen-
states of a particle moving in one-dimensional double-well potential V' (x) = V(—z) can be classified by
their parity eigenvalues P, and the lowest two energy states are respectively symmetric (P = +1) and
antisymmetric (P = —1), and are delocalized among both wells. For a quantum field theory, however,
with (Euclidean) Lagrangian density £, = (V)2 + V(¢), ford > 1 and T < T,, the system actually
picks the left or the right well, so that (¢(r)) # 0. Another example is the spontaneously broken O(2)
invariance of superfluids, where the boson annihilation operator /() develops a spontaneous average
(¢(r)) = \/no €, where ny is the condensate density and 6 the condensate phase.

But this is an obvious swindle, because, as we have seen, (o;) = 0 in zero external field, due to the
Zy symmetry of the model. Rather, we may understand the phenomenon of spontaneous symmetry
breaking in either of the following ways:

o First, rather than defining the order parameter of the Ising model, for example, to be the expected
value m = (o;) of the local spin*, consider instead the behavior of the correlator C;; = (0;0;) in
the limit d;; = |R;, — R;[ — oo. In a disordered phase, there is no correlation between infinitely
far separated spins, hence limg, o0 €y = 0. In the ordered phase, this is no longer true, and we

define the spontaneous magnetization m from the long distance correlator: m? = limd”_wo(o'i o)

In this formulation, SSB is associated with the emergence of long-ranged order in the correlators of

3While SSB is generally associated with the existence of a phase transitions, not all phase transitions involve
SSB. Exceptions include the Kosterlitz-Thouless transition, and also those topological phases which have no local
order parameter.

“We assume translational invariance, which means (o) is independent of the site index i.
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operators which transform nontrivially under the symmetry group.

e Second, we could impose an external field which explicitly breaks the symmetry, such as a Zeeman
term V = —uyH Y, 0; in the Ising model. We compute the magnetization per site m(T, N, H) =
(0;) as a function of temperature 7T, the external field H, and the system volume (i.e. number of
sites) N. The order parameter m(T") in zero field is then defined as

m(T) = flng%) A}gnoom(T, N,H) . (6.3)

The order of limits here is crucially important. The thermodynamic limit NV — oo is taken first,
which means that the energy difference between |{}) and ||} ) diverges, being proportional to N,
thus infinitely suppressing the || ) state if # > 0 (and the |{}) state if I < 0). The magnitude of
the order parameter will be independent on the way in which we take H — 0, but its sign will
depend on whether H — 07 or H — 0, with sgn(m) = sgn (H). Physically, the direction in
which a system orders can be decided by the presence of small stray fields or impurities.

Note that in both formulations, SSB is necessarily associated with the existence of a local operator O,
which is identified as the order parameter field. In the first scheme, the correlations (O, (Qj> exhibit long-
ranged order in the symmetry-broken phase. In the second scheme, O; is the operator to which the local
external field H; couples. We will discuss the mean field theory of phase transitions and spontaneous
symmetry breaking in chapter 7.

6.2.3 Ising model in one dimension

Consider a one-dimensional ring of L sites. The ordinary canonical partition function is then

L
Zoee(T, L, H) = Tr e PH = 3" T ?7onontr efofion (6.4)
{o,} n=1

where o, .| = 0, owing to periodic (ring) boundary conditions (PBC). We can replace the factor e#on

in the above expression with e’#0f(7n+7.:1)/2 since the product over n yields the same result. We then
obtain Z = Tr (RL ), where Ris a 2 x 2 matrix with entries

R,

BJ oBugH -BJ
Joo! H(o+0')/2 e erro €
_ BIoo! ugH(o+o)/ :< o EBJE_BMOH> , 6.5)

called the transfer matrix. Expressed in terms of the Pauli matrices, we have’
R = ¢ cosh(BugH) I + e P X + P sinh(BugH) Z (6.6)
where I, X, and Z are the 2 x 2 identity, Pauli X, and Pauli Z matrices.

Since the trace of a matrix is invariant under a similarity transformation, we have

Z(T,L,H) =k + AL 6.7)

>Take care not to confuse Pauli Z with the partition function!
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where )\ are the eigenvalues of R, viz.

Ay (T, H) = P/ cosh(BugH) £ \/ezﬁJ sinh?(Bu H) +e=207 . (6.8)

When H = 0, we have A\, = 2cosh(3J) and A_ = 2sinh(3J). In the thermodynamic limit, L — oo, and
the larger Al term dominates exponentially. We them have

F(T,L,H) = —Lk,TIn X\, (T, H) . (6.9)

From the free energy, we can compute the magnetization,

L\ fsinh®(BpuoH) + =18
and the zero field isothermal susceptibility,
2
=10 6.11)

=L oH|, , kT

Note that in the noninteracting limit J — 0 we recover the familiar result for a free spin. The effect of the
interactions at low temperature is to vastly increase the susceptibility. Rather than a set of independent
single spins, the system effectively behaves as if it were composed of large blocks of spins, where the
block size ¢ is the correlation length, to be derived below.

The physical properties of the system are often elucidated by evaluation of various correlation functions.
Accordingly, we define C(n) = (0, 0,,,1), Where

Tr (Jl Rolcr2 e RcrnonJrl On+1 RonJrlonJrz e RoLol) . Tr (Z R"Z RL_n)

Tr (RE) B Tr (RY) ’

(010p41) = (6.12)

with 0 < n < L, and where Z is the Pauli matrix. To compute this ratio, we decompose R in terms of its
eigenvectors, writing R = A |[+)(+| + A_ |—)(—|. Then

 MZZ Mz Z+ (AT e NETY Z4 7

c
(n) A+ AL ’

(6.13)

with Z,,y = (| Z | /') being the matrix elements of Z in the eigenbasis of R.

Zero external field

Consider H = 0, where R = ¢?/ + ¢7#7 X. Then |+) = - (|1) £ |1)), i.e. the eigenvectors of R are

(

Sl

b= (6.14)

-

N———
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which entails 7, = Z__ = 0, while Z,_ = Z_, = 1. The corresponding eigenvalues are given by
A, = 2cosh(BJ) and A_ = 2sinh(B.J) . The correlation function is then found to be

L=ln| \In| | ylnl yL=In]
ALl AN
A+ AE

B tanh™(8.J) + tanh >~ 1"l(3.7)
B 1 + tanh®(8.J)

C(n)=(o,0,,,) =
(6.15)
~ tanh™(3J) for L — oo

This result is also valid for n < 0, provided |n| < L. We see that we may write C'(n) = e~I"l/¢(T), where

the correlation length is
1

1) = In ctnh(J/k,T)

Note that {(T") growsas T' — 0 as { ~ % 027/ T

(6.16)

Chain with free ends

When the chain has free ends, i.e. open boundary conditions (OBC), there are (L —1) links and the
partition function is

Zose(T, L H) = 3 (RE7), o = S {0 s (@) v (0)) + AT 0 (0) v (o)} (617)

o0’ o,0’

where ¢, (0) = (o |+ ). When H = 0, we make use of eqn. 6.14 to obtain

1 - 1 — —
RFl =2 G D (2cosh 57)" "+ 2 <_11 11> (2sinh g7)" 7" (6.18)

and therefore Zgc = 2 cosh?~1(5.J). There’s a simple trick to obtain the zero field partition function
which amounts to a change of variables. We define v,, = o, for il <n < L. Thus, v; = 0,04, V2 = 0405,
etc. Note that each v; takes the values +1. The Hamiltonian for the chain is

L-1 L-1
Hoge=—J Y 0,0, ==Y v, . (6.19)
n=1 n=1

The state of the system is defined by the L Ising variables {0, v,, ..., v, ;}. Note that o; doesn’t
appear in the Hamiltonian. Thus, the interacting model is recast as L —1 noninteracting Ising spins, and
the partition function is

Zos (T, L, H) = Tr e #Hosc = ZZ Z eBIehIva L PIvE

o N V-1

-1
= Z (Z eﬁ‘]”> = 2L cosh'=1(8.7)

(6.20)
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6.2.4 Domain walls

We have just seen how in one dimension, the Ising model never achieves long-ranged spin order. That is,
the spin-spin correlation function decays asymptotically as an exponential function of the distance with
a correlation length £(7") which is finite for all > 0. Only for 7" = 0 does the correlation length diverge. At
T = 0, there are two ground states, |f}) and ||} ). To choose between these ground states, we can specify
a boundary condition at the ends of our one-dimensional chain, where we demand that the spins are
up. Equivalently, we can apply a magnetic field H of order 1/L, which vanishes in the thermodynamic
limit, but which at zero temperature will select the ‘all up” ground state. At finite temperature, there is
always a finite probability for any consecutive pair of sites (n, n+1) to be in a high energy state, i.c. either
|11) or [{1). Such a configuration is called a domain wall, and in one-dimensional systems domain walls
live on individual links. Relative to the configurations |11) and |} ), a domain wall costs energy 2.J.
For a system with M = 2L domain walls, the free energy in the thermodynamic limit is

F=2MJ—k,Tn <AZ> =L {2J:1: + kBT[xlnx +(1-2)n(l - :c)]} , (6.21)

Minimizing the free energy with respect to z, one finds z = 1/(e?’ kT 4 1), so the equilibrium con-
centration of domain walls is finite, meaning there can be no long-ranged spin order. In one dimension,
entropy wins and there is always a thermodynamically large number of domain walls in equilibrium.
And since the correlation length for 7' > 0 is finite, any boundary conditions imposed at spatial infinity
will have no thermodynamic consequences since they will only be ‘felt” over a finite range.

As we shall discuss in the following chapter, this consideration is true for any system with sufficiently
short-ranged interactions and a discrete global symmetry. Another example is the g-state Potts model,

H=- - . .
Iy e Z 0y (6.22)
(i) i
Here, the spin variables o, take values in the set {1,2,..., ¢} on each site. The equivalent of an external

magnetic field in the Ising case is a field h which prefers a particular value of o (¢ = 1 in the above
Hamiltonian). See the appendix in §6.6 for a transfer matrix solution of the one-dimensional Potts model.

6.2.5 Ising model in two dimensions : Peierls” argument

What about higher dimensions? A nifty argument due to R. Peierls shows that there will be a finite
temperature phase transition for the Ising model on the square lattice®. Consider the Ising model, in
zero magnetic field, ona N = L, x L, square lattice, with L, , — oo in the thermodynamic limit. Along
the perimeter of the system we impose the boundary condition o; = +1. Any configuration of the spins
may then be represented uniquely in the following manner. Start with a configuration in which all spins
are up. Next, draw a set of closed loops on the lattice. By definition, the loops cannot share any links
along their boundaries, i.e. each link on the lattice is associated with at most one such loop. Now flip all
the spins inside each loop from up to down. Identify each such loop configuration with a label I". The

®Here we modify slightly the discussion in chapter 5 of the book by L. Peliti.
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Figure 6.1: Clusters and boundaries for the square lattice Ising model. Left panel: a configuration I’
where the central spin is up. Right panel: a configuration C, o I" where the interior spins of a new loop
7 containing the central spin have been flipped.

partition function is
Z=Tre Pl =3 "e20r (6.23)
r

where L is the total perimeter of the loop configuration I". The domain walls are now loops, rather
than individual links, but as in the one-dimensional case, each link of each domain wall contributes an
energy +2.J relative to the ground state.

Now we wish to compute the average magnetization of the central site (assume L, , are both odd, so
there is a unique central site). This is given by the difference P, (0) — P_(0), where P,(0) = <6UO ’ u> is
the probability that the central spin has spin polarization p. If P, (0) > P_(0), then the magnetization
per site m = P, (0) — P_(0) is finite in the thermodynamic limit, and the system is ordered. Clearly

1 _
P (0) =~ > e (6.24)
res,

where the restriction on the sum indicates that only those configurations where the central spin is up
(0y = +1) are to be included. (see fig. 6.1a). Similarly,

1 _
P(0)=~ ~Z e 2y (6.25)
rex_
where only configurations in which o, = —1 are included in the sum, where ¥, = {F I oy = :I:}. That

is, ¥ (X_) is the set of configurations I" in which the central spin is always up (down). Consider now
the construction in fig. 6.1b. Any loop configuration I' € ¥_ may be associated with a unique loop
configuration I' € X by reversing all the spins within the loop of I" which contains the origin. Note
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that the map from Ito I'is many-to-one. That is, we can write I = Cﬁf o I', where Cﬁf overturns the
spins within the loop v, with the conditions that (i) v contains the origin, and (ii) none of the links in the
perimeter of v coincide with any of the links from the constituent loops of I". Let us denote this set of
loops as Y-

Tr={y : 0€imt(y)andyn I =0} . (6.26)
Then .
m=P.(0) = P_(0) = > e (1 -y e—%’%) . (6.27)
FEZ+ YET,
—2BJL

If we can prove that Z’YGTF e v < 1, then we will have established that m > 0. Let us ask: how
many loops v are there in 1} with perimeter L? We cannot answer this question exactly, but we can
derive a rigorous upper bound for this number, which, following Peliti, we call g(L). We claim that

2 L\ L _;
g(L) < —-3 <Z> _ﬂ'3 . (6.28)
To establish this bound, consider any site on such a loop . Initially we have 4 possible directions to
proceed to the next site, but thereafter there are only 3 possibilities for each subsequent step, since the
loop cannot run into itself. This gives 4 - 3L~ possibilities. But we are clearly overcounting, since any
point on the loop could have been chosen as the initial point, and moreover we could have started by
proceeding either clockwise or counterclockwise. So we are justified in dividing this by 2L. We are
still overcounting, because we have not accounted for the constraint that v is a closed loop, nor that
yN I = (. We won't bother trying to improve our estimate to account for these constraints. However,
we are clearly undercounting due to the fact that a given loop can be translated in space so long as the
origin remains within it. To account for this, we multiply by the area of a square of side length L /4,
which is the maximum area that can be enclosed by a loop of perimeter L. We therefore arrive at eqn.
6.28. Finally, we note that the smallest possible value of L is L = 4, corresponding to a square enclosing
the central site alone. Therefore

-~ 1 -~ o 2t (2—2?)
28JL ) 28J _
E e < 12 E k (36 ) = 712(1 — 7y =r |, (6.29)
vET, fe=2

where z = 3727, Note that we have accounted for the fact that the perimeter L of each loop v must
be an even integer. The sum is smaller than unity provided z < z;, = 0.869756. .., hence the system is
ordered provided
kT 2
<

J In(3/z,)
which establishes a rigorous lower bound for the critical temperature. The exact result is k,T,./J =
2/sinh™!(1) = 2.26918... Peierls’ argument has been generalized to higher dimensional lattices as
well”.

—1.61531 | (6.30)

With a little more work we can derive a bound for the magnetization. We have shown that

1 1
P_(0) = 7 Z e 2ILr Z e 2Ly <. 7 Z e Plr =P (0) . (6.31)
res, Ve, res,

’See. e.g.]. L. Lebowitz and A. E. Mazel, J. Stat. Phys. 90,1051 (1998).
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Thus,
1=P,(0)+ P_(0) < (1+r) P, (0) (6.32)

and therefore

1—r

1+7r

a , (6.33)

m =P, (0)—P_(0) > (1—7)P(0) >

where r(T') is given in eqn. 6.29.

6.2.6 Importance of interaction range

We showed that the one-dimensional Ising model has no finite temperature phase transition, and is
disordered at any finite temperature 7', but in two dimensions on the square lattice there is a finite
critical temperature 7, below which there is long-ranged order. Consider now the construction depicted
in fig. 6.2, where the sites of a two-dimensional square lattice are mapped onto those of a linear chain®.
Clearly we can elicit a one-to-one mapping between the sites of a two-dimensional square lattice and
those of a one-dimensional chain. That is, the two-dimensional square lattice Ising model may be written
as a one-dimensional Ising model, i.e.

square linear
lattice chain
(i) n,n

How can this be consistent with the results we have just proven?

The fly in the ointment here is that the interaction along the chain J, , is long-ranged. This is apparent
from inspecting the site labels in fig. 6.2. Note that site n = 15 is linked to sites n’ = 14 and n’ = 16,
but also to sites n’ = —6 and n’ = —28. With each turn of the concentric spirals in the figure, the ranged
of the interaction increases. To complicate matters further, the interactions are no longer translationally
invariant, i.e. J , # J(n — n'). But it is the long-ranged nature of the interactions on our contrived
one-dimensional chain which spoils our previous energy-entropy argument, because now the domain
walls themselves interact via a long-ranged potential. Consider for example the linear chain with J,

nn’

J|n —n'|~%, where a > 0. Let us compute the energy of a domain wall configuration where o,, = +1 if
n > 0and o, = —1if n < 0. The domain wall energy is then
[e.e] [e.e]
2J
A= —_— . 6.35
Sy (639
m=0n=1
Here we have written one of the sums in terms of m = —n’. For asymptotically large m and n, we can

write R = (m,n) and we obtain an integral over the upper right quadrant of the plane:

00 /2 /4

2J app [ d9 [ dR
=9 a/2 ' .
/dR R/d¢ R (cos ¢ + sin ¢)* /Cosa¢ Ra—1 (6.36)
! 0 —7/4 1

8 A corresponding mapping can be found between a cubic lattice and the linear chain as well.
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-32f§ -33| -34| -35

-31 18§ 19| 20| 21 22| 23| 24| 25

-30f 17 -8§ -9| -10| -11| -12] 13} 26

29 16} -7 2 3 4 54 -14) 27

-28Q 15 -6 1 of -1 6f -15] 28

278 14 B -4 -3 42 7] -16§ 29

26 13| 12 1 10 2 8| -17 30

25| -24( -23| -22( -21| -20( -19| -18| 31

35 34| 33| 32

Figure 6.2: A two-dimensional square lattice mapped onto a one-dimensional chain.

The ¢ integral is convergent, but the R integral diverges for o < 2. For a finite system, the upper
bound on the R integral becomes the system size L. For a@ > 2 the domain wall energy is finite in the
thermodynamic limit L — oo. In this case, entropy again wins. Le. the entropy associated with a single
domain wall is k;In L, and therefore ' = E — k,T is always lowered by having a finite density of
domain walls. For o < 2, the energy of a single domain wall scales as L?~?. It was first proven by F. J.
Dyson in 1969 that this model has a finite temperature phase transition provided 1 < o < 2. There is no
transition for a < 1 or o > 2. The case o = 2 is special, and is discussed as a special case in the beautiful
renormalization group analysis by J. M. Kosterlitz in Phys. Rev. Lett. 37, 1577 (1976).

6.2.7 High temperature expansion

Consider once again the ferromagnetic Ising model in zero field (H = 0), but on an arbitrary lattice. The
partition function is

Z = Tr 260 %% — (cosh B.1) Vinke Ty { [[a+zo aj)} : (6.37)
(i5)
where = tanh 3J and Ny, is the number of links (i.e. bonds). For regular lattices, N}, ,. = %ZN ,

where N is the number of lattice sites and z is the lattice coordination number, i.e. the number of nearest
neighbors for each site. We have used

etf) if oo’ = +1

e B ifoo = -1 (6.38)

ePloo’ — cosh 8J - {1 + o0’ tanhﬂJ} = {

We expand eqn. 6.37 in powers of z, resulting in a sum of 2™inks terms, each of which can be represented
graphically in terms of so-called lattice animals. A lattice animal is a distinct (including reflections and
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diagram I’ L, gr remarks
° 0 1 empty lattice
4 N N translations
: 6 2N 2 rotations, N translations
j ; 8 2N 2 rotations, N translations
.L. 8 N N translations
¢4 8 4N 4 rotations, N translations
lude five invalid (1)
8 |L(N2—5N) | T
2 equivalent squares I:D (4)

Figure 6.3: HTE diagrams on the square lattice and their multiplicities.

rotations) arrangement of adjacent plaquettes on a lattice. In order that the trace not vanish, only such
configurations and their compositions are permitted. This is because each o, for every given site i must
occur an even number of times in order for a given term in the sum not to vanish. For all such terms,
the trace is 2V. Let {I'} represent a collection of lattice animals, and g, the multiplicity of I". Then

Z =2V (cosh B.J) M 3" g (tanh )T (6.39)
r

where L is the total number of sites in the diagram I, and g, is the multiplicity of I". Since = vanishes
as T' — oo, this procedure is known as the high temperature expansion (HTE).

For the square lattice, he enumeration of all lattice animals with up to order eight is given in fig. 6.3.
For the diagram represented as a single elementary plaquette, there are N possible locations for the
lower left vertex. For the 2 x 1 plaquette animal, one has ¢ = 2NN, because there are two inequivalent
orientations as well as N translations. For two disjoint elementary squares, one has g = 1N (N — 5),
which arises from subtracting 5V ‘illegal’ configurations involving double lines (remember each link
in the partition sum appears only once!), shown in the figure, and finally dividing by two because the
individual squares are identical. Note that V(N — 5) is always even for any integer value of N. Thus, to
lowest interesting order on the square lattice,

7 =2 (cosh B) "N {14 Nat 4+ 2Na® + (7 - 3)Na® + IN%S + 0(')} (6.40)
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The free energy is therefore

F=—k,TIn2+ Nk,TIn(1 — 22) — Nk,T |2 + 226 + 325 + O(xw)]
(6.41)
= Nk,Tln2— Nk:BT{aj2 +320 4+ 220+ 228+ (9(3:10)},

again with 2 = tanh $.J. Here we have substituted cosh?3J = 1/(1 — x?) to write the final result as a
power series in x. Notice that the O(NN?) factor in Z has cancelled upon taking the logarithm, so the free
energy is properly extensive.

For the one-dimensional chain or ring, the high temperature expansion yields
Zoge(T,N) =2NcoshN 187 | Z,uo(T,N) = 2¥(cosh™BJ + sinh™BJ) | (6.42)

in agreement with the transfer matrix calculations. Notice how for OBC there is only one lattice animal
which contributes, i.e. the empty lattice. For PBC there are two contributing animals, the empty lattice
and the entire ring. In higher dimensions, where there is a finite temperature phase transition, one
typically computes the specific heat ¢(T") and tries to extract its singular behavior in the vicinity of T,
where ¢(T) ~ A(T — T,)~“. Since z(T') = tanh(J/k,T) is analytic in T', we have ¢(z) ~ A" (x — x,)™%,
where z, = z(T,). One assumes z, is the singularity closest to the origin and corresponds to the radius
of convergence of the high temperature expansion. If we write

_ AN 6.43

o =Y e~ (1= 1) (649
then according to the binomial theorem we should expect
1 1-—

In_ _ 2 [1 - O‘} . (6.44)
a,_1 T n

Thus, by plotting a,,/a,,_, versus 1/n, one extracts 1/z, as the intercept, and (o — 1)/z, as the slope.

High temperature expansion for correlation functions

Can we also derive a high temperature expansion for the spin-spin correlation function C};, = (0, 0;) ?

Yes we can. We have

Tr [ak o, P 2otia) Uj:| v
B (6.45)

Tr [eﬁJZW) %4 Uj] Z

Ckl =

Recall our analysis of the partition function Z. We concluded that in order for the trace not to vanish,
the spin variable o, on each site i must occur an even number of times in the expansion of the product.
Similar considerations hold for Y;,, except now due to the presence of o, and o, those variables now
must occur an odd number of times when expanding the product. It is clear that the only nonvanishing
diagrams will be those in which there is a finite string connecting sites k£ and [, in addition to the usual
closed HTE loops. See fig. 6.4 for an instructive sketch. One then expands both Y}, as well as Z in
powers of x = tanh 3J, taking the ratio to obtain the correlator C},. At high temperatures (z — 0),
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Figure 6.4: HTE diagrams for the numerator Y}, of the correlation function Cj,;. The blue path connecting
sites k and [ is the string. The remaining red paths are all closed loops.

both numerator and denominator are dominated by the configurations I" with the shortest possible
total perimeter. For Z, this means the trivial path I" = {0}, while for Y}, this means finding the shortest
length path from % to [. (If there is no straight line path from & to [, there will in general be several such
minimizing paths.) Note, however, that the presence of the string between sites k£ and | complicates
the analysis of g, for the closed loops, since none of the links of I" can intersect the string. It is worth
stressing that this does not mean that the string and the closed loops cannot intersect at isolated sites,
but only that they share no common links; see once again fig. 6.4.

6.3 Nonideal Classical Gases

Let’s switch gears now and return to the study of continuous classical systems described by a Hamilto-
nian H ({z;},{p;})- In the next chapter, we will see how the critical properties of classical fluids can in
fact be modeled by an appropriate lattice gas Ising model, and we’ll derive methods for describing the
liquid-gas phase transition in such a model.

6.3.1 The configuration integral

Consider the ordinary canonical partition function for a nonideal system of identical point particles
interacting via a central two-body potential u(r). We work in the ordinary canonical ensemble. The
N-particle partition function is

ddp th
2(T,V.N) = 1 / H A [l

e (6.46)

_ /de o (- g Sl )

1<j
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Here, we have assumed a many body Hamiltonian of the form

N o2
7 -\ Pi .
H= 2 om —l—;u(\wl zj]) (6.47)

in which massive nonrelativistic particles interact via a two-body central potential. As before, \;; =
V/2mh? /mkyT is the thermal wavelength. We can now write

Z(T,V,N) =AM Qn(T V) (6.48)
where the configuration integral Q 5 (T, V') is given by
1
QN(T.V) = 5 / A%, - - / oy [Je ) . (6.49)
i<j

There are no general methods for evaluating the configurational integral exactly.

6.3.2 One-dimensional Tonks gas

The Tonks gas is a one-dimensional generalization of the hard sphere gas. Consider a one-dimensional
gas of indistinguishable particles of mass m interacting via the potential

(e — o) = o ifjz—2|<a (6.50)
1o iflz—2>a '

Thus, the Tonks gas may be considered to be a gas of hard rods. The above potential guarantees that the
portion of configuration space in which any rods overlap is forbidden in this model. Let the gas be placed
in a finite volume L. The hard sphere nature of the particles means that no particle can get within a
distance 1a of the ends at z = 0 and « = L. That is, there is a one-body potential v(z) acting as well,
where

oo ifz < %a

v(x) =<0 if %a <z<L-— %a (6.51)
oo ifx>L-—1a

The configuration integral of the 1D Tonks gas is given by

L L
1
QN(TvL):M/dl’l"'/dmNX(mlv"'va) ) (652)
0 0

where X = e¢~U/ksT is zero if any two ‘rods’ (of length a) overlap, or if any rod overlaps with either

boundary at z = 0 and = L, and X = 1 otherwise. Note that X does not depend on the temperature.
Due to permutation symmetry, we may integrate over the subspace where z; < z, < --- < xy and
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then multiply the result by N!. Clearly z; must lie to the right of z; ; + a as well as to the left of

Y;=L—-Na+(j— 1)a. Note that since Y; —a=Y,_ ;. Thus, the conﬁguratlonal integral is

YNl

1
a/2  z,+a Ty 1+a a/2 z,+a Ty_ota
Y; Y, Yy_k
1 k
d951 dx2~ dwN 2(YN2 xN2 :"':k— dry - [ dry_ k(YNk wN—k)
a/2 r;ta Ty _gta a/2  mta Ty g ta
:m(n—% ) =77 (L —Na)
The partition function is Z(T, L, N) = Az" Q5 (T, L), and so the free energy is
L
F:—k‘BTan:—Nk:BT{—ln/\T—l—l—l—ln (N—a>} , (6.54)

where we have used Stirling’s rule to write In N! =~ NIn N — N. The pressure is

OF kT nk,T

G_L_%—a_l—na

p=— , (6.55)

where n = N/L is the one-dimensional density. Note that the pressure diverges as n approaches 1/a.
The usual one-dimensional ideal gas law, pL = Nk, T, is replaced by pL o = Nk T, where L 4 = L—Na
is the ‘free’ volume obtained by subtracting the total “excluded volume” Na from the original volume L.
Note the similarity here to the van der Waals equation of state, (p+av~2)(v—b) = RT, wherev = N,V/N
is the molar volume. Defining @ = a/N? and b = b/N,, we have

p4an? = B2 (6.56)

where n = N, /v is the number density. The term involving the constant a is due to the long-ranged
attraction of atoms due to their mutual polarizability. The term involving b is an excluded volume
effect. The Tonks gas models only the latter.

6.3.3 Mayer cluster expansion

Let us return to the general problem of computing the configuration integral. Consider the function
~Puij, where u;; = u(|x; — ;). We assume that at very short distances there is a strong repulsion

between partlcles, ie. u;; — ocoasr; = |z, —x;| = 0,and thatu,; — 0asr,; — oo. Thus, ¢~ P vanishes
as r;; — 0 and approaches unity as r,; — oo. For our purposes, it will prove useful to define the function

fry=ePu 1 | (6.57)



6.3. NONIDEAL CLASSICAL GASES 17
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Figure 6.5: Bottom panel: Lennard-Jones potential u(r) = 4e (z7'? — 27%), with z = /o and € = 1. Note

the weak attractive tail and the strong repulsive core. Top panel: Mayer function f(r, T) = e~ *(")/ksT _1
for kxT' = 0.8 € (blue), kg1 = 1.5 € (green), and kg7 = 5¢ (red).

called the Mayer function after Josef Mayer. We may now write

QAn(T.V) = % /dd331 e /dde H (1+71;) - (6.58)

1<j

A typical potential we might consider is the semi-phenomenological Lennard-Jones potential,

ur =ae{ ()= (9} (659

This accounts for a long-distance attraction due to mutually induced electric dipole fluctuations, and
a strong short-ranged repulsion, phenomenologically modelled with a r~!2 potential, which mimics a
hard core due to overlap of the atomic electron distributions. Setting «/(r) = 0 we obtain r* = 2!/6 o ~
1.12246 o at the minimum, where u(r*) = —e. In contrast to the Boltzmann weight e~ Pulr) the Mayer
function f(r) vanishes as » — oo, behaving as f(r) ~ —pu(r). The Mayer function also depends on
temperature. Sketches of u(r) and f(r) for the Lennard-Jones model are shown in fig. 6.5.

The Lennard-Jones potential’ is realistic for certain simple fluids, but it leads to a configuration integral
which is in general impossible to evaluate. Indeed, even a potential as simple as that of the hard sphere
gas is intractable in more than one space dimension. We can however make progress by deriving a

“Disambiguation footnote: Take care not to confuse Philipp Lenard (Hungarian-German, cathode ray tubes,
Nazi), Alfred-Marie Liénard (French, Liénard-Wiechert potentials, not a Nazi), John Lennard-Jones (British,
molecular structure, also not a Nazi), and Lynyrd Skynyrd (American, “Free Bird”). I thank my colleague Oleg
Shpyrko for setting me straight on this.
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(f1,4 f4,7 f4,9 f7,9) (f2,5 f2,6) (f3,10) (fs,u)
|}

1 4 5 2 6
Z *—o—o 4 ®
8 1"
*—o e O o
9 7 3 10 12 13 14

Figure 6.6: Diagrammatic interpretation of a term involving a product of eight Mayer functions.

series expansion for the equation of state in powers of the particle density. This is known as the virial
expansion. As was the case when we investigated noninteracting quantum statistics, it is convenient to
work in the grand canonical ensemble and to derive series expansions for the density n(7’, z) and the
pressure p(T, z) in terms of the fugacity z, then solve for z(7,n) to obtain p(7T',n). These expansions in
terms of fugacity have a nifty diagrammatic interpretation, due to Mayer.

We begin by expanding the product in eqn. 6.58 as
[Ta+5) =14 Ffi+ D fijfut- (6.60)

"~ S
As there are $N(N — 1) possible pairings, there are 2 (N=1)/2 terms in the expansion of the above
product. Each such term may be represented by a graph, as shown in fig. 6.6. For each such term,
we draw a connection between dots representing different particles ¢ and j if the factor f;; appears in
the term under consideration. The contribution for any given graph may be written as a product over
contributions from each of its disconnected component clusters. For example, in the case of the term in
tig. 6.6, the contribution to the configurational integral would be

| U R R
AQ = N /dwld%d%dwgf1,4f4,7f4,9f7,9

X /dd% dd% ddx6 fas fog % /dd% dd‘”lo f310 X /ddﬂfs ddf’«"n fs 11

We will refer to a given product of Mayer functions which arises from this expansion as a term.

(6.61)

The particular labels we assign to each vertex of a given graph don’t affect the overall value of the graph.
Now a given unlabeled graph consists of a certain number of connected subgraphs. For a system with
N particles, we may then write

N=> mn, |, (6.62)
v

where v ranges over all possible connected subgraphs, and

m., = number of connected subgraphs of type v in the unlabeled graph

n., = number of vertices in the connected subgraph v

Note that the single vertex e counts as a connected subgraph, with n, = 1. We now ask: how many ways
are there of assigning the IV labels to the IV vertices of a given unlabeled graph? One might first thing the
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Figure 6.7: Different assignations of labels to vertices may not result in a distinct term in the expansion
of the configuration integral.

answer is simply N!, however this is too big, because different assignments of the labels to the vertices
may not result in a distinct graph. To see this, consider the examples in fig. 6.7. In the first example, an
unlabeled graph with four vertices consists of two identical connected subgraphs. Given any assignment
of labels to the vertices, then, we can simply exchange the two subgraphs and get the same term. So we
should divide N! by the product [], m,!. But even this is not enough, because within each connected
subgraph v there may be permutations which leave the integrand unchanged, as shown in the second
and third examples in fig. 6.7. We define the symmetry factor s, as the number of permutations of
the labels which leaves a given connected subgraphs v invariant. Examples of symmetry factors are
shown in fig. 6.8. Consider, for example, the third subgraph in the top row. Clearly one can rotate
the figure about its horizontal symmetry axis to obtain a new labeling which represents the same term.
This twofold axis is the only symmetry the diagram possesses, hence s, = 2. For the first diagram in
the second row, one can rotate either of the triangles about the horizontal symmetry axis. One can also
rotate the figur e in the plane by 180° so as to exchange the two triangles. Thus, there are 2 x 2 x 2 = 8
symmetry operations which result in the same term, and s, = 8. Finally, the last subgraph in the second
row consists of five vertices each of which is connected to the other four. Therefore any permutation of

the labels results in the same term, and s, = 5! = 120. In addition to dividing by the product [], m,!,

we must then also divide by [, so7

We can now write the partition function as

/\—Nd . . v My
= anwls .H(/dxl...d%HfU> ON S,
Y

1< (6.63)
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connected
subgraph Yy A

symmetry
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factor sy 8 6 120

Figure 6.8: The symmetry factor s, for a connected subgraph v is the number of permutations of its
indices which leaves the term [ ;;c,, fij invariant.

where the product [[]_; f;; is over all links in the subgraph ~. The final Kronecker delta enforces the
constraint N =} m, n,. We have defined the dimensionless cluster integrals b, as

by(T) = — / dA‘”jl . / "”_IHf” , (6.64)

1<J

where we assume the limit V' — oco. Since f;; = f (Je;, — @, ]) the product [ ; J;; is invariant under
simultaneous translation of all the coordinate vectors by any Constant vector, and hence the integral over
the n, position variables contains exactly one factor of the volume, which yields factor of V' within the
round brackets in the second line of eqn. 6.63. Thus, each cluster integral is intensive'’, scaling as V0.

If we compute the grand partition function, then the fixed N constraint is relaxed, and we can do the
sums:

_ mn 1 (Vb (T)\™
:(T,V,M)ZZ@B”)Z ”Hm( ;5 )>
N Myt T

{m,}
o L e (6.65)
2™ _ n
I o (P ) o)
v m,=0 v T Y
where z = exp(fSp) is the fugacity. Thus, since 2 = —k,T'In =,
QT,V, ) Vk T , (6.66)

19We assume that the long-ranged behavior of f(r) ~ —Bu(r) is integrable.
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and we can write

p=HkyTAF" " 2" by (T)
ol
= )\;d Z n, 2" by (T)
ol

where b, = 1. As in the case of ideal quantum gas statistical mechanics, we can systematically invert the
relation n = n(z,T) to obtain z = z(n,T'), and then insert this into the equation for p(z,T’) to obtain the
equation of state p = p(n,T’). This yields the virial expansion of the equation of state,

(6.67)

p:nkBT{1+B2(T)n+B3(T)n2+...} . (6.68)

It is useful to define the dimensionless quantities v = nA% and m = p\4/k, T, as well as the dimension-
less cluster integral sums

by =D by Ok, (6.69)
gl
which is the sum of all cluster integrals b, with n., = k vertices, multiplied by )\;(k_l)d. Then

=> kb2t w(2) =) by . (6.70)

k=1 k=1

The virial expansion of the dimensionless equation of state is then
v)=> By 6.71)

k=1

We may again apply the Lagrange method introduced in §5.3.2 for the quantum virial coefficients, writ-

ing
dv (v dz V'(z)m(z dz d B
%= 7{ 2mi y1£+3 - f{ 2mi # =2 ¢ 5 7(2) V()] - (6.72)

where the contour encloses the origin in the complex plane. Integrating by parts, and using the relation
7'(2) = v(2) /2, we obtain'!

7{ , 7{ dz 1 _k
By, = k 2772 k: 2wl 2

dz 1 1-k
:E < <1+2b2z+3b3z ST ) ,

(6.73)

where the contour is a small circle enclosing the origin. Working out the first two virial coefficients, we
find
By=-by, ,  By=4b3—2b; . (6.74)

The dimensionful virial coefficients in eqn. 6.68 are then given by B, = B, /\(k l)d.

"Since there is no term proportional to Inw in the Laurent expansion of m(w)[n(w)] " there is no residue
arising from integrating its derivative around the unit circle.
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Lowest order expansion

We have 4
T
b1 = [ St £ o) = [ 100 675
and
d
/ 3:1/ : f |-’E1 —5132|) (|5131 - ac3|)
ddr’ (6.76)
— [ S 1016 =20
and
= %/ f ’331—332\) (’331—333\) f(’%—wg’)
ddr’ (6.77)
4[5 / S T I6) (=)
Thus we have by, = b_ and by = by + ba = 2b%2 + ba . From eqn. 6.74 we now have
By(T') = —by(T) = —b_(T)
(6.78)

B3(T') = [4b3(T') — 2b3(T)] = —20,(T)

Note that b, does not contribute to B3, even though the graph A has three vertices, and only b, appears.
This is because the virial coefficients B; involve only cluster integrals b, for one-particle irreducible clus-
ters, i.e. those clusters which remain connected and don’t fall into multiple pieces if any of its vertices is
removed, as depicted in fig. 6.9.

Cookbook recipe
Just follow these simple steps:

e The pressure and number density are written as sums over unlabeled connected clusters v, viz.

p=kgT )‘:;d Z 2" by(T)

v
= \p" Z n, 2" by (T)
B!

(6.79)

where z = exp(fu) is the fugacity.

e To compute the dimensionless cluster integral b, (T'), first draw the connected cluster v with unia-
beled vertices.
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Figure 6.9: Connected versus irreducible clusters. Clusters (a) through (d) are irreducible in that they
remain connected if any component site and its connecting links are removed. Cluster (e) is connected,
but is reducible. Its integral b, is proportional to a product over its irreducible components, each shown
in a unique color, and occurring with various multiplicities. The open circles denote articulation points.
Removal of an articulation point and all the links connected to it results in a disconnected diagram.
Removal of any of the closed circles and its associated links does not result in a disconnected diagram.

e Next, assign labels 1, 2, ..., n, to the vertices, where n., is the total number of vertices in the
cluster . It doesn’t matter how you assign the labels.

e Write down the product []]_ ; fij- The factor f,; appears in the product if there is a link in your

(now labeled) cluster between sites ¢ and j.

e The symmetry factor s, is the number of elements of the symmetric group S"’y which leave the

.
product [[/_; f;; invariant. The identity permutation leaves the product invariant, so s, > 1.

e The dimensionless cluster integral b, (T’) is given by

1 dde' ddxn -1 i
by(T) = P T.ll o / )\J Hfij ) (6.80)
v T T i<j
Due to translation invariance, b, (1) V9. One can therefore set ,, = 0, eliminate the volume

S
factor from the denominator, and perform the integral over the remaining n., —1 coordinates.

e This procedure generates expansions for p(7’, z) and n(T’, z) in powers of the fugacity z = exp(Su).
To obtain something useful like p(T, n), we mut invert the equation n = n(7T, z) to find z = z(T, n),
and then substitute into the equation p = p(7, z) to obtain p = p(T, 2(T, n)) = p(T,n). The result
is the virial expansion,

p:nkBT{1+B2(T)n—|—B3(T)n2+...} : (6.81)
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where

B(T) = —(k— )AL S b (1) (6.82)

'yEFk

with I, the set of all one-particle irreducible (1PI) k-site clusters. A 1PI cluster remains connected
if any of its sites and all that site’s connecting links are removed.

6.3.4 Examples
Hard sphere gas in three dimensions

The hard sphere potential is given by

if r <
u(r) = {OO nr=a (6.83)
0 ifr>a .
Here a is the diameter of the spheres. The corresponding Mayer function is then temperature indepen-
dent, and given by
-1 ifr<a
= - 6.84
fr) {0 ifr>a . (6.84)
We can change variables to obtain
ddr
by(T) = /Ag flr) = —2na® X% . (6.85)

The calculation of b is more challenging. We have

/ /)\3 f(p (\r—p]) . (6.86)

We must first compute the volume of overlap for spheres of radius a (recall a is the diameter of the
constituent hard sphere particles) centered at 0 and at p:

V= /d £(ir = pl)

(6.87)
:2/dz7ra—z —4§a3—7mp+12p .

p/2

We then integrate over region |p| < a, to obtain

by = —§ '47“\:?6/@ P {4?”“3 —7ma’p+ 5 Pg} =% “6/\_ : (6.88)
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Figure 6.10: The overlap of hard sphere Mayer functions. The shaded volume is V.

Thus, we have

By(T) = ~Nhby(T) = 2a® | By(T) = —20$by(T) = ' a® (6.89)
and the equation of state is then
p=nk,T {1 + 2P 4 5 afn? O(n3)} . (6.90)
Weakly attractive tail
Suppose
if r <
u(ry =4 = (6.91)
—uy(r) ifr>a .

Then the corresponding Mayer function is

fr) = {_1 ifr<a (6.92)

B — 1 ifr>a

Thus,
3 7
by(T) = 1 / 1) = —Fathgd 4 2mag / dr [eﬁ%m - 1] . (6.93)
T
Thus, the second virial coefficient is
3 2r 3 2m 2
By(T) = —Npby(T) ~ 2 — - T/drr w(r) (6.94)
B

where we have assumed k7" < uy(r). We see that the second virial coefficient changes sign at some
temperature 7}, from a negative low temperature value to a positive high temperature value.
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Spherical potential well

Consider an attractive spherical well potential with an infinitely repulsive core,

oo ifr<a
u(r)=4q —€ ifa<r<R (6.95)
0 ifr>R

Then the corresponding Mayer function is

-1 ifr<a
flr)= efe—1 ifa<r<R (6.96)
0 ifr >R

Writing s = R/a, we have

By(T) = M by(T) =~ [ ¥ 1)

1

= {(_1) A3 (P - 1) - A3 (6P - 1)} (6.97)

= ga {1 o)

To find the temperature T, where B,(T") changes sign, we set B,(7},) = 0 and obtain

83
kT = e/ ln<s3 — 1> . (6.98)

Recall in our study of the thermodynamics of the Joule-Thompson effect in §2.10.7 that the throttling
process is isenthalpic. The temperature change, when a gas is pushed (or escapes) through a porous plug
from a high pressure region to a low pressure one is

Py
AT = / dp <8—T> , (6.99)
op )y
Py
oT 1 oV

Appealing to the virial expansion, and working to lowest order in corrections to the ideal gas law, we
have

where

(6.100)

N N2
P=7 kT + 2 kT By(T) + ... (6.101)
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Figure 6.11: An attractive spherical well with a repulsive core u(r) and its associated Mayer function

f(r).

and we compute (g;) by seting

Nk.T Nk 2N?2 N2

0=dp=— Vg dV + VB dT — 3 kT By(T)dV + 72 d(kBTB2(T)) 4+ (6.102)
Dividing by dT’, we find
oV 0B,
T <8_T>p -V =N|T T B, (6.103)

The temperature where (%—2)  changes sign is called the inversion temperature T. To find the inversion

point, we set T* B5(T*) = By(T™), i.e.

dIn B,
dnT |, 1 . (6.104)
If we approximate B, (T') ~ A — %, then the inversion temperature follows simply:
B B . 2B

Hard spheres with a hard wall

Consider a hard sphere gas in three dimensions in the presence of a hard wall at z = 0. The gas is
confined to the region z > 0. The total potential energy is now

Wz, ..., xy) = Z —1—2 (x; —x;) (6.106)
) 1<j
where
if <41
o) =v(z) =4 1 S (6.107)
0 if z> 5& s

and u(r) is given in eqn. 6.83. The grand potential is written as a series in the total particle number N,
and is given by

E=ePP=14¢ / d¥r e=Pv) 4 Le? / dr / d! e Pu(2) g=Bu(e") —=Bulr—r") o (6.108)
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Figure 6.12: In the presence of a hard wall, the Mayer sphere is cut off on the side closest to the wall.

The resulting density n(z) vanishes for z < $a since the center of each sphere must be at least one radius

(%a) away from the wall. Between z = %a and z = %a there is a density enhancement. If the calculation

were carried out to higher order, n(z) would exhibit damped spatial oscillations with wavelength A ~ a.

where ¢ = 2\, with 2 = e#/#s the fugacity. Taking the logarithm, and invoking the Taylor series
In(1+6) =6 — 362 + £6° — ..., we obtain

_ 50 — g/d?)r + %62/d3r / d3,r/ [e—ﬁu(’l‘—’l‘,) _ 1] + ... (6109)
z>5 z>5 />3

The volume is V = f d3r. Dividing by V, we have, in the thermodynamic limit,
2>0

_g =fp=¢&+ %gzé/dgr /d?’r' [6_5“("_’”,) — 1] +...
sSa oS (6.110)
== 3+ 0(E)
The number density is

nzg%wng—%ﬁ€+0@%, (6.111)

and inverting to obtain £(n) and then substituting into the pressure equation, we obtain the lowest order
virial expansion for the equation of state,

p=k,T {n +2maPn + .. } . (6.112)

As expected, the presence of the wall does not affect a bulk property such as the equation of state.

Next, let us compute the number density n(z), given by

n(z) = ( Z S(r—mr)) . (6.113)
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Due to translational invariance in the (z,y) plane, we know that the density must be a function of z
alone. The presence of the wall at = = 0 breaks translational symmetry in the z direction. The number
density is

N

n(z) =Tr |:eﬁ(ﬂf\7—f{) Z 5(7, _ ,,,.2)] /Tr 6B(HN_H)

i=1

- == {ge—ﬁv(z _1_52 —Bu(z) /d3/ —Bu(z") —Bu(r—r’) + } (6114)
_ ge—ﬁv(z) + 52 e—Bv(z)/d?,,r,/ e—ﬁv(z’) [e_ﬁu(r—r/) _ 1:| o

Note that the term in square brackets in the last line is the Mayer function f(r — r/) = e~ #4("=") _ 1,
Consider the function

0 ifz<daors <ia
e ) B fp Yy = {0 iflr—1|>a (6.115)

—1 ifz>%aand 2’ > jaand |r — 1’| <a

Now consider the integral of the above function with respect to r’. Clearly the result depends on the

value of z. If z > 3a, then there is no excluded region in 7’ and the integral is (—1) times the full Mayer

sphere volume, i.e. —37a’. If z < }a the integral vanishes due to the e=#*(*) factor. For = inﬁnitesimally
2

larger than a, the integral is (—1) times half the Mayer sphere volume, i.e. —27a®. For z € [%, 3] the

integral interpolates between —27a® and —3ma®. Explicitly, one finds by elementary integration,
0 if 2 < 3a
/d?’r' e PU(?) e_B”(Z/) (r—7') [ % (£ - % )+ %(g - %)3] . %7‘(’@3 if %a <z< %a (6.116)
—2ma if 2> 3a

After substituting £ = n + %77@3712 + O(n?) to relate ¢ to the bulk density n = n__, we obtain the desired
result:

0 if 2 < ia
n(z) =q¢n+ [1 - 32— +35(2- %)3] 2radn? ifja<z<3a (6.117)
n if 2> 2a

A sketch is provided in the right hand panel of fig. 6.12. Note that the density n(z) vanishes identically
for z < 3 due to the exclusion of the hard spheres by the wall. For z between a and 2, there is a density
enhancement, the origin of which has a simple physical interpretation. Since the wall excludes particles
from the region z < 1, there is an empty slab of thickness 3z coating the interior of the wall. There are
then no particles in this region to exclude neighbors to their right, hence the density builds up just on
the other side of this slab. The effect vanishes to the order of the calculation past z = %a, wheren(z) =n
returns to its bulk value. Had we calculated to higher order, we’d have found damped oscillations with

spatial period A ~ a.
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6.4 Liquid State Physics

6.4.1 The many-particle distribution function

The virial expansion is typically applied to low-density systems. When the density is high, i.e. when
na3 ~ 1, where a is a typical molecular or atomic length scale, the virial expansion is impractical. There
are to many terms to compute, and to make progress one must use sophisticated resummation tech-
niques to investigate the high density regime.

To elucidate the physics of liquids, it is useful to consider the properties of various correlation functions.
These objects are derived from the general N-body Boltzmann distribution for identical particles,

1 Z;,l E_BHN({pi}7{mi}) OCE
QN(ml’ C oI PL ’pN) TN x {5—1 ePuN e_BHN({pi}7{mi}) GCE , (6119)
where
N  4d
d z; d
Zy=Tre" Hy — =~ / pj BHy ({p;}Ax;})
(6.119)

eBuN

= — Tr PN o—BH _ Z "z dpJ o~ BHy ({p:} {z;})

are the respective canonical and grand canonical partition functions. Note that the definition of the trace
(Tr) includes a factor 1/N'! in order to account for particle indistinguishability, and that ¢, is normalized
according to

N dde, dp;
/HTg(wl,...,wN,pl,...,pN):1 . (6.120)
j=1
We assume a Hamiltonian of the form
N p?
Hy = z_; o Wy, o ay). (6.121)
The quantity
d%, d% d%,, d%
QN(wla"'awNapla"'apN) ;‘Ld Lo ]\}fld s (6122)

is the propability of finding N particles in the system, with particle #1 lying within d*, of z; and having
momentum within d%; of p;, etc. Note Tr g5, = 1. If we compute averages of quantities which only
depend on the positions {z;} and not on the momenta {p, }, then we may integrate out the momenta to
obtain, in the OCE,

N d

d*p
P(wl7 /H hd QN w17 '7wN7p17"'7pN)
(6.123)

1w, ...
_QN N' B (mlv 7mN) s
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where W is the total potential energy,

W(azl,...,a:N):Zv(mi)—i—Zu(aci—mj)—l— Z w(x; —x;, T; —Ty) + ..., (6.124)

7 1<j 1<j<k

and Q@ is the configuration integral,

Qn(T,V) = % / d, - / Ay e BV @1omy) (6.125)

We will, for the most part, consider only two-body central potentials as contributing to W, which is to
say we will only retain the middle term on the RHS. Note that P(z,...,x,) is invariant under any
permutation of the particle labels, and is normalized according to [ H;VZI d Pz, my) = 1.

6.4.2 Averages over the distribution

To compute an average, one integrates over the distribution:

(F(xq,...,2y)) = /ddwlu'/ddwN Plxy,...,xy)F(xy, ..., zy) . (6.126)
The overall N-particle probability density is normalized according to [d%y P(zq,...,xy) = 1.

The average local density is
ny(r) = <Z(5(r —x;)) = N/ddx2 - -/dde P(r,xy,...,zy) . (6.127)

Note that the local density obeys the sum rule [d% n,(r) = N. In a translationally invariant system,
n,=n= % is a constant independent of position. The boundaries of a system will in general break
translational invariance, so in order to maintain the notion of a translationally invariant system of finite
total volume, one must impose periodic boundary conditions.

The two-particle density matrix ny(r;, r,) is defined by
ny(ry,m3) = <Z 6(ry — ;) 6(ry — -’Eg)>
7 (6.128)
= N(N — 1)/ddw3~'/ddwN P(r{,ry, @3, ..., xy)

As in the case of the one-particle density matrix, i.e. the local density n,(r), the two-particle density
matrix also satisfies a sum rule:

/ddrl/ddr2 ny(ry,19) = N(N —1) . (6.129)

Generalizing further, one defines the k-particle density matrix as

M(rys. ., m) = 2/5(7°1 -y ) - 6(ry, — wik) )

v (6.130)
N! 4 ;
:m dTpyy o [ dy P(ry, o P Ty Ty)
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where the prime on the sum indicates that all the indices i, ... ,1%, are distinct. The corresponding sum
rule is then

/ddrl.../ddrk ng(ry, ..., T) = (NL_'W . (6.131)

The average potential energy can be expressed in terms of the distribution functions. Assuming only
two-body interactions, we have

(W) = <Zu(f'3z - w])>

i<j

/ddr /ddr2 u(ry —ry) Zé —x;) w])> (6.132)

/ddr /ddr2 u(r n;:1,7*2)

As the separations 7;; = |r; — r;| get large, we expect the correlations to vanish, in which case

(2

nk(rl,...,rk):<'Z/5(r1—mi1)...5(rk—m :) Z . .<5(rk_mik)>
!
— ﬁ . % ny(ry) - -nq(ry) (6.133)

= <1—%> (1—%)---(1—%>n1(r1)--'n1(rk)

The k-particle distribution function is defined as the ratio

o)
gn(ry,..., 1) = —=& . (6.134)
R g ny(ry) - ny(ry)
For large separations, then,
k-1 .
J
gy, om) —— 1 <1 — N) . (6.135)
T35 7200 i

For isotropic systems, the two-particle distribution function g,(r;,r,) depends only on the magnitude
|ry — 75|. As a function of this scalar separation, the function is known as the radial distribution function:

1
g(r)zgz(r):m<25(r—mi)5( S Vn2<25 —z ;) . (6.136)
i#] i#]
The radial distribution function is of great importance in the physics of liquids because

o thermodynamic properties of the system can be related to g(r)

e g(r) is directly measurable by scattering experiments



6.4. LIQUID STATE PHYSICS 33

6 T T T A d ot ] '
BAr at 85K
:a:c(ils;;heres 3 '- n = 002125 / Ag
PY i

4 | ] e exact N
E i _
>

2 |\ ]

-X /.1
L[ L
._\.y././' L
0 ' ' I

Figure 6.13: Pair distribution functions for hard spheres of diameter a at filling fraction n = Fan = 0.49
(left) and for liquid Argon at T = 85K (right). Molecular dynamics data for hard spheres (points) is
compared with the result of the Percus-Yevick approximation. Reproduced (without permission) from
J.-P. Hansen and I. R. McDonald, Theory of Simple Liquids, fig 5.5. Experimental data on liquid argon
are from the neutron scattering work of J. L. Yarnell et al., Phys. Rev. A 7, 2130 (1973). The data (points)
are compared with molecular dynamics calculations by Verlet (1967) for a Lennard-Jones fluid.

For example, in an isotropic system the average potential energy is given by

(W) = %/ddrl/ddr2 u(ry — 1) no(ry,m2)

N2 (6.137)
= %”2/ddr1/dd’”2 u(ry — "“2)9(|7°1 - "“2|) = W/dd’“ u(r) g(r)
For a three-dimensional system, the average internal (i.e. potential) energy per particle is
<Nm = 27m/dr r2g(ryu(r) . (6.138)

0

Intuitively, f(r) dr = 47r? n g(r) dr is the average number of particles lying at a radial distance between
r and r + dr from a given reference particle. The total potential energy of interaction with the reference
particle is then f(r) u(r) dr. Now integrate over all r and divide by two to avoid double-counting. This
recovers eqn. 6.138.

In the OCE, g(r) obeys the sum rule
/ddrg(r) = — NN-1)=V-— | (6.139)

hence

n / d [g(r)—1] =-1  (OCE) . (6.140)
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Figure 6.14: Monte Carlo pair distribution functions for liquid water. From A. K. Soper, Chem Phys.
202, 295 (1996).

The function h(r) = g(r) — 1 is called the pair correlation function.

In the grand canonical formulation, we have

(N(N —1))

TSE V-V

(6.141)
=/ v/ ) —nkTkp—1 (GCE) |,

where £ is the isothermal compressibility. Note that in an ideal gas we have h(r) = 0 and k. = k% =
1/nkyT. Self-condensed systems, such as liquids and solids far from criticality, are nearly incompress-
ible, hence 0 < nk,T ki < 1, and therefore n [d% h(r) ~ —1. For incompressible systems, where ., = 0,
this becomes an equality.

As we shall see below in §6.4.4, the function h(r), or rather its Fourier transform h(k), is directly mea-
sured in a scattering experiment. The question then arises as to which result applies: the OCE result
from eqn. 6.140 or the GCE result from eqn. 6.141. The answer is that under almost all experimental
conditions it is the GCE result which applies. The reason for this is that the scattering experiment typ-
ically illuminates only a subset of the entire system. This subsystem is in particle equilibrium with the
remainder of the system, hence it is appropriate to use the grand canonical ensemble. The OCE results
would only apply if the scattering experiment were to measure the entire system.



6.4. LIQUID STATE PHYSICS 35

6.4.3 Virial equation of state

The virial of a mechanical system is defined to be

G=> =z, F, | (6.142)

where F; is the total force acting on particle . If we average G over time, we obtain

zll_lggof/dtZa: - F,

(6.143)

S hm —/dthm = —3Nk,T

Here, we have made use of

d
2 F=ma; &= —mal + - (ma; @) (6.144)

(2

as well as ergodicity and equipartition of kinetic energy. We have also assumed three space dimensions.
In a bounded system, there are two contributions to the force F;. One contribution is from the surfaces
which enclose the system. This is given by'”

surfacos: ZZB Fsurf ——3pV . (6145)

The remaining contribution is due to the interparticle forces. Thus,

N 1
=V~ T <Z“’ R AN (6.146)

kB

Invoking the definition of g(r), we have

p=nk;T ¢1—

; k T ‘S (6.147)

As an alternate derivation, consider the First Law of Thermodynamics,

A2 = —SdT —pdV — Ndu (6.148)

12To derive this expression, note that F'"f) is directed inward and vanishes away from the surface. Each
Cartesian direction o = (z,y, z) then contributes —FS L where L, is the corresponding linear dimension.

But F™ = pA,, where A, is the area of the corresponding face and p. is the pressure. Summing over the three
possibilities for o, one obtains eqn. 6.145.
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36
from which we derive
ofn oF
__ (Y7 —_ (2= 6.149
y (aV>Tu (37), . (61%9)
Now let V — 3V, where / is a scale parameter. Then
on 1 0
b= v = T3V or (T, €3V7 1) (6.150)
=1
Now
5(T, 63V, p) = Z%eB“N)\}?’N/d?’ /dwNe Wiy, ay)
N=0""" :
OO ZJ"VV eV (6.151)
-y L' (eﬁu )\;3) €3N/d3wl N _/dsz o BW (L, .. bxy)
N=0""" 1% 1%
Thus,
1 anty) kT 1 0Z(63V)
PRV e | T3V ET o |
kT 1 < 1 1474
BT LSS L)) [y [y o) lgN_ Bzwi.%l (6152
~ N=0 v v i i
1 /0W
=nksT = 5557 ),
Finally, from W = ZKJ u(lx;;) we have
27TN2
< > <Zw z)) = =0 [ drrig(r)u(r) (6.153)
0
(6.154)

o0

%m’ﬂ/dr 3 g(r) o/ (r)

0
Note that the density n enters the equation of state explicitly on the RHS of the above equation, but also

and hence
p =nkyT —
implicitly through the pair distribution function g(r), which has implicit dependence on both n and T’

6.4.4 Correlations and scattering
Consider the scattering of a light or particle beam (i.e. photons or neutrons) from a liquid. We label the

states of the beam particles by their wavevector k and we assume a general dispersion ;.. For photons,
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Figure 6.15: In a scattering experiment, a beam of particles interacts with a sample and the beam parti-
cles scatter off the sample particles. A momentum hq and energy 7w are transferred to the beam particle
during such a collision. If w = 0, the scattering is said to be elastic. For w # 0, the scattering is inelastic.

e, = he|k|, while for neutrons ¢, = h?k?/2m,. We assume a single scattering process with the liquid,
during which the total momentum and energy of the liquid plus beam are conserved. We write

K=k+q e = € +hw (6.155)

where k' is the final state of the scattered beam particle. Thus, the fluid transfers momentum Ap = hq
and energy /w to the beam.

Now consider the scattering process between an initial state |, k) and a final state | j, k' ), where these
states describe both the beam and the liquid. According to Fermi’s Golden Rule, the scattering rate is

2m . .
pk%jk,:f|<3,k’|V|z,k>\25(Ej—Ei+hw) , (6.156)

7

where V is the scattering potential and E is the initial internal energy of the liquid. Note that overall
energy conservation requires E; + €., = E; + ¢, and therefore E; = E; — hw. If r is the position of the
beam particle and {x;} are the positions of the liquid particles, then

N
V) =Y v(r—=z) . (6.157)
1=1
For elastic scattering, the differential scattering cross section do is defined to be

do(§2) = rate at which particles scattered into solid angle df?

6.158
incident flux ( )

For inelastic scattering,

Po(0),w) = rate at which particles scattered into solid angle df2 and energy change within £ dw

incident flux ]
(6.159)
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The inelastic differential scattering cross section (per unit frequency per unit solid angle) is

620' h gek/
= P, Ty 6.160
00w 4m vy 2 Pl (6.160)

2

where g(e) = [£-% (g % §(c — €,,) is the density of states for the beam particles, and P, = Z~!e¢#F: is the
Boltzmann we1ght

Consider now the matrix element

N
K V1K) =G 3 [abe®me e
=1 (6.161)
N .
Aq) <j|ze—zq.:l:l‘i> ,
1=1
where we have assumed that the incident and scattered beams are plane waves. We then have
Po 9y [0(a) NS gy [ 2
020w 2 ,v?’ V2 ZB ZK” DT ][ 0(E; - B+ hw)
: k ’; =1 (6.162)
_ 9\k+q 2 g
where S(q, w) is the dynamic structure factor,
g, 27ThZP Z| ﬂzemz V2 6(E; — E; + hw) (6.163)
Note that for an arbitrary operator A4,
. . 1 T 7 —F . +hw 7 . . . .
ST LA 008, — Bt ) = 5o 3 [ae B (i 41| 5) (5] A1)
j I “oo
1 i - -
= 2eh Z/d’fe“‘W\A* [3) (gl et AT M) (6.164)
I~
Lh/dteiwthT(O)A(t)m
Thus,
/dtezwt ZP< |Zezqml(0 qul’()">
. (6.165)

N/dt zwt Zezqwl(o zqml,()> ,

Ly
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where the angular brackets in the last line denote a thermal expectation value of a quantum mechanical
operator. If we integrate over all frequencies, we obtain the equal time correlator,

oo

5@ =[5 S(a.0) = 5 S ()

EA o (6.166)
=Nogot+1+ n/ddr e~tar [g(r) — 1]

known as the static structure factor'>. Note that S(g = 0) = N, since all the phases '@ =;) are then
unity. As ¢ — oo, the phases oscillate rapidly with changes in the distances |z; — z,|, and average out
to zero. However, the ‘diagonal’ terms in the sum, i.e. those with ¢ = j, always contribute a total of 1 to

S(q). Therefore in the ¢ — oo limit we have S(¢ — c0) = 1.

In general, the detectors used in a scattering experiment are sensitive to the energy of the scattered
beam particles, although there is always a finite experimental resolution, both in g and w. This means
that what is measured is actually something like

Seas@0) = [ [a Fla— ) Gl - w) S (6:167)
where F' and G are essentially Gaussian functions of their argument, with width given by the experi-
mental resolution. If one integrates over all frequencies w, i.e. if one simply counts scattered particles as

a function of g but without any discrimination of their energies, then one measures the static structure
factor S(q). Elastic scattering is determined by S(gq,w = 0), i.e. at no energy transfer.

6.4.5 Correlation and response

Suppose an external potential v(x) is also present. Then

1 1 _ @ T — v
P(m17 RN wN) = QN[U] . me BW (@, ..., N)6 B2 iv(z;) , (6168)
where )
Qnl) = 4 / %, - / duy e AW o) g B 2iv(@) (6.169)
The Helmholtz free energy is then
1 _
F=—2h (ATdN QN[U]) . (6.170)
Now consider the functional derivative
OF 1 1 0Qy
=—— . — 171
5or) ~ B Qy Su(r) (6171)

3We may write 6, o = + (27)? 6(q).
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Figure 6.16: Comparison of the static structure factor for liquid Argon as determined by neutron scat-
tering work of J. L. Yarnell et al., Phys. Rev. A 7, 2130 (1973) with molecular dynamics calculations by

Verlet (1967) for a Lennard-Jones fluid.

Using

Zv(ml) = /ddrv(r) Zé(r —-x;) (6.172)

hence -
—51)(1,4) = /ddxl . /dde P(ml ) mN) ZZ:(;(T — ml) = nl(fr‘) , (6173)
which is the local density at .

Next, consider the response function,

n_ Omy(r) §2F[v]
X 1) = 506 = Fole) do(r?)
1 1 6Qy 0Qy 1 1 5Q (6.174)

= Bny(r)ny(r') = Bny(r)o(r —7') — Bng(r,r’)

In an isotropic system, X(r, ') = X(r — 7') is a function of the coordinate separation, and

~k,Tx(r—7'") = —n*+nd(r —7') +n’g(|r — 7)) (6.175)

=n*h(|r —7'|) + nd(r —r')
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Taking the Fourier transform,

— kT X(q) =n+n"h(q) =nS(q) . (6.176)
We may also write
K ~ -
é =1+nh(0) = —nk,Tx(0) (6.177)

ie. kp = —X(0).

What does this all mean? Suppose we have an isotropic system which is subjected to a weak, spatially
inhomogeneous potential v(r). We expect that the density n(r) in the presence of the inhomogeneous
potential to itself be inhomogeneous. The first corrections to the v = 0 value n = ng are linear in v, and
given by

on(r) = /ddr’ X(r, ") v(r')

(6.178)

= —fnov(r) — ﬁn%/ddr’ h(r —r)v(r')
Note that if v(r) > 0 it becomes energetically more costly for a particle to be at . Accordingly, the
density response is negative, and proportional to the ratio v(r)/k; T — this is the first term in the above
equation. If there were no correlations between the particles, then = 0 and this would be the entire
story. However, the particles in general are correlated. Consider, for example, the case of hard spheres
of diameter a, and let there be a repulsive potential at » = 0. This means that it is less likely for a particle
to be centered anywhere within a distance a of the origin. But then it will be more likely to find a particle
in the next ‘shell” of radial thickness a.

6.4.6 Ornstein-Zernike theory

The direct correlation function c(r) is defined by the equation
h(r) = c(r) + n/d?’r’ h(r —r')e(r') (6.179)

where h(r) = g(r) — 1 and we assume an isotropic system. This is called the Ornstein-Zernike equation.
The first term, c¢(r), accounts for local correlations, which are then propagated in the second term to
account for long-ranged correlations.

The OZ equation is an integral equation, but it becomes a simple algebraic one upon Fourier transform-
ing:

h(q) = &(q) +nh(q)é(q) | (6.180)
the solution of which is )
~ N C q
h(q) = T nela ne@ (6.181)
The static structure factor is then
A 1
S(q)=1+nh(q) = ——— . (6.182)
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In the grand canonical ensemble, we can write

1+nh(0) 1 1 ) K9,
_ _ . . _q1_fr 1
T nk,T nk,T 1—n¢(0) né(0) kp o (6.183)

where % = 1/nk,T is the ideal gas isothermal compressibility.

At this point, we have merely substituted one unknown function, h(r), for another, namely c(r). To
close the system, we need to relate ¢(r) to h(r) again in some way. There are various approximation
schemes which do just this.

Ornstein-Zernike approximation at long wavelengths

Let’s expand the direct correlation function ¢(g) in powers of the wavevector g, viz.
éq) =¢0) +egq® vegqt+.. (6.184)

Here we have assumed spatial isotropy. Then

1
1-nél@)=—=——=1-—né0)—ncyg*>+ ...
9=50 ) =ney (6.185)
=PRP 4+ PR+ O(qY)
where
R>= —ncy= 27m/dr rhe(r) (6.186)
0
and oy o
5_2:1—716(0) :1—477710{0 drr e(r) ' (6.187)
R? 2mn [y dr v e(r)

The quantity R(T) tells us something about the effective range of the interactions, while {(T') is the
correlation length. As we approach a critical point, the correlation length diverges as a power law:

ET) ~ AT —T.|7" . (6.188)

The susceptibility is given by

B nBR™2
R RNCIE)

X(q) = —nBS(q) = (6.189)

In the Ornstein-Zernike approximation, one drops the O(q?) terms in the denominator and retains only the
long wavelength behavior. in the direct correlation function. Thus,

nBR™2
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We now apply the inverse Fourier transform back to real space to obtain X°%(r). In d = 1 dimension the
result can be obtained exactly:

oz n dg el ng —|=|/€
2 () — dq _ . 6.191
Xa=1(2) ke TR / or €21 ¢2 2k, TR2C (6.191)

In higher dimensions d > 1 we can obtain the result asymptotically in two limits:

e Take r — oo with £ fixed. Then

NPy = Oy S e (43 (6.192)
a ()= =Can: kT R2 (=12 r/€ ’ '

where the C; are dimensionless constants.

e Take £ — oo with r fixed; this is the limit 7" — T, at fixed r. In dimensions d > 2 we obtain

Chn e /¢ d—3

In d = 2 dimensions we obtain

XOZ, (1) =~ —5%22 -ln<§> e T/ {1 + O(ﬁ)} : (6.194)

where the C/, are dimensionless constants.

At criticality, £ — oo, and clearly our results in d = 1 and d = 2 dimensions are nonsensical, as they are
divergent. To correct this behavior, M. E. Fisher in 1963 suggested that the OZ correlation functions in
the r < & limit be replaced by

&n e~ /¢

~—-C'n- . 6.195
X(’T‘) an kBTR2 rd—2+n 7’ ( )

a result known as anomalous scaling. Here, 1) is the anomalous scaling exponent.

Recall that the isothermal compressibility is given by k. = —X(0). Near criticality, the integral in X(0) is
dominated by the r < £ part, since { — oco. Thus, using Fisher’s anomalous scaling,

op = —X(0) = — /ddr X(r)
e (6.196)

€ 2— —(2=n)v
NA/ddr 7“1—2+77NBg "~CIT-T,| e

where A, B, and C' are temperature-dependent constants which are nonsingular at 7' = 7. Thus, since
kp o< [T —T,|~7, we conclude
y=@-nv | (6.197)

a result known as hyperscaling.
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6.5 Coulomb Systems : Plasmas and the Electron Gas

6.5.1 Electrostatic potential

Coulomb systems are particularly interesting in statistical mechanics because of their long-ranged forces,
which result in the phenomenon of screening. Long-ranged forces wreak havoc with the Mayer cluster
expansion, since the Mayer function is no longer integrable. Thus, the virial expansion fails, and new
techniques need to be applied to reveal the physics of plasmas.

The potential energy of a Coulomb system is

_1 / d / &4 p(ryulr — 1) p(r') (6.198)
where p(r) is the charge density and u(r), which has the dimensions of (energy)/(charge)?, satisfies
Viu(r — ') = —4wé(r — 1) . (6.199)
Thus,
2|z -2 ,d=1
u(r) =9 —2Injr—7'| ,d=2 (6.200)
lr — /|71 d=3

For discete particles, the charge density p(r) is given by
=Y ad(r—=z) | (6.201)

where ¢ is the charge of the i*! particle. We will assume two types of charges: ¢ = +e, with e > 0. The
electric potential is
= / A u(r =) p(r') =Y qulr—=;) . (6.202)

This satisfies the Poisson equation, V2¢(r) = —4mp(r) . The total potential energy can be written as

/ d% ¢ (r) qu z;) (6.203)

where it is understood that we omit self-interaction terms.

6.5.2 Debye-Hiickel theory

We now write the grand partition function:

—_ —-N_d
E(T, Vg, i Z Z N R AT N—eﬁﬂ A
N,=0N_=0 (6.204)

. /ddf’l /ddr _BU(rl ’ ""TNcoc)
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where N, = N, + N_. We adopt a mean field approach, known as Debye-Hiickel theory, writing

p(r) =p(r) +dp(r) . o(r)=o(r)+d¢(r) . (6.205)
We then have

U= [ [ptr) + 5p(r)] - [3(r) + 59(r)]

these two terms are the same

=& [ () plr)+ § [ b o) sptr) + § [t ptr) s9(r) +5 [ abap(r) d0(0)

ignore fluctuation term (6206)
= [ty otr) + [t o)ty 4 [t sptr)so(r)
= ~Uy+ [ i) ) + (cts)?
where U, = %fddr o(r) p(r), and we where have used 6p = p — p. Thus we have
= = eVo/keT oxp <z+)\jrd /ddr+ e‘ed_’(r+)/kBT> exp (z_)\:d /ddr_ e ‘Z’(T)/kBT> (6.207)
whence
T, Vg i) = —Upy — kg T2y AT /d expl— €2 kBTz_A:d/ddr exp(+ <20 (6.208)
k,T kT
where )
. 2mh N M+
AL = <mik‘BT> , Zy = exp<kBT> . (6.209)
Note that since ¢(r) = [dér’ r’) p(r') is a linear functional of p(r), we have
3U, _
— =p(r) . (6.210)
sor) ")
We next demand that the free energy {2 is extremized with respect to the mean field ¢(r), viz.
i L ed(r) —d eo(r)
= m =—p(r)+eX "z, exp<— kT —eA’%z_ exp|+ kT . (6.211)
At r — oo, we assume charge neutrality and ¢(oo) = 0. Thus
)\jrd 2z, =n (00) = A2 =n_(c0)=n, (6.212)

where n_ is the ionic density of either species at infinity. Therefore,

p(r) = —2en_, sinh<e]i(;)> , (6.213)
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where we have dropped the bars on ¢ and j for convenience. We now invoke Poisson’s equation,
V2p = 8men,, sinh(Beg) — 4mpoy (6.214)

where p,, is an externally imposed charge density.

If ep < k,T, we can expand the sinh function and obtain
V2¢ = H2D (b - 47Tpoxt ’ (6215)

where

2\1/2 1/2
Ky = (8””006 ) LA, = ( T ) . (6.216)

k,T 8mn €2

The quantity A, is known as the Debye screening length. Consider, for example, a point charge () located
at the origin. We then solve Poisson’s equation in the weak field limit,

V2% = kK2 ¢ —4mQo(r) . (6.217)
Fourier transforming, we obtain

47 Q

TP +r

~@*d(q) = ki (q) —4mQ = ¢(q) (6.218)

Transforming back to real space, we obtain, in three dimensions, the Yukawa potential,

o(r) = / (dgq Qe _ Q. emor (6.219)

2m)3 @+ K 7

This solution must break down sufficiently close to r = 0, since the assumption e¢(r) < kT is no longer
valid there. However, for larger r, the Yukawa form is increasingly accurate.

For another example, consider an electrolyte held between two conducting plates, one at potential ¢(z =
0) = 0 and the other at potential ¢(x = L) = V, where & is normal to the plane of the plates. Again
assuming a weak field e¢ < kT, we solve V2¢ = k2 ¢ and obtain

¢(x) = Ae™¥ 4+ Be "0 | (6.220)
We fix the constants A and B by invoking the boundary conditions, which results in

sinh(kyx)

p(z) =V - Snh(r, L) (6.221)

Debye-Hiickel theory is valid provided n, A3 > 1, so that the statistical assumption of many charges
in a screening volume is justified.
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6.5.3 The electron gas : Thomas-Fermi screening

Assuming kT < ey, thermal fluctuations are unimportant and we may assume 7' = 0. In the same

spirit as the Debye-Hiickel approach, we assume a slowly varying mean electrostatic potential ¢(r).
Locally, we can write

h2 k2

Ep = E

—ed(r) . (6.222)

2m

Thus, the Fermi wavevector £y, is spatially varying, according to the relation

k(1) = ﬁ—? <5F + eqﬁ(r))} " (6.223)

The local electron number density is

3/2
n(r) = kggg) =, <1 + %(;)) . (6.224)

In the presence of a uniform compensating positive background charge p, = en,, Poisson’s equation
takes the form

ed(r)\"?
V2p = dmen,, - (1 + = ) — 1| —Ampa(r) - (6.225)
F
If ep < e, we may expand in powers of the ratio, obtaining
9 67N e 9
V26 = T = K ¢ — Ampeg (1) (6.226)
F

Here, k. is the Thomas-Fermi wavevector,

2\ 1/2
oy = (6”2006 > . (6.227)
F

Thomas-Fermi theory is valid provided n, A2, > 1, where A\, = k1, so that the statistical assumption
of many electrons in a screening volume is justified.

One important application of Thomas-Fermi screening is to the theory of metals. In a metal, the outer,
valence electrons of each atom are stripped away from the positively charged ionic core and enter into
itinerant, plane-wave-like states. These states disperse with some (k) function (that is periodic in the
Brillouin zone, i.e. under k — k + G, where G is a reciprocal lattice vector), and at 7" = 0 this energy band
is filled up to the Fermi level ¢, as Fermi statistics dictates. (In some cases, there may be several bands
at the Fermi level, as we saw in the case of yttrium.) The set of ionic cores then acts as a neutralizing
positive background. In a perfect crystal, the ionic cores are distributed periodically, and the positive
background is approximately uniform. A charged impurity in a metal, such as a zinc atom in a copper
matrix, has a different nuclear charge and a different valency than the host. The charge of the ionic core,
when valence electrons are stripped away, differs from that of the host ions, and therefore the impu-
rity acts as a local charge impurity. For example, copper has an electronic configuration of [Ar] 3d'° 4s!.
The 4s electron forms an energy band which contains the Fermi surface. Zinc has a configuration of
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[Ar] 3d'% 4s?, and in a Cu matrix the Zn gives up its two 4s electrons into the 4s conduction band, leav-
ing behind a charge +2 ionic core. The Cu cores have charge +1 since each copper atom contributed only
one 4s electron to the conduction band. The conduction band electrons neutralize the uniform positive
background of the Cu ion cores. What is left is an extra Q = +e nuclear charge at the Zn site, and one
extra 4s conduction band electron. The () = +e impurity is, however, screened by the electrons, and at
distances greater than an atomic radius the potential that a given electron sees due to the Zn core is of
the Yukawa form,

o(r) = Q. e "rE" (6.228)

T

We should take care, however, that the dispersion (k) for the conduction band in a metal is not neces-
sarily of the free electron form e(k) = h%k?/2m. To linear order in the potential, however, the change in
the local electronic density is

on(r) =ep(r)gleg) (6.229)

where g(ey,) is the density of states at the Fermi energy. Thus, in a metal, we should write

V2 = (—4r)(—edn) = drwe’g(ep) ¢ = K2 ¢ (6.230)

Kop = £/4T€2 g(ep) . (6.231)

The value of g(e) will depend on the form of the dispersion. For ballistic bands with an effective mass
m*, the formula in eqn. 6.226 still applies.

where

The Thomas-Fermi atom

Consider an ion formed of a nucleus of charge +Ze and an electron cloud of charge —Ne. The net ionic
charge is then (Z — N)e. Since we will be interested in atomic scales, we can no longer assume a weak
tield limit and we must retain the full nonlinear screening theory, for which

/
Vo) = dre- OV (oo com))”* —anzeotr) (6232

We assume an isotropic solution. It is then convenient to define

ep +ed(r) = = X(r/ry) (6.233)

where r is yet to be determined. As r — 0 we expect X — 1 since the nuclear charge is then unscreened.
We then have

Ze? 1 Ze?
v {—e - ><<r/ro>} = 5 ==X/ (6.234)
r rgor
thus we arrive at the Thomas-Fermi equation,

1

X"(t) = NG X32(t) (6.235)
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= T - - X unstable

Figure 6.17: The Thomas-Fermi atom consists of a nuclear charge +Ze surrounded by N electrons
distributed in a cloud. The electric potential ¢(r) felt by any electron at position 7 is screened by the
electrons within this radius, resulting in a self-consistent potential ¢(r) = ¢ + (Ze?/r) X(r /7).

with r = tr, provided we take

h2 3T 2/3
S =0.885771/3 6.236
o 2me2 <4\/7> ag ( )

where a; = miig = 0.529 A is the Bohr radius. The TF equation is subject to the following boundary
conditions:

e At short distances, the nucleus is unscreened, i.e. X(0) = 1.

e For positive ions, with N < Z, there is perfect screening at the ionic boundary R = t* ), where
X(t*) = 0. This requires

Ze? Ze? . (Z—N)e
FE = —V(Z5 = —ﬁ X(R/TO) + R—T‘O X/(R/TO) r = T T . (6237)
This requires
* (1% N

For an atom, with N = Z, the asymptotic solution to the TF equation is a power law, and by inspection
is found to be X(t) ~ C't~3, where C is a constant. The constant follows from the TF equation, which
yields 12C = C3/2, hence C' = 144. Thus, a neutral TF atom has a density with a power law tail, with
p ~r~ % TFions with N > Z are unstable.
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6.6 Appendix: Potts Model in One Dimension

6.6.1 Hamiltonian

The Potts model is defined by the Hamiltonian

H=-7) e Z 0pr - (6.239)
(i) i
Here, the spin variables o, take values in the set {1,2,...,q} on each site. The equivalent of an ex-

ternal magnetic field in the Ising case is a field h which prefers a particular value of o (¢ = 1 in the
above Hamiltonian). Once again, it is not possible to compute the partition function on general lattices,
however in one dimension we may once again find Z using the transfer matrix method.

6.6.2 Transfer matrix

On a ring of N sites, we have

Z=Tre Pt = Z M1 0010y L PMoya oy (RN) ; (6.240)
{on}

where the ¢ x ¢ transfer matrix R is given by

(PU+h) ifo=0¢' =1
e’ ifo=0#1
R, = 0ol 3o 03000010 — L 812 if 5 = 1and o’ # 1 (6.241)
ePh/2 ifeo#1land o’ =1
1 ifo#A1land o’ # land o # o’
In matrix form,
BU+h)  Bh/2 Bh/2 oBh/2
eBh/2 BT 1 . 1
ePh/2 1 P e 1
R=| | L . (6.242)
ePh/2 1 1 e @B 1
ePh/2 1 1 e 1 e8I
The matrix R has ¢ eigenvalues A s with j = 1,...,q. The partition function for the Potts chain is then
Z=> Ay . (6.243)

J=1
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We can actually find the eigenvalues of R analytically. To this end, consider the vectors

1 ePh/?
0 o1z |1
o= . = (g— 1+ : . (6.244)
0 1
Then R may be written as
R= (e’ 1)1+ (g—1+)[9) (W |+ (77 —1)(” ~1)| o) (o] (6.245)

where I is the ¢ x ¢ identity matrix. When h = 0, we have a simpler form,
R= (" = 1)I+q|y)(¢] . (6.246)
From this we can read off the eigenvalues:

)\1:GBJ+(]—1

6.247
N=e -1 jed{2,..q ( )

since |1 ) is an eigenvector with eigenvalue A\ = ¢/’ 4+ ¢ — 1, and any vector orthogonal to |v) has
eigenvalue \ = ¢?/ — 1. The partition function is then

Z = +q-1)" + (-1 - 1)V (6.248)
In the thermodynamic limit N' — oo, only the ), eigenvalue contributes, and we have
F(T,N,h =0) = —Nk,Tln (/%" 4 ¢—1)  for N o0 . (6.249)

When h is nonzero, the calculation becomes somewhat more tedious, but still relatively easy. The prob-
lem is that |1 ) and | ¢ ) are not orthogonal, so we define

1—(¢|p)?
where
eBh 1/2
r=(o|Y)= <m> . (6.251)

Now we have (X | ) =0, with (X|X) =1and (¢ |¢) = 1, with

(@) =V1i=—2[x)+z|y) . (6.252)
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and the transfer matrix is then
R= (" = 1)1+ (¢—1+e™) |v)(¢]

+ (e —1) (P —1) [(1—:132)|X><X|—|—:L"2|¢>(1/)|+:L"\/1—:L"2 (|X><¢|+|¢><XI>]

— (B _
—(e 1)]I+ — 1+

eBh
(g—1+e") + (77 — 1) (" —1) <7>] | ) (2| (6.253)

e =)@ 1) () U]

—1)ePh\M?
e e - 1) (5D (ol +le)d)

which in the two-dimensional subspace spanned by | X ) and | ) is of the form

a ¢
R= (C b) . (6.254)
Recall that for any 2 x 2 Hermitian matrix,
. —_ (agtas ay — 10y
M=qal+a 1= <a1+ia2 ao—a3> ) (6.255)

the characteristic polynomial is

P(\) =det (\[— M) = (A —ag)* —a} —a3 — a3 , (6.256)

Ay =agEty/ai+ad+d} . (6.257)

For the transfer matrix of eqn. 6.253, we obtain, after a little work,

and hence the eigenvalues are

Mg =€ =14 dlg— 144 (M - 1) (M 1) (6.258)

i%\/[q— 1+ efh  (eB) — 1) (ePh — 1)]2—4(q— 1)(ef —1)(efh —1)

There are g — 2 other eigenvalues, however, associated with the (¢—2)-dimensional subspace orthogonal
to | X) and | ¢ ). Clearly all these eigenvalues are given by

N=el -1 Gje{3,..qt . (6.259)

The partition function is then
Z=X 4+ +@q-2))\ |, (6.260)

and in the thermodynamic limit N — oo the maximum eigenvalue \; dominates. Note that we recover
the correct limit as h — 0.
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