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Chapter 4

Lagrangian Mechanics

4.1 Snell’s Law

Warm-up problem: You are standing at point (z,, y; ) on the beach and you want to get to a point (z,, y5)
in the water, a few meters offshore. The interface between the beach and the water lies at x = 0. What
path results in the shortest travel time? It is not a straight line! This is because your speed v; on the
sand is greater than your speed v, in the water. The optimal path actually consists of two line segments,
as shown in fig. 4.1. Let the path pass through the point (0,y) on the interface. Then the time 7" is a

function of y:
1 1
T(y) = —\ai+y—v)* + — 25+ (v, —v)* . (4.1)
1 2

To find the minimum time, we set

E:Q:i Y= U _r Y2—Y
dy UL Vat (Y —y)? Y2 Vs o+ (o —y)?
. . (4.2)
_ sinfy  sinfs
N V1 V2
Thus, the optimal path satisfies
sin 91 (%1
== 4.3
sin 92 (%) ’ ( )

which is known as Snell’s Law. Snell’s Law is familiar from optics, where the speed of light in a polariz-
able medium is written v = ¢/n, where n is the index of refraction. Thus n; sinf; = n,sinf,. If there
are several interfaces, Snell’s law holds at each one, so that

sinf, sinf,

(2 7

at the interface between media 7 and 7 + 1.
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(‘T-'ll ? 9'1)

=0

Figure 4.1: The shortest path between (z,y;) and (z, y,) is not a straight line, but rather two successive
line segments of different slope.

In the limit where the number of slabs goes to infinity but their thickness is infinitesimal, we can regard
n and 6 as functions of a continuous variable . One then has

sinf(z) sinf(z + dx)

= 4.5
v(x) v(z+dx) (45)
which tells us that i /sing
2 <Sm > -0 . (4.6)
de\ v
On a differential scale, trigonometry tells us that
: dy y
sinf(x) = = ) 4.7)
@ Vi +dy? 1+ y”
and therefore eqn. 4.6 yields
d y/ y// y/2y// U/y/
de <vx/1+y’2> o1y oLy V1R 4.8)
1 " v’ 12N 7 '
= ——(1 =0 .
Thus we arrive at the homogeneous second order nonlinear ODE,
" U/ 12\ 1
y =~y )y =0, (4.9)

This is a differential equation that y(x) must satisfy if the functional

- @ - x2 i /—1+y,2
T[y(z)] _/v —:!d o) (4.10)
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pavement
v = v,

Figure 4.2: The path of shortest length is composed of three line segments. The relation between the
angles at each interface is governed by Snell’s Law.

is to be minimized. The solution of eqn. 4.9 will require two initial conditions, such as y(z,) = y, and
y'(xy) = y(, or perhaps two boundary conditions y(z,) = y, and y(z,) = y; . Indeed from eqn. 4.6 we
can already integrate once, yielding

/

sinf Y _p
v vy/1 +y’2 ’

where P is a constant. Thus, we arrive at a first order ODE, which after isolating y’ may be written as

y_, Pl 4.12)
dx 1 — P2v?(x)

(4.11)

and for which we must supply one initial /boundary condition.

4.2 The Calculus of Variations

4.2.1 Functions and functionals

A function is a mathematical object which takes a real (or complex) variable, or several such variables,
and returns a real (or complex) number. A functional is a mathematical object which takes an entire
function and returns a number. In the case at hand, we have

Tly()] = / deLiy,yz) . (4.13)

where the function L(y, v, z) is given by

L(y,y ) = —=\/1+y? . (4.14)
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(5, 4s)

- y(z) + dy(x)
o y(z)

A

Figure 4.3: A path y(x) and its variation y(x) + dy(z).

Here v(x) is a given function characterizing the medium, and y(z) is the path whose time is to be eval-
uated.

In ordinary calculus, we extremize a function f(z) by demanding that f not change to lowest order
when we change z — x + dz:

fle+dz) = f(x)+ f(x)dz + § f"(z) (dz)* + ... . (4.15)
We say that x = z* is an extremum when f’(z*) = 0.

For a functional, the first functional variation is obtained by sending y(z) — y(x) + 0y(z), and extracting
the variation in the functional to order éy. Thus, we compute

z2

T[y(z) + dy(z)] = /dw L(y + 6y,y + 0y, x)

/d:p{ +—5y+%5y —|—(9((5y)2)}
o (4.16)
= T[y(a:)] +/dx {g—ly;dy—k g;, %dy}

1

o [t 4 (3

x1

Tg

1

Now one very important thing about the variation dy(x) is that it must vanish at the endpoints: dy(z;) =
dy(z,) = 0. This is because the space of functions under consideration satisfy fixed boundary conditions
y(x;) = y; and y(x4) = y,. Thus, the last term in the above equation vanishes, and we have

T Tor oL
6T:/d [a—y——<ay>]5y . (4.17)

1
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We say that the first functional derivative of 7" with respect to y(x) is

oL d (0L
() @‘ﬂ@)] 19

where the subscript indicates that the expression inside the square brackets is to be evaluated at z.
The functional T'[y(z)] is extremized when its first functional derivative vanishes, which results in a

differential equation for y(x),
oL d (0L
— (=) = 4.1
5 ay) =0 1)

oT

known as the Euler-Lagrange equation.

L(y,y',x) independent of y

Suppose L(y, ', z) is independent of y. Then from the Euler-Lagrange equations we have that

p= 2—5 (4.20)

is a constant. In classical mechanics, this will turn out to be a generalized momentum. For L = v I/1 + 2

we have )

Y
P=——= (4.21)
vV/1+y?
Setting dP/dx = 0, we recover the second order ODE of eqn. 4.9. Solving for y/,
dy _ i% 7 (4.22)
TN )

where v, = 1/P.

L(y,y',x) independent of z

When L(y,y', ) is independent of =, we can again integrate the Euler-Lagrange equation. Consider the
quantity

H=y 2= -L . (4.23)

Then
aH _ d

,8L_L _ ,,a_L ,d (OL oL , 0L , OL
dzx dzx

Vo M Ve a\ay) "o T e e
d (0L\ OL] OL L (#24)

N O e W I G R o
_y[dx<8y’> 8y} ox oz’

where we have used the Euler-Lagrange equations to write % (g—yL,) = g—i. So if 0L/0x = 0, we have
dH/dz = 0, i.e. H is a constant.
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4.2.2 Functional Taylor series
In general, we may expand a functional F'ly + 0y] in a functional Taylor series,
Fly-+ 3] = Flol + [doy KaCe)8ytay) + 3 [ day [y Koyl ) By(o) o)
(4.25)
+ %/d%/dwz/diﬂs Ks(wy, 79, 3) 0y (1) 0y(29) 0y(23) +

and we write
onF

oy (@) - - oy(w,)

K, (z,...,1,) (4.26)

th

for the n*" functional derivative.

4.2.3 Examples

Here we present three useful examples of variational calculus as applied to problems in mathematics
and physics.

Example 1 : minimal surface of revolution

Consider a surface formed by rotating the function y(z) about the z-axis. The area is then

/dm 2my 4|1 + (4.27)

and is a functional of the curve y(z). Thus we can define L(y,') = 2ry+/1 + 3’*> and make the identifi-
cation y(z) <> ¢(t). Since L(y,y’, x) is independent of z, we have

, OL dH oL

and when L has no explicit x—dependence, H is conserved. One finds

12

y 2 2my
H=2ry —— —2my\/1+y“=—— . (4.29)
/1 + y/2 /1 + yl2

Solving for v/,

dy 2my 2

—=3/—-) -1 4.30

o ( a ) , (430)
which may be integrated with the substitution y = 4 cosh u, yielding

y(z) =b (:osh<3j ; a) ) (4.31)
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1 —

~08F __—

L -

50.6:—

%0.4_—

5 .

702 F
O:ll|||||||||||||||||||||:
1.4 1.6 1.8 2 2.2 2.4 2.6

Yo/ Xq

Figure 4.4: Minimal surface solution, with y(x) = bcosh(x/b) and y(zo) = yo. Top panel: A/2my3 vs.
yo/xo. The discontinuous configuration is shown by the dashed black line. Bottom panel: sech(zo/b)
vs. yo/xo. The blue curve corresponds to a global minimum of Afy(x)], and the red curve to a local
minimum or saddle point.

where a and b = £ are constants of integration. Note there are two such constants, as the original

equation was second order. This shape is called a catenary. As we shall later find, it is also the shape
of a uniformly dense rope hanging between two supports, under the influence of gravity. To fix the
constants a and b, we invoke the boundary conditions y(z,) = y; and y(z5) = ys.

Consider the case where —z; = z, = 2y and y; = y5 = y,. Then clearly a = 0, and we have
Yo = b cosh (%) = ~y=rtcoshk |, (4.32)

with v = y,/z, and k = z,/b. One finds that for any v > 1.5089 there are two solutions, one of which
is a global minimum and one of which is a local minimum or saddle of A[y(z)]. The solution with the
smaller value of « (i.e. the larger value of sech ) yields the smaller value of A, as shown in fig. 4.4. Note

that h(z/b)
y  cosh(z
Lz =—"= 4.33
yo  cosh(zg/b) (4.33)

so y(x = 0) = ygsech(zy/b).
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When extremizing functions that are defined over a finite or semi-infinite interval, one must take care
to evaluate the function at the boundary, for it may be that the boundary yields a global extremum
even though the derivative may not vanish there. Similarly, when extremizing functionals, one must
investigate the functions at the boundary of function space. In this case, such a function would be the
discontinuous solution, with
y, ifr=ux
y(x) =40 ifz, <z <y (4.34)
Yy if x =2,

This solution corresponds to a surface consisting of two discs of radii y; and ys,, joined by an infinitesi-
mally thin thread. The area functional evaluated for this particular y(z) is clearly A = 7(y? + y3). In fig.
4.4, we plot A/2my? versus the parameter v = y,/x,. For v > 7. ~ 1.564, one of the catenary solutions is
the global minimum. For v < ., the minimum area is achieved by the discontinuous solution.

Note that the functional derivative,

Sy(x) Oy dx

6A 0L d [OL o (1 + 42 — yy”

K (z) = (1+ y/2)3/2

indeed vanishes for the catenary solutions, but does not vanish for the discontinuous solution, where
K, (z) = 2m throughout the interval (—z, z;). Since y = 0 on this interval, y cannot be decreased. The
fact that K (z) > 0 means that increasing y will result in an increase in A, so the boundary value for A4,
which is 2792, is indeed a local minimum.

We furthermore see in fig. 4.4 that for v < 7, ~ 1.5089 the local minimum and saddle are no longer
present. This is the familiar saddle-node bifurcation, here in function space. Thus, for v € [0,~.) there
are no extrema of A[y(z)], and the minimum area occurs for the discontinuous y(z) lying at the boundary
of function space. For v € (74,7c), two extrema exist, one of which is a local minimum and the other
a saddle point. Still, the area is minimized for the discontinuous solution. For v € (v, o0), the local
minimum is the global minimum, and has smaller area than for the discontinuous solution.

Example 2 : geodesic on a surface of revolution

We use cylindrical coordinates (p, ¢, z) on the surface z = z(p). Thus,
ds® = dp* + p* d¢? + da®

4.36
:{1+ [Z,(p)]z}dp—i-pzd(bz , (1.36)

and the distance functional D[¢(p)] is

p2

waﬂz/@Lwdm>, (4.37)

P1

where

L($, ¢, p) = \/1+22(0) + 2 92(p) - (439
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The Euler-Lagrange equation is

oL d (0L oL
8_¢ — d_p <8—¢’> =0 = 8—<z5’ = const. (4.39)
Thus,
aL - p2 ¢/

(4.40)

a_(ﬁ,_ /1+Z/2+p2¢/2-:a )

where a is a constant. Solving for ¢, we obtain

/ 2
dp = -V L+ [#)] dp (4.41)

Py p?—a?

which we must integrate to find ¢(p), subject to boundary conditions ¢(p;) = ¢;, withi =1, 2.
On a cone, z(p) = Ap, and we have

2

db—avVizn—P  _ Txdtan—ty/2 1 (4.42)

p\/p? —a? a’
which yields
(p) =B+ V1+ A2 tan ! Z—z -1, (4.43)
which is equivalent to
p COoS < Q;;ﬁ)@) =a . (4.44)

The constants /5 and a are determined from ¢(p;) = ¢;.

Example 3 : brachistochrone

Problem: find the path between (z,,y,) and (z,,y,) which a particle sliding frictionlessly and under
constant gravitational acceleration will traverse in the shortest time. To solve this we first must invoke
some elementary mechanics. Assuming the particle is released from (z,,y, ) at rest, energy conservation
says

%mfu2 +mgy = mgy; . (4.45)

Then the time, which is a functional of the curve y(z), is

2

T2 T2
ds 1 [1 42
T[l/(m)] == /dmL(y,y’,x) :/7 = \/—2—g/d$ y _yy : (4.46)
1
1 1

z1

with
1+ y?

29(y; —v) ®47)

L(y,y' x) =
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Since L is independent of x, eqn. 4.24, we have that

oL 9 1—1/2

_ %Y . /

H=y 5L [29 -y (1+y )] (4.48)
is conserved. This yields
Y17Y

dv = — | —1 =Y g 4.49
z Sy (4.49)

with a = (4gH?)~1. This may be integrated parametrically, writing
Yy, — Y =2a sin2(%0) = dr=2a sinz(%e) do | (4.50)

which results in the parametric equations

T — 1 :a(G—sinH)
(4.51)
y—y; =—a(l—cosb)

This curve is known as a cycloid.

4.2.4 QOcean waves

Surface waves in fluids propagate with a definite relation between their angular frequency w and their
wavevector k = 27/\, where X is the wavelength. The dispersion relation is a function w = w(k). The
group velocity of the waves is then v(k) = dw/dk.

In a fluid with a flat bottom at depth h, the dispersion relation turns out to be

Vghk shallow (kh < 1)
w(k) = /gk tanh kh ~ (4.52)

Vgk  deep (kh > 1)

Suppose we are in the shallow case, where the wavelength ) is significantly greater than the depth h
of the fluid. This is the case for ocean waves which break at the shore. The phase velocity and group
velocity are then identical, and equal to v(h) = v/gh. The waves propagate more slowly as they approach
the shore.

Let us choose the following coordinate system: z represents the distance parallel to the shoreline, y the
distance perpendicular to the shore (which lies at y = 0), and h(y) is the depth profile of the bottom. We
assume h(y) to be a slowly varying function of y which satisfies h(0) = 0. Suppose a disturbance in the
ocean at position (z,, y,) propagates until it reaches the shore at (x,,y; = 0). The time of propagation is

_ [ds 7 1+y?
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increasing h ——»

Figure 4.5: For shallow water waves, v = /gh. To minimize the propagation time from a source to the
shore, the waves break parallel to the shoreline.

We thus identify the integrand
1+y”
9h(y)

As with the brachistochrone problem, to which this bears an obvious resemblance, L is cyclic in the
independent variable x, hence

L(y,y',x) = (4.54)

, 0L

oL on]—1/2
H=y oy L= [g h(y) (14y )] (4.55)
is constant. Solving for y/(z), we have
dy a

where a = (gH) ™! is a constant, and where @ is the local slope of the function y(z). Thus, we conclude
that near y = 0, where h(y) — 0, the waves come in parallel to the shoreline. If h(y) = ay has a linear
profile, the solution is again a cycloid, with

x(0) =b(0 —sin6) , y(0) =b(1 —cosb) (4.57)

where b = 2a/a and where the shore lies at § = 0. Expanding in a Taylor series in 6 for small §, we may
eliminate 0 and obtain y(z) as

y(x) = (%)1/3 L3234 (4.58)

A tsunami is a shallow water wave that propagates in deep water. This requires A > h, as we've seen,
which means the disturbance must have a very long spatial extent out in the open ocean, where h ~
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10km. An undersea earthquake is the only possible source; the characteristic length of earthquake fault
lines can be hundreds of kilometers. If we take h = 10 km, we obtain v = v/gh ~ 310m/s or 1100 km /hr.
At these speeds, a tsunami can cross the Pacific Ocean in less than a day.

As the wave approaches the shore, it must slow down, since v = /gh is diminishing. But energy is
conserved, which means that the amplitude must concomitantly rise. In extreme cases, the water level
rise at shore may be 20 meters or more.

4.2.5 More on functionals

We remarked in section 4.2.1 that a function f is an animal which gets fed a real number = and excretes
areal number f(z). We say f maps the reals to the reals, or f: R — R. Of course we also have functions
g: C — C which eat and excrete complex numbers, multivariable functions h: RY — R which eat
N-tuples of numbers and excrete a single number, etc.

A functional F[f(x)] eats entire functions (!) and excretes numbers. That is,
F {f(:n) EX: R} ~R (4.59)

We may write F': C(R) — R, where C(R) is the space of continuous functions'. This says that I operates
on the set of real-valued functions of a single real variable, yielding a real number. Some examples:

Flf() = L / dz [ ()]’

Flf(@) =} [ do [do' K(o.o!) f(@) ) (4.60)
o 2
Fli@) =} [de | A7) + B (j—f)]

—0o0
In classical mechanics, the action S is a functional of the path ¢(?):

23

Sla(®) = [at {mé?* - U@)} . (4.61)

t

a

We can also have functionals which feed on functions of more than one independent variable, such as

st - forfoe 120 -1:(22)) e

ta

!The notation C*°(R) indicates the space of continuous smooth (i.e. infinitely differentiable) real functions of a real variable.
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glt)

Figure 4.6: A functional S[¢(t)] is the continuum limit of a function of a large number of variables,
S(ar, - - am)-

which happens to be the functional for a string of mass density ; under uniform tension 7. Another
example comes from electrodynamics:

S[AH(z, )] /dt/d3 {—FWF + j A”} , (4.63)

which is a functional of the four fields { A%, A, A%, A3}, where A = c¢. These are the components of the

4-potential, each of which is itself a function of four independent variables (z°, !, 22, 23), with 2° = ct.

The field strength tensor is written in terms of derivatives of the A*: F},, = 0,,A,, — 0, A,,, where we use
a metric g, = diag(+, —, —, —) to raise and lower indices. The 4-potential couples linearly to the source
term J,, which is the electric 4-current (cp, J).

We extremize functions by sending the independent variable x to  + dz and demanding that the varia-
tion df = 0 to first order in dz. That is,

fla+de) = f(z) + f'(x) de + 5 f"(@)(de)? + ..., (4.64)
whence df = f'(z) dz + O((dz)?) and thus

fl(x*) =0 <= 2* an extremum. (4.65)

We extremize functionals by sending
f(@) = f(2) + of (z) (4.66)
and demanding that the variation 0F in the functional F[f(z)] vanish to first order in § f(x). The vari-

ation 0 f(z) must sometimes satisfy certain boundary conditions. For example, if F'[f(x)] only operates
on functions which vanish at a pair of endpoints, i.e. f(z4) = f(x;) = 0, then when we extremize the
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functional F' we must do so within the space of allowed functions. Thus, we would in this case require
df(xq) = 0f(x;,) = 0. We may expand the functional F'[f + ¢ f] in a functional Taylor series,

FIf +6f] = F[f] + /dxl Ky(@)8f(2) + & /dxl/dw2 Ky (g, 29) 8 (1) 5f (1)

(4.67)
b [doy [do [doy Ky, ) 85(0,) 56 (23) 31 () +

and we write
o"F

6f (1) 0f(xn)

In a more general case, F' = F [{ fi(x)}] is a functional of several functions, each of which is a function
of several independent variables’. We then write

FI{f, + 61} = FILAY + / oy Kj (@) 6F,(w)) + 5 [ doy [ damy K5 (@1, ,) @) 81, (@)

K, (x,...,x,) (4.68)

1 - (4.69)
+ g/dml/dm2/dm3 Ké (@1, @y, ®3) 0 f;(2) 0f;(®) O fp(@3) + .00,
with s
K2 "y, @y, . @) = . (4.70)
Another way to compute functional derivatives is to send
f(@) = fx)+ed(x—xy)+... +€,0(x—2x,) 4.71)
and then differentiate n times with respect to ¢, through ¢,. That is,
3w o"
= Flf(x)+ed(x—z)+...+ 6,0z —mz,)] . 4.72)
5f(:1:1) R 6f($n) 661 R aEn 51:62:"'6n:0

Let’s see how this works. As an example, we’ll take the action functional from classical mechanics,

tb
_ /dt{%qu—U(q)} . (4.73)
12

To compute the first functional derivative, we replace the function ¢(t) with ¢(¢) +¢€d(t —¢1), and expand
in powers of e:

by

S[alt) + (¢ — t0)] = Sla@)) + ¢ [t {mi (¢ — 1) - U'(q) 8t 1)}

= —¢ {mij(t1;+ U/(Q(tl))} )

’It may be also be that different functions depend on a different number of independent variables. FE.g. F =

Flf(2), g(z,y), h(z,y,2)]-

(4.74)
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hence 55
—— = —ymq(t "(q(t 4.7
Son) =~ Lmi() + U'(a(0) } (4.75)
and setting the first functional derivative to zero yields Newton’s Second Law, m§ = —U’(q), for all
t € [t,,t,]. Note that we have used the result

/dt §(t—t1)h(t) = -h(t1) , (4.76)

which is easily established upon integration by parts.
To compute the second functional derivative, we replace
q(t) = q(t) + € 0(t —t1) + e 6(t —t2) 4.77)

and extract the term of order ¢; €3 in the double Taylor expansion. One finds this term to be

t

€, €9 /dt {m §(t—t1)8(t—t2) —U"(q)0(t —t1)6(t — tg)} . (4.78)

t

a

Note that we needn’t bother with terms proportional to €2 or €3 since the recipe is to differentiate once
with respect to each of ¢; and ¢, and then to set ¢; = ¢, = 0. This procedure uniquely selects the term
proportional to ¢, €,, and yields

528

52 30 _ —{m5”(751 —to) + U" (g(t1)) 6(t1 — tg)} . (4.79)

In multivariable calculus, the stability of an extremum is assessed by computing the matrix of second
derivatives at the extremal point, known as the Hessian matrix. One has

of O*f
The eigenvalues of the Hessian H;; determine the stability of the extremum. Since H;; is a symmetric

matrix, its eigenvectors n“ may be chosen to be orthogonal. The associated eigenvalues )\, defined by
the equation

=0 Vi N Hij = (480)

x* x*

Hynf = A, (4.81)

are the respective curvatures in the directions n®, where a € {1,...,n} where n is the number of vari-
ables. The extremum is a local minimum if all the eigenvalues )\, are positive, a maximum if all are
negative, and otherwise is a saddle point. Near a saddle point, there are some directions in which the
function increases and some in which it decreases.

In the case of functionals, the second functional derivative K> (z,, z,) defines an eigenvalue problem for
Sf (x):

Ty

/daz2 Koy, 2) 6f(2q) = A3f(x,) . 4.82)

Tq
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In general there are an infinite number of solutions to this equation which form a basis in function space,

subject to appropriate boundary conditions at z, and z,. For example, in the case of the action functional
from classical mechanics, the above eigenvalue equation becomes a differential equation,

d2
- {m@ +U"(q*(t)) } dq(t) = Xoq(t) (4.83)

where ¢*(t) is the solution to the Euler-Lagrange equations. As with the case of ordinary multivariable
functions, the functional extremum is a local minimum (in function space) if every eigenvalue )\, is
positive, a local maximum if every eigenvalue is negative, and a saddle point otherwise.

Consider the simple harmonic oscillator, for which U(q) = 3 mw3 ¢*>. Then U” (¢*(t)) = mw}; note that
we don’t even need to know the solution ¢*(¢) to obtain the second functional derivative in this special
case. The eigenvectors obey m (3G + wg dg) = —\ §q, hence

dq(t) = Acos (\/wg + (N/m)t+ cp) , (4.84)
where A and ¢ are constants. Demanding dq(t,) = dq(t,) = 0 requires
wg + (A/m) (t, —t,) =nm | (4.85)

where n is an integer. Thus, the eigenfunctions are

dq,,(t) = Asin <n7r Il > , (4.86)
t, — t,

and the eigenvalues are
nm\ 2 9
Ap = m(?> —mwy (4.87)

where T' = t, — t,. Thus, so long as T' > 7/w, there is at least one negative eigenvalue. Indeed, for

e <T< ("I—l)” there will be n negative eigenvalues. This means the action is generally not a minimum,

but rather lies at a saddle point in the (infinite-dimensional) function space.

To test this explicitly, consider a harmonic oscillator with the boundary conditions ¢(0) = 0 and ¢(T") =
Q. The equations of motion, ¢ + w% g = 0, along with the boundary conditions, determine the motion,

(1) = Q Sin(wot)

7l sin(wyT) (459
The action for this path is then
T
Sla" () = [ at (3mi ~ dmaf ?)
0 (4.89)

2 )2

muw

= me @ /dt <coszw0t - sin2w0t> = imuw, Q? ctn (w,T)
2 sinszT

0
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Next consider the path ¢(t) = Qt/T which satisfies the boundary conditions but does not satisfy the
equations of motion (it proceeds with constant velocity). One finds the action for this path is

Sla(®)] = smw, Q? (LT — %wOT> . (4.90)

Wo

Thus, provided w,T" # n, in the limit 7" — oo we find that the constant velocity path has lower action.

Finally, consider the general mechanical action,

= / dtL(q,q,t) . (4.91)

We now evaluate the first few terms in the functional Taylor series:

L oL oL
S[ t) + dq(t) /dt{ q*,q*,t) 8(] c5qZ 90 0q;
@ 4.92)
1 aZL 2 2
1 5q: 64 0005+ 5 5o 5“5
T2 940q| *1°Y T ag 04| 40U T3 agag | C40U T }
q*

To identify the functional derivatives, we integrate by parts. Let ® (¢) be an arbitrary function of time.

Then
t t

b b

/ dt ;(t) 83 (¢) / dt (1) 6¢;(t) (4.93)
t, t,
and
tb
d
[t 5(e) e 850 / dt / A iy (1) (¢ — 1) 5 6a5(0) 345 (1)
fa (4.94)
b b
= [at [t @000 3¢ - ) date) s
and
tb tb
. . d d
[t dite) s ) = [ar [ @061 5(¢ ) 5 5 0it) )
a ta t(L
(4.95)

b b

—— [arfa [%(t) 5t~ 1) + Byy(1) 8 (t — )| dai(t) by (¢)

ta t(L
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Thus, the first two functional derivatives are given by

08 oL d (0L
_|9L _d (oL 4,
dqi(t) [aQi dt (3%)] (456
q*(t)
and
2 2 2
= o] Sty =g S 1)
0qi(t)og;(t) | 94i 0g5 ., 06 945 | .

q q (4.97)

PL  d[ L L
+ [2 aqi Z?qj - % <8q, aq]>] is(t()t —t )
q

4.3 Lagrangian Mechanics

4.3.1 Generalized coordinates

A set of generalized coordinates q, . .., q, completely describes the positions of all particles in a mechani-
cal system. In a system with d; degrees of freedom and k constraints, n = d; —k independent generalized
coordinates are needed to completely specify all the positions. A constraint is a relation among coordi-
nates, such as 22 4+ y* + 22 = a? for a particle moving on a sphere of radius a. In this case, d; = 3 and
k = 1. In this case, we could eliminate z in favor of z and y, i.e. by writing z = £+/a? — 22 — y2, or we
could choose as coordinates the polar and azimuthal angles 6 and ¢.

For the moment we will assume that n = d; — k, and that the generalized coordinates are independent,
satisfying no additional constraints among them. Later on we will learn how to deal with any remaining
constraints among the {Q17 RN qn}.

The generalized coordinates may have units of length, or angle, or perhaps something totally different.
In the theory of small oscillations, the normal coordinates are conventionally chosen to have units of
(mass)'/2? x (length). However, once a choice of generalized coordinate is made, with a concomitant set
of units, the units of the conjugate momentum and force are determined:

ML? 1 ML? 1
[p]:T’m ) [FU]ZTQ'm7

(4.98)

where [A] means ‘the units of A’, and where M, L, and T stand for mass, length, and time, respectively.
Thus, if ¢, has dimensions of length, then p, has dimensions of momentum and F, has dimensions
of force. If ¢, is dimensionless, as is the case for an angle, p, has dimensions of angular momentum
(ML?/T) and F, has dimensions of torque (M L?/T?).



4.3. LAGRANGIAN MECHANICS 19

4.3.2 Hamilton’s principle

The equations of motion of classical mechanics are embodied in a variational principle, called Hamilton's
principle. Hamilton’s principle states that the motion of a system is such that the action functional

to

Sfat] = [dLig.d.1 (4.99)
t1
is an extremum, i.e. 6S = 0. Here, ¢ = {q;,...,¢,} is a complete set of generalized coordinates for our
mechanical system, and
L=T-U (4.100)

is the Lagrangian, where T is the kinetic energy and U is the potential energy. Setting the first variation
of the action to zero gives the Euler-Lagrange equations,

momentum ps  force F,

47 oL oL
a(%) = (410D

Thus, we have the familiar p, = F,, also known as Newton’s second law. Note, however, that the {¢,}
are generalized coordinates, so p, may not have dimensions of momentum, nor F;, of force. For example,
if the generalized coordinate in question is an angle ¢, then the corresponding generalized momentum
is the angular momentum about the axis of ¢’s rotation, and the generalized force is the torque.

4.3.3 Invariance of the equations of motion

Suppose

L@QQZL@@0+%G@Q : (4.102)
Then i
Slq(t)] = Slq(t)] + Glap, ) — G(qa,ta) - (4.103)

Since the difference S—Sisa function only of the endpoint values {q,, ¢, }, their variations are identical:
05 = 6S. This means that L and L result in the same equations of motion. Thus, the equations of motion
are invariant under a shift of L by a total time derivative of a function of coordinates and time.

4.3.4 Remarks on the order of the equations of motion

The equations of motion are second order in time. This follows from the fact that L = L(q, ¢,t). Using
the chain rule,

2 2 2
d(@L) 0L oL . 0°L (4.104)

a 8—% B aq.cr aq.d Qo' 8@0 8(10’ Gor aq.cr ot

That the equations are second order in time can be regarded as an empirical fact. It follows, as we have
just seen, from the fact that L depends on g and on ¢, but on no higher time derivative terms. Suppose
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the Lagrangian did depend on the generalized accelerations ¢ as well. What would the equations of
motion look like? Taking the variation of S,

tb
- oL OL .. d (0L b
5/dtL(q>q7q7t) - |:a—qo_ 5% + a—q.g 5% - a(a—qo> 5QO’:|t
t
ty,
/dt oL _d (oL d (or)],
9q,  dt\dd, ) " a2\ dg, ) [P
t(L

The boundary term vanishes if we require dq,(t,) = ¢ (t,) = 045 (t,) = 64s(t,) = 0V 0. The equations
of motion would then be fourth order in time.

(4.105)

4.3.5 Lagrangian for a free particle

For a free particle, we can use Cartesian coordinates for each particle as our system of generalized
coordinates. For a single particle, the Lagrangian L(x,v,t) must be a function solely of »?. This is
because homogeneity with respect to space and time preclude any dependence of L on « or on ¢, and
isotropy of space means L must depend on v?. We next invoke Galilean relativity, which says that
the equations of motion are invariant under transformation to a reference frame moving with constant
velocity. Let V' be the velocity of the new reference frame K’ relative to our initial reference frame K.
Then ' = ¢ — Vt,and v = v — V. In order that the equations of motion be invariant under the change

in reference frame, we demand

L'(v') = L(v) + di G(x,t) . (4.106)
The only possibility is L = 2mwv?, where the constant m is the mass of the particle. Note:
d aG
r_ 1 . 2 _ 1 2, 2% (1 24 . -
L'={m(o— V)’ = fmo® + = (ZmV t—mV m) L+— . (4.107)
For N interacting particles,
al dx
L=1%"m, ( “) — U({ma} {#a}) . (4.108)
a=1

Here, U is the potential energy. Generally, U is of the form

U= ZU1 (@) + > v(Ta — Tr) (4.109)

a<a’

however, as we shall see, velocity-dependent potentials appear in the case of charged particles interact-
ing with electromagnetic fields. In general, though,

L=T-U |, (4.110)

where T'is the kinetic energy, and U is the potential energy.
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4.3.6 Conserved quantities

A conserved quantity A(q, ¢,t) is one which does not vary throughout the motion of the system. This

means
dA

=0 . 4.111
o (4.111)

a=q(t)
We shall discuss conserved quantities in detail in the chapter on Noether’s Theorem, which follows.

Momentum conservation

The simplest case of a conserved quantity occurs when the Lagrangian does not explicitly depend on
one or more of the generalized coordinates, i.e. when

L
F, = oL _ 0 . (4.112)
945
We then say that L is cyclic in the coordinate ¢,. In this case, the Euler-Lagrange equations p, = F,, say

that the conjugate momentum p, is conserved. Consider, for example, the motion of a particle of mass
m near the surface of the earth. Let (z, y) be coordinates parallel to the surface and z the height. We then
have

T = $m(i® + 4% + 2°)
U =mgz (4.113)
L=T-U= %m($2+y'2+22) —mgz

Since oL oL
F,=—=0 d F,=—=0 4114
L= =0 ad B=30=0 (4114)
we have that p, and p, are conserved, with
oL . oL .
Dy = %= mi ., p, = a_y =my . (4.115)
These first order equations can be integrated to yield
Dz Dy
t)=x(0) +—1 t)=y0)+—=1t . 4.116
o) = 2(0) + 20, y() = y(0) + 2 (@.116)
The z equation is of course
p,=mi=-mg=F, |, (4.117)
with solution
2(t) = 2(0) + 2(0) t — 1gt* . (4.118)

As another example, consider a particle moving in the (z,y) plane under the influence of a potential

U(z,y) = U(y/2? + y?) which depends only on the particle’s distance from the origin p = /22 + y2.
The Lagrangian, expressed in two-dimensional polar coordinates (p, ¢), is

L=13m(p*+p*¢*) -~ U(p) . (4.119)
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We see that L is cyclic in the angle ¢, hence

_ 24 4120
29 mp¢ ( )

Dy

is conserved. p, is the angular momentum of the particle about the 2z axis. In the language of the
calculus of variations, momentum conservation is what follows when the integrand of a functional is
independent of the independent variable.

Energy conservation

When the integrand of a functional is independent of the dependent variable, another conservation law
follows. For Lagrangian mechanics, consider the expression

n
H(q,4,t) = psdo—L - (4.121)
o=1

Now we take the total time derivative of H:

n

dH oL oL oL

ad ooy o oL oL 0L 4122

- Uzz:l {po Go Py = 5= 5 qo} o (4.122)
We evaluate H along the motion of the system, which entails that the terms in the curly brackets above
cancel for each o

oL oL
— ) = 4.123
Pe=5a.  Pr= aa ( )
Thus, we find
dH oL
— = 4.124
dt ot ( )

which means that H is conserved whenever the Lagrangian contains no explicit time dependence. For a
Lagrangian of the form

L=Y gmgia—Ulr,....,ry) (4.125)

we have that p, = m, 7., and

H=T+U=> tml+U(ry,...,ry) . (4.126)
a
However, it is not always the case that H =T + U is the total energy, as we shall further on below.

4.3.7 Choosing generalized coordinates

Any choice of generalized coordinates will yield an equivalent set of equations of motion. However,
some choices result in an apparently simpler set than others. This is often true with respect to the form
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of the potential energy. Additionally, certain constraints that may be present are more amenable to
treatment using a particular set of generalized coordinates.

The kinetic energy T is always simple to write in Cartesian coordinates, and it is good practice, at
least when one is first learning the method, to write 7" in Cartesian coordinates and then convert to
generalized coordinates. In Cartesian coordinates, the kinetic energy of a single particle of mass m is

T=3m(#®+9*+2%) . (4.127)

If the motion is two-dimensional, and confined to the plane z = const., one of course has 7' = %m (m’z +
7).

Two other commonly used coordinate systems are the cylindrical and spherical systems. In cylindrical
coordinates (p, ¢, z), p is the radial coordinate in the (z,y) plane and ¢ is the azimuthal angle:

r=pcos¢ , y=psing |, j:zcosqbp'—psinqﬁg{b y:sin¢p+pcos¢¢3 , (4.128)
and the third, orthogonal coordinate is of course z. The kinetic energy is
T=13m @ +?+3%) =im (P +p°¢*+2%) . (4.129)

When the motion is confined to a plane with z = const., this coordinate system is often referred to as
‘two-dimensional polar’ coordinates.

In spherical coordinates (r, 6, ¢), r is the radius, 6 is the polar angle, and ¢ is the azimuthal angle. On
the globe, # would be the ‘colatitude’, which is § = 7= where )\ is the latitude. Le. 8 = 0 at the north
pole. In spherical polar coordinates,

x =r sinf cos ¢ & =sinf cosdr +r cosb cosgf —r sinfsing ¢ (4.130)
y=r sinf sin¢o § =sinf sind 7+ r cosf sing 6 + r sin 6 cos ¢ ¢ (4.131)
z=1rcost Z=cosOr—rsinhl . (4.132)

The kinetic energy is

T= %m (j:2 + 92 + 22) = %m (732 +1r26% 4+ r? sin%0 ¢2) . (4.133)

4.4 How to Solve Mechanics Problems

Here are some simple steps you can follow toward obtaining the equations of motion:

1. Choose a set of generalized coordinates {q,, ..., q,}-

2. Find the kinetic energy T'(¢, g, t), the potential energy U(q, t), and the Lagrangian L(q, ¢,t) = T—U.
It is often helpful to first write the kinetic energy in Cartesian coordinates for each particle before
converting to generalized coordinates.

3. Find the canonical momenta p, = 2£ and the generalized forces F, =

oL
a4, dq, *
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4. Identify any conserved quantities (more about this later).

5. Evaluate the time derivatives p, and write the equations of motion p, = F|,. Be careful to differ-
entiate properly, using the chain rule and the Leibniz rule where appropriate.

6. Integrate the equations of motion to obtain {q,(t)} (easier said than done).

We not consider several examples:

44.1 One-dimensional motion

For a one-dimensional mechanical system with potential energy U (z),

L=T-U=1imi*-Ulz) . (4.134)
The canonical momentum is oL
oz
and the equation of motion is
d (0L oL . /
(=) == = — 41
g <8w> e = mi Ulx) , (4.136)

which is of course F' = ma.
Note that we can multiply the equation of motion by & to get

0= {mx + U’(ac)} - %{%mﬁc? + U(x)} - Z—f , (4.137)

where E =T + U.

44.2 Central force in two dimensions

Consider next a particle of mass m moving in two dimensions under the influence of a potential U(p)
which is a function of the distance from the origin p = /22 + y2. Clearly cylindrical (2d polar) coordi-
nates are called for:

L=1im(p*+p*¢*) —U(p) . (4.138)

The equations of motion are

d (0 0 .
i(55) =5 = mi=med-U)

“N08/ B (4.139)
d (0L\ 0L d, 5. '
ils) =% = atwd=o
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m

M

Figure 4.7: A wedge of mass M and opening angle « slides frictionlessly along a horizontal surface,
while a small object of mass m slides frictionlessly along the wedge.

Note that the canonical momentum conjugate to ¢, which is to say the angular momentum, is conserved:
Py = mp? ¢ = const. (4.140)

We can use this to eliminate ¢ from the first Euler-Lagrange equation, obtaining

mp=—"o—-U'(p) . (4.141)
We can also write the total energy as

E=3m(p°+p° %) + Ulp)

2 4.142)
P (

1, -2 ¢

= smp° + Smp? +U(p)

from which it may be shown that F is also a constant:

dE . D .
== (mp - m—zg + U’(p)) p=0 . (4.143)

We shall discuss this case in much greater detail in the coming weeks.

4.4.3 A sliding point mass on a sliding wedge

Consider the situation depicted in fig. 4.7, in which a point object of mass m slides frictionlessly along a
wedge of opening angle a. The wedge itself slides frictionlessly along a horizontal surface, and its mass
is M. We choose as generalized coordinates the horizontal position X of the left corner of the wedge,
and the horizontal distance x from the left corner to the sliding point mass. The vertical coordinate of
the sliding mass is then y = x tan a, where the horizontal surface lies at y = 0. With these generalized
coordinates, the kinetic energy is

T=iMX*+1im (X +2)+ Imy®

. . 4.144
= (M +m)X* + mXi + $m (1 + tan’a) 2 ( )
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k
y=01" 86088

(z1,91)

Figure 4.8: The spring—pendulum system.

The potential energy is simply
U=mgy =mgz tan«

Thus, the Lagrangian is
L=YM+m)X?+mXz+im (1 +tan’a)i® — mgz tana
and the equations of motion are

d [ OL oL - ..
E(a—X>_3—X = (M+m)X+mi=0

d (OL oL . 2 |\ .
E<%>_% = mX +m(l+tana)i = —mgtana

At this point we can use the first of these equations to write

m

X:— .
M—l—mx

Substituting this into the second equation, we obtain the constant accelerations

(M 4+ m)g sina cos « % ™My sin v cos «
B ~ M +msin’a

M + msin’a

4.4.4 A pendulum attached to a mass on a spring

(4.145)

(4.146)

(4.147)

(4.148)

(4.149)

Consider next the system depicted in fig. 4.8 in which a mass M moves horizontally while attached to a
spring of spring constant k. Hanging from this mass is a pendulum of arm length ¢ and bob mass m.
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A convenient set of generalized coordinates is (x, #), where z is the displacement of the mass M relative
to the equilibrium extension a of the spring, and 6 is the angle the pendulum arm makes with respect to

the vertical. Let the Cartesian coordinates of the pendulum bob be (z,,y,). Then
ry=a+x+{sinf , y, =—lcosf
The kinetic energy is
T = $Mi* + gm (i + §°)
= iMi* + Im [(ac +£cosf8)% 4 (¢sin 6 6)?
=i(M +m) i+ %mfzéz +mlcosOif
and the potential energy is

U= %k:a:2 + mgy,

= %k‘x2 — mgl cos 6

Thus, _ .
L= %(M+m):t2 + %mfzﬁz +mlcosfi6— %k:a:2 + mgl cos 6

The canonical momenta are

Py = 8—L = (M +m)i+mlcoshf
0%

Py = 8—L =mlcosO i +ml*0
00

and the canonical forces are
OL
)9 .
Fy = g—e = —mfsinfz 0 — mgl sin 6

The equations of motion then yield

M +m)i+ml cos0 —ml sinh 6% = —kx
( )

ml cosO & +ml?6 = —mgl sin 6

(4.150)

(4.151)

(4.152)

(4.153)

(4.154)

(4.155)

(4.156)

Small Oscillations : If we assume both x and 6 are small, we may write sin# ~ ¢ and cos # ~ 1, in which

case the equations of motion may be linearized to

(M +m)i+mlh+kr=0
ml i +ml? 0 +mglh =0

(4.157)
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If we define "

uz% , az% , ngM , w%z% , (4.158)
then may be linearized to
1+a)i4+ald+wiu=0
(1+a) 0 (4.159)

i+ 0+w0=0

()
(0 22) (-

In order to have a nontrivial solution (i.e. without a = b = 0), the determinant of the above 2 x 2 matrix
must vanish. This gives a condition on w?, with solutions

We can solve by writing

in which case

wi = %[wg—i—(l—i—a)w%] + %\/[wg - (1+a)w%]2+4aw3w% ) (4.162)

4.4.5 The double pendulum

As yet another example of the generalized coordinate approach to Lagrangian dynamics, consider the
double pendulum system, sketched in fig. 4.9. We choose as generalized coordinates the two angles 6,
and 6,. In order to evaluate the Lagrangian, we must obtain the kinetic and potential energies in terms
of the generalized coordinates {f,,,} and their corresponding velocities {6, 6,}.

In Cartesian coordinates,
T = gmy (&7 + 1) + 5my (i3 + 93)
(4.163)
U=mygy; +mygys

We therefore express the Cartesian coordinates {x,y;, 5, y,} in terms of the generalized coordinates
{91, 92}1

x; = +¥¢; sinb, , Xy = L1 sin@y + {5 sin by (4.164)
Yy, = —¥; cos b, , Yy = —; cos By — {y cos b, '
Thus, the velocities are
11.:1 = El 9.1 COS 01 s i:z = El 9.1 COS 91 + Ez 0.2 COS 92 (4 165)
yl = El 9.1 sin 01 s 92 = El 9.1 sin 91 + Ez 9.2 sin 92 ‘
Thus,
T = %ml E% 9% + %m2{£% 0% + 261 £2 COS(@I — 02) 0.1 9.2 + E% 9%}
(4.166)

U=—-mygl cost; —mygl cosl; —mygl, cosby |,
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Figure 4.9: The double pendulum, with generalized coordinates #; and ¢,. All motion is confined to a
single plane.

and

L=T-U = 3(my +my) 30} +myl, by cos(6y — 0) 0, 0y + Lm, (363

(4.167)
+ (my +my) gy cosby +mygly cosb,
The generalized (canonical) momenta are
oL 9 .
p1 = o7 = (my +my) (10, + my ly £y cos(0) — 0,) 0,
00,
oL _ _ (4.168)
Do = —— =My El €2 COS(Hl — 92) 91 + mo E% 92 s
00,
and the equations of motion are
pl = (ml + m2) E% él + me El £2 005(91 — 92) 52 — My El €2 Sin(91 — 92) (91 — 92) 9.2
0L (4.169)

= —(ml + mz)gél sin 01 — My El Ez Sin(91 — 92) 0.1 9.2 = W
1

and

Do = mg by Uy cos(0) — 0;) 0; — my by £y sin(0) — 0,) (91 - 92) 91 +my @ éz

oL (4.170)

= —m2 g£2 Sin 92 + m2 El €2 Sin(91 — 92) 9.1 9.2 = W
2
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We therefore find

@1 91 + ﬁ COS(Hl — 02) 92 + ﬁ Sln(gl — 92) 9% + g Sln91 =0

(4.171)
0y cos(B — 0y) 0y + Ly By — £y sin(f; — 0,) 67 + g sinfy =0

Small Oscillations : The equations of motion are coupled, nonlinear second order ODEs. When the
system is close to equilibrium, the amplitudes of the motion are small, and we may expand in powers
of the 6, and 6,. The linearized equations of motion are then

él +04502 +wg01 :0
o 4.172)
91—|—ﬁ92—|—w092:0 5

where we have defined
L)

&
Sho
Il

, B

o (4.173)

S

mq + my 1

We can solve this coupled set of equations by a nifty trick. Let’s take a linear combination of the first
equation plus an undetermined coefficient, r, times the second:

(14+7)0; + (a+7)B0y+wi (0, +76,) =0 . (4.174)

We now demand that the ratio of the coefficients of 6, and 6, is the same as the ratio of the coefficients
of 6, and 6,:

%:r = ry=3(B8-1)£3/(1-B)?2+4ap (4.175)
When r = r_, the equation of motion may be written

2 2
d Wy

(6, 414 0,) (4.176)

and defining the (unnormalized) normal modes &, = (6, + r.. 6,) we find £, +wlé, = 0with
Wy = ——0
SRV e

Thus, by switching to the normal coordinates, we have decoupled the equations of motion, and identi-
tied the two normal frequencies of oscillation. We shall have much more to say about small oscillations in
chapter 6.

(4.177)

For example, with ¢; = ¢, = £ and m; = m, = m, we have a = }, and 8 = 1, in which case

T T Uy wi:\/2:|:\/§\/%. (4.178)

Note that the oscillation frequency for the ‘in-phase’ mode & is low, and that for the ‘out of phase’ mode
&_ is high.
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4.4.6 The thingy

Four massless rods of length L are hinged together at their ends to form a thombus. A particle of mass
M is attached to each vertex. The opposite corners are joined by springs of spring constant k. In the
square configuration, the strings are unstretched. The motion is confined to a plane, and the particles
move only along the diagonals of the rhombus. Introduce suitable generalized coordinates and find the
Lagrangian of the system. Deduce the equations of motion and find the frequency of small oscillations
about equilibrium.

Solution

The rthombus is depicted in figure 4.10. Let a be the equilibrium length of the springs; clearly b = % a.

Let ¢ be half of one of the opening angles, as shown. Then the masses are located at (X, 0) and (0, £Y"),
with X = f acospand Y = f asin ¢. The spring extensions are 6X = 2X —a and §Y = 2Y — a. The

Figure 4.10: The thingy: a rhombus with opening angles 2¢ and 7 — 2¢.

kinetic and potential energies are therefore

T =M(X?+Y?) = iMd® ¢ (4.179)
and
U= 1k(6X)* + 3k (sY)?
- %k (V2coso—1)"+ (V2 sing — 1) (4.180)

I
l\)lr—-
/—/h\ /—’h\

213-2V2 cos<;5+sm¢)}
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Note that minimizing U(¢) gives sin ¢ = cos ¢, i.e. poq = 5. The Lagrangian is then

L:T—U:%Ma2q52+\/§k (cos¢+sm¢)+const (4.181)

The equations of motion are

doL 0L

W95 = 9 Ma? ¢ = V2 ka® (cos ¢ — sin ¢) (4.182)

It’s always smart to expand about equilibrium, so let’s write ¢ = 7 + J, which leads to
S+ wdsind=0 , (4.183)
with w, = /2k/M. This is the equation of a pendulum! Linearizing gives 0 + w3 d = 0, so the small

oscillation frequency is just w,.

4,5 The Virial Theorem

The virial theorem is a statement about the time-averaged motion of a mechanical system. Define the
virial,

=> P,y - (4.184)

Then

dG ) .
% = Z (pcrqo +p0'qo)

=S Ft Yo g

Now suppose that 7' = 3 ZU o L /(q)d, 4, is homogeneous of degree k = 2 in ¢, and that U is homo-
geneous of degree zero in g. Then

(4.185)

Zqo a qu aq r, (4.186)

which follows from Euler’s theorem on homogeneous functions.
Now consider the time average of G’ over a period 7

(% =2 / at % = o) - o) (4.187)

T T
0

If G(t) is bounded, then in the limit 7 — oo we must have (G) = 0. Any bounded motion, such as the
orbit of the earth around the Sun, will result in (G), o, = 0. But then

<C§> +<qu =0, (4.188)
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which implies
<T>:—%<ZQUFO_>:<%Z$ZVZU($1,,mN)>:%kT<U> ’ (4189)

where above equation pertains to homogeneous potentials of degree k in the Cartesian coordinates®.
Finally, since 7'+ U = E is conserved, we have

<T>=k—E ; <U>=£ : (4.190)

4.6 Noether’s Theorem

4.6.1 Continuous symmetry implies conserved charges

Consider a particle moving in two dimensions under the influence of an external potential U(r). The
potential is a function only of the magnitude of the vector r. The Lagrangian is then

L=T-U=3m (2 +r*¢*) -U(r) , (4.191)

where we have chosen generalized coordinates (7, ¢). The momentum conjugate to ¢ is p 6= r2 ¢. The

generalized force F; clearly vanishes, since L does not depend on the coordinate ¢. (One says that L is
‘cyclic” in ¢.) Thus, although r = r(t) and ¢ = ¢(t) will in general be time-dependent, the combination
py=m r2 ¢ is constant. This is the conserved angular momentum about the 2 axis.

If instead the particle moved in a potential U(y), independent of z, then writing
L=im(#*+¢*) -Uly) |, (4.192)

we have that the momentum p, = J0L/0i = md is conserved, because the generalized force F, =
OL/0x = 0 vanishes. This situation pertains in a uniform gravitational field, with U(z,y) = mgy,
independent of z. The horizontal component of momentum is conserved.

In general, whenever the system exhibits a continuous symmetry, there is an associated conserved charge.
(The terminology ‘charge’ is from field theory.) Indeed, this is a rigorous result, known as Noether’s
Theorem. Consider a one-parameter family of transformations,

4 — G,(¢:C) (4.193)

where ( is the continuous parameter. Suppose further (without loss of generality) that at ( = 0 this
transformation is the identity, i.e. ¢,(¢q,0) = g,. The transformation may be nonlinear in the generalized

°Note that — > ¢, F, = =>4, (0L/dq,) # >, 45 (0U/9q,) in general because T = 2>, T,.,(q)q, 4,, and so the
inequality holds whenever T, (q) is g-dependent. In a Cartesian coordinate system, however, we have T' = 1 >y &3 and
therefore eqn. 4.189 holds
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coordinates. Suppose further that the Lagrangian L is invariant under the replacement ¢ — ¢. Then we
must have

d . " | 0L 8g, oL g
0= _O(q,q,t) UZ::I { %0, 3| + 36 3 0}
= = = (4.194)
X S COA T RN P
= | dt\9is ) ¢ o e dt \ OC J—y dt\04s OC ) ._g
Thus, there is an associated conserved charge
" 9L 9q,
A=) — =2 (4.195)
= 94o O¢ o
4.6.2 Examples of one-parameter families of transformations
Consider the Lagrangian
L=1Im@@+9%) - U(Va2+y?) . (4.196)
In two-dimensional polar coordinates, we have
L=4im(p>+p°¢*) = Ulp) | (4.197)
and we may now define .
pQ)=p , Q=0+ C . (4.198)
Note that 5(0) = p and ¢(0) = ¢, i.e. the transformation is the identity when ¢ = 0. We now have
L 0j, OL dp OL d¢ o
9, o |~ opoc|_ Tagac) T MY @19)

Another way to derive the same result which is somewhat instructive is to work out the transformation
in Cartesian coordinates. We then have

Z(¢) = x cos( — y sin(

4.200
g(¢) =z sin¢ +y cos( ( )
Thus, o3 o0
T 9% _ .
ac g, ac z (4.201)
and
_ 0L oz OL 0y B . .
= 9% ac + 39 ac = m(xy —yi) . (4.202)
¢=0 ¢=0
But

m(zy —yi) =mz-p x p=mp*dp . (4.203)
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As another example, consider the potential
Up.é.2) = V(p,ag +z) (4.204)

where (p, ¢, z) are cylindrical coordinates for a particle of mass m, and where a is a constant with di-
mensions of length. The Lagrangian is

Im(p* + p?* + %) = V(pap +2) . (4.205)

This model possesses a helical symmetry, with a one-parameter family

pC)=p ,  Q=0¢+¢ ,  EH)=z—-Ca . (4.206)

Note that )
ap+zZ=ap+z , (4.207)

so the potential energy, and the Lagrangian as well, is invariant under this one-parameter family of
transformations. The conserved charge for this symmetry is

_ oL op

JR— — 2 — 5
=95 mp“¢$ —maz . (4.208)

oL 96 +%%
o 00 0C|_ 020C| _

We can check explicitly that A is conserved, using the equations of motion

d <8L> ¢ () = O oV

_ —_ e — = — = —qQ—
dt dt ) )

0¢ ¢ : (4.200)

d(oLy _d . 0L _ 0V

a\oz) " @' T 0z T o

Thus,
A= i(mp%) —a i(mz) =0 (4.210)
dt dt ' '

4.6.3 Conservation of linear and angular momentum

Suppose that the Lagrangian of a mechanical system is invariant under a uniform translation of all
particles in the n direction. Then our one-parameter family of transformations is given by

&, =w,+Cn (4.211)

and the associated conserved Noether charge is

oL . .,
A:Z&ba-n:n-P , (4.212)

where P = ) p, is the total momentum of the system.
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If the Lagrangian of a mechanical system is invariant under rotations about an axis n, then
z,=R((,n)x,
=, + (R xz, +OC7)

where we have expanded the rotation matrix R(¢,n) in powers of (. The conserved Noether charge
associated with this symmetry is

(4.213)

L
A:tha-fzxwa:ﬁ-Zwaxpa:ﬁ-L , (4.214)

where L is the total angular momentum of the system.

4.6.4 Invariance of L vs. invariance of S

Observant readers might object that demanding invariance of L is too strict. We should instead be
demanding invariance of the action S*. Suppose S is invariant under

t=Het.0)  ,  ¢t) 2 G(et0) . (4.215)
Then invariance of S means )
tb tb
S = /dt L(q,q,t) = /dt L(G,q,t) . (4.216)
ta ta

Note that ¢ is a dummy variable of integration, so it doesn’t matter whether we call it ¢ or . The end-
points of the integral, however, do change under the transformation. Now consider an infinitesimal
transformation, for which ¢t = ¢ — t and dq = G(f) — ¢(t) are both small. Thus,

t, t,+0t,
oL - oL -
= [dtL(q,q,t) = | dt4L(q,q,t — —0Gy + ... , 4217
S (a,4,t) / { (a,4, )+aqg qo+aqg o + } (4.217)
ta to+ot,
where
gqo‘(t) = qg(t) - qo‘(t)

Gy (8) = G5 (8) + 4 (t) — g5 (1) (4.218)
0q, — 4, 6t + O(0q 6t)
Subtracting eqn. 4.217 from eqn. 4.216, we obtain

tb+5tb
OL | < OL | < OL d (0L =
=L,0t,— L, 0t, + —|0q, ,— =—1|9 dt s =— — —| =— | ¢ g, (t
0= Loty = Lubta b 5| Bios = | Biea't | {aqa dt(aq'(f)}q“()
ty+6t,

(4.219)

tb
d oL . oL
:/dt%{<“a—qa%>&+a—%5qﬁ} |

la

“Indeed, we should be demanding that S only change by a function of the endpoint values.
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where L,yis L(q,¢,t) evaluated at t = bapr Thus, if ( = 6 is infinitesimal, and
ot = A(q,t) 6¢ , 0q, = B,(q,t)6C (4.220)

then the conserved charge is

oL | oL
A= <L - a—q-o_ QU> A(q>t) + 8—%Bo(q>t)

(4.221)
= — H(q,p, t) A(q, t) +po BO’(Q? t)

Thus, when A = 0, we recover our earlier results, obtained by assuming invariance of L. Note that
conservation of H follows from time translation invariance: ¢ — ¢ + ¢, for which A = 1 and B, = 0.

Here we have written
H=p,q,—-L |, (4.222)

and expressed it in terms of the momenta p,, the coordinates ¢,, and time ¢. H is called the Hamiltonian.

4,7 The Hamiltonian

4.71 From Lagrangian to Hamiltonian

The Lagrangian is a function of generalized coordinates, velocities, and time. The canonical momentum

conjugate to the generalized coordinate ¢, is
L
p, =2k (4.223)
9o

The Hamiltonian is a function of coordinates, momenta, and time. It is defined as the Legendre trans-
form® of L:

H(q.p,t) =Y pyd,—L (4.224)
Let’s examine the differential of H:
oL oL oL
dH = 7 d dq, — —dg. — ——dg, | — —dt
2 (qa Po ¥ Po o = 5g, 7 ~ B, ”> ot

7 5L 5L (4.225)
:zo-:(qo_dpo_—a—quqo.>—adt N

where we have invoked the definition of p,, to cancel the coefficients of dg,,. Since p, = 0L/dq,, we have

Hamilton’s equations of motion,
0H 0H
Iy = 7 e = —7— . 4.226
Go=gp P o0 (4.226)

®See the appendix in §4.12 for more on Legendre transformations.
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Thus, we can write

. . L
dH =" (qa dp, — p, dqa> - St (4.227)
Dividing by dt, we obtain
dH L
dH _ 0L 422
dt ot (4.228)

which says that the Hamiltonian is conserved (i.e. it does not change with time) whenever there is no
explicit time dependence to L.

Example #1 : For a simple d = 1 system with L = imi? — U(x), we have p = md and
P2
H=pi—L=3imi*+U(z) = o HU@) (4.229)

Example #2 : Consider now the mass point — wedge system analyzed above, with
L=3(M+ m)X? +mXi + sm sec’ai? — mgtan(a)z | (4.230)

The canonical momenta are

L )
P = 8— =(M+m)X +mz
0X
(4.231)
L )
p= 8— =mX + msec’a i
ox
The Hamiltonian is given by
H=PX+pi—L
=1(M + m)X? +mXd + %msecQa i% 4+ mgtan(a) z
A (4.232)
1, (M+m m X
=5 (X ) < m msec2a> <x> + mgtan(o) x

However, this is not quite H, since H = H(X,z, P,p,t) must be expressed in terms of the coordinates
and the momenta and not the coordinates and velocities. So we must eliminate X and # in favor of P
and p. We do this by inverting the relations

P M+ m m X X
<p>:< m msec2a> <¢>:A<5E> (4.233)

X 1 sec2a -1 P 4 (P
= =A . 4.234
<3:> M sec?a + m tan?a < -1 %—Fl) <p> <p> ( )

to obtain
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Substituting into 4.232, we obtain

<H::%(P p)A—1<§>-+nmtmma)x

P? 2P 2 M 1 1) p? cosa
— —— — pCOS_O; + (m )p —— + mgtan(a)z
2(M + msin“a)  2(M 4+ msin“a)  2(M + msin®«)

(4.235)

Notice that P = 0 since g—)L( = 0. P is the total horizontal momentum of the system (wedge plus particle)
and it is conserved. As a sanity check, consider the limit A/ — oo with P and p finite. The wedge then
has infinite inertia and remains fixed. Accordingly, we find

p? cos’a

H(X7$7P7p7t)|M_>oo_ om

+ mgtan(a)x . (4.236)

472 IsH=T+U?

The most general form of the kinetic energy is
= 1157 (q.1) 4y dor + T (0:1) G5 + To(a:t)

where T),(q, ¢,t) is homogeneous of degree n in the velocities’. We assume a potential energy of the
form

(4.237)

U=0U,+U,
= Ula(qﬂt) qo + UO(Q7t) )

which allows for velocity-dependent forces, as we have with charged particles moving in an electro-
magnetic field. The Lagrangian is then

L=T-U= %TZO—O—, (q7 t) QU q.cr’ + Tf(Qv t) q.O' + TO(q7 t) - Ulo—(q7 t) (jo' - UO(qv t) . (4239)

(4.238)

The canonical momentum conjugate to g, is

oL

%=%<:W%+H@Q—W@w (4.240)

which is inverted to give
i, = (1,17 (pa’ — 17 +Uf ) . (4.241)

The Hamiltonian is then

H=p,q4,—L
=3 (@) (py —T7 +U7) (por = I7 + U7 ) = Ty + U (4242)
== T2 - TO + UO

°A homogeneous function of degree k satisfies f(Azq,...,Az,) = )\kf(ml, ...,Tp). Itis then easy to prove Euler’s theorem,

o)
>ic1 ffi@—g{i =kf.
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m

Figure 4.11: A bead of mass m on a rotating hoop of radius a.

If T, Ty, and U, vanish, i.e. if T(q,q,t) is a homogeneous function of degree two in the generalized
velocities, and U(q,t) is velocity-independent, then H = T + U. But if T}, or T} is nonzero, or the
potential is velocity-dependent, then H # T + U.

4.7.3 Example: a bead on a rotating hoop

Consider a bead of mass m constrained to move along a hoop of radius a. The hoop is further con-
strained to rotate with angular velocity ¢ = w about the 2-axis, as shown in fig. 4.11.

The most convenient set of generalized coordinates is spherical polar (r, 8, ¢), in which case
T = Im(#? +1r26% + r?sin 0 §°)

= %ma2 (92 + w? sin? 9)

(4.243)

Thus, T, = ma’ % and T, = %ma w?sin?@. The potential energy is U(8) = mga(l — cos®). The

momentum conjugate to 6 is p, = ma?0, and thus

H(Q,pe)_T —T0+U

2ma292 2ma2w2 sin? 0 + mga(l — cos 0) (4.244)
2
= 2p9 5 ;ma2w2 sin” 0 + mga(1 — cos 0)
ma

For this problem, we can define the effective potential

Ug(0) =U — T,y = mga(l — cos0) — §ma2w2 sin? @
2 4.245)
_ Ccost - n? (
= mga(l cos 6 22 sin 9) ,

where w? = g/a. The Lagrangian may then be written

L=1ima® —Ug(0) (4.246)
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Figure 4.12: The effective potential U (6) = mga[l — cos§ — 2“;—22 sin? ]. (The dimensionless potential
0

Uet(z) = Uesr/mga is shown, where = 6/r.) Left panels: w = 3v/3wj. Right panels: w = v/3wg.

and thus the equations of motion are

ma2f = — 8ggﬁ (4.247)
Equilibrium is achieved when U/;(6) = 0, which gives
OUcgr _ . w? _
90 —mgasme{l—w—%COSG} =0 , (4.248)

ie.0* =0,0" = m,or * = £ cos~!(wd /w?), where the last pair of equilibria are present only for w? > w?.
The stability of these equilibria is assessed by examining the sign of U/;;(0*). We have

2
%5(0) = mga { cosf — :—(2) (2 cos? 6 — 1)} . (4.249)
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Thus,
(+mga(1— 2) at0* =0

o€w| &

M

(O = -mga(1+%)  ater=n (4.250)

2
0

€

w? w?

2 2
k+mga (Z—z — ﬂ) at 0* = +cos™! <ﬂ)
0

Thus, 6* = 0 is stable for w? < w? but becomes unstable when the rotation frequency w is sufficiently
large, i.e. when w? > w2. In this regime, there are two new equilibria, at 0* = =+ cos ™! (w2 /w?), which are
both stable. The equilibrium at 8* = 7 is always unstable, independent of the value of w. The situation
is depicted in fig. 4.12.

4.7.4 Charged particle in an electromagnetic field

Consider next the case of a charged particle moving in the presence of an electromagnetic field. The
particle’s potential energy is

Ur,#) = qo(r.t) = 2 Ar.t) -7 (4.251)

which is velocity-dependent. The kinetic energy is T = $m#?, as usual, and L = T — U. Here ¢(r, ) is
the scalar potential and A(r,t) the vector potential. The electric and magnetic fields are given by

E=-V —1% , B=VxA . (4.252)
c Ot

The canonical momenta and forces are

= 8_L =mr + 94
or c
4.253)
oL q (
F = I = —qVo+ EV(A r)
The Euler-Lagrange equations are
. d (0L oL
which is to say
. qdA q .
mit 4= —— =—qVo+-=-V(A-7) | (4.255)
c dt c
or, in component notation,
dA,/dt
L q(0A . 0A\ 09  q 04 .



4.8. MOTION IN RAPIDLY OSCILLATING FIELDS 43

Here we are using the Einstein convention of summing over repeated indices. Thus,

axi awj J

(4.257)

mi; = —
¢ qaxi c Ot ¢

It is convenient to express the cross product in terms of the completely antisymmetric tensor of rank

three, ¢, ik

0A,,
Bk = €Lim a—xl s (4:.258)
and using the result
€kij Ekim = 031 Ojm — Oim 01 (4.259)
we have oA oA
€hij B = =L — o (4.260)
J 8:L'Z al’j
and therefore 96 oA
.. q i 4 .
m; = —q oz, ¢ ot + ~ gk T B, . (4.261)
In vector notation, using €, v; B;, = (v x B);, we have
mi=qE+1ixB | (4.262)
c
which is, of course, the Lorentz force law.
Next, we compute the Hamiltonian:
H(r,p,t)=p-7—1L
=mi?+ LAl LA 4o
c c
4.263
1

_ 1 (p _ % Alr, t))2 + qo(r, 1)

- 2m

If A and ¢ are time-independent, then dH/dt = —0L/0t = 0 and H (7, p) is conserved.

4.8 Motion in Rapidly Oscillating Fields

4.8.1 Slow and fast dynamics

Consider a free particle moving under the influence of an oscillating force F'(t) = F|, cos(wt). Newton’s
second law is then m¢§ = F cos wt, the solution to which is

F, coswt

q(t) = a+bt — . (4.264)

mw
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where ¢, (t) = a + bt is the solution to the homogeneous (unforced) equation of motion. Note that the
amplitude of the response g — g, goes as w™? and is therefore small when w is large.

Now consider a general n = 1 system, with
H(g,p,t) = H(¢,p) + V(q) cos(wt) (4.265)

where we will assume V(g) is small. We also assume that w is much greater than any natural oscillation
frequency associated with H,. We separate the motion ¢(t) and p(t) into slow and fast components:

q(t) = Q) +¢(¢)

p(t) = P(t) +7(t) (4.266)

where ((t) and 7(t) oscillate with the driving frequency w. Since ¢ and 7 will be small, we expand
Hamilton’s equations in these quantities:

Q+<-_8H0+62H0 N 0*H <+1 O3HY 2y O3HY +183H0 2,
~ 9P " apr2 " T aQar° T 280%0P aQapz°" "o gps T T
i 0 2770 2770 370 370 3r70
poa_ OH" O ‘. CH 19 o OH o FH (4267)
90 802 ° aQoP " 2 80Q® 902 9P 2 90 OP?
ov 02V

~ 20 cos(wt) — 707 ¢ cos(wt) — ...

We now average over the fast degrees of freedom to obtain an equation of motion for the slow variables
@ and P, which we here carry to lowest nontrivial order in averages of fluctuating quantities:

Q=Hp+ LTHYop () + Hopp (Cm) + $Hppp (12)
(4.268)
P =—H} — $H)oq (¢*) — Hop () — 3HOpp (12) — Vg (coswt)

where we now adopt the shorthand notation H %Q p= a?;—H;P , etc. The fast degrees of freedom obey

(=Hgp(+Hppm
(4.269)
T = —HC%Q ¢— H%P 7 — Vg cos(wt)

We can solve these by replacing ‘N/Q cos wt with VQ e~ and writing ((t) = (e~ ! and 7 (t) = mye ™",

resulting in
0 ; 0
(HQPSFZ” e > <<0> - <~0 > . (4.270)
—Hyg —Hgp+iw) \m Vo

We now invert the matrix to obtain ¢, and 7, then take the real part, which yields
((t)=w 2 HYp ‘~/Q coswt + O(w™)

g ! (4.271)
w(t) = —w? H%P VQ coswt —w! VQ sin wt + O(w_?’)
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Invoking (cos(wt)) = (sinwt)) = § and (cos(wt) sin(wt)) = 0, we substitute into eqns. 4.268 to obtain

Q = H% + %w_2 H%PP ‘7@2 + O(w_4)

(4.272)
P = —H% — iw_2 H%PP VQ2 — %w_zH?)P VQ VQQ + O(CU_4)
These equations may be written compactly as
. 0K . 0K
- P=——"—— 4.273
Q 8P ) 8@ ) ( )
where ~
1 0%HY [0V
— go _ -
K(Q,P)=H"(Q,P)+ 12 op? <8Q> (4.274)

4.8.2 Example: pendulum with oscillating support

Consider a pendulum with a vertically oscillating point of support. The coordinates of the pendulum
bob are
x =/ sinf , y=a(t)— ¢ cosf . (4.275)

The Lagrangian is easily obtained:

L= %mﬁz 6% + mlasinb + mgl cos b + %méﬂ — mga

these may be dropped (4276)

2 d .
— mga — 7 (mfa cos 0)

= %mﬁz 62 + m(g + )l cos O+ sma
Thus we may take the Lagrangian to be

L=4im?60* +m(g+a)lcosd (4.277)

from which we derive the Hamiltonian

2
p—92 — mgl cos — mli cos 6
2mib (4.278)

= Hy(0,p,,t) + V(6) sinwt

H(0,p,) =

We have assumed a(t) = a, sinwt, so

V() = mlagw? cos® . (4.279)
Writing 0 = © + ¢ and p, = L + 7, the effective Hamiltonian, per eqn. 4.274, is

2

K(®,L) = 2me2

—mglcos O + %m ag w?sin’6 . (4.280)
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Figure 4.13: Dimensionless potential v(©) for r = 0 (black curve), » = 0.5 (red), and r = 2 (blue).

Let’s define the dimensionless parameter r = w?a2/2g¢. The slow variable © then executes motion in
the effective potential V_(©) = mglv(O), with

v(@) = —cosO + g sin?6 . (4.281)
Differentiating, we find that V_;(©) is stationary when

V(O)=0 = rsin@cos® =—sinO . (4.282)

Thus, © = 0 and © = 7, where sin © = 0, are equilibria. When > 1 (note » > 0 always), there are two
new solutions, given by the roots of cos © = —r~1.

To assess stability of these equilibria, we compute the second derivative:

v"(©) = cos O + 1 cos20 . (4.283)
From this, we see that © = 0 is stable, i.e. v"(© = 0) > 0, always, but © = 7 is stable for » > 1 and
unstable for » < 1. When r > 1, two new solutions appear, at cos © = —r~1 for which

v"(cos H(=1/r)) =r"t =71 | (4.284)

which is always negative since r > 1 in order for these equilibria to exist. The situation is sketched in
fig. 4.13, showing v(©) for three representative values of the parameter r. For » < 1, the equilibrium
at © = 7 is unstable, but as r increases, a subcritical pitchfork bifurcation is encountered at » = 1, and
© = 7 becomes stable, while the outlying © = cos~!(—1/r) solutions are unstable.



4.9. FIELD THEORY: SYSTEMS WITH SEVERAL INDEPENDENT VARIABLES 47

4.9 Field Theory: Systems with Several Independent Variables

4.9.1 Equations of motion and Noether’s theorem

Suppose ¢, (z) depends on several independent variables: z = {z!, 22, ..., 2"}. Furthermore, suppose

[{¢a /dnx‘c ¢a ,LLQSav ) 9 (4285)

i.e. the Lagrangian density L is a function of the fields ¢,; their partial derivatives d¢,/0x", and possibly
the independent variables z# as well. Here () is a region in R". In dynamical field theories, we write
r = (20,2, ..., %) where d is the dimension of space and z° = ct, where t is time and c is a constant

with dimensions of speed. In such cases n = d + 1 and we can identify 20 = 2™,

Then the first variation of S is

: oL 956,
"= / o {8% 3(00) axu}
, . o (4.286)
_ WL . foc < c > s
Ezf S o) %*Q/ TN 060~ 90 \Bnan) ) [ 20

where 0Q is the (n — 1)-dimensional boundary of 2, dX is the differential surface area, and n* is the unit
vector normal to 9. If we demand 9L/9(0,¢a)| a0 = 001 d¢q|,, = 0, the surface term vanishes, and
we conclude

P

o5 oL 0 < oL >
6ba(x)  Opy  Oxi \ 9(0u¢a)

Next, consider the one-parameter family of field transformations
ba(@) = by (D(2),¢) (4.288)

such that ¢, (¢(z),¢ = 0) = ¢,(x). If the Lagrangian density £ is independent of this transformation,
then

(4.287)

dc| oL 99, "L 99,0,
d< ¢=0 B 8¢a 8( — 8(8;1,¢a) 8< ¢=0
B oL 09, oL 9 <a$a>
Z {ay( u%)) F) =0 8(%%) oxn \ ¢ c:o} (4.289)

_ oL a¢a>
;ax“ <a(ap,¢a) E?C ¢=0

We can write this as J,, J#* = 0, where

0L  Odba
0(0upa) OC

W=

(4.290)
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We call A = J%/c the total charge. If we assume J = 0 at the spatial boundaries of our system, then
integrating the conservation law 9,, J* (summation convention) over the spatial region () gives

%:/d?’anJO:_/d?’mV.J:_fdzﬁ.J:O , (4.291)
20

dt
Q Q
assuming J = 0 at the boundary 0.

As an example, consider the case of a stretched string of linear mass density p and tension 7. The action
is a functional of the height y(x,t), where the coordinate along the string, x, and time, ¢, are the two
independent variables. The Lagrangian density is

dy ’ dy ’
1 A I e i
L 5P ( t> 5 < > . (4.292)
The Euler-Lagrange equations are

oo 0S _ a(ocy o (oc
- oy(z,t) Oz \ 0y ot \ 0y

0 (7_ 8y> 0%

(4.293)
AN

where iy = 0y/0z and y = Jy/0t. We've assumed boundary conditions where dy(zq,t) = 0y(z,,t) =
dy(x,tq) = dy(x,t,) = 0. At this point, p(x) and 7(x) may be position-dependent. For constant p and 7,
we obtain the Helmholtz equation pjj = 7", where ¢ = (7/p)'/? is the speed of wave propagation.

0 1 _

For practice with the Minkowski notation, we define z” = ¢t and = z and the two-dimensional
space-time coordinate vector is then z# = (2°,2!) = (ct,x). The Lagrangian can then be written £ =
%T((‘)ﬂy)((‘)“y), where z, = g, ¥ = (ct,—z), in which case 9, = 9/0z" and O* = 9/0z,. Clearly L
remains invariant under the one-parameter family of transformations y — y + ¢, and the conserved
Noether current is

Jh =7 (4.294)

oz,
“w
and we have 9, J# = 0, which is equivalent to 6*J,, = 0. (Upper indices are called covariant while lower

ones are contravariant.) Current conservation in this system is simply a restatement of the Helmholtz
equation.

Maxwell’s equations

The Lagrangian density for an electromagnetic field with sources is

1 1
- B~ i AR
L T6m F,F = A (4.295)
The equations of motion are then
oL 0 oL 4r
- =0 = G =4 4.2
DAR  dzv <a(auAv)> 0 On ¢t (4.296)

which are Maxwell’s equations.
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Relativistic complex scalar field

As an example, consider the case of a complex scalar field, with Lagrangian density

L, 0%, 0,0, 0u0") = 5K (8,90*)(8"9) — U (v*y) (4.297)
This is invariant under the transformation ¢ — €% 1, * — e~ ¢»*. Thus,
8_C_Z€ Y , ac e Yt (4.298)

and, summing over both ¢ and v* fields, we have

oL ) oL s

FICED) () + 9 (0,0%) (=) (4.299)
K

5 )

- (0 —

JH =

The potential, which depends on [¢|?, is independent of (. Hence, this form of conserved 4-current is
valid for an entire class of potentials.

4.9.2 Gross-Pitaevskii model

As one final example of a field theory, consider the Gross-Pitaevskii model, with

2
= iha* —¢ - h— — VUV g (I = ng)® . (4.300)

This describes a nonrelativistic Bose fluid with repulsive short-ranged interactions. Here )(z, t) is again
a complex scalar field, and " is its complex conjugate. Using the Leibniz rule, we have

OS[™, ] = S[Y™ + 6¢*, ¢ + 69
:/dt/ddx{zhw 85—¢+ ih oy a—w—h—2v¢ Vw—h—zv&p -V

29 (1 — ny) <w*5w+ww*>}

/dt/dd {[—zha¢*+—v2 29 ([9]* — ng) ¥ }&p

+ 81/} + —V2 (|1,Z)|2 - no) } 51/)*} ,

(4.301)

at

where we have integrated by parts where necessary and discarded the boundary terms. Extremizing
S[*, 9] therefore results in the nonlinear Schrodinger equation (NLSE),

N h2

ihgr = =5~ v%/} +2g (|U* —ng) ¥ (4.302)
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as well as its complex conjugate,
oY~ h?
—ih N _ ™ V2* +2g (|02 —ng) v* . (4.303)

ot

Note that these equations are indeed the Euler-Lagrange equations:
08 oL 0 < oc >

oY Dzt \ DD
(4.304)
05 oL 0 oL
Sy Oy* Oxk \ 9 0,np* ’
with z# = (¢,)”. Plugging in
oL 9 . oc ., oL n y
g0 = 20 (WP =) vt g =it gor = gy (4.305)
and oL oL oL h?
=ihy — 2 2 = =—— 4.
we recover the NLSE and its conjugate.
The Gross-Pitaevskii model also possesses a U(1) or O(2) invariance, viz.
Y(z,t) — ZZ($, t) = e’ Y, t) , P(x,t) — J* (x,t) = e V¥ (x,t) (4.307)
Thus, the conserved Noether current is then a (d + 1)-dimensional vector with components
oL oy ' oL oy
no_ .l B - (4.308)
00,4 0¢ o 00,9* OC o
In terms of time (1 = 0) and space (¢ € {1,...,d}) components, we have
JO = —hfuf?
(4.309)
h2
J=_—— * . *
S (07— VYY)
Dividing out by 4, taking J° = —hp and J = —hj, we obtain the continuity equation,
ap .
E_Fvﬂ_o , (4.310)
where B
p=lf =g (VG - uVy) (4311)
im

are the particle density and the particle current, respectively.

"In the nonrelativistic case, there is no utility in defining z° = ¢t, so we simply define 20 =t
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Figure 4.14: A cylinder of radius a rolls along a half-cylinder of radius R. When there is no slippage,
the angles 6; and 6, obey the constraint equation R6; = a(2 — 6;).

4.10 Constraints: General Theory

4.10.1 Introduction

A mechanical system of N point particles in d dimensions possesses n = dN degrees of freedom®.
To specify these degrees of freedom, we can choose any independent set of generalized coordinates

{¢y,--.,qn}. Oftentimes, however, not all n coordinates are independent.

Consider, for example, the situation in fig. 4.14, where a cylinder of radius a rolls over a half-cylinder
of radius R. If there is no slippage, then the angles ; and 6, are not independent, and they obey the
equation of constraint,

R91 =a (92 — 91) . (4.312)

In this case, we can easily solve the constraint equation and substitute ; = (1 + £) 6;. In other cases,
though, the equation of constraint might not be so easily solved (e.g. it may be nonlinear). How then do
we proceed?

4.10.2 Constrained extremization of functions: Lagrange multipliers

Given F(x,,...,z,) to be extremized subject to k constraints of the form G;(zy,...,z,) = 0 where
j=1,...,k, construct
k
Fo (2, @i Ay ) = Flay,m,) + YN G, 2,) (4.313)
J=1
SFor N rigid bodies, the number of degrees of freedom is n’ = 1d(d + 1)N, corresponding to d center-of-mass coordinates

and 1d(d — 1) angles of orientation for each particle. The dimension of the group of rotations in d dimensions is 3d(d — 1),
corresponding to the number of parameters in a general rank-d orthogonal matrix (i.e. an element of the group O(d)).
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which is a function of the (n + k) variables {3517 U S ST )\k}, where the quantities {\,..., . } are

y»n

Lagrange undetermined multipliers. We now freely extremize the extended function F™*:

n k
OF* OF*
dF™* = — dz, —d)\;
2 oz, 7 ; DV
. . (4.314)
" [ oF oG
o=1 j=1 j=1
This results in the (n + k) equations
k
OF 0G;
+ Ni—L =0 c=1,...,n
0z, ]z:; ! 0y ( ) (4.315)

Gi=0 (j=1,....k)

The interpretation of all this is as follows. The first n equations in 4.315 can be written in vector form as

k
VF+) A\VG =0 . (4.316)
j=1

This says that the (n-component) vector VI is linearly dependent upon the k vectors VG,. Thus, any
movement in the direction of V F' must necessarily entail movement along one or more of the directions

VG,. This would require violating the constraints, since movement along VG, takes us off the level
set G; = 0. Were VI linearly independent of the set {VG,}, this would mean that we could find a
differential displacement dx which has finite overlap with V F' but zero overlap with each VG,. Thus
z + dx would still satisty G, (x + dz) = 0, but I would change by the finite amount dF" = VF(z) - d.

Put another way, when we extremize F'(x) without constraints, we identify points € R" where the
gradient VI vanishes. However, when we have k constraints of the form G, (x) = 0, the subset

T={xecR"|Gjx)=0Yje{l,.. . k}} (4.317)

is a hypersurface of dimension n — k. Generically we should not expect any of the solutions to VF = 0
to lie within the subspace Y. Extremizing F(z) subject to the k constraints G;(z) = 0 means that we
must find the extrema of F(z) for x € T C R™. All such extrema satisfy that V F(x) is perpendicular to
the hypersurface T, i.e. VF(z) must lie in the k-dimensional subspace spanned by the vectors VG, ().

Example : volume of a cylinder

To see how this formalism works in practice, let’s extremize the volume V' = ma?h of a cylinder of radius
a and height h, subject to the constraint

2
G(a,h) =2ma + % —{=0 . (4.318)
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We therefore define

V*(a,h,A) =V(a,h) + AG(a,h) (4.319)
and set
88‘/ = 2mah +27A =0 (4.320)
a
88‘2 = ma® + 2)\% =0 (4.321)
* 2
%K = 2ma + % —0(=0 . (4.322)
Solving these three equations simultaneously gives
_ 2 _ ¥ _ 2 172 43)2 «_ 4 s

4.10.3 Constraints and variational calculus

Before addressing the subject of constrained dynamical systems, let’s consider the issue of constraints
in the broader context of variational calculus. Suppose we have a functional

Fly(z)] = / dr L(y,y',x) (4.324)

which we want to extremize subject to some constraints. Here y stands for an n-component vector of

functions {y,(x)}. We assume that the endpoint values y,(z,) and y,(z,) are fixed for each o. There are
two classes of constraints we will consider:

1. Integral constraints: These are of the form
Tp
/dw Nj(y,y',w) =C; (4.325)

where j labels the constraint.
2. Holonomic constraints: These are of the form

G,(y,x)=0 . (4.326)

The cylinders system in fig. 4.14 provides an example of a holonomic constraint. There, G(6,t) =
RO; —a(f2 —0;) = 0. As an example of a problem with an integral constraint, suppose we want to
know the shape of a hanging rope of fixed length C. This means we minimize the rope’s potential

energy,
Ty Ty

Ulol@)] = pg [ dsyta) = pg [ do /147 (4327)

Za
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where p is the linear mass density of the rope, subject to the fixed-length constraint

Sp Ty
C:/ds:/dw\/l—ky’z

(4.328)

Note ds = \/dz? 4 dy? is the differential element of arc length along the rope. To solve problems like

these, we again use the method of Lagrange multipliers.

4.10.4 Extremization of functionals : integral constraints

Given a functional
Ty

memﬂz/Mme%%L@ (0=1,....n)

Ta

subject to boundary conditions dy,(z,) = dyo(x;,) = 0 and k constraints of the form

Tp
/del({yo}7{y:7}7x) :Cl (lzl,,k‘) ,
construct the extended functional

P [{a, @) (] /m{ (o). {0, +§jAN{%}w0 )} EZAO

and freely extremize over {y;,...,¥,;A;,..., A, }. This results in (n + k) equations

k
oL d (0L ON; d [ON B _
8—%_%<8y3>+ZA1{6—%_%<8y3>}_0 7= b

/dm Ny (o }a) =G (I=1,....k)

Za

4.10.5 Extremization of functionals : holonomic constraints

Given a functional

Fl{yo(a) /mLumw%}) (0=1,....n)

subject to boundary conditions 0y, (x,) = dy,(z,) = 0 and k constraints of the form

Gj({yo(x)},x) =0 G=1,...,k)

(4.329)

(4.330)

(4.331)

(4.332)

(4.333)

(4.334)
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construct the extended functional
F* o ()} Dy / d:c{ (TARTAS +ZA G ({ue}s) | (@33

and freely extremize over the (n + k) functions {y,(z), ..., y,(x); A\ (2),..., A (2)}:

/dm{ (7‘%(

resulting in the (n + k) equations

d [ 0L
T£<ay/> Ay, §: ig,, (@=1....n)

=1 (4.337)

) Z/\ >5y0 ZG O } : (4.336)

4.10.6 Examples of functional extremization with constraints
Hanging rope

We minimize the potential energy functional

x2
o) =g [z /140” (4.338)
1

where p is the linear mass density, subject to the constraint of fixed total length,
Z2
= / dey/1+y?% . (4.339)

Thus,

U[y(x),\] =Uly(z)] + ACy /d:n L*(y,y/,x) (4.340)

with
L*(y, /@) = (pgy + A) /1 +y° . (4.341)

Since OL*/0x = 0 we have that

O po_ P99+ (4.342)

H=y
Ay V1+y?
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is constant. Thus,

Z—z = +H " lpgy+ N2 —H? | (4.343)
with solution \ I
Py
x :——+—cosh<— w—a) . 4.344
y(@) = 74 - cosh( B (2 a) (4344

Here, H, a, and X are constants to be determined by demanding y(x,) = y; (: = 1,2), and that the total
length of the rope is C.

Geodesic on a curved surface

Consider next the problem of a geodesic on a curved surface. Let the equation for the surface be
G(x,y,z) =0 . (4.345)

We wish to extremize the distance,

b b
D= / ds = / Vdz? + dy? +d=? . (4.346)

a

We introduce a parameter ¢ defined on the unit interval: ¢ € [0, 1], such that 2(0) = z,, z(1) = z,, efc.
Then D may be regarded as a functional, viz.

1
Dlz(t),y(t),2(t)] = /dt Viz+ g2+ 22 . (4.347)
0
We impose the constraint by forming the extended functional, D*:
1
D*[x(t), y(t), 2(t), A(t)] = /dt {\/552 + 92+ 22+ AG(w,y, z)} , (4.348)
0
and we demand that the first functional derivatives of D* vanish:
o*  d & 3 oG 0
Sx(t)  dt\ /32 + 2 + 22 oxr
0D* d < Y > oG
—— = Y A=—=0
y(t) dt \ \/i2 + 42 + 22 dy
(4.349)
o d z \ oG 0
6z(t)  dt\ \/i% 1 2 + 22 0z
o = Gl.,2) =0

BY0)
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Thus, .. . . .. . . .. . .
vE— 20 vy -y vE— 20
= = = 4.
At) v2 0,G 02 9,G v20,G (4.350)
with v = /@2 4+ 92+ 22 and 0, = a%, etc. These three equations are supplemented by G(x,y,z) = 0,
which is the fourth.

4.10.7 Constraints in Lagrangian mechanics

Let us write our system of constraints in the differential form

> Gigla,t)dg, + hilg,t)dt =0  (j=1,...,k) . (4.351)
o=1

If the partial derivatives satisfy

8gj0 agjgl Z?gjg 8hj
— =1 4.352
P ~ 00 0t g (4352
then the k differentials can be integrated to give dG j(q, t) =0foreach j € {1,...,k}, where
_0G, _0G,
9jo = 0, , h; = 5 (4.353)
The action functional is
Sl{a, (1) / #L{a} {irht)  (o=1,.om) | (4354)

subject to boundary conditions dq,, (t.) = dq,(t,) = 0. The first variation of S is given by

68 = / dt Z { T %(%) } 5qs . (4.355)

Since the {¢-(t)} are no longer independent, we cannot infer that the term in brackets vanishes for each
index 0. What are the constraints on the variations dg,(¢)? The constraints are expressed in terms of
virtual displacements which take no time: 6¢ = 0. Thus,

> 9i0(a:1) 6q,(1) =0 (4.356)

where j = 1,...,k is the constraint index. We may now relax the constraint by introducing % un-
determined functions \;(t), by adding integrals of the above equations with undetermined coefficient

functions to 4S:
f: oL _ Z)\ )gio(q,t) p0q, () =0 . (4.357)
<\ 94 aqg A

o= 7=1
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Now we can demand that the term in brackets vanish for all 0. Thus, we obtain a set of (n+k) equations,

d (LY 0L <
a <a_q0> — 8—(]0 = Z_:)\](t) gyo(q>t) == Qo

=t (4.358)
Zgyo(Q7t)qcr+hj(Q7t) =0 )
o=1
in (n 4+ k) unknowns {ql, RN D S k} Here, Q. is the force of constraint conjugate to the generalized
coordinate q,. Thus, with
k
oL oL
_ 9 F =2 = X qg. 4.359
pcr aq.o— ) o 8(]0 ) QO’ jz_; ¥ gjO' ) ( )
we write Newton’s second law as
P, =F, +Q, . (4.360)
Note that we can write 55 oL  d /L
—_—— = — — = 4.361
sat) = 3~ i 5) (436D
and that the instantaneous constraints may be written
g;-6g=0 (Gj=1,...,k) . (4.362)
Thus, by demanding
o5 Ek: A.g. =0 (4.363)

we require that the functional derivative be linearly dependent on the & vectors g,.

4.10.8 Constraints and conservation laws

We have seen how invariance of the Lagrangian with respect to a one-parameter family of coordinate
transformations results in an associated conserved quantity A, and how a lack of explicit time depen-
dence in L results in the conservation of the Hamiltonian H. In deriving both these results, however,
we used the equations of motion p, = F,. What happens when we have constraints, in which case

p0:F0+Q0?

Let’s begin with the Hamiltonian. We have H = ¢, p, — L, hence

this vanishes this is Qa
—N— —N—
o 2 it (5 22 i 2
dt 7 84,) ° 7 0q,) 7 Ot (4.364)
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We now use

Q, 4, = /\j Yio 4o = —/\j hj (4.365)
to obtain JH 5L
= M\ h - = 4.
o )\j i B (4.366)

We therefore conclude that in a system with constraints of the form g;, 4, + h; = 0, the Hamiltonian is
conserved if each h; = 0 and if L is not explicitly dependent on time. In the case of holonomic constraints,

h; = %, so H is conserved if neither L nor any of the constraints G, is explicitly time-dependent.

Next, let us rederive Noether’s theorem when constraints are present. We assume a one-parameter
family of transformations ¢, — G- (¢) leaves L invariant. Then
o dL _ 0L 9is 0L 0i,
¢ 94, 9¢  9g, I¢

= (Py — Q) %—i" + Py % (%—%) (4.367)
d (. 04 _ 04y
~i( 5) 05
Now let us write the constraints in differential form as
G0 Gy + hydt +k;d =0 . (4.368)
We now have o i
= Akjo (4.369)

which says that if the constraints are independent of ¢ then A is conserved. For holonomic constraints, this
means that
- 0G;

G;(q(¢),t) =0 = kﬂ'—a—g_o , (4.370)

i.e. G;(q,t) has no explicit ¢ dependence.

4.11 Constraints: Worked Examples

Here we consider several example problems of constrained dynamics, and work each out in full detail.

4.11.1 One cylinder rolling off another
As an example of the constraint formalism, consider the system in fig. 4.14, where a cylinder of radius a
rolls atop a cylinder of radius R. We have two constraints:

Gy(r,0,,0,)) =r—R—a=0 (cylinders in contact) (4.371)
Gy (r,0,,0,) = RO —a (62 —61) =0 (no slipping) (4.372)
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from which we obtain the g;,:

1 0 0
which is to say
-1, d-p , ZL=0
aac: ggl " oG (4374
272 272 _ =2 _ _
o 0 0 g, Rt g =
The Lagrangian is
L=T-U=sM(#*+r%03) + 1103 — Mgr cost, , (4.375)

where M and [ are the mass and rotational inertia of the rolling cylinder, respectively. Note that the
kinetic energy is a sum of center-of-mass translation 73, = 2 M (72 + 7% 67) and rotation about the center-

of-mass, Tro1 = %I 9%. The equations of motion are

d (0L L )
<8> g —Mf—Mr9%+Mgcosl91=/\15Qr

dt\or )  or

d (0L oL . . .

pr (8—91> ~ 20, = Mr?6; + 2Mri 6, — Mgrsinf; = (R+a) Ay = Qy, (4.376)
d ( OL oL .

dt <392> 005 bo=—ak=0Q,

To these three equations we add the two constraints, resulting in five equations in the five unknowns
{T7 917 927 )\17 )\2}

We solve by first implementing the constraints, which give r = (R + a) a constant (i.e. 7 = 0), and
05 = (14 £) 6,. Substituting these into the above equations gives

~M(R+a)0} + Mgcosy =\ (4.377)
M(R+ a)*0; — Mg(R+a)sinf; = (R+a) Ay (4.378)
I<R : a>9’1 - —a)y . (4.379)
From eqn. 4.379 we obtain
T . .
o= —thy= Tt (4.380)
a a

which we substitute into eqn. 4.378 to obtain

I N
<M + ¥> (R+ a)291 — Mg(R+a)sin; =0 . (4.381)
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Multiplying by 6;, we obtain an exact differential, which may be integrated to yield

I \. Mg Mg
1 2 o
§M<1+Ma2>91+R+a00501:R+a00891 . (4.382)

Here, we have assumed that §; = 0 when §; = 03, i.e. the rolling cylinder is released from rest at §; = 6.
Finally, inserting this result into eqn. 4.377, we obtain the radial force of constraint,

Mg

QT:1+a

{(3 + a) cosf; — 2cos 9;’} , (4.383)

where o = I/Ma? is a dimensionless parameter (0 < « < 1). This is the radial component of the normal
force between the two cylinders. When @, vanishes, the cylinders lose contact — the rolling cylinder flies
off. Clearly this occurs at an angle 6, = 6}, where

2cos 6°
0F =cos™t [ L) 4.384
oot (520 (438)

The detachment angle 67 is an increasing function of «, which means that larger I delays detachment.
This makes good sense, since when I is larger the gain in kinetic energy is split between translational
and rotational motion of the rolling cylinder. Note also that Q,(67) = Mg cos 6 balances the initial
radial component of the force of gravity.

Finally, note that the differential equation

1/2
dt = <R il “) d0 (4.385)

29 \/cos By — cos b,

may be integrated to yield 6, (¢) for ¢ € [0,¢*], where 6, (t*) = 67, i.e. t* is the time to detachment.

4.11.2 Frictionless motion along a curve

Consider the situation in fig. 4.15 where a skier moves frictionlessly under the influence of gravity along
a general curve y = h(z). The Lagrangian for this problem is

L=1im(@*+ ) — mgy (4.386)

and the (holonomic) constraint is
G(z,y)=y—h(z)=0 . (4.387)

Accordingly, the Euler-Lagrange equations are

d(0L\ 0L 4G
i5) o= (4359
where ¢; = x and ¢, = y. Thus, we obtain
= )\ h/ -Q,
e () =Q (4.389)

mij+mg=\=Qy
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Figure 4.15: Frictionless motion under gravity along a curved surface. The skier flies off the surface
when the normal force vanishes.

We eliminate y in favor of z by invoking the constraint. Since we need §j, we must differentiate the
constraint, which gives
y=h'(zx)z , G=h(x)i+h"(z)i* . (4.390)

Using the second Euler-Lagrange equation, we then obtain
% =g+h(x)i+n"(x)i* . (4.391)
Finally, we substitute this into the first E-L equation to obtain an equation for = alone:
(1 + [h'(m)]2> i+ W ()W (@) i+ gh(z) =0 . (4.392)
Had we started by eliminating y = h(x) at the outset, writing
L(x,%) = %m(l + [h/(az)]2> 2 —mgh(z) (4.393)

we would also have obtained this equation of motion.

The skier flies off the curve when the vertical force of constraint (), = A starts to become negative,
because the curve can only supply a positive normal force. Suppose the skier starts from rest at a height
Yo- We may then determine the point « at which the skier detaches from the curve by setting A(z) = 0.
To do so, we must eliminate 7 and & in terms of . For &, we may use the equation of motion to write

/ W h -2
= _ <M> : (4.394)
1+ H

which allows us to write

"2
A= m<%> . (4.395)
L+
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Figure 4.16: Finding the local radius of curvature: z = 1?/2R.

To eliminate &, we use conservation of energy,

E = mgyy = sm(1 + 1'*) &% + mgh (4.396)
which fixes
—h

i2 — 9 (yo > : 4.397
A (.597)

Putting it all together, we have

mg /2 "
MNz)=—"—==51+h"+2(y,—h)h . (4.398)
(1+ 12)? { ’ j

The skier detaches from the curve when A(z) = 0, i.e. when

14+ K%+ 2y, —h) " =0 . (4.399)

There is a somewhat easier way of arriving at the same answer. This is to note that the skier must fly off
when the local centripetal force equals the gravitational force normal to the curve, i.e.

) =mg cosf(z) , (4.400)

where R(z) is the local radius of curvature. Now tanf = 1/, so cosf = (1 + A’ 2)_1/ ?. The square of

the velocity is v = @2 + ¢* = (1 + K 2) i2. What is the local radius of curvature R(z)? This can be
determined from the following argument, and from the sketch in fig. 4.16. Writing x = 2* + ¢, we have

y = h(z*) + h'(z*) e + 10" (z) e+ . (4.401)
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We now drop a perpendicular segment of length z from the point (z,y) to the line which is tangent to
the curve at (2*, h(z*)). According to fig. 4.16, this means

(Z) - \/ﬁ (11’) -z \/ﬁ <_1h/> : (4.402)

Thus, we have
Yy = h e+ %h”e2
— < 77+Zh/ > —i—lh”< 77+Zh/ >2
Viznr) P \Viaz (4.403)

:nh’+zh’2 h//nz nh’—z

+ +0(nz) = —/m—
Vitn? o 2(1+07) e) V1+h?
from which we obtain
h// 772 3
z=——————+0(n°) (4.404)

2(1+ 12)*?

and therefore

1 ;o 12\3/2
R() =~y (1+ @) (4.405)
Thus, the detachment condition,
mu? m b/ 32 mg
=— = = mg cos 0 (4.406)
R V1I+R? /14 h?

reproduces the result from eqn. 4.395.

4.11.3 Disk rolling down an inclined plane

A hoop of mass m and radius R rolls without slipping down an inclined plane. The inclined plane has
opening angle o and mass M, and itself slides frictionlessly along a horizontal surface. Find the motion
of the system.

Solution : Referring to the sketch in fig. 4.17, the center of the hoop is located at

r=X+scosa—asina
. (4.407)
y=sslna—+acosa

where X is the location of the lower left corner of the wedge, and s is the distance along the wedge to
the bottom of the hoop. If the hoop rotates through an angle 6, the no-slip condition is a § + $ = 0. Thus,

L= %MX2 + %m(mz +y2) + %192 — mgy

L I\., o - ) (4.408)
=3 m+¥ 5%+ 5(M +m)X* +mcosa X § —mgs sina — mga cos a
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Figure 4.17: A hoop rolling down an inclined plane lying on a frictionless surface.

Since X is cyclic in L, the momentum
Py = (M +m)X + mcosas , (4.409)

is preserved: Py = 0. The second equation of motion, corresponding to the generalized coordinate s, is
I \. s .
<1+—2>3+cosaX:—g sina . (4.410)
ma

Using conservation of Py, we eliminate 5 in favor of X, and immediately obtain

g sin a cos o

X = =ay . (4.411)
(1+2) (14 55 ) — co?a
The result
M\ -
g(l + R) sin o
§= = a, (4.412)
<1+ M) (1+ #) — cos? a

follows immediately. Thus,

(0) + X (0)t + 2at?
s(t) = s(0) + 5(0) t + La t?

Jad
I
<

(4.413)

Note that as < 0 while ay > 0, i.e. the hoop rolls down and to the left as the wedge slides to the right.
Note that I = ma? for a hoop; we’ve computed the answer here for general 1.

4114 Pendulum with nonrigid support

A particle of mass m is suspended from a flexible string of length ¢ in a uniform gravitational field. While
hanging motionless in equilibrium, it is struck a horizontal blow resulting in an initial angular velocity
wy. Treating the system as one with two degrees of freedom and a constraint, answer the following:
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(a) Compute the Lagrangian, the equation of constraint, and the equations of motion.

Solution : The Lagrangian is .
L= %m (7"2 + 72 92) + mgr cosf . (4.414)

The constraint is r = ¢. The equations of motion are

mit —mr % —mg cos = X

) . (4.415)
mr2 60 +2mri 6 —mgsind = 0
(b) Compute the tension in the string as a function of angle 6.
Solution : Energy is conserved, hence
%mfz 02 — mgl cos § = %mfz 93 —mglcost, . (4.416)
We take 6, = 0 and 6, = w,. Thus,
62 = w% — 202 (1 — cos 9) , (4.417)
with 2 = /g/¢. Substituting this into the equation for A, we obtain
wp
A=mg{2—3cosf — 02 . (4.418)

(c) Show that if w? < 2¢/¢ then the particle’s motion is confined below the horizontal and that the tension
in the string is always positive (defined such that positive means exerting a pulling force and negative
means exerting a pushing force). Note that the difference between a string and a rigid rod is that the
string can only pull but the rod can pull or push. Thus, the string tension must always be positive or else the
string goes “slack”.

Solution : Since 6?2 > 0, we must have

W01 st (4.419)

502 2 . .
The condition for slacknessis A = 0, or

2

wWo 3

Thus, if w3 < 2022, we have
2
1>%>1—0089>1—%0089 , (4.421)

and the string never goes slack. Note the last equality follows from cos > 0. The string rises to a
maximum angle

6. =cos ( - %) . (4.422)

(d) Show that if 2¢g/¢ < w? < 5g/¢ the particle rises above the horizontal and the string becomes slack
(the tension vanishes) at an angle 6*. Compute 0*.
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Solution : When w? > 2(2?, the string rises above the horizontal and goes slack at an angle

2
. _ w
6* = cos! (g - 3—(32) . (4.423)

This solution craps out when the string is still taut at = 7, which means w3 = 507
(e) Show that if w? > 5¢/¢ the tension is always positive and the particle executes circular motion.

Solution : For w? > 5§22, the string never goes slack. Furthermore, § never vanishes. Therefore, the
pendulum undergoes circular motion, albeit not with constant angular velocity.

4.11.5 Falling ladder
A uniform ladder of length ¢ and mass m has one end on a smooth horizontal floor and the other end

against a smooth vertical wall. The ladder is initially at rest and makes an angle 6, with respect to the
horizontal.

¥

()

%

x

Figure 4.18: A ladder sliding down a wall and across a floor.

(a) Make a convenient choice of generalized coordinates and find the Lagrangian.

Solution : I choose as generalized coordinates the Cartesian coordinates (z,y) of the ladder’s center of
mass, and the angle 6 it makes with respect to the floor. The Lagrangian is then

L=3im @ +¢*) +316%—mgy . (4.424)

There are two constraints: one enforcing contact along the wall, and the other enforcing contact along
the floor. These are written

Gi(z,y,0) =2 —10cos§ =0

1(@9,) 20" (4.425)

Ga(z,y,0) =y —5{sinf =0

(b) Prove that the ladder leaves the wall when its upper end has fallen to a height 2 L sin 6.
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Solution : The equations of motion are

d (0L oL 0G;
Rl i N A —2 4.426
dt (&jg) 945 2]: ? 94y (420
Thus, we have
my+mg = Ay = Q, (4.427)
16= %6()\1 sinf — A, cosH) =Qy

We now implement the constraints to eliminate « and y in terms of §. We have

iz—%ﬁsin@é , a'éz—%ﬁcos@@—%ﬁsin@é

| . . 4.428
y:%KCOSHH ) y:_%681n992+%600899 ( )

We can now obtain the forces of constraint in terms of the function 6():

A\, = —2ml (sin6 6 + cos 0 6>
1= ol . : ) (4.429)
Ay = —i—%m@ (00599 — sin992) + mg

We substitute these into the last equation of motion to obtain the result

16 =—1I,6—Lmgt coso (4.430)

which is to say (1+a) § = —2w? cos @, with I = 1m(?, o = I /I and w, = \/g/¢. This may be integrated
once (multiply by 6 to convert to a total derivative) to yield

1(1+a) 0% 4+ 2w2 sinf = 2wd sinf, (4.431)

which is of course a statement of energy conservation. This,

02— 4wi (sinfp — sin0) , b _2w3 cos 6 (4.432)
I+a 1+«
We may now obtain X, (#) and \,(0):
A(0) =— 1719& (3sinf — 2sin6,) cosf
Ay (0) = % {(3 sinf — 2sin6,) sinf + a} 49

Demanding A, (#) = 0 gives the detachment angle = 6, where

sinf, = % sinf, . (4.434)
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Note that A\, (6,) = mga/(1 + a) > 0, so the normal force from the floor is always positive for 6 > 6.
The time to detachment is

0
Tl(eo):/de_ Lt

— = / : : (4.435)
0 2wp v/sinfy — sin 6
fa
(c) Show that the subsequent motion can be reduced to quadratures (i.e. explicit integrals).
Solution : After the detachment, there is no longer a constraint ;. The equations of motion are
ma =0 (conservation of z-momentum)
my+mg=A\ (4.436)

Ié:—%ﬁ)\ cosf |

along with the constraint y = 3¢ sinf. Eliminating y in favor of ¢ using the constraint, the second
equation yields . )
A=mg— imlsin06®+ iml cos0 . (4.437)

Plugging this into the third equation of motion, we find
I6=-2 I, wi cos b + I, sin6 cos 6 62 — I, cos’06 . (4.438)

Multiplying by § one again obtains a total time derivative, which is equivalent to rediscovering energy
conservation: _
E=34(I+41,cos®0) 6> + 21 wj sinf . (4.439)

By continuity with the first phase of the motion, we obtain the initial conditions for this second phase:

sin 6,

0 =sin~! (sinf,) , O=-2u, S0t (4.440)
Thus,
) 4w? sin by .
= %(I + 1, — IO sin? 90) : m + %mgﬁ sin 6,

. (4.441)
9 4 sin? 0y .
:210(4.)0‘ 1—1—?1_‘_—& SIHGO

(d) Find an expression for the time 7'(6,) it takes the ladder to smack against the floor. Note that,
expressed in units of the time scale \/L/g, T' is a dimensionless function of §,. Numerically integrate
this expression and plot 7" versus 6, .

Solution : The time from detachment to smack is

2
T,(60) = dH 1 dﬂ\/ 1+ o cos? 0 ' (4.442)

" 2w wo 247 511n+§0 sin @, — sin 6




70 CHAPTER 4. LAGRANGIAN MECHANICS

Inf37):= T[x_] s= NIntegrate[‘\/(‘l /3) /7 (x-8inly]) , {y, Arcsin[2x / 3], ArcSin[x] - 10'9}]/2

Inf38]:= 8[x_] := NIntegrate[

(1+(a/3) (cos[yl)~2) / ((1-(x/3)~2) x - sin[y]) , {y, O, Arcsin[2x /3]}] /2

Inf39]:= Q[x_] :=T[x] +s[x]

Inf43):= Plot[Q[x], {x, O, 1}]

8

! I
0.2 0.4 0.6 0.8 1

Figure 4.19: Plot of time to fall for the slipping ladder. Here = = sin 6.

The total time is then 7'(6,) = T,(8,) + T(6,). For a uniformly dense ladder, I = -5 m(?
therefore o = 1.

(e) What is the horizontal velocity of the ladder at long times?
Solution : From the moment of detachment, and thereafter,

4g/t

. 3/2
(o) b

T = —%E sinff =

(f) Describe in words the motion of the ladder subsequent to it slapping against the floor.

= %Io,and

(4.443)

Solution : Only a fraction of the ladder’s initial potential energy is converted into kinetic energy of
horizontal motion. The rest is converted into kinetic energy of vertical motion and of rotation. The
slapping of the ladder against the floor is an elastic collision. After the collision, the ladder must rise
again, and continue to rise and fall ad infinitum, as it slides along with constant horizontal velocity.

4.11.6 Point mass inside rolling hoop

Consider the point mass m inside the hoop of radius R, depicted in fig. 4.20. We choose as generalized
coordinates the Cartesian coordinates (X, Y') of the center of the hoop, the Cartesian coordinates (z,y)
for the point mass, the angle ¢ through which the hoop turns, and the angle # which the point mass
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makes with respect to the vertical. These six coordinates are not all independent. Indeed, there are only
two independent coordinates for this system, which can be taken to be § and ¢. Thus, there are four
constraints:

X-Rp=G, =0
Y-R=G,=0
r—X —Rsin0 =G5 =0
y—Y +Rcos0 =G, =0

(4.444)

T M

__ |
I

0

Figure 4.20: A point mass m inside a hoop of mass M, radius R, and moment of inertia /.

The kinetic and potential energies are easily expressed in terms of the Cartesian coordinates, aside from

the energy of rotation of the hoop about its CM, which is expressed in terms of ¢
T — LM(X2+V2) 4 (2 + 02) + LT 42
sM(X™+Y7) + gm(i”+9°) + 51 ¢ (4.445)
U= MgY +mgy

The moment of inertia of the hoop about its CM is I = M RZ, but we could imagine a situation in which
I were different. For example, we could instead place the point mass inside a very short cylinder with
two solid end caps, in which case I = ;M R%. The Lagrangian is then

L=3iM(X*+Y?) + im(i® +9?) + 314> — Mgy —mgy . (4.446)

Note that L as written is completely independent of § and 6!

Continuous symmetry

Note that there is a continuous symmetry to L which is satisfied by all the constraints, under

XQO=X+ . VQO=Y . #Q=vtC . 0=y , HQ)=otw . 6QO=0 . (@44

Thus, according to Noether’s theorem, there is a conserved quantity

OL OL 1 0L . I .
N=—+——+——=MX r + — . 4.44
8X+556+R(9¢ +m:13—|—R<;5 (4.448)

This means A = 0. This reflects the overall conservation of momentum in the z-direction.
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Energy conservation

Since neither L nor any of the constraints are explicitly time-dependent, the Hamiltonian is conserved.
And since T" is homogeneous of degree two in the generalized velocities, we have H = E =T + U:

E=LiMX?*+ V%) + $m(@® +9) + 316> + MgY +mgy . (4.449)

Equations of motion

We have n = 6 generalized coordinates and £ = 4 constraints. Thus, there are four undetermined
multipliers {A1, A2, A3, A4} used to impose the constraints. This makes for ten unknowns: X, Y, z, y, ¢,
0, A1, Ay, A3, and \,. Accordingly, we have ten equations: six equations of motion plus the four equations
of constraint. The equations of motion are obtained from

k

d (LY oL oG,
a(%) . +;AJ o (4.450)

Taking each generalized coordinate in turn, the equations of motion are thus

MX =X\ — )3
MY = Mg+ Xy — M\
mIL = A3

. (4.451)
myj = —mg + Ay

I$=—RX\
0= —Rcosf 3 — Rsinf \4

Along with the four constraint equations, these determine the motion of the system. Note that the last

of the equations of motion, for the generalized coordinate ¢, = 0, says that (), = 0, which means that
the force of constraint on the point mass is radial. Were the point mass replaced by a rolling object, there
would be an angular component to this constraint in order that there be no slippage.

Implementation of constraints

We now use the constraint equations to eliminate X, Y, z, and y in terms of § and ¢:
X=R¢ , Y=R , xz=R¢p+Rsinf , y=R(l—cosb) . (4.452)
We also need the derivatives:
i =Rd+RcoshO , i&=R¢+ Rcos00— Rsinfd? (4.453)

and . .. .
g =Rsinff , ij=Rsinf0+ Rcos6* (4.454)
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as well as . )
X=R¢ , X=R¢op , Y=0 , Y=0 . (4.455)

We now may write the conserved charge as

1

A
R

(I + MR*+ mR?) ¢+ mRcosf6 . (4.456)

This, in turn, allows us to eliminate (b in terms of § and the constant A:
S <— ~ fcos 9> , (4.457)

where v = mR2?/(I + M R?).

The energy is then
E =3I+ MR? P + sm(R? ¢* + R%6? + 2R? cosﬂ(ﬁé) + MgR+ mgR(1 — cos6)

1+ vysin?6\ . 2g vy AV 2Mg (4.458)
_ 1, p2 2 _
= 3mR {( T >9 —i—R(l COSQ)+1+’Y 7 + i .

The last two terms inside the big bracket are constant, so we can write this as

_ gk

1 + vsin?6
_ 4.459
( = (4.459)

2 _ p—
Ty >9 + R(l cos 0)

Here, k is a dimensionless measure of the energy of the system, after subtracting the aforementioned
constants. If k > 1, then §> > 0 for all §, which would result in “loop-the-loop’ motion of the point
mass inside the hoop — provided, that is, the normal force of the hoop doesn’t vanish and the point mass
doesn’t detach from the hoop’s surface.

Equation motion for 6(t)

The equation of motion for 6 obtained by eliminating all other variables from the original set of ten
equations is the same as E = 0, and may be written

1+’ysin29> . <’ysin0czos€> o g
— ] — === . 4.460
< 1+7v + 147 R ( )

We can use this to write 6 in terms of 62, and, after invoking eqn. 4.459, in terms of 6 itself. We find

. 4q 147 .
92 = = <m> (k: — sm2%9)

(4.461)
g (1+7)sind

/= 21 .
" R (1+78in29)2 [47 (k — sin®46) cos 6 + 1 + ysin”6
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Forces of constraint

We can solve for the );, and thus obtain the forces of constraint

A3 = mi = mR ¢+ mRcosf —mRsin 6§ §?

.. . 4.462
:m—R[H cosf — 6%sin 6 ( )
1+
and
A = mij+mg = mg +mRsinf 0 + mR cos 0 6>
b o g (4.463)
= mR[Q sinf + 0°sinf + R]
and
I . (1491
M=——0¢= A
L= TROT T (4.464)

A2 = (M +m)g+mj =+ Mg
One can check that A3 cosf + A\4sinf = 0.

The condition that the normal force of the hoop on the point mass vanish is A3 = 0, which entails Ay = 0.
This gives

— (1 + ysin?0) cos6 = 4(1 + ) (k —sin*16) . (4.465)
Note that this requires cos§ < 0, i.e. the point of detachment lies above the horizontal diameter of the

hoop. Clearly if £ is sufficiently large, the equality cannot be satisfied, and the point mass executes a
periodic ‘loop-the-loop” motion. In particular, setting § = 7, we find that

1

k. =1
¢ +4(1—1—7)

(4.466)

If £ > k., then there is periodic ‘loop-the-loop” motion. If k < k., then the point mass may detach at a
critical angle 6%, but only if the motion allows for cos ¢ < 0. From the energy conservation equation, we
have that the maximum value of § achieved occurs when 6§ = 0, which means

cosl .. =1—2k . (4.467)

If % < k < k¢, then, we have the possibility of detachment. This means the energy must be large enough
but not too large.

412 Appendix: Legendre Transformations

A convex function of a single variable f(z) is one for which f”(x) > 0 everywhere. The Legendre transform
of a convex function f(z) is a function g(p) defined as follows. Let p be a real number, and consider the
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Figure 4.21: Construction for the Legendre transformation of a function f(x).

75

line y = px, as shown in fig. 4.21. We define the point x(p) as the value of = for which the difference
F(z,p) = px — f(z) is greatest. Then define g(p) = F(z(p),p).” The value z(p) is unique if f(z) is

convex, since z(p) is determined by the equation
f'(x) =p

Note that from p = f’(z(p)) we have, according to the chain rule,

hence

In higher dimensions, the generalization of the definition f”(z) > 0 is that a function F(z,...

convex if the matrix of second derivatives, called the Hessian,

O%’F

Hij(@) = Ox; Oz

“Note that g(p) may be a negative number, if the line y = px lies everywhere below f(z).

(4.468)

(4.469)

(4.470)
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is positive definite. That is, all the eigenvalues of H;;(x) must be positive for every x. We then define
the Legendre transform G(p) as
G(p)=p -z — F(x) (4.473)

where p = V F. Note that
dG =z -dp+p-de—VF -de=x-dp , (4.474)

which establishes that G is a function of p and that

96 _ T; . (4.475)

8pj
Note also that the Legendre transformation is self dual, which is to say that the Legendre transform of
G(p)is F(x): F — G — F under successive Legendre transformations.

We can also define a partial Legendre transformation as follows. Consider a function of ¢ variables F'(z,y),
where x = {z{,...,2z,,} and y = {yy, ..., yn}, with ¢ = m + n. Define p = {p;,...,p,,}, and

Gp,y)=p-z— F(z,y) , (4.476)
where oF
Po=75— » a€ {1,...,m} . (4.477)

a

These equations are then to be inverted to yield

ra=ap9) = (4479
Note that OF
Pa= g (z(p.y).y) - (4.479)
Thus, from the chain rule,
2 2
5ab:%: OF axc: oF  9G 7 (4.480)
op, 0Ox,0x.dp, Ox,0x. dp.Op,
which says
oG Ox
=2 Kl 4.481
OpoOp,  Op, (145D
where the m x m partial Hessian is
o°F dp
= 2t — 4.482
Oz, 0z, Ox, ab ( )
Note that K, = K;, is symmetric. And with respect to the y coordinates,
G O°F
= L (4.483)

0y, 9y, 0y, 0y,
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where
_OF
w By, Oy,

is the partial Hessian in the y coordinates. Now it is easy to see that if the full ¢ x ¢ Hessian matrix H;;
is positive definite, then any submatrix such as K, or L, must also be positive definite. In this case, the
partial Legendre transform is convex in {p,,...,p,,} and concave in {y,,...,y,}

(4.484)
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