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This is a proto-preface. A more complete preface will be written after these notes are completed.
Which may not be for some time.

These notes are dedicated to the memory of my dog, Henry.

Figure 1: Henry (2000 - 2015)



Chapter 1

Preliminaries

1.1 Introduction

The quantum Hall effect (QHE) refers to a set of phenomena and associated phases of matter
found in two-dimensional electron gases subjected to a large perpendicular magnetic field'.
The phenomena are typically divided into two classes, the integer quantum Hall effect (IQHE)
and the fractional quantum Hall effect (FQHE), depending on the Landau level filling fraction, given
by v = nhc/eB, where n is the two-dimensional electron density and B the magnetic field
strength. The combination ¢, = hc/e = 4.137 x 1077 G - cm? is the Dirac flux quantum?, hence

v=4.14-n[10" em™?]/B[T] . (1.1)

Thus, in a field of B = 4.14 T, the Landau level (LL) filling fraction v = 1 occurs for an electron
density n = 10" cm™2.

The IQHE was discovered by von Klitzing in 1980 in routine magnetotransport studies of sili-
con MOSFETs’. The FQHE was discovered by Tsui and Stérmer in 1982 %, in GaAs—Al,Ga,_,As
heterojunctions. The experimental setup is depicted in Fig. 1.1, and some spectacular data
shown in Fig. 1.2. An electrical current / is established along the z direction, and the longi-
tudinal and transverse voltage drops V} and V}; are measured, from which one obtains, in the
linear response regime, the resistances R; = V; /I and Ry = V};/I. In the IQHE, one observes
that R} remains constant along plateaus as the filling fraction v is varied (either by varying
the electron density n, typically with a gate, or by varying the magnetic field B). The plateau
values are given by Ry = h/pe?, where p € Z is an integer, for v = p. In the FQHE, one observes

The effect has been seen in hole gases as well.

2This is often more conveniently expressed as ¢, = 4.137 x 10° T - A%, where 1T = 10*G.
%K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett. 45, 494 (1980).

4D. C. Tsui, H. L. Stérmer, and A. C. Gossard, Phys. Rev. Lett. 48, 1559 (1982).
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Figure 1.1: A Hall bar setup.

plateaus at rational fractions v = p/q, typically with ¢ odd®, where Ry, = ¢h/pe®. The quantity
R = h/e* = 25,812.8Q is known as the quantum of resistance.

1.1.1 Resistance, conductance, resistivity, conductivity

In the linear response regime, one has V,, = R ; I;, where R is the resistance tensor. It’s matrix
inverse, G = R™!, is known as the conductance, with I, = Gaﬁ V. The units of each element
R, of the resistance tensor are Ohms (), hence the units of G 5 are QL

Resistance and conductance are not materials parameters (i.e. intensive quantities); you can’t
look up the resistance of copper in a table, for example. If, ceteris paribus, you double the length
of a copper wire, its resistance doubles®. What doesn’t change is the metal’s resistivity, p, which
is a materials parameter’. The corresponding linear response relation is between current density
and electric field, viz. £, = p,z j; - The inverse of the resistivity tensor is the conductivity tensor
o = p~', for which j, = 0,,E5.

For an isotropic d-dimensional cube of side length L, in zero magnetic field, if the current along
one of the cubic axes is I then the current density is j = /L. Similarly, if the voltage
drop along this axis is V, the electric field is E = V/L. Thus R = V/I = pL*~?, and we see
that resistance and resistivity in general have different units. Similarly G = oL%2 In two
dimensions, resistance and resistivity have the same dimensions, but nevertheless resistance is
a geometric quantity. Consider a L, x L, rectangular sample with conductivity tensor

— Oy U:vy
o <a a) , (1.2)

yr vy

>The even denominator quantum Hall effect is very interesting and distinct from the odd denominator effect.

®Assuming, that is, that the length L is longer than the inelastic scattering (or phase breaking) length, ¢ s For
L < {,, quantum interference effects become important and Ohm’s law is no longer valid.

"The resistivity will in general depend on the temperature, and on the density and type of impurities present,
as well as on the material itself.
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Figure 1.2: Low temperature (I' ~ 150mK) longitudinal resistivity p,, and Hall resistiv-
ity p., as a function of applied magnetic field in a two-dimensional electron gas system
(GaAs/AlGaAs heterostructure), from R. Willett et al., Phys. Rev. Lett. 59, 1776 (1987). Each
dip in p,, and concomitant plateau in p,, corresponds to a distinct phase of matter.

with j = oE. In general, linear response transport is described by the set of equations J; =
L, F,, where the {J,} are generalized currents and the {F}.} generalized forces. Onsager reci-
procity® then requires

Ly(B) =mn;n, Ly(—B) (1.3)

with no sum on 7 or k, where 7, = +1 according to whether J; is symmetric or antisymmet-
ric under time reversal, ie. J7 = n,J;. Thus, 0,,(B) = o0,,(—B) since both j, and j, are
odd under time reversal. But B — —B reverses the orientation of the (z, y, B) triad, hence
0,,(—B) = —0,,(B), and we have that the off-diagonal elements of the conductivity tensor are
antisymmetric: 0,,(B) = —o,,(B). Now let’s write the current densities as j, = I,/L, and

Yy

J,=1,/L,,and the fieldsas £, =V, /L, and £, =V, /L, . We then have

J

[
- A -

T a))-(n ) (5 L))
Yy -~ x — T Ty x ~ xT , (1'4)
( 0 L' L, Ty Oyy 0 Lyl Vy

8See L. D. Landau and E. M. Lifshitz, Statistical Physics, part I, §120.
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from which we read off the relation between conductance and conductivity tensors,

— Ly
6 8- D D 2 ) o
ny ny 0 L, —04y Oy 0 Ly —0,y L_zayy

Similarly, the relation between resistance and resistivity tensors is
R, R P P
(Rm Rmy) = : (1.6)
Yy vy “Pay L_Z Pyy

-1
(- ) e ) o
“Pry  Pyy Oy Oyy Ore T 02y T2y Oua

—A/kgT
7

~

Finally,

Along the QH plateaus, as 7' — 0, the longitudinal resistivity vanishes as p,,(T") o e
where A is the energy gap for transport. Thus, at 7' = 0 the resistivity and conductivity tensors
are purely off-diagonal, with p,; = p,, €,sand 0,5 = 0,,¢,5, withp, =1/0, .

1.1.2 Semiclassical magnetotransport theory

Combining Newton’s second law with the Lorentz force law for a particle of charge —e and
mass m, we have
®_ g P, P (1.8)
dt cm T
where the last term is a frictional force which in metals and semiconductors typically comes
from electron-impurity scattering’, with 7 the transport scattering time'’. We take B = Bz,
and write the current density as j = —nep/m. Defining the cyclotron frequency w, = eB/mc, and

setting p = 0 in steady state, we obtain

ner

E+wrijxz+3=0 |, (1.9)
m

the solution of which is j = o E, where the conductivity tensor is

ne’t/m (1 —w,r
g = TW <(,L)CT 1 . (110)
Taking the inverse, we have E = pj, with resistivity tensor
I m 1 CUC’T
p=0 = (_WCT 1 ) ) (1.11)

9Electron-phonon scattering, electron-electron scattering, and boundary scattering are also present.
!0There is an important difference between the single particle scattering time 7,, and the transport scattering
time 7. See, e.g., §1.5 of my Physics 211B lecture notes for details.
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What is n? Naively one might think it is the total electron density, but of course this is wrong.
As we know from elementary solid state physics, filled Bloch bands are inert and carry no
net current. A somewhat more realistic linearized Boltzmann equation approach, assuming
an isotropic parabolic conduction band with electron carriers, yields the same result, with
n = [de g.(e) f°(e — p) the conduction electron density, with g (¢) is the conduction band
density of states and f°(s — p) the Fermi function, and m replaced by the effective mass m*
of the conduction band. All the fully occupied bands below the conduction band contribute
nothing to the current. Note that p,, = p,, = m*/ne’r because the system is isotropic. For
the anisotropic parabolic band, where the effective mass tensor m;, s has eigenvalues my.,, then
along its principal axes one of course has p,, = m}/ne*r and p,, = m} /ne*t, with p,, = B/nec
as in the isotropic case.

One interesting feature of the semiclassical Boltzmann result is that the diagonal terms of the
resistivity tensor are independent of magnetic field. Thus, dp,,/0B = 0, and the magnetoresis-
tance Ap,,,(B) = p,.(B) — p,,(0) vanishes. This is in general not the case if one has multiple
bands contributing to the transport current (say conduction electrons as well as valence holes),
or in the case where the Fermi surface has open orbits which span the Brillouin zone. Thus,
as a function of B, the semiclassical result says that p,,(B) is constant and p,, (B) is perfectly
linear. This it completely different from the results shown in Fig. 1.2, except in the very low
field regime.

1.1.3 Mobility, cyclotron frequency, and electron-electron interactions

The mobility ;1 is defined by the combination ;¢ = er/m*. Thus, in zero field, the steady state
electron velocity is v = ©E, so mobility has units of [u] = cm?/V-s. In MOSFETs, mobilities are
seldom more than a few tens of thousands in these units. But in MBE-grown GaAs heterostruc-
tures, mobilities as high as 10" cm?/V -s have been achieved. In GaAs, where the conduction
band is isotropic and has effective mass m* = 0.067 m,, one finds

7=38x10""Ts - plem®/V-s] . (1.12)

Thus, for = 10° cm?/ Vs, one obtains 7 ~ 38 ps.

The cyclotron frequency is given by the combination w, = eB/m*c. With

h
by = B o 414x1077G-em? b =6.63x10 2 erg-s = 4.14x10 BeVs | k, =8.62x107°eV/K

e
(1.13)
Thus, for GaAs conduction electrons, one obtains

w, = 2.63x10% HzB[T] , w.r=10"*plem?/Vs] B[T] , hw, =1.73meV-B[T] = 20Kk, B[T]
(1.14)
At fields B ~ 10 T and in samples of mobility 4 ~ 10%cm?/V s, we have w,7 ~ 1000 > 1.
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As we shall see, quantization introduces a new length scale, ¢ = (hc/eB)/?, called the magnetic

length. This depends only on physical constants and the magnetic field strength. One finds

(= (¢p/2nB)Y* =257 A/\/B[T] . (1.15)

From this length scale, we construct the energy scale e?/el for electron-electron interactions.
For GaAs, where € = 13, we have

62

- 4.31meV - \/B[T] = 50.0K k,\/B[T] . (1.16)

1.1.4 E x B drift and separation of time scales

For a classical particle of charge e moving in the (z,y) plane and subjected to a magnetic field
B = Bz, the equations of motion are given by the Lorentz force law,

mv’*:—VV—gBi*xé . (1.17)

We now write r(t) = R(t) + £(t). We presume that the guiding-center motion R (¢) executes
large excursions, slowly drifting along equipotentials of V' (r), while the cyclotron motion &(¢)
executes fast small excursions with characteristic time scale 27/w,. This assumption will be
borne out in the following analysis.

The zeroth order theory is simply given by
c

R=——:xVV(R
"~ eB” (R) (1.18)

E=w. 2 x¢

Thus, the guiding-center executes a slow drift in the direction of VV' x z, while the cyclotron
coordinate executes counterclockwise circular motion as viewed from above.

Proceeding with the expansion in powers of the cyclotron motion, we have

mR, +mé, = —0, V(R) — 50,0, V(R) — 16,€,0,050, V(R) + ...

eB . eB . (1.19)
e R -2
— Cap g~ €apds
Here we have used the relation, for any vector w,
€apUp = (U, , —u,) = (ux2), . (1.20)

We assume R, = 0 on average, leading to the slow equation,

? s Ry =—0,V(R) = 2(,6)0,0,0,V(R) —... | (1.21)
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\4%

(1)
V = const.
oF

Figure 1.3: Cyclotron motion and guiding-center drift.

where <§ 5 §7> is averaged over the fast motion, and the fast equation,

B .
mé, = 850,05 V(R) = — syt (1.22)

On the fast scale of the £(¢) motion, the guiding-center R(¢) is assumed constant. Fourier
transforming the fast motion, we write £(¢) = Re¢? e, with

_ 2 . 0
(ot ) (8 -

—imww, +V,, —mw’+V,, ) \&

where V, ; = 0, 05 V(R). Solving for w, we take the fast root of the resulting quadratic equation
and obtain

2 1 wz + V:'c:c + Vyy + 1&)2 1+ 2(‘/:7::(: + Vyy) + (V:’c:c - V;/y)2 vxzy
m 2 ¢ mw? m2w? m2w? (1.24)

V2V (R

2muw,

Thus the local cyclotron frequency is given by w,(R) = w, + ! to lowest nontrivial order.

c

We will need the corresponding eigenvector for the high frequency root. Writing ¢° = (u &, v &),
with |u|? + |v]* = 1, we have
Vo +imww,
\/(Vm —mw? )%+ |V, + imww, |?

2
vam — MWy

\/(V:'c:c - mwi)2 + |ny + imwcw+|2

(1.25)

Averaging over the cyclotron motion, we find

ul? Re (uv
(& §B> = %58 (Rl (lw) 71§|2 )) : (1.26)
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L

Since Wy A W, we obtain u ~ s and v ~ % Thus the guiding-center motion is given by the
equation

B )
= s Ry = =0,V 10, VIV = =0, Vig(R) (1.27)

where the effective guiding-center potential is

Va(R)=V(R)+1&VV(R) . (1.28)

[S)

This makes good physical sense: as the electron moves slowly along the equipotential, it sam-
ples, through its small and fast cyclotron excursions, the local environment, inducing a gradient
squared correction to the local value of V(R).

For a classical electron moving in a circular orbit of radius , setting the centrifugal force F, =
muv?/r equal to the Lorentz force evB/c yields the relation v = eBR/mc. The kinetic energy
is then T = 1muv? = ¢?B*?/2mc?. If we now quantize semiclassically, demanding 7% - B =
(n+ 1)y, thenr? = (2n+ 1)¢* where ¢ = (hc/eB)'/? is the magnetic length. The kinetic energy
is then 7' = (n + 3)hw, . Thus & = r,, in our above derivation of the effective potential, with n
the Landau level index.

The potential V(r) is due to extrinsic disorder, arising typically from the irregular placement of
the dopant atoms in a heterostructure, or semiconductor-oxide interface disorder in a MOSFET.
In heterostructures, the dopant ions are typically several hundred Angstroms removed from
the 2DEG layer, and V (r) is smooth on this length scale. Suppose the two dimensional electron
gas lies in the plane z = 0 and consider a ‘delta doping” profile in which the donor density is
Ny(z,y,z) = Ny(r)d(z — d) where d is the distance between the 2DEG and the dopant layer.
The electrical potential ¢(r) at r = (z, y) in the 2DEG plane is then given by

d% r dq, - o dme g - o 2me exp(—|q|d)
_ z N igr ig.d — N 1q-r 1.2
¢(T) /(27T)2_/ o d(q) € € q2 + qg /(277')2 d(q) € |q| ) ( 9)

and we see that the components of N,(¢) with high spatial frequency are attenuated expo-
nentially. This smooths out the random potential experienced by the electrons in the 2DEG.
MOSFETs are typically much dirtier, with correspondingly lower mobilities, hence V' (r) there
is disorder on shorter length scales. Indeed disorder is essential to the quantum Hall effect,
since in a pristine system we can always perform a Lorentz boost to a frame where B = 0 and
deduce o,, = —nec/B. (This argument is quite a bit more subtle if there are other features
breaking translational symmetry, such as leads and surfaces.)

1.2 MOSFETs and Heterojunctions

Where do two-dimensional electron gases (2DEGs) come from? As noted above, the IQHE was
first discovered in silicon MOSFETs while the FQHE was first discovered in GaAs heterostruc-
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Figure 1.4: Junction between a p-type semiconductor and a metal. Left: Zero bias. Right: Metal
biased negative with respect to semiconductor, creating an accumulation layer of holes and a
net dipole moment at the interface.

tures. Details of the modeling and important semiconductor physics in these systems are dis-
cussed in the 1982 review by Ando, Fowler, and Stern''. Today, we have new two-dimensional
systems which exhibit the QHE, such as graphene. Graphene is particularly interesting because
it is a ‘Dirac material’ in which the electronic band structure features Dirac points, which are
conical intersections of conduction and valence bands described by a two-dimensional Dirac
Hamiltonian. More on this later.

In a metal, internal electric fields are efficiently screened and excess charge migrates rapidly to
the surface, with charge density fluctuations attenuated exponentially as one enters the bulk.

The Thomas-Fermi screening length, A\, = (4me? g(eF))_l/ ? is short (a few Angstroms) due to
the large density of states at the Fermi level. In semiconductors, the Fermi level lies somewhere
in the gap between valence and conduction bands, and the density of states at ¢ is quite low.
Screening is due to thermally excited charge carriers, and since the carrier density is small in
comparison to that in metals, the screening length is many lattice spacings.

Consider now a junction between a semiconductor and a metal, with an intervening insulating
layer. This is called MIS, or Metal-Insulator-Semiconductor, junction. If the metal is unbiased
relative to the semiconductor, their chemical potentials will align. The situation for a p-type
semiconductor - metal junction is depicted in the left panel of Fig. 1.4. Next consider the
case in which the metal is biased negatively with respect to the semiconductor, i.e. the metal is
placed at a negative voltage —V'. There is then an electric field E = —V ¢ pointing out of the
semiconductor. Electric fields point in the direction positive charges want to move, hence in
this case valence holes are attracted to the interface, creating an accumulation layer of holes, as

1T, Ando, A. B. Fowler, and F. Stern, Rev. Mod. Phys. 54, 437 (1982).
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Figure 1.5: Junction between a p-type semiconductor and a metal. Left: Metal biased positive
with respect to semiconductor, creating a space charge depletion layer. Right: Strong positive
bias creates an inversion layer of n-type carriers in the p-type material.

depicted in the right panel of Fig. 1.4. On the metallic side, electrons migrate to the interface
for the same reason. No charges move across the insulating barrier. Thus, a dipole layer is created
across the barrier, with the dipole moment pointing into the semiconductor. This creates an in-
ternal potential whose net difference ¢, ;.1 — @semiconductor(—00) = V exactly cancels the applied
bias. This condition in fact is what determines the width of the accumulation layer.

What happens when the metal is biased positively? In this case, the electric field points into
the semiconductor, and valence holes are repelled from the semiconductor surface, which is
then negatively charged. This, in turn, repels electrons from the nearby metallic surface. The
result is a space charge depletion layer in the semiconductor, which is devoid of charge carriers
(i.e. valence holes). This situation is sketched in the left panel of Fig. 1.5.

Finally, what happens if the bias voltage on the metal exceeds the band gap? In this case, the
field is so strong that not only are valence holes expelled from the surface, but conduction
electrons are present, as shown in the right panel of Fig. 1.5. The presence of n-type carriers in
a p-type semiconductor is known as n-inversion.

Remember this:

o Accumulation : presence of additional n-carriers in an n-type material, or additional p-
carriers in a p-type material.

e Depletion : absence of n-carriers in an n-type material, or p-carriers in a p-type material.

e Inversion : presence of n-carriers in a p-type material, or p-carriers in an n-type material.
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Figure 1.6: The MOSFET.

Inversion occurs when the presence of a depletion layer does not suffice to align the chemical
potentials of the two sides of the junction.

1.2.1 The MOSFET

A MOSEFET (Metal-Oxide-Semiconductor-Field-Effect-Transistor) consists of two back-to-back
p-n junctions, and, transverse to this, a gate-bulk-oxide capacitor. The situation is depicted in
Fig. 1.6. If there is no gate voltage (1, = 0), then current will not flow at any bias voltage V'
because necessarily one of the p-n junction will be reverse-biased. The situation changes dras-
tically if the gate is held at a high positive potential V;, for then an n-type accumulation layer
forms at the bulk-gate interface, thereby connecting source and drain directly and resulting in
a gate-controlled current flow. Although not shown in the figure, generally both source and
drain are biased positively with respect to the bulk in order to avoid current leakage.

1.2.2 Heterojunctions

Potential uses of a junction formed from two distinct semiconductors were envisioned as early
as 1951 by Shockley. Such devices, known as heterojunctions, have revolutionized the electronics
industry and experimental solid state physics, the latter due to the advent of epitaxial technol-
ogy which permits growth patterning to nearly atomic precision. Whereas the best inversion
layer mobilities in Si MOSFETs are p &~ 2 x 10% cm?/V s, values as high as 10" cm?/V s are pos-
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Figure 1.7: GaAs—Al,Ga;_,As heterojunction.

sible in MBE-fabricated GaAs—Al,Ga;_,As heterostructures. There are three reasons for this:

(i) MBE (molecular beam epitaxy), as mentioned above, can produce layers which are smooth
on an atomic scale. This permits exquisite control of layer thicknesses and doping pro-
files.

(ii) Use of ternary compounds such as Al,Ga;_,As makes for an excellent match in lattice
constant across the heterojunction interface, i.e. on the order of or better than 1%. By
contrast, the Si—SiO, interface is very poor, since SiO, is a glass.

(iii) By doping the Al,Ga;_,As layer far from the interface, Coulomb scattering between in-
version layer electrons and dopant ions is suppressed.

Let’s consider the chemical potential alignment problem in the case of an n-n heterojunction,

5 o980 ®® 5
0O 0 0 0O 0O O @ GR

E.ﬂl...l..
GLko 0 o 0 0 O O

"_J.L.

0
Evy

0
Ev.u

Figure 1.8: Accumulation layer formation in an n-n heterojunction.
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(b) p-accumulation

(c) n-inversion (d) p-inversion

Figure 1.9: Accumulation and inversion in semiconductor heterojunctions. Red regions repre-
sent presence of conduction electrons. Blue regions represent presence of valence holes.

sketched in Fig. 1.8. In the GaAs—Al,Ga;_,As heterojunction, GaAs has the smaller of the two
band gaps. Initially there is a mismatch, as depicted in the left panel of the figure. By forming a
depletion layer on the side with the larger band gap (Al,Ga;_,As), and an accumulation layer
on the side with the smaller gap (GaAs), an internal potential ¢(z) is established which aligns
the chemical potentials.

Fig. 1.9 shows the phenomena of accumulation and inversion in different possible heterojunc-
tions. There are four possibilities: (a) n-n, (b) p-p, (c) n-p with the n-type material having the
larger gap, and (d) n - p with the p-type material having the larger gap.

1.2.3 QM of electron motion normal to 2DEG planes

Consider the case of an n-accumulation or n-inversion layer as depicted in Fig. 1.9. Let the
direction perpendicular to the 2DEG be z, and let the 2DEG lie on the z > 0 side of the interface.
Assuming that z is a principal axis for the effective mass tensor (with eigenvalue m,), and
the magnetic field is along +2z, the single electron Hamiltonian is separable into degrees of
freedom in the (z,y) plane and those in the z direction, i.e. H = H, + H . The eigenvalues and
eigenfunctions for H |, which governs the planar degrees of freedom, were discussed in §1.3.
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Here we consider H % which we model as

h: 0?
with
2recetz ifz >0
Vv = — ~ - 1.31
(2) = —e(2) {OO L (131

Here o is the 2D charge density of the space charge layer and ¢ the dielectric constant for z > 0.
Thus, we have a triangular potential.

1/3
AE( L ) | (1.32)

dmoem,

Next, define the length scale

the energy scale ¢ = h?/2m\?, and the dimensionless length s = z/\. Then

82

with wavefunctions subject to the boundary condition ¢(0) = 0. The solutions are Airy func-
tions. Recall the Airy differential equation,

Al"(z) — zAi(z) =0 . (1.34)

Thus, the eigenfunctions of H are given by ¢, (z) = Ai(z + (,), where Ai(¢,) = 0. The first few
zeros of Ai(z) are given by

(,=-23381 , (,=-4.0879 , (3=-55206 , (,=—6.7867 , (;=—7.0441 .
(1.35)
The energy eigenvalue corresponding to the eigenfunction ¢,,(2) is €, = —(, ¢ .

1.5
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Figure 1.10: Airy functions Ai(z) and Bi(x). Image credit: Wolfram MathWorld.
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1.3 Quantization of Planar Motion

1.3.1 Cyclotron and guiding-center operators

Initially we shall assume spinless (i.e. spin-polarized) electrons. Later on we will include ef-
fects of the Zeeman term and explore exchange interactions within a Landau level. The single
particle Hamiltonian is then

1 e \?
H= - (v + EA) LV (1.36)
where V(r) is the potential. On a toroidal base space, V (r) is a doubly periodic function with

spatial periods L, ,, and V(r 4+ L,) = V(r) for a = 1,2. We assume B = — Bz is constant'*. The
cyclotron and guiding-center momenta are defined to be

T=p+ ‘a
¢ . (1.37)
K=p+-A—-BXxr
c c
In component notation, we have Ky, = 6A — 2 e“ 0 Tp- The commutators are
ih?
[ﬂwﬂy] = ; (8HA -0,A ) =2 w
ih? 1
[KM,KV]:;(aMA —0,A,+2B¢, ):—FEW (1.38)
[Wu,/{] :—C(ﬁuA - 9,A,+ Be, ):0 ,
i
where ( = /hc/eB is the magnetic length. Now we write
h
= lBym—ley——CVX , (1.39)
where x(r) = x(r + L,) is an arbitrary gauge function which is periodic on the torus'.
Now define the complexified operators
, h : B : :
T =7, +im, :—,(8 +1i0,) + — (y — iz) — h (0, + i0,) x
Yy 2¢ Yy
Qh (1.40)
_ , a2 e i
<8 + @ —1 8)() = X e/ (_2i1,0) /4 e7iX

2By orienting B along — 2, the non-Gaussian part of the lowest Landau level wavefunctions will be holomor-
phic in z = « + iy, rather than in Z = x — iy.

13To demonstrate the manifest gauge covariance of our description, we shall carry around the gauge function
x(r) for a little while. Students should note on their course evaluations that the professor is sensitive to people
with diverse gauge preferences.
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and
h B
fi:fix+i/<;y:;(8x+i5y)—(;—c(y—ix)—h(@x+i8y)x L1
2h (= % - o _ I .
= — - — SIX p2Z/A6 (o —zZ /402 —ix
- <0 Wz 20)(> eXe (—2ih0)e e :

where ( = /hc/eB is the magnetic length. We have used z = z + iy, Z = « — iy, in which case

0

825

=300, —i0,) 0= --=4(0:+i0,) . (1.42)
Note that

o — 9 (1.43)

under Hermitian conjugation. The commutators of the complexified cyclotron and guiding-
center operators are given by

2h?
[W,WT} = [FLT,FL} = (1.44)
with [, k| = [T, k] = 0. We may now define cyclotron and guiding-center ladder operators,
g 2 . k= iVah (1.45)

14 4

with canonical commutators [a, a'] = [b, b'] = 1. The kinetic term in the Hamiltonian is then

7 i h?

0= om " m Tame ~ Meldat D) (1.46)

Note that H, is cyclic in the guiding-center operators, hence each eigenvalue ¢, = (n + 1)hiw,
is extensively degenerate. As we shall see below, the degeneracy of each of these Landau levels
is in the thermodynamic limit equal to N;, = BA/¢,, which is the total magnetic flux through
the system in units of the Dirac flux quantum.

We may also define the complexified cyclotron and guiding-center coordinates, £ and R, as
follows:

il? il?

g:?W:\/iga 7 R:_?,ﬁ:\/iw 7 (1.47)
with [R, R1] = —2¢% and [¢,£T] = 2¢%. Note then that the complexified position z = = + iy is
then given by

)2
z:%(w—fﬁ):’R—l—gzx/ﬂ(a—l—bT) , (1.48)
with z = 2 = \/2¢ (a' + b). For reference, we also have
0—1id —i(b—cﬁ) 0—1id —L(a—bT) (1.49)
X NGl ) X NG, . .
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Finally, the following relations may be useful:
a = /20 X =27/ § 27/ gmix , b= /20 X =27/ § 27/ gmix (1.50)
and
al = — /20 ¢ix e27/48 § =27/ 4 g—ix , bl = — /20 eix 27/ 42 § g7/ 4 gmix (1.51)
Exercise : Show that the angular momentum operator satisfies

L =eXx (:):py — ypx)e_ix =h (bTb — aTa) . (1.52)

1.3.2 Landau level projection

Consider the Hamiltonian H = H, + V' (r) confined to the plane. We may write the potential as
a Fourier integral

Vir)= / (3:32 V(k)err . (1.53)

Write » = R + £ as a sum over guiding-center and cyclotron coordinates. Since [R,,,{5] = 0, we
have that

ek — kR ik _ kR e—k2£2/4 6iekaf/\/i eiéka/\/i (1 54)
_ k)2 6%/21)* V2 itkb/V2 eiekaT V2 gitka/V2 ’
We have skipped a few steps. First, we have written k - £ = Re (k{f) = %(/{:H + k€). Then we

wrote § = V20a and ¢ = \/@ a' in terms of the cyclotron latter operators. Finally, we wrote
eilkal tha) V2 — o=K20/4 gitkal citha/V2 ysing the Baker-Campbell-Hausdorff equality,

1
et =t P e (1.55)

which is true when both A and B commute with their commutator [A, B].

Now suppose we project the Hamiltonian onto the n'* Landau level. This means we evaluate it’s
expectation value in the cyclotron oscillator state | n). The result (n | H | n) is still an operator,
but only in the space of guiding-center states. In other words, it will only involve the operators
band b' (or R and R'). Now we have to roll up our sleeves and do some work. We have

§ ‘ kY " kY | nl ,
exp(iﬁka/\/i)|n>:§%<E)a3|n):§%(E) WM—]) (1.56)

(n| exp(ifkaT/\/ﬁ) exp(%l?:a/\/i) |n) = . % <ZL) (- %k2€2)j =C,(kl) . (1.57)

and so
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Therefore, ,
B
V(R) = (n|V|n) = / iz V) M ) (1.58)

Let’s examine what happens for the first few values of n:

Cy(kl) =1
Cy(kl) =1 — 3(kt)? (1.59)
Cy(kl) =1 — (k0)* + L (kO)*

where by (k()* we mean |k|*¢*. Multiplying by the exp(—3k*(?) factor, and expanding in pow-
ers of k, we see that the projected potential V, (R ) is given by V(R) plus a series of corrections
which can be expressed in terms of powers of the Laplacian V? acting on V(R). For example,

Vo(R)=V(R)+1CVV(R)+... (1.60)
which is the quantum analog of Eqn. 1.28.

Some words of caution are appropriate here. Since [R,,, R3] = —il’¢, 5, we must not be cavalier
regarding operator order. To be safe, we might choose to express V, (R) in some canonical
form, such as the normal ordered form, in which all the R' operators appear to the right of all R
operators'*. That is, we write

exp(ik - R) = exp(4kR) exp(LkR') exp(ik*[R, RT])

. , 1.61
= exp(—1k*(*) exp(kR) exp(ikRT) (161

in the integrand of Eqn. 1.58. Also, it goes without saying that (n | Hy|n) = (n + )hw, . ButI
suppose I said it anyway.

1.3.3 Landau level mixing

It is apparent that the Hamiltonian 4 = H, + V' (r) may be written as

H= ) H,(R)n)n|

n,n=0 (162)
Hnn’(R) = (n + %)hw(ﬁ 5nn’ + Vnn’(R) )
where, for each {n,n'}, V, .,(R) = (n|V |n’) is an operator in the space of guiding-center
degrees of freedom, given by
2
ko , 22 _
V. (R) = /(;lw)z V (k) et R e R/ (| exp(%ka*/\/i) exp(%k‘a/\/ﬁ) In') . (1.63)

4 And, hence, all guiding-center annihilation operators b appear to the right of all guiding-center creation oper-
ators b'.
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The off-diagonal terms describe Landau level mixing processes. For example, if we retain only
the n = 0 and n = 1 LLs, we have the truncated Hamiltonian

1 hw 0 d% - ik 202 1 —ZW%/\/E
— [ 2 c k'R —k?(2/4
Htrunc ( 0 %hwc) + /(271’)2 V(k) € € (lgk‘/\/? 1— %k2€2) . (164)

Since there is a gap of /. between consecutive Landau levels, LL mixing is usually treated
perturbatively.

1.3.4 The lowest Landau level

The eigenvalue of a'a is an integer which corresponds to the Landau level index. For states in
the lowest Landau level, we have

ah(r) =0 = P(r) =X A8 po) (1.65)

where z = x + iy. At this point, f(z) is any analytic function. As we shall soon see, periodicity
on the torus further constrains the form of f(z).

In zero magnetic field, the density of states (per unit area, per unit energy) is constant:

d%: kdk m
B = d = = — =

(1.66)
since ¢ = h*k*/2m. When B is finite, the spectrum collapses into discrete Landau levels with
energies ¢, = (n + 3)hw, . The density of states is

o0

g(e,B) = B Zé(e —(n+ Hhw) . (1.67)
¢0 n=0

The number of Landau levels below energy £ is E/hw,., rounded to the nearest integer. To
check the coefficient B/¢, in the above expression note that the total number of states per unit
area below energy F is then

B E mE
—_ oy 1.
¢y hwe 2mR2 (1.68)

which agrees with the B = 0 result. Below, we shall count the number of states precisely using
a toroidal geometry.

We define the wavefunction v, (r) to satisfy ay), = by, = 0. Imposing normalization,

Wo(r) = (2m?) 712 eiX(r) g=22/48 (1.69)
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B >0

0
0 fhw, 3 fiw, 3hw, T hw,

Figure 1.11: Density of states in d = 2 for B = 0 (red) and B > 0 (purple).

A complete and orthonormal set of wavefunctions is given by the collection

n m m+n
w (’l") _ (aT) (bT) w (T‘) _ (—\/éf) ez’x(r) ez2/4€2 " 5771 6_22/%2
m Vol vm! 7’ V2ml?m!n! 1.70)
n! z N " e .
— (_l)n ] (@) Lgm_n)(22/2€2) 6—zz/4€ ezx(r)
(@) 1 .—a x d*

where Ly (z) = L a7 e” Lo (2" e™") is an associated Laguerre polynomial. Note that, per
Eqn. 1.52, this is also an eigenbasis of angular momentum, viz.

L.|m,n) = h(b'b—d'a)|m,n)=h(m—-n)|m-n) . (1.71)
Completeness entails the relation Y ° > /|m,n)(m,n| =1, which is to say

SN ) () = 3 =) (1.72)

m=0 n=0
Note, however, that if we sum over only the states in the lowest Landau level, then
pix(r) g—ix(r!)

E ( 1 /22\" e e

Vo) ¥y, 0("") Yy E _ (_) o PE/AP —2'F AL
) m, ' 2
2ml — ml 20

m=0
eiX(r) g —ix(r') 2z 27 27
272 P

I ae e
eix(r) g—ix(r') |z — 2|2 g ImzZ
= — € -
onz P 1z o

X () g=ix(r') (r—r)?  rxr-z
2702 402 202

(1.73)
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rather than §(r — »’). This tells us that the shortest distance scale on which we can localize an
electron in the lowest Landau level is the magnetic length /.

In the lowest Landau level (LLL), we may write

ex(m) 2 \" e
_ —zZ /4l ) 1.74
Onlr) = <¢§£) ‘ (74

This is generally known as the angular momentum basis.

1.3.5 Landau strip basis

Had we instead chosen the gauge A = —Bxy (again corresponding to B = —Bz), then

eB 2
_ o -

H. —
07 om 2m

(1.75)
There is now translational invariance along y, hence the wavefunctions may be written as
Y(z,y) = e*¥ ¢(z), with ¢(x) an eigenfunction of

2 eB 2 2
I A L k) M A T VR S
Hy(ky) = 55 4 o = 28 gl (a — k,)* (1.76)

This is the one-dimensional harmonic oscillator, with eigenfunctions ¢, (x — (> k,), where

Do) = —— (nl®) VK (2] ) e (1.77)

21|

;

where H, (u) is the n* Hermite polynomial, and corresponding eigenvalues ¢, = (n + 3)hw, .
The full basis set of wavefunctions as a function of (z, y) is labeled by a discrete Landau level
index n and a continuous index k, , viz.

Vo, (@,y) = L, P eV 6, (2 = Ck,) (1.78)

On a cylinder RxS' where y € [0, L, ], periodic boundary conditions requires k, to be quantized
due to the relation e*vv = 1.

1.3.6 Magnetic translation operators

The magnetic translation operators (MTOs) are defined as

t(d) = exp(ix - d/h) = exp[(db— db")/V2(] . (1.79)
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For each d, t7'(d) = t!(d), i.e. each MTO is a unitary operator. Note also that [¢(d), 7] = 0, so

the magnetic translations commute with the kinetic energy, H, = % . Acting on any function
of the coordinates, we have

Hd) o(r)t1(d) = (r+d) (1.80)

which is why ¢(d) is a translation operator. It is a worthwhile exercise for the student to show
that while t,(d) ¥(r) = ¢ (r + d), where t,(d) = exp(ip - d/h) = exp(d - V) is the translation
operator with B = 0, for the MTOs we have

t(d) h(r) = eX) gmiX(rtd) omidxr 220y gy (1.81)

Due to the magnetic field, two arbitrary magnetic translations do not necessarily commute.
Rather,
. a 2 P 2
t(d)) t(dy) = e* N BP0 4(d) + d,) = F DRy (dy) t(dy) (1.82)

Thus, [t(d,),t(d,)] = 0if and only if 2 - d; x d, = 27(?q, where ¢ is an integer.

1.3.7 Coherent state wavefunctions

Having tired of carrying the stupid gauge function x(r) with us for so long, we will now drop
it", which means working in the symmetric gauge, with x(r) = 0. Consider again the MTO,

t(R) = exp(ir - R/h) = eF-ROD/V2
~RR/4€* ,—Rb' /\/2L ,—Rb/ V2t

(1.83)

=€

where we have again invoked BCH. The LLL coherent state wavefunction is defined to be'®
|R) = t1(R)|0) = ¢ BRMAC RV 0 ) (1.84)

It is left as an exercise to the reader to verify the following formulae:

1 —irxR-2/202 —(r—R)? /442
¢R(T):<T|tT(RHO>:W€ xR2/20° ,—(r—R)*/4t
R|R) = (R-R)> RxR 2
< ‘ > =exp| — e — 9 57 (185)

/dzR (R)(R|= |m.0)(m.0| =11
22 _m:O ’ T 0

15As we are feeling persons, we hope that the gauge function manages to find its way back home to its loved
ones, whom it can regale with heroic stories of having served alongside other important factors in various opera-
tors and wavefunctions.

1®When confining our attention to the LLL, it is convenient to drop the cyclotron quantum number and write
the guiding center vacuum state simply as | 0) rather than | 0,0 ).
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Thus, the coherent state wavefunction g (r) is Gaussianly localized about » = R, but contains
phase information as well. The coherent states admit a resolution of unity within the lowest
Landau level, or indeed for any Landau level if we define | R,n) = t'(R) | 0,n ), in which case

d’R >
/—2%@IR,n><R,n|=Z|m,n>(m,n|51‘[n (1.86)
m=0

is the projector onto the n'" Landau level.

1.4 Landau Levels in Graphene

1.4.1 Quick overview

First we will skip all the details and quickly derive the spectrum of the Landau levels in
graphene, which is different than for the case in ballistic 2DEGs. Then we will circle back
and build a model of what graphene actually is at the atomic level and validate everything we
find. We'll even allow for lattice strain and see how it can generate a pseudomagnetic field which
in experiments can be on the order of 300 Tesla!

The two-dimensional Dirac Hamiltonian is

H=hv,o-q=h, (qx +ig, 0 ) , (1.87)

where v;. = ¢/300 is the Fermi velocity in graphene. At this point, the electron spin is a specta-
tor, and the Pauli matrix structure here is in the isospin space associated with the two triangular
sublattices of the hexagonal graphene structure. To describe the Zeeman term, or, more inter-
estingly, spin-orbit effects, we would need to invoke a second set of Pauli matrices (7%, 7%, 7%)
acting on the spin degrees of freedom'”. In the presence of a magnetic field, the minimal cou-
pling prescription applies'®, and we have

0 «f
H(A) =, <7r 0) (1.88)

where 7 = h(q, +iq,) + £(A, +iA,) as before. We then have

2he heB,
— (0,4, -0,4,) = - , (1.89)

c

[, 7] =

7In graphene, spin-orbit effects are very weak due to the low Z value of carbon. In higher Z systems, spin-orbit
effects are crucial and may give rise to topological insulator behavior.

8The validity of the Peierls substitution E, (k) — E, (k + ;% A) for Bloch electrons is a nontrivial matter and
was first established by W. Kohn, Phys. Rev. 115, 1460 (1959).
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Figure 1.12: Landau levels in monolayer graphene, as reported by L.-J. Yin et al., Front. Phys.
12,127208 (2017). Left: Differential conductance spectra of a graphene monolayer on a graphite
surface as a function of bias voltage and for several values of magnetic field. Right: The LL
dispersion is in excellent agreement with the 2D Dirac theory.

and assuming B = —Bz, we again recover [r, 7| = 2h*(~2? with ¢ = \/hc/eB the magnetic
length. Defining the cyclotron ladder operators a = ¢7/v/2 hand a' = ¢x'/\/2 h as before’, we

have
o \/§th <O CLT)

H / a 0

(1.90)

Note that the guiding center operators b and b' are cyclic in H, hence there is an extensive
degeneracy of each Landau level.

It is easy to see that the eigenvectors of H, expressed in terms of the cyclotron oscillator states

In), are given by
o= (1) = () (1.91)

wheren € Z, = {1,2,3,...} . The corresponding eigenvalues are

hvg
14

Ey=0 , E,,=+V2n (1.92)

YNot quite as before. In Eqn. 1.45 there is an extra factor of i which we find convenient to remove here.
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Figure 1.13: Infrared cyclotron resonance data on high mobility monolayer graphene by B. J.
Russell et al., Phys. Rev. Lett. 120, 047401 (2018). The interband LL transitions are measured at
tixed B = 8T'. The density n and thus the filling fraction v are varied by an applied gate voltage.
Left: (a) Normalized transition at v = 0, showing the first six resonances. (b) Color map of
resonances vs. filling fraction, showing small variations even at fixed w, . (c) Schematic of inter-
LL transitions. Right: Dependence of the first four inter-LL transitions on filling fraction. Note
each filled LL index corresponds to Av = 2 because of spin degeneracy.

We now note several important distinctions between this spectrum and that for the ballistic
case derived in §1.3:

(i) The LL spectrum is particle-hole symmetric, with a zero energy LL and symmetrically
arranged levelsat £, = —F .

n

(ii) Rather than the ballistic LL spectrum E, = (n + 1)hw, where w, = eB/mc, the Dirac LL
spectrum is not evenly spaced nor is it linear in B. Instead, energies grow with LL index

and field as /|nB].

It turns out that this is only half the story, because there is another Dirac point in the graphene
band structure where the corresponding long wavelength Hamiltonian is A’ = ¢”Ho®. The
eigenspectra of these two 2D Dirac Hamiltonians are therefore identical.

Scanning probe measurements in monolayer graphene shown in Fig. 1.12 reveal an excellent
tit to the Dirac dispersion of Eqn. 1.92. More careful investigations, however, from infrared
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cyclotron resonance (Fig. 1.13) show small variations in inter-LL resonance energies at fixed B
as a function of the filling fraction v . These are attributed to interaction effects, which we shall
study later on in these notes.

OK, now let’s derive all this stuff from scratch.

1.4.2 Direct and reciprocal lattice

Graphene is a two-dimensional form of pure carbon arranged in a honeycomb lattice, where
each site is threefold coordinated. The electronic configuration of C is [He] 2s? 2p®. The 2s and
2p orbitals engage in sp? hybridization, forming on each carbon atom three planar orbitals
oriented 120° from each other. These engage in covalent bonding with each of a given C atom’s
three neighbors. The remaining fourth electron is in a p, state — the so-called 7 orbital. The
simplest model of graphene considers as inert the [He] core and the covalently bonded sp?
orbitals and focuses on the remaining single 7 electron per site.

The honeycomb lattice is a triangular Bravais lattice with a two element basis. The Bravais
lattice sites are located at R = n,a, + nya,, with elementary direct lattice vectors

al—a(lm—‘gy) , az—a(m+\f) , (1.93)

as shown in the left panel of Fig. 1.14. The basis vectors are then 0 and §, = éy, where § = a/ V3
is the spacing between C atoms. It is useful to define the two other nearest neighbor vectors
d, 3 as shown in the figure, in which case

6, = ( a; + a,) ’ 9y = %(201 +ay) ’ 0y = %(_‘11 —2ay) . (1.94)

Note that d, + 8, + d; = 0. The reciprocal lattice is triangular, with elementary reciprocal lattice

vectors
4 4

T (fa-ti) . b= (Farti) (1.9

Note that a; - b; = 27J;; . Let the tight binding hopping matrix elements along the 4, , d,, and J;,
directed links be —t,, —t,, and —t;, respectively. Writing the fermionic creation operators for
electrons at the A and B sites in unit cell R as af, and bk, the tight binding Hamiltonian is then

H= —Z {(t1 abbp +t, a}zb}pra1 + g aLbR_%) +H.c.}

R
S {az b, (1 + v e e 4 H.c.} ,
k

b1:

(1.96)

where we have written ¢, = ut, t, = vt, and t; = wt, with ¢ the fundamental hopping energy
scale and u, v, and w all dimensionless. We have diagonalized H within each crystal momen-
tum k sector via the relations

an = rz

1 ik
ay e'* , ak:\/—NiZaRe kR (1.97)
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Figure 1.14: The honeycomb lattice is a triangular Bravais lattice with a two element basis (A
and B). Left: Real space lattice, with elementary direct lattice vectors a, 2. Right: Brillouin zone,
with elementary reciprocal lattice vectors b, » and high symmetry points identified.

where N, is the number of unit cells, and with corresponding definitions on the B sites. Thus
{ap.aly} = g p and {a;. al, } = 0}, . We now define

Y = utveru pwe ke (1.98)
k

which allows us to write

0
H=-t>"(a} b}) (72 70'“) (Z:) . (1.99)

k

The energy eigenvalues are this F, . = +t|v,|. Again, electron spin is a spectator at this point,

so each level is doubly degenerate in the absence of, ¢.., a Zeeman term?.

It is convenient to write the crystal wavevector k as

0, 0y
= = = 1.1
k 5, b, + o b, (1.100)

in which case exp(ik - a, ,) = exp(if, ,) .

1.4.3 Long wavelength Hamiltonian

When © = v = w = 1 and all the hopping amplitudes are equal to ¢, there are Dirac points at
the two inequivalent zone corners K and K’ = —K, where K = i (b; +b,). Atk = K, one
has v, = 1 + €2™/3 4 ¢727/3 = (), and similarly for k = K’. What happens when the hopping

2For a detailed description of the electronic properties of graphene, see A. H. Castro Neto et al., Rev. Mod.
Phys. 81,109 (2009).



28 CHAPTER 1. PRELIMINARIES

amplitudes are not all the same? Having chosen the overall energy scale t, we may fix the sum
u + v 4+ w = 3 and choose to write

u=1+%e+3e, v=1—-1e+%e, w=1-1¢e, . (1.101)

We will write k = K + ¢, with the deviation g from the Dirac point presumed to be small.
Similarly, we presume that the dimensionless hopping anisotropies ¢, , are also small. Working
to first order in smallness for each, we find

s = (1+ 3o+ o) + (L= ey 4 12) @75 (Lig oy +..)

+(1-te)e™P (1—iq-ay+...)
= —@ (¢, —iq,) a + i (3e, +e9) — i @ (e, —e9) + ... (1.102)
= —Fa(q —ig, +Q, —iQ,)
where | .
Q, = “33a (3e;, + &5) , Q, = % (e —&7) . (1.103)

We may even allow ¢, , to vary slowly in space, in which case we must also impose the canon-
ical commutation relations |q,, z B} = —i0,5 - Note that we may now read off v, = V3ta/2h.

In the presence of an external gauge field, the prescription is the usual minimal coupling, viz.

Ticiq = — %0 (qx —1q, + Q, —1Q, + % A, —1 % Ay) : (1.104)
Note that ¢, = —i 0, and ¢, = —i 0, are in fact differential operators for our purposes. Further
defining
0= g, zﬁa{(q 40 +6Aw)—z’(q +Q +6—Ay)} (1.105)
= "2 2T We T y Ty + =2 :
we derive
[0,6"] = 2a° (@Qy —-9,Q, + %) =+r? | (1.106)

We presume that 2 is a constant, independent of space. If the sign on the RHS is positive,
define 6 = ra, with [o, f] = 1. Else, if negative, define § = ra'. In the former case, we have
Vi +q = —re and in the latter vy, . = —ral. Thus,

0 6 0 o 0 af
HK:t<9T 0) , HK,JF:Tt(aT 0) , HK,_:rt<a 0) ) (1.107)

Let’s work out the eigenspectrum for H_ ; the H_ case is equivalent since H_ = o” H, 0”. Let
al0)=0and|n) = (af)"|0)/vnlwith n € Z,. Then it s easy to see that

H [¥,)=0 ) H+|\I]:|:,n> :i\/ﬁ’rt|‘;[l:|:,n> (1.108)
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where

|‘110>=<‘g>) : |Wiv">:%<:&\lzn—>l))' (1.109)

The corresponding eigenstates of H_ are then given by 0® | V) and 0 |V, , ). These are the
Landau levels of the 2D Dirac Hamiltonian. As with the familiar case with continuum Landau
levels from a ballistic dispersion, the Dirac Hamiltonian Landau levels are also massively de-
generate. Note that the Landau level energy varies as /n and not linearly in n as in the ballistic
case!

1.44 The K’ valley
Consider now the other inequivalent zone corner, located at K’ = —K. We then have
V-Kiq = UTUV e~ 2m/3 ol ay | g o27i/3 o—ig-ay

= Y3 (q, +iq,) a+ 1(3e; +2) +1 % (5, — &) (1.110)

e[S

a(q, +ig, — Q, —iQ,)

Again we include the electromagnetic gauge field via minimal coupling,

/3 . . € . €

VoKiq = 73a<qm+zqy—Qx—zQij%ijLz%Ay) , (1.111)

and we define

= —La (g =+ ) Zi (g -, + S
0= kiq 5 a {(qx Qr+ = ) i (qy Qy+ ) : (1.112)
we derive
eB,
0.0 =3 (- 0,Q,+9,0, + ﬁ) =452 . (1.113)
i

The Hamiltonian in the K’ valley is Hy, =t g % . Note that the magnetic flux has the

same sign in Eqns. 1.106 and 1.113, but that the contribution from the hopping anisotropy is
reversed. This is because magnetic flux breaks time reversal symmetry and hopping anisotropy
does not, even though the spatially varying hopping anisotropy, which is due to strain, can
generate Landau levels. What happens is that the Landau levels in the K valley are the time
reverse states of the Landau levels in the K’ valley.
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1.4.5 Strain and pseudomagnetic fields
We now need a model for the distortions ¢, , . Consider the case of triaxial strain where the local
displacement at position (xz, y) is given by u(z, y), where

u, =2nry , U, = n(z® —y?) . (1.114)

Here 7 has dimensions of inverse length. Since hopping amplitudes typically vary exponen-
tially with distance, we write, phenomenologically,

ts=t exp<50 _A |5|) , (1.115)

where §, = a/+/3 is the unstrained nearest neighbor C-C bond length and ) is a constant with
dimensions of length corresponding to the transverse extent of the atomic 7 orbital. Under
strain, we have

8§58 =6+uR+06)—u(R) |, (1.116)

and therefore to lowest nontrivial order
o, =0, +2n (X, +Y4,)

, (1.117)
o, =0, +2n(X0,-Y4,) ,
with R = (X, Y). From these relations, we obtain the extensions
6] = 8y = 8,(8) X +A,(8) Y (1.118)
with o o
A, (8) =206, - 20,0, A, (8) =26, - (62 -107) . (1.119)
Thus,

A8)=-2n6yy , AS)=2n0(—2+39) . A(&) =22n5(Lz+1g) . (1.120)

We now have

t(d) =t exp<5° ; |5|) =t(1—A@)-R/A+...) (1.121)
which says
t(R)= (143, +Lie)t= (14200 Y A +.. )t
(I—fe +ie)t=(1+V3no XX =YX ' +...)t (1.122)
ty(R) = (1—te))t=(1—V3ns XA —nd YA +...)¢

~
[\
S

oy
N—

I

Solving for ¢, , , we obtain

e, =V3n5 (— X +V3Y)A™!

(1.123)
£y = 300y (VBX +Y)\™!
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Figure 1.15: Strain-induced pseudo-Landau levels in graphene, reported by N. Levy et al.,
Science 329, 544 (2010). Upper left: STM images taken at 7.5 K showing a monolayer graphene
patch on a Pt(111) surface. Several nanobubbles are visible. Right: STS spectra at 7.5 K showing
locations of n = 0, n = 1, and n = 2 pseudo-Landau levels. Lower left: The energies of the
pseudo-LLs are proportional to |n|*/2, in agreement with the Dirac theory.

and therefore the effective strain gauge field components are

1
Qz 12\/3(1, ( €1 + 82) n / (1124)

Q, = % (€5 —&1) = 2nX/A

This is wonderful! The effective strain gauge field corresponds to a uniform fictitious magnetic
field, with
0,Q, —0,Q, =4n/X . (1.125)

1.4.6 One-dimensional analog

There is a one-dimensional version of the strain gauge field. Consider a bipartite one-dimensional
chain with alternating hoppings ¢, = ut and ¢, = vt. The Hamiltonian at wavevector £ is

H, =— (0* 70"“) where 7, =u+ve® | (1.126)
Tk
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The energy eigenvalues are +t|v,|. For uniform hopping v = v = 1, the gap collapses at k = 7.
Writing v = 1 + % candv=1— % e,and k = 7 + ¢, we obtain, to lowest order and in the long
wavelength limit,

M =q = —ig+te=—-0,+e(x) . (1.127)

Note [, 71| = 2&'(x) = £r?. Assuming r is both constant and real, we then define 7 = r o, and
.i.

we once again have H, = rt (o?* g) and H_ =rt (g 06 ), with the Dirac spectrum E, = 0

and E, , =+/nrt.

1.5 An Electron on a Torus

1.5.1 Constraints of finite geometry

On an infinite plane, each Landau level is infinitely degenerate, with the number of states per
Landau level per unit area given by B/¢, = 1/2r(?. As diagonalizing infinite-dimensional ma-
trices is time-consuming, it is useful to impose a finite geometry, rendering each Landau level
tinite in size. Computational approaches have been exceedingly important in the development
of the theory of the FQHE, often providing essential insights. In principle one could choose any
orientable two-dimensional manifold as a base space, but the two simplest and most useful ge-
ometries have been the sphere and the torus. Use of the spherical geometry was pioneered by
Duncan Haldane®'. Here we will focus on the torus geometry”. One reason the torus is par-
ticularly useful is that it is not simply connected. Topologically, it is a product of two circles:
T? = S' x S'. This furnishes us with an opportunity to impose generalized periodic boundary
conditions, which physically corresponds to threading each of the two circles with flux. Differ-
entiating with respect to these fluxes can tell us about the Hall conductivity! So when it comes
to finite geometries, to paraphrase Orwell: sphere good, torus better!

On the torus, we require that the area 2 = 2 - L, x L, = 2r(>N, be quantized in units of
21(*, where N, = Bf2/¢, is the number of flux quanta, if we are to have [t(L,), t(Ly)] = 0.
Then since V(r + L,) = V(r), we have that { H, t(L,), t(L,) } is a complete set of commuting
observables. Since the ¢(L, ,) are unitary, the eigenstates |1, ) of H may be chosen to satisfy

HLo) [ Vo) = € [9) (1.128)
foralla € {1,..., N, }. The dimension of the Hilbert space is N, as we shall see.

We will consider potentials V' (r) which are periodic on the torus. This is equivalent to a peri-
odic potential, and any reciprocal lattice vector G as

ZSee F. D. M. Haldane, Phys. Rev. Lett. 31, 605 (1983).
22 Also largely pioneered by Haldane.
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where 5 9
m N m™
b1:§L2Xz , b2:§ZXL1 s (1130)

with integer n,,, where 2 = z - L, x L, = 2r(*N, is the area of the torus. With the above
definitions of the primitive reciprocal lattice vectors b, ,, we have b, - L, = 274,,,. Thus,

2 2
PixG= %‘g (ny Ly —nyLy) . (1.131)
Thus,
(2 x G) x L, = —27l’n, 5 (1.132)

and therefore [¢((?2 x G), t(L,)] =0fora =1,2.

For any vector Q, we define its complexification as () = @), +1i(Q),. The complexified elementary
reciprocal lattice vectors are then

271 271

?Lz ) b2 = b2,:v + ib2,y = ?

The modular parameter 7 = 7, + i7, is defined as the complex ratio

by = by, +iby, = — L . (1.133)

r=22_ 22 2y (1.134)
Ly Ly, +ily,
For a general reciprocal lattice vector G = n,b, + n,b,, then, we have
o
G=G,+iG, = % Ly (ny —ny7) . (1.135)
The unit cell area is then
Q=2r’N =Im (L, L,) = |L,|*7, . (1.136)
Then we have
ingz = i|G|2€2 = m((nlﬁ —ny)* 4+ n? 7'22) . (1.137)
1.5.2 Lowest Landau level Hamiltonian
The potential may be written in terms of its Fourier components, viz.
V(r) _ Z VG G Z VG ei(G2+C¥z)/2
G G
_ Z VG eé2(G7TT—é7r)/2fl 6Z2(C_¥R—G5T)/2ﬁ (1 ]_38)
G

_ Z VG e—G2£2/4 e£2G7rT/2he—ZQG‘7r/2ht(€2£ « G)
G
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If we project onto the lowest Landau level, we obtain

V=P V(r)Py=> Vge @tz xaq) . (1.139)
G

Define the unitary operators

t, = t(Ly/N,) : ty =t(Ly/N,) . (1.140)
Then it is easy to show
Furthermore, we have
n, L no L - _
t(P2x G) = t< L2 2 1) = e~/ N g (1.142)
N¢> N¢>

We can define an N,-element basis {| k) } which satisfies the following:

t | k) =N |k —1)

, . 1.143
t2 | k‘> _ 6Z62/N¢’ 627”k/N¢’ | k’) ( )

with [k + Ny) = [k). Note that ¢, t,[k) = /Mo t,t, | k) for all k, and furthermore that
t(L,) k)= £ | k) = et | k) for all allowed a and k. Thus,

<l{3 | t(€2£ % G) |]€/> _ e—iwnlnz/N(b 6in1€2/N¢ 62m’kn1/N¢ 6—in2€1/N¢ <]{7 ‘ % + n2>
(1.144)

€_i7"”1”2/N¢ ei(nlez—nzel)/Nd) e27ril<m1/N¢S

kki4ng,
where 0, ; = 0}, ;1100 N, - Thus, the Hamiltonian for our system is

Hkkl(91’92) _ 2 : . 6—7r[(n17—1—n2)2+n%7'22]/2N¢7'2 6—i7rn1n2/N¢ ei(n1€2—n261)/N¢ 627rin1k/N¢ 5k Wn
1272 ) 2

TLl ,TL2

(1.145)
Checking that the Hamiltonian is Hermitian, we have

2 2 . . . ~
H]:k/ _ § : Vr:kl " 6_”("17'1_"2) /2Ny, e—ﬂnlr2/2N¢ emrnan/N¢ 6_’("192_"291)/N¢ e—27rzn1k/N¢ 5k Win,

ny,ngy
2 2 . . . ’ ~
_ § : Vn . e—ﬂ(nlrl—nQ) /2N,y 6—7'(77,17'2/2N¢ emrnln2/N¢ ez(n192—n291)/N¢ 627rzn1(k —ny)/N, 5k/ i
172 J 2
ny,ngy
_ —7(ny T —ny)2 /2N, Ty —mn3Ty /2N, —imning /N, i(n,0,—ny0,)/N, 2mink'/N, 5 _
= g Viim, € 972 7M1 o e MMM e 2 €T O oy, = Hpg

Tq,Ny
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where we haveused V7 |, '=V_, _, and then replaced n,, with —n, , in the second line.
As an example, consider a case where V(r) = V;, e/br#02)m 4 V) e=i01tb) ™ and N, = 3. We
then find
0 _Vlﬂjl L V ez7r/3
H=| Ve 0 Vi erfigo | el (1.146)
‘/1»:1 e—iw/3 eia ‘/171 e—iw/3 e—ia 0

where a = (6, — 6,). For example, to compute H,,, with & = 1 and ¥ = 2, we need
n, = —1 to satisfy the Kronecker delta in eqn. 1.145, and therefore n, = —1 as well, cor-
responding to V_, _; = Vi";. Working out the phase of the matrix element, we then have

o—im/3 o0, —0,)/3 g—2mi/3 _ i

—e. For k = 1and ¥ = 3, we need n, = 1 in order to satisfy
k =k + 1 mod N. Thus n, = 1 as well, corresponding to V, ;, and the phase of the matrix
element is 6—i7r/3 6i(92—91)/3 627ri/3 — ei7r/3 6—@'04.

A detailed discussion of the LLL wavefunctions on the torus is given in §1.8 below.

1.6 Lattice Models and Hofstadter’s Butterfly

1.6.1 Tight binding with B =0

As you may have heard, solids are composed of atoms*. Suppose we have an orthonormal set
of orbitals | aR ), where a labels the orbital and R denotes a Bravais lattice site. The label « may
refer to different orbitals associated with the atom at R, or it may label orbitals on other atoms
in the unit cell defined by R. The most general tight binding Hamiltonian we can write is

H=Y" > H, (R-R)|aR){dR| | (1.147)
R R a,a

where H,,(R— R)=H},(R —R) = (a,R| H|d, R) is the Hamiltonian matrix, whose rows
and columns are indexed by a composite index combining both the unit cell label R and the
orbital label . When R = R’ and a = d/, the term H,(0) = ¢, is the energy of a single electron
in an isolated a orbital. For all other cases, H,,,(R— R') = —t,,, (R — R') is the hopping integral
between the a orbital in unit cell R and the a’ orbital in unit cell R'. Let’s write an eigenstate

|4) as
=> > t¢urlaR) . (1.148)
R a
Applying the Hamiltonian to | ¢ ), we obtain the coupled equations

> ) Hy(R—R)¢yp|aR)=E Z Z Yar|aR) . (1.149)

R,R' a,a’

2 A somewhat more nuanced description: solids are composed of ions and electrons.
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Since the | aR ) basis is complete, we must have that the coefficients of | aR ) on each side agree.
Therefore,

> Hy(R—B)Yyp =Et,g . (1.150)
R d

Bloch’s theorem

We now use Bloch’s theorem, which says that each eigenstate may be labeled by a wavevector
k, with ¢, = \/—% u, (k) e™® . The N~Y/2 prefactor is a normalization term. Multiplying each

side by e~**® we have
> <Z H,y(R—R) e‘““'(R—R”) g = E(k) uy, (1.151)
a/ R/

which may be written as

Z[A{aa’(k) ua’<k) = E<k) ua<k) ) (1152)
where
H,, (k)= H,(R)e ™ (1.153)
R

Thus, for each crystal wavevector k, the u,, are the eigenfunctions of the r x r Hermitian ma-
trix H,., (k). The energy eigenvalues at wavevector k are given by spec(H (k)), i.e. by the set of
eigenvalues of the matrix H (k). There are r such solutions (some of which may be degenerate),
which we distinguish with a band index n, and we denote v,,,(k) and E, (k) as the correspond-
ing eigenvectors and eigenvalues. We sometimes will use the definition 7, (k) = —H,, (k) for
the matrix of hopping integrals.

In Eqn. 1.147, R and R’ label Bravais lattice sites, while a and «’ label orbitals. We stress
that these orbitals don’t necessarily have to be located on the same ion. We should think of
R and R’ labeling unit cells, each of which is indeed associated with a Bravais lattice site. For
example, in the case of graphene, | aR ) represents an orbital on the a sublattice in unit cell R.
The eigenvalue equation may be written

A

H. (k) u,, (k) = E, (k) u,, (k) | (1.154)

aq

where n is the band index. The function u,,,(k) is the internal wavefunction within a given cell,
and corresponds to the cell function u,,(r) in the continuum, with a <> (r — R) labeling a
position within each unit cell. The full Bloch state may then be written

| Ung) = 1) © |ty ) (1.155)
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so that

Vo (Rya) = ((R|@(al) (k) @|u,)
* ( >< 1 k> (1.156)
= (R|k) (a|u,,) = —=e*Tu,,(k)

VN

Here we have chosen a normalization ), ‘um(k) ‘2 = 1 within each unit cell, which entails the
overall normalization ) 5 , ‘@an(R, a)‘2 = 1.

1.6.2 Go flux yourself : how to add magnetic fields

To simplify matters, we consider only s-orbitals on two-dimensional lattices. The general tight-
binding Hamiltonian is written

H==%" <t e, +t0.cl, cr) , (1.157)

r<r!

where the notation » < r’ means that each pair (r,r’) summed only once. We may write
tppr = ti,. = |t,..|exp(i4,, ), where A, . is a gauge field living on the links of the lattice. Let
p denote a plaquette on the lattice. Then the dimensionless flux ¢, (in units of iic/e) through
plaquette p is

b= > A (1.158)

(rr’)edp

where the sum is taken in a counterclockwise fashion along the links on the boundary of p. The
tight-binding Hamiltonian exhibits a gauge invariance under

et (1.159)
— ei(ar_a"‘l)t / .

trr’ T

Consider now the case of the square lattice. It is clear that any configuration of the A, which
is periodic in the structural unit cell, i.e. under translations by elementary direct lattice vectors,
must correspond to ¢, = 0 for every plaquette p**. This is because the phase A, is associated
with the directed link from r to 7/, and parallel links on opposite sides of the elementary square
plaquette will yield equal and opposite values of A, because they are traversed in opposite
directions. In order to describe nonzero flux per plaquette, the configuration of the lattice gauge field

2More precisely, if A,.,., is periodic in the structural unit cell, then each structural unit cell is congruent to a zero
flux state. However, it may be that a structural cell is comprised of more than one elementary plaquette, as is the
case with the triangular lattice (each structural cell consists of two triangles), or that there are closed loops which
don’t correspond to a structural unit cell due to further neighbor hoppings. In such cases, there may be closed
loops on the lattice whose flux is not congruent to zero. See §1.6.3 for some examples.
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Figure 1.16: Gauges for the square lattice Hofstadter model. Left: ¢ = 7 case. ¢,,» = t on all
links except those with slashes, where ¢,,» = —t. Right: ¢ = %w. Each arrow corresponds to a
factor of exp(2mi/3).

A,., must break lattice translational symmetry®. Consider the case where ¢ = 7 in each plaquette.
A configuration for the gauge field A,.,, yielding this flux distribution is shown in the left panel
of Fig. 1.16. All links have A, = 0, hence t,,., = texp(iA,, ) = t, except for the links depicted
with slashes, for which A, = mand t,,, = —t. The magnetic unit cell is now a 2 x 1 block
consisting of one cell from each sublattice (blue and red). We call this a magnetic unit cell
to distinguish it from the structural unit cell of the underlying square lattice. The structural
Bravais lattice is square, with elementary direct lattice vectors are a; = az and a, = ay. But
the magnetic Bravais lattice is rectangular, with elementary RLVs a; = 2az and a, = ay. From
Bloch’s theorem, the phase of the wavefunction varies by exp(ik - a;) = exp(i6,) across the unit
cell in the z-direction, and by exp(ik - a,) = exp(if,) in the y-direction. The Hamiltonian is

oy 2c0s0, 1+ e
H(0) = —t (1 4 —9c0s 92) (1.160)

The energy eigenvalues are £, (8) = :I:Qt\/ cos?(36,) + cos?f, . The band gap collapses at two
points: (6,,6,) = (7, +i7). Writing (6,,6,) = (7 + 6, , £i7 + 6,), we find
E. (6)= :i:2t\/sin2(%51) +8in’d, = +2ta\/2¢} + @ (1.161)

which is a Dirac cone! Thus, the dispersion for the square lattice 7 flux model has two Dirac
points. Here, g = k — k, is the wavevector measured from either Dirac point.

The 7 flux state is time-reversal symmetric, since under time reversal we have exp(i4,,.) —
exp(—iA,, ), hence ¢, — —¢,. But flux is only defined modulo 27, hence 7 — —7 = 7 yields
the same flux configuration.

A more interesting state of affairs pertains for the case ¢ = 2, for which a valid gauge config-

uration A, is shown in the right panel of Fig. 1.16. Now there are three sites per unit cell: A

2By “nonzero” flux, we mean ¢ mod 2 # 0.
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2T

Flux ¢
=

Energy £

Figure 1.17: Magnetic subbands for the square lattice Hofstadter model for flux per plaquette
¢ € [0,27]. Blue bands at ¢ = 0 and ¢ = 27 have the full bandwidth W = 8t. At¢ = 7
(purple), there are two subbands with £_ € [-2+v/2t,0] and E, € [0, 2v/2t] which touch at F = 0.
Similarly, at ¢ = :I:%w (green), there are four subbands, with the central two bands!bagain
touching at £ = 0. At ¢ = :f:%ﬂ' (red), there are three subbands. Continuum Landau levels are
shown radiating from the lower left corner.

(blue), B (red), and C (green). The Bloch phase accrued across the magnetic unit cell in the £
direction is e*%1, and in the +¢ direction is e**2. Thus

A 2 cos b, 1 e~
H(0) = —t 1 2cos(f, + %) 1 . (1.162)
et 1 2 cos(f, + 4F)

The general case where the flux per structural unit cell is ¢ = 27p/q is known as the Hofstadter
model® In this case, the magnetic unit cell is a ¢ x 1 block, and the resulting ¢ x ¢ Hamiltonian

26See D. R. Hofstadter, Phys. Rev. B 14, 2239 (1976).
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is given by
2 cos B, 1 0 0 e~
27
1 2 cos (6, + Tp) 1 0
4m
) 0 1 2cos (6, + Tp) 1
H(0) = —t 0 ]
0 1
et 0 1 2cos (0, + L(qq_l)p)
(1.163)
There are thus ¢ magnetic subbands. Note that
H(6,,0,+ %22) = XUH(0,,0,) U X" (1.164)
where X; =0, .| moq, and U = diag(1, e, - - - ¢*1). Thus,
spec H (6,0, + %’) =spec H(0,,0,) (1.165)

as we saw explicitly in the ¢ = 2 case above. A plot of the magnetic subbands in (£, ¢) space,
known as Hofstadter’s butterfly, is shown in Fig. 1.17.

In the limit where the denominator ¢ of the flux ¢ = 27p/q is large (for fixed p), the flux per cell
is very small. We then expect to recover the continuum Landau level spectrum E, = (n+3)hw, .
To express this in terms of the flux ¢, note that the B = 0 dispersion is

E(k) = =2t cos(k,a) — 2t cos(k,a) = —4t + tk*a® + ... | (1.166)

which allows us to identify the effective mass m from the coefficient of the k? term, with the
result m = h?/2ta*. The magnetic field is the flux per unit area, hence B = ¢hc/ea®. Thus,
2
B e ote 2

¢ mce c ea? h

(1.167)

This describes the corners of the Hofstadter butterfly in Fig. 1.17, where continuum Landau
levels radiate outward from the energies +4¢ according to
and

E,(¢) = i<4t —(2n+1) ¢t>

for ¢ < 1.

E.(¢) = i<4t —(2n+1) 21— ¢) t) . (1.168)

1.6.3 Unit cells with zero net flux

As mentioned in a footnote above, it is not quite true that a lattice gauge field A, which is
periodic in the underlying Bravais lattice unit cell leads to zero net flux in every plaquette or
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Figure 1.18: Two models with zero net flux per unit cell which still break time reversal sym-
metry. Left: The unit cell of the triangular lattice consists of two triangles.

closed loop of links on the lattice. Two counterexamples are shown in Fig. 1.18. The first
example is that of the triangular lattice, where each structural unit cell is a rhombus consisting
of two elementary triangular plaquettes. Consider now the situation where each horizontal link
carries a U(1) phase o, i.e. A,,, = t¢'®, while the remaining links all have 4,,, = 0. Computing
the U(1) flux by taking the directed sum counterclockwise over each triangle, we see that all

the up triangles carry flux ¢, = «, while all the down triangles carry flux ¢ = —a = 27 — a.
If, as before, we take the elementary direct lattice vectors to be a, , = a(1z £ %3y) and write
k=Y7,0,b/2r, witha, b, =210,,
lattice model is given by H = 3", E, a}, a;,, where

then the tight binding Hamiltonian for this triangular

E, = —2tcos(k-a; +k-ay,+a)—2tcos(k-a,) —2tcos(k - ay)

1.169
= —2tcos(#, + 0, + ) — 2t cos 0, — 2t cos b, ( )

A more interesting state of affairs is depicted in the right panel of Fig. 1.18, which is graphene
augmented by nearest neighbor same-sublattice hopping terms, which is the celebrated Hal-
dane honeycomb lattice model” . Inscribed in each hexagonal cell are one up-triangle of A site,
depicted by blue dots in the figure, and one down-triangle of B sites, depicted as pink dots in
the figure. Again we take a, , = a(1& =+ %) for the underlying A Bravais lattice, with the basis
vectors 0 and §;, = ay. The nearest neighbor hoppings between A and B sites all are taken to
have amplitude ¢,, while the inscribed A and B same-sublattice hoppings are taken to be ¢, ¢

ZF, D. M. Haldane, Phys. Rev. Lett. 61,2015 (1988).
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and t, ', respectively, and taken in the counterclockwise direction around the inscribed A and
/ paths. An on-site energy term +m , called the Semenoff mass, is added to the hopping terms.
One then obtains the tight binding Hamiltonian

H = Z { — tl (1 + eik'al + 6_“‘"“2) aJI; bk: _ tl (1 + e—ik-a1 + 6ik.a2) bL aj,
k

+ [m — 2ty Re (eid’ eikr(artay) o pid pmikay | pid e_ik'%)} CLJ,L a,

. o o (1.170)
|: = 2t2 Re (621/1 6—zk-(a1+a2) + 6zw ezk-al + 6zw 6zk~a2)] bz bk}

-3tk o () fat) ()

Hpp(k) =m — 2t,[cos 0; + cos 0, + cos(0; + 0,)] cos ¢ — 2t,[sin b, + sin b, — sin(6; + 6,)] sin ¢
Hgg(k) = —m — 2t,[cos 0, + cos 0, + cos(6, + 0,)] cos i + 2, [sin 6, + sin 6, — sin(0; + 6,)] sin¢)
Hpg(k) = Hip(k) = —t; (1 4+ €1 +e7%) . (1.171)

In the Haldane model, ¢ = ¢, in which case we may write H (k) in terms of Pauli matrices, as

H(k) = —2t,[cos 6, + cos b, + cos(8; + 0,)] cos ¢ — ¢, (1 + cos 0, + cosb,) o™ (1.172)
+t,(sinf, —sin6,) 0¥ + (m — 2t,[sin 6, + sin 6, — sin(6, + 6,)] sin gb) o*

What makes the Haldane model so interesting is that its band structure is topological over a
range of the dimensionless parameters m/t, and ¢. (Without loss of generality, we may set
t, = 1.) More on this below!

1.6.4 General flux configuration on the square lattice

More generally, consider a magnetic unit cell formed by an M x N block of structural unit
cells, as depicted in Fig. 1.19. Each structural cell p is labeled by the indices (m, n), where the
Bravais lattice site its lower left corner is max + nay . To assign the lattice gauge fields, do the
following. For r = maz + nag and v = ma& + (n + 1)ag withn < N, let A_, = S * Gi -
For the n = N, we include the Bloch phase 6,, so that A,,, = 6, + > ®; , » also noting that
(m, N+1) = (m,1). This sets A, for all vertical (y-directed) links. The only horizontal links for
which A,,, are nonzero are those with r = Maz+nay and v’ = az+nay ; note (M+1,n) = (1,n).
Then A, =6, — > -1 ¢i;- One can check that this prescription yields the desired flux
configuration, as well as the two Bloch phases.
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- XDy Elh.s) =D, (” L P2
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Figure 1.19: Lattice gauge field configuration for a general M x N rectangular lattice with flux
®m.n in unit cell (m, n) and Bloch phases (6, 65).

1.7 Berry Phases, Fiber Bundles, Chern Numbers, and TKNN

1.7.1 The adiabatic theorem and Berry’s phase

Consider a Hamiltonian H(A) dependent on a set of parameters A = {\,,..., A}, and let
| ¢ (X)) satisfy the time-independent Schrodinger equation,
HN) 9,(A) = E,(A) [@a(A)) (1.173)

Now let A(¢) be continuously time-dependent, and consider the time-dependent Schrodinger
equation

z‘hdit () = HA®) | () . (1.174)

The adiabatic theorem states that if A(¢) evolves extremely slowly, then each solution | ¥, () )
is proportional to | ¢, (A(t)) ), with

10, (A1) = exp (i, (1) exp(—% / d En(/\(t’))) (D)) (1.175)
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with corrections which vanish in the limit |[A|/|A| — 0. Taking the time derivative and then the
overlap with the bra vector (¢, (A(t)) |, one obtains the result

dVC}}(t) =i(en(A0)] % lea(AD)) = AN - T = A1) (1.176)

where p
An(A) =i (en(N) I 53— [en(X)) (1.177)

Note that A% () is real. In particular, if A(¢) traverses a closed loop C with infinitesimal speed,
then the wavefunction | ¥, (¢) ) will accrue a geometric phase ~,,(C), given by

1 (C) = f ix- AN (L.178)

%
called Berry'’s phase®®.

In the adiabatic limit, the dynamical phase ' [* dt' E,, (A(t")) becomes very large if E, # 0, be-
cause the path A(t) is traversed very slowly. We may remove this dynamical phase by defining

the Hamiltonian B
H (XN =HX-E (A . (1.179)

n

We define | U (¢)) as the solution to the Schrodinger equation
Ld ~ ~ ~
ih = | 0,(1)) = H, (A1) | 2, (1)) (1.180)

in the adiabatic limit. The adiabatic wavefunctions | ¢, (\) ) are the same as before, but now sat-
isfy the zero energy condition H,(A) | ¢,(A)) = 0. Clearly | ¥, (A(t)) ) = exp (i7,(t)) | ¢ (A(})) )
and the dynamical phase has been removed. However, note that the geometrical phase v, does
not depend on the elapsed time, but only on the path traversed, viz.

A

e = m(A) = /dx AN (1.181)

Ao

where A\, = A(0), and where the integral is taken along the path in traversed by A.

1.7.2 Connection and curvature

The mathematical structure underlying this discussion is that of the Hermitian line bundle, the
ingredients of which are (i) a base space M which is a topological manifold; this is the parameter

2See M. V. Berry, Proc. Roy. Soc. A 392,45 (1984).
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Figure 1.20: A Hermitian line bundle consists of a base space M and a fiber | ¢(A)) which
twists as the point A moves around the base space.

space for A, and (ii) to each point A € M is associated a fiber which is the adiabatic wavefunction
| ¢.(A)) € H, which is a complex one-dimensional subspace of some Hilbert space H. As A
moves around the base space M, the fiber twists around. The adiabatic theorem furnishes us
with a way of defining parallel transport of | ¥, (X)) along the curve C?°. The object \A,, () is the
connection and the geometric phase v(C) is the holonomy of the connection®™. As a holonomy,
7(C) depends only on the curve C and not on where along the curve one starts.

The curvature tensor for the bundle is given by

v I
- 4525
. v (1.182)
:Z.<8<pn 8son>_l.<8son 8son>
oA, 1 oA, oA, 1 OA,
Using completeness of the | ¢, ) basis, we may write the curvature tensor as
(Pul aas 0o 5 [ en) — (4 v)
O (X)) =1 = = , (1.183)
N=i2 E, - E)

Note that | ¥,,(¢) ), which depends explicitly on elapsed time and not solely on the position A along its trajec-
tory, can not be said to be parallel transported along any curve.
3See B. Simon, Phys. Rev. Lett. 51,2167 (1983).
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where the prime on the sum indicates that the term [ = n is to be excluded. We see that in
this formulation the curvature tensor is actually independent of any phase convention for the
adiabatic wavefunctions | ¢,,(A) ). So long as the adiabatic eigenstate | ¢, (X)) remains nonde-
generate, the denominator in Eqn. 1.183 remains nonzero, hence the curvature tensor 2(X)
is nonsingular. The same cannot be said about the connection A(X), however, because it is
gauge-covariant. This means that if we multiply the adiabatic wavefunctions by phases, with
| 0, (X)) = exp(if,(A))]|¢,(N)), the connection changes accordingly, with

e
oA

How can we fix a gauge in order to give unambiguous meaning to .4,(A)? One way might
be to demand that the adiabatic wavefunction amplitude be real and positive at some partic-
ular point in space r,, i.e. (ry|¢,(A)) € R, for all A\ € M. For lattice-based models, where
the adiabatic wavefunction is a vector of amplitudes for each orbital and each site within the
appropriate unit cell, we could similarly demand that one of these amplitudes be real and pos-
itive. This prescription fails if there exists a value of X for which this wavefunction amplitude vanishes.

A,(A) = A,(N) (1.184)

As we are about to discover, the integral of the curvature over a two-dimensional base space is
a topological invariant, meaning that it remains fixed (and indeed quantized) under continuous
deformations of the Hamiltonian H (X). Using Stokes’ theorem, we can turn an area integral of
the curvature into line integrals of the connection. However, having chosen a particular gauge
for the adiabatic wavefunctions, it may be that the connection is singular at certain points.
Therefore the line integrals cannot be completely collapsed, and we obtain the result

/d2)\ 22\ = - Z%dx AN (1.185)
M i e,

where the loop C; encloses the i*" singularity A, of the connection in a counterclockwise man-
ner’'. This is the generalization to Hermitian line bundles of the index formula in Eqn. 1.288

for the Gauss-Bonnet theorem. Quantization follows by writing |, (X)) = €™¢A=2) |5 (X))
in the vicinity of A = A;, where ¢; is an integer and
Ay — A,
A—A) =tan 2102 1.1
=) = (2 ) (1.186)

The integers ¢; are chosen to “unwind’ the singularity at each X;, so as to make the gauge
transformed connection AZ(/\) =i (2,(A) | Vy|@,(A) ) nonsingular®. We then obtain
1
C = / AN =D g . (1.187)

2
M

31We must assume that the base space M is orientable.

32Note that we have employed a singular gauge transformation, which is necessary to do the desired unwind-
ing. Also note that the integers g, should also carry a band index n, which we have suppressed here for notational
simplicity.
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Thus C,, € Z is the Chern number of the Hermitian line bundle corresponding to the adiabatic
wavefunction | ¢, ) .

The simplest nontrivial example is that of a spin- object in a magnetic field B(t), with

_ o cos 6 sin 6 exp(—i)
A(t) = gpnB - o = gy B <sin9exp(i¢) cos 0 ’ (1.188)

where B = B n is the adiabatic parameter which varies extremely slowly in time. The adiabatic
wavefunctions are

\w+<e,¢>>=(“) , \so_<e,¢>>=(‘“), (1.189)

v

where n = (sinfcos¢, sinfsin¢, cosf), u = cos(360), and v = sin(0) exp(i¢). The energy
eigenvalues are I/, = +gu,B. We now compute the connections,

. d - . |
A+:Z<<P+|£\g0+):z(uu+vu):_%(1_(3089) =1y
d . (1.190)

A= ifo| g leo) = iuii+ve) = +3(1 - cos0) o= +50

where w is the differential solid angle subtended by the path n(t). Thus, 7, (C) = F3w is F
half the solid angle subtended by the path n,(¢) on the Bloch sphere. We may now read off the
components A%, = 0 and A? = F1(1 — cosf) and invoke Eqn. 1.182 to compute the curvature,

29(0,¢) = Fising . (1.191)

Note then that the integral of the curvature over the entire sphere is given by

2 T
/ do [do 29°(6,¢) =2nCL (1.192)
0 0

where C, = F1 is the Chern number. Equivalently, note that both connections are singular
at § = m, where the azimuthal angle is ill-defined. This singularity can be gentled through an
appropriate singular gauge transformation | ¢, ) = ¥ |3, ) = ¥ | @, ), where ( is defined
to be the angle which increases as one winds counterclockwise around the south pole, hence
¢ = —¢. This corresponds to ¢, = F1 in our earlier notation, hence again C', = F1.

As we saw above, this is a general result: when the base space M is two dimensional: the
integral of the curvature over M is 27 times an integer. This result calls to memory the famous
Gauss-Bonnet theorem (see §1.10 below for more), which says that the integral of the Gaussian
curvature K over a two-dimensional manifold M is

/dS K=4n(1-g) |, (1.193)
M
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where g is the genus (number of holes) in the manifold M. In the Gauss-Bonnet case, the
bundle construction is known as the tangent bundle of M, and the corresponding connection
is determined by the Riemannian metric one places on M. However, independent of the metric,
the integral of K is determined solely by the global topology of M, i.e. by its genus. Thus, in
three-dimensional space, a sphere inherits a metric from its embedding in R3. If you distort
the sphere by denting it, locally its curvature K will change, being the product of the principal
radii of curvature at any given point. But the integral of K over the surface will remain fixed
at 4m. Just as the genus g of a Riemann surface is unaffected by simple deformations but can
change if one does violence to it, such as puncturing and resewing it**, so is the Chern number
invariant under deformations of the underlying Hamiltonian, provided one does not induce
a level crossing of the adiabatic eigenstate | ¢,, ) with a neighboring one. Also, note that if the
connection A, (\) can be defined globally on M, i.e. with no singularities, then C,, = 0.

1.7.3 Two-band models

For the two band (S = %) system with Hamiltonian H = gu,Bn(A) - o, one can verify that we
may also write the Chern numbers as™

X L
Co=tt fa. 2 o (1.194)

In this formulation, the Chern number has the interpretation of a Pontrjagin number, which is
a topological index classifying real vector bundles (more in §1.10.2 below). Thus, for a tight
binding model on a bipartite lattice, the most general Hamiltonian may be written

H(k) = dy(k) + d(k) - o | (1.195)

where k is the wavevector and where each d*(k) is periodic under translations of k by any
reciprocal lattice vector G. In this case \,, = k,, are the components of k, and M = T is
the Brillouin zone torus. Note that the sum of the Chern numbers for each of the + and —
bands is zero. As we shall see below with the TKNN problem, for a larger spin generalization,
i.e. when the magnetic unit cell contains more than two basis elements, the sum ) C, of the
Chern numbers over all bands also vanishes. Consider the two band model with

_ (m —2tcosf, —2tcosb, A (sinf; — isiné,)
H(6) = ( A (sinf, +isin6,) —m + 2t cos 0, + 2t cos b, (1.196)
As before, 0, = k - a,,. Note H(0) = d(8) - o with
d(0) = (Asinf,, Asinf,, m — 2t cos; — 2t cosb,) (1197)

= |d| (sind cos ¢, sin¥sin ¢, cos )

M. Gilbert’s two commandments of topology: (I) Thou shalt not cut. (II) Thou shalt not glue.
3The dependence of the magnitude B = |B| on A is irrelevant to the calculation of the Chern numbers. The
equivalence 1 = zfo 2 for z = (3) is known as the first Hopf map from CP' to S2.
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Note the adiabatic parameters here are ¢, and 6,, upon which ¥ and ¢ are parametrically de-
pendent. Does d(6) wind around the Brillouin zone torus, yielding a nonzero Chern number?

First, you might be wondering, where does this model come from? Actually, it is the Hamil-
tonian for a p, + ip, superconductor, but we can back out of H(8) a square lattice insulator
model involving two orbitals a and b which live on top of each other at each site, and are not
spatially separated®™. The parameter m reflects the difference in the local energies of the two
orbitals. The nearest neighbor hopping integrals between like orbitals are ¢,, =t and ¢,, = —¢,
but t,(+a,) = 4 A and t,,(+a,) = £1A, with t,,(—a, ,) = t},(+a, ,) due to hermiticity.

The energy eigenvalues are

E_(6) = :I:\/A2 sin?0; + A?sin?0, + (m — 2t cosf; — cos6,)? . (1.198)

The Wigner-von Neumann theorem says that degeneracy for complex Hamiltonians like ours
has codimension three, meaning one must fine tune three parameters in order to get a degener-
acy. The reason is that for [/ = d - o describing two nearby levels, the gap is 2|d|, thus in order
for the gap to vanish we must require three conditions: d, = d, = d, = 0. For the real case
where d, = 0 is fixed, we only require two conditions, i.e. d, = d, = 0. For our model, the gap
collapse requires

Asinf;, =0
A sinf, =0 (1.199)
m — 2t cos €, — 2t cosfy, =0

Thus, degeneracies occur at (0,,6,) = (0,0) when m = 4¢, at (7, ) when m = —4t, and at (0, 7)
and (7, 0) when m = 0. It is clear that for |m| > 4¢ both Chern numbers must be zero. This is
because for m > 4t we have d,(6,,6,) > 0 for all values of the Bloch phases, while for m < —4t
we have d_(6,,6,) < 0. Thus in neither case can the d vector wind around the Bloch sphere, and
the Pontrjagin/Chern indices accordingly vanish for both bands.

Now consider the case m € [0, 4t] . Recall that the eigenfunctions are given by

o= (o) o = (Tady ) (1200

with eigenvalues +|d|. The singularity in both | ¢, (6,,6,)) occurs at ¥ = . Recall that d =
|d|(sind cos x , sin¥sin x , cos¥) , which entails d = (0, 0, —|d|), i.e. d, = d, = 0O and d, < 0.
This only occurs for (6,,6,) = (0,0). All we need to do to compute the Chern numbers is
to identify the singularity in ((6,,6,) about this point, i.e. does ( = —x wind clockwise or
counterclockwise, in which case ', = —1 or C, = +1, respectively. Treating ¢, , as very small,
one easily obtains ¢ = —tan'(6,/6,), which is to say clockwise winding, hence C, = F1.
Exercise : Find C for m € [—4t,0].

%In this model they are both s-orbitals, which is unphysical.
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Haldane honeycomb model

In §1.6.3, we met Haldane’s famous honeycomb lattice model, H(0) = d,(0) + d(8) - o, with

0(8) = —2t,[cos 0; + cos b, + cos(f; + 0,)] cos ¢

) =

) = —t,(1 + cosf, + cosb,)
):
)

U QL

1.201
0) = t,(sinf, — sinb,) ( )

) = m — 2t,[sin 0, + sin 6, — sin(6; + 6,)] sin ¢

Y

(
(
(
(

QL &

z

The energy eigenvalues are £, (0) = d,(0) £ |d(0)|. Now is quite easy to demonstrate that
| sin 6, +sin 6, —sin (6, +6,)| < 2v/3, and therefore that the d(6) cannot wind if [m| > 31/3t, |sin ¢|
and C = 0. As above, we set d = |d|(sin¢ cos x , sin¥sin x, cos1), and the singularity in both
wavefunctions occglrs at v = m, which requires d,(8) = d,(0) = 0 and d_(0) < 0. This in turn

requires ¢, = 0, = 2ws where s = sgn(sin ¢) . We now write 0, = 2 w5 + 4, and find

d,(0) 5,9
_W\Y) 9270 . B o )
tan xy = 1.0 3, 50, sgn(sin ¢) = tan(a — §)sgn(sing) (1.202)
where § = [§] (cosa,sina). Thus the winding of ( = —x is in the sense of that of o if s < 0

and opposite if s > 0, and we conclude C, = Fsgn(sin ¢). The topological phase diagram for
the Haldane honeycomb lattice model is shown in Fig. 1.21. The phase space is a cylinder in
the dimensionless parameters ¢ € [—, 7| and m/t, € R. Regions are labeled by the Chern
numbers C, of the two energy bands.

Note on broken symmetries

In §1.4.3 we derived the long wavelength Hamiltonian for the K and K’ = —K valleys of
graphene. If we adopt a pseudospin convention for the valleys, with Pauli matrices r, and
where 7% = %1 corresponds to the £K valley, we may in one stroke write the long wavelength
graphene Hamiltonian as

Hy=Lta(q,0" 7" +q,0%) . (1.203)

This Hamiltonian is symmetric under the operations of parity (P) and time-reversal (7). Under
P, we switch valleys, switch sublattices, and send ¢, — —¢, . Under 7, we switch valleys and
send ¢ — —q. It is also important to remember that 7 is antiunitary, and includes the complex
conjugation operator K. The matrix parts of these operators, i.e. other than their actions on the
components of g, are given by

P=ocY7" , T =irYK . (1.204)

Note that 72 = —land 7! = =7 = K1Y (—i). Of course P> = 1 and thus P~! = P. One can
now check explicitly that PH,P~! = TH,7 ! = H,.
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Figure 1.21: Topological phase diagram for the Haldane honeycomb lattice model, in which
regions in the (sin ¢, m/t2) cylinder are labeled by the Chern numbers C.. of the energy bands.

There are three ways to introduce a gap into the model, i.e. to gap out the dispersion at the K
and K’ points at the two inequivalent Brillouin zone corners:

1. The first way is by introducing a Semenoff mass term, which is of the form Vg = Agqo*.
This turns graphene into boron nitride (BN), distinguishing the local 7-orbital energies
on the B and N sites. One can check that

Po*P ' =—0° , To*T ' =+40" | (1.205)
and therefore the Semenoff mass breaks parity and preserves time-reversal.

2. The second way comes from the Haldane honeycomb lattice model at m = 0, where
VH == AH UZTZ .

Po*r* Pt = 40717 ; To*r* T ' =—o"1" . (1.206)

This term, the Haldane mass, preserves parity but breaks time-reversal. It leads to a
topological band structure in which the bands are classified by nonzero Chern numbers.

3. The third way involves introducing the physical electron spin, and arises from spin-orbit
effects. It essentially is described by two copies of the Haldane model, in which the up
and down spin electrons couple oppositely to magnetic flux. This was first discussed by
Kane and Mele®, and is described by the perturbation Vi, = Ay 0°77s° . where s is the

%C. L. Kane and E. ]. Mele, Phys. Rev. Lett. 95, 226801 (2005).
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electron spin operator . The Kane-Mele mass term preserves P and 7 symmetries:
Por?s* P! = +0°1°s° , T o*m°s* T ' = +o* 175" . (1.207)

Therefore, following the tried and true rule in physics that “everything which is not for-
bidden is compulsory”, there must be a KM mass term in real graphene. The catch is that
it is extremely small because graphene is a low-Z atom, and first principles calculations™
conclude that the spin-orbit gap is on the order of 10 mK — too small to be observed due to
finite temperature and disorder effects. However, there are many materials (Bi bilayers,
HgTe/CdTe heterostructures, various three-dimensional materials such as a-Sn, Bi, Sb, _,
and others) where the effect is predicted to be sizable and where it is indeed observed.
This is the essence of topological insulator behavior.

1.7.4 The TKNN formula

Recall the Hamiltonian of Eqn. 1.163 for the isotropic square lattice Hofstadter model with flux
¢ = 2mp/q per unit cell. A more general version, incorporating anisotropy which breaks 90°
rotational symmetry, is given by®

t 2t, cos (0, + ?) t 0
0 t 2t, cos (0, + 4%) t

H(elv 92) == 0 tl
0 tl

(1.208)
This is a ¢ x ¢ matrix, and the ¢ eigenvectors | ¢, (0) ) are labeled by a band indexn € {1,..., ¢},
with component amplitudes ¢, ,, () satistying

Haa’<9) Soa’,n<0> = En<0) (pa,n(o) : (1209)

From Wigner-von Neumann, we expect generically that neighboring bands will not cross as
a function of the two parameters (6,, 6,), because degeneracy has codimension three. Thus,
associated with each band 7 is a Chern number C,,. By color coding each spectral gap according
to the Chern number of all bands below it, J. Avron produced a beautiful and illustrative image
of Hofstadter’s butterfly, shown in Fig. 1.22 for the isotropic square lattice and in Fig. 1.23 for
the isotropic honeycomb lattice.

%See Y. Yao et al., Phys. Rev. B75,041401(R) (2007).
3We drop the hat on H(0) but fondly recall that H,,, () is the lattice Fourier transform of H,,, (R — R/).
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Figure 1.22: Avron’s depiction of the Hofstadter butterfly for the isotropic square lattice sys-
tem. The band gap regions are color coded by Chern number, C', which is the sum of the Chern
numbers of all bands below a given gap. White regions correspond to C' = 0. See ]. E. Avron,
Colored Hofstadter butterflies, in Multiscale Methods in Quantum Mechanics, P. Blanchard
and G. Dell’ Antonio, eds. (Birkhduser, 2004).

It turns out that the Chern number is not just an abstract topological index. It is in fact the
dimensionless Hall conductivity o, itself, provided the Fermi level lies in a gap between mag-
netic subbands. This was first discovered by Thouless, Kohmoto, Nightingale, and den Nijs,
in a seminal paper known by its authors’ initials, TKNN. In fact, we’ve developed the the-
ory here in reverse chronological order. First came TKNN, who found that the contribution

(n

o'%) to the total Hall conductivity from a band lying entirely below the Fermi level is given by

2
ol = < C, , where

2w 2w
o 0p,,
oot

0 0

o)~

9o,
50 >> (1.210)

is an integral over the Brillouin zone. They proved that this expression is an integer, because

¥D. ]. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).
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Figure 1.23: Colored Hofstadter butterfly for the honeycomb lattice system, from A. Agazzi,
J.-P. Eckman, and G. M. Graf, J. Stat. Phys. 156, 417 (2014).

invoking Stokes” theorem,

2 21

i Ao, \ |
ango/d92<80n 8—92>91:0 —%/d91<%

0

0,=27

On
o0, )

(1.211)
0,=0

But since H(6,, 6,) is doubly periodic with period 27 in each of its arguments, we must have

| gpn(eh 27T) > = eifn(el) | gpn(eh O) >

‘ 1.212
|0, (2m,60,) ) = €92%) | (0,6,)) (212

Thus, one finds .
Co = 5-(£27) = £,0) + 9,(0) — g, 2m)) . (1.213)

But we also have

|04(0,0)) = e[, (0,2m) ) = 7D 790D | o (27, 2mr) ) (1.214)
— e_ifn(o) e_ign(zﬂ') eifn(Zﬂ-) | (lpn(27r7 0) > — e_ifn(o) e_ign(27r) eifn(zﬂ') eign(o) ’ 9011(07 0) > ,
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and therefore exp(2miC,) = 1 and C,, € Z. But just as Berry didn’t know he had found a
holonomy, TKNN didn’t know they had found a Chern number. That mathematical feature
was first elucidated by Avron, Seiler, and Simon®’, in a paper which is widely appreciated but
which, understandably, is not known by its authors’ initials.

To see why Hall conductivity is related to Berry curvature, consider an electric field E = E, gy,
and the single electron Hamiltonian H(E,) = H(0) — eE,y, where H(0) = % + V(r) has
eigenstates | o) and eigenvalues ¢,,. First order perturbation theory in the electric field term
says

where the prime on the sum means the term w1th B = ais excluded. Let’s now compute the
expectation of the velocity operator v, in the perturbed state | o’ ). We have, to lowest order,

o Z (a]u, |8)(Blyla) +{alyl)(Alela) o

(a']v,]a")

We now invoke the Feynman-Hellman theorem, which says

h(alv,[B)
(alylB) =~ 5 : (1.217)
1 804 - 66
multiply by the electron charge —e, divide by the area of the system (2, and sum using the Fermi
distribution over the levels | o), to obtain the current density j, :

2 iy’ . .
2 hZZf 0o gy BBl

. (&
Jo =By g (a—c,)

where f, is the Fermi function at temperature 7', chemical potential ;, and energy ¢,. The
above expression for o,, = j,/E, is known as the Kubo formula for the Hall conductivity. At
T = 0, the Fermi distribution becomes the step function f, = O(E — E,).

Suppose our system lies on a torus defined by the spatial periods L, and L,. Define the gauge
transformed Hamiltonian

H(0) =e 4" Hetlam | (1.219)
where L L
z X z X
q =0, a9 L9, 9 2 (1.220)

with Q = 2 L, x L, = 2nl*p with p € Z, i.e. the total magnetic flux through the system is an
integer multiple of the Dirac quantum. Then

aH_% e—zqrh ezqr_ aq ~

00, 00, 00, ’

7. E. Avron, R. Seiler, and B. Simon, Phys. Rev. Lett. 51, 51 (1983).

(1.221)
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because [H,r| = (h/i) v. Thus, defining | &) = exp(—iq - r) | «), and recalling the definition of
the wavevector g = ¢, 6, L, x z/$1, we find

gZ = Neg, €, % QL?) (1.222)
We then find ,
Oy = fE—z ~ az ol (1.223)
where the sum is over occupied states below the Fermi level, and where
~ | 9H o | ~
ol = e_}j o ;e } (a5 (Lf iii)‘ 7, 17) , (1.224)

which is precisely of the form of Eqn. 1.183. Thus, if we now uniformly average over the boundary
phases 6, and 0, , we obtain

.27r 2 ~ | OH OH | ~
k)= fon e, CIEDOEND e
0 0 B

. B 7Ca (1.225)

i.e. each filled band « contributes < C to the total Hall conductivity whenever the Fermi level
atT = 0 lies in a gap between energy bands. For a crystalline (periodic) system, averaging over
0, 5 is tantamount to integrating over the Brillouin zone.

1.8 AppendixI: Basis Wavefunctions on a Torus

Periodic boundary conditions on the torus requires ¢(L,) |1 ) = e?= | ¢) for all states | ¢ ). Let’s
examine what this requires for the analytic part f(z). We have

t(L) — ¢imL/h _ ei(nE+RTL)/2h
_ 6—LI_,/4€2 6m£/2h 6mTL/2h (1.226)

LT A2 in 25 402 TH  —s5 /902 S/402 ;g
—e LL/4¢ X 622/44 €La€ zZ/2¢0 eLé) ezz/4€ e X

Thus, with ¢ (r) = X e=**/4 f(2), we have
t(L) w<r) _ e—LE/M2 eiX €z2/4£2 eié 6—22/262 L0 f(Z)

= eiX e_LZ//4Z2 6—22/452 €_ZE/2£2 f(Z + L) (1227)

Thus, we must have 4 o
Flz 4 L) = el eLala/ A8 2La/2 §(5) (1.228)
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valid for @ = 1,2. Note that integrating the logarithmic derivative of f(z) around the torus
yields

L, L
% dz f'() _ [dz d | (1) Y, /2d2 d | ({GE+L)
el _ (=== _ S\ el MY A it V4
2mi f(z) 27 dz f(z+ L,) 27 dz f(2)
” 0 0 (1.229)
Ll — L2 — — —
_ [ Ly, fdz L _LL,-LL 1 _ 2 _
- Jemi2er ) 2mi 202 27 202 2m(2 T
0 0
which establishes that f(z) has precisely N, zeros on the torus.
Now consider the Jacobi theta function,
Oy(w|o)=—i Y (—1)"emolmtd) enthiv (1.230)

where Im (o) > 0. This function is quasiperiodic over the fundamental domain for w, which is
a parallelogram with sides 1 and o, satisfying

Y(w+m|o)=—-9(w]|o)

, : 1.231
I (w+mo|o)=—e e ™Y (w| o) ( )

From the above relations, integrating the logarithmic derivative of ¥, (w | o) establishes that the
function has one zero in the fundamental domain, located at w = 0. Iterating the second of the
above relations, one has

Oy (w+ jro| o) = (1) e 2% =m0y (w|o) (1.232)

for any integer j. In addition, using the Poisson summation formula,

Z §(x —n) Z gmime (1.233)

n=—oo m=—0Q

one derives the identity

9y (w]|o) = \/; e~ im(1+0)/4 o—iw?/mo I (w ‘ -1 . (1.234)

Now consider the function

f(Z) eL 22 /4021, Mz/L1 9 (L_ . ﬂ_c
1

¥ Ll) . (1.235)
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Then
f(Z + Ll) _ _€L1E1/432 eilz/252 o f(Z)
) ) (1.236)
f(z + L2) _ (_1)N¢ 6L2L2/4é2 6L2z/252 AT 2miN,C f(z) ’
where 7 = L,/L,. Invoking the periodicity requirements, we obtain
e 1.237
ei)\T e27riN¢C — (_1)N¢ €i92 ( . )
Thus, we have
and
(=t ot imh 6+ @t Ur (1.239)

T )
27TN¢ 27TN¢

where k, and k, are integers. Since k;, — k; + 1 increases the argument of the ¥-function by a
multiple of ¢ = 7/N,, one can invoke the quasiperiodicity relation, whence one finds that this
results in a multiplication of f(z) by a constant. Therefore, we are free to select a fixed value
for k,. We choose k; = —1. Then

Oy + TNy +2mky (7 —0)) 7T (1.240)
= +
2m Ny 2w N,
So our basis functions are
ix i 25402 L 22/A02L, i(0,—7)z mZ L
Uy(r) = C eX Ny gm22/A8 oLn 2 /ALy (i(6,=m)z/ Ly 191<L—1 — ¢, N, 21) : (1.241)
where 0, + 7N, + 21k (r—0,)
2 m ) s m — 1 T
= 1.242
F 2w N, * 2w N, ( )
and C'is a constant independent of £. Then after some work one can show that indeed
ty ¢ (r) = €Ny (r)
0N omik/N (1.243)
ty () = e/ TN gy (1)
Finally, define
wzizu—i-ﬂ) , (1.244)
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where (u,v) € [0,1] x [0, 1]. Then with ¢, (w) = ¥, (2 = wL,,z = wL,),

(bk(’w) _ Ceiwk/N(b €7TN¢(’LU—’LT))/2T2 ei(€1—7r)w 191 <7TU) . ﬂ_c—k %) (1245)
(o]
. , . k 0, + TN, 6, —
— (O ™/ Ny im Ny (wokTv?) Li(0; —) (ut o) 191<7Tu - NZ - 2N, Fmr : 12N;T> . i) ’
which is holomorphic in 7. The normalization condition is
11 1/2
2ml? N3 0, — )2
1= Q/du/dv |6 (u,0)[* = |C) <7¢’> exp(w) . (1.246)
Ty 2w Ny
0 0

1.9 AppendixII : Coherent States and their Path Integral

1.9.1 Feynman path integral

The path integral formulation of quantum mechanics is both beautiful and powerful. It is use-
ful in elucidating the quantum-classical correspondence and the semiclassical approximation,
in accounting for interference effects, in treatments of tunneling problems via the method of
instantons, etc. Our goal is to derive and to apply a path integral method for quantum spin. We
begin by briefly reviewing the derivation of the usual Feynman path integral.

Consider the propagator K (z,, z;,T), which is the probability amplitude that a particle located
atz = z; at time ¢t = 0 will be located at x = z; at time t = 7. We may write

K (x;, L, T)= <xf | e HT/ | ;)

| | | (1.247)
_ <xN ‘ e—st/ﬁ 1 e—st/ﬁ 1---1 e—st/ﬁ | .CCO>

zwhere ¢ = T'/N, and where we have defined z, = z; and z, = ;. We are interested in the
limit N — oo. Inserting (N — 1) resolutions of the identity of the form

we find that we must evaluate matrix elements of the form

[e.e]

(jar | e HM 2;) ~ /dpj (jar |y ) (pj | e M e Vel 3
- (1.249)

_ /dpj oiPs (Tj11—2;) p—iep}/2mh —ieV (z;)/h

—0o0
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The propagator may now be written as

ON-1 ON-1 N-1 e c
(x| e HT/M) / H dx; / kl:[() dpy, exp {2 [pk (Tpy1 — X)) — ml;i % V(xk)] }

k=0

- (QZ’Zm)N]O]ﬁd% exp{ggj{ m (S )2—v<xj>}}
= [Dst0 { /dtl i _V@)H | (1.250)

z(0)= EN
z(T)= Tp

.

where we absorb the prefactor into the measure Dz(t). Note the boundary conditions on the
path integral at t = 0 and ¢ = T'. In the semiclassical approximation, we assume that the path
integral is dominated by trajectories (¢) which extremize the argument of the exponential in
the last term above. This quantity is (somewhat incorrectly) identified as the classical action,
S, and the action-extremizing equations are of course the Euler-Lagrange equations. Setting
dS = 0 yields Newton’s second law, mi@ = —0dV/0x, which is to be solved subject to the two
boundary conditions.

The imaginary time version, which yields the thermal propagator, is obtained by writing 7" =
—ihf and t = —iT, in which case

Euclidean action S

-
7 N\

hB
(zp|e P | 2) = /Dx(r) exp{ — % /dT [%miz + V(:c)} } : (1.251)
av(O):avi 0
z(hﬁ):zf

The partition function is the trace of the thermal propagator, viz.

o0

Z=Tre " = /dm (] P |z) = /Dx exp (— Sglz(7)]/h) (1.252)

—00

The equations of motion derived from Sy are mi = +0V/0z, corresponding to motion in the
‘inverted potential’.

1.9.2 Primer on coherent states

We now turn to the method of coherent state path integration. In order to discuss this, we
must first introduce the notion of coherent states. This is most simply done by appealing to the
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one-dimensional simple harmonic oscillator,

2
P
H = o T Imwia® = hwo (a'a + 1)

where a and a' are ladder operators,

_ x t_ z
a £&E+2€ , a £&E+2£

with ¢ = /h/2mwy. Exercise: Check that [a,a] = 1.
The ground state satisfies a 1)y(z) = 0, which yields

o(z) = (27r€2)_1/4 exp(—ax?/40%)

The normalized coherent state | z ) is defined as
) = e 3 el 0) = 3 3 2 )
z)=¢e e =e —|n

The coherent state is an eigenstate of the annihilation operator a:
alz)y==z|z) = (z|a' = (z]|z

The overlap of coherent states is given by

(21| 2) = e—%\le e—%l%\2 %1%

61

(1.253)

(1.254)

(1.255)

(1.256)

(1.257)

(1.258)

hence different coherent states are not orthogonal. Despite this nonorthogonality, the coherent

states allow a simple resolution of the identity,

—|Z

27 o T

/ dzz:dRezdlmz
which is straightforward to establish.

To gain some physical intuition about the coherent states, define

Q WP
20" h

z

One finds (exercise!)

Vpolr) = (] 2) = (2m(2) V4 7P/ iPr/h e

(1.259)

(1.260)

, (1.261)

hence the coherent state ¢, , () is a wavepacket Gaussianly localized about = = @, but oscil-

lating with momentum P.
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For example, we can compute

(Q,Plq|Q,PY=(z|l(a+a")|z)=20Rez=Q
h h (1.262)
(Q;P\p|Q,P>=<Z\ﬂ(a—aT)|z>:Z|mz:P
as well as
(QP1¢*1Q.P)= (2| (a+a)|z)=Q+¢
) B 12 RN = (1.263)
(QPIP*Q.P)=—(2]zla—d)|2) =P+ 5 .
Thus, the root mean square fluctuations in the coherent state | ¢, P ) are
Ag=1(= 275% ) Apz%z mZ’wO : (1.264)

and Aq - Ap = % h. Thus we learn that the coherent state v, p(q) is localized in phase space, i.e.
in both position and momentum. If we have a general operator A(q, p), we can then write

(Q,P|A(q,p)|Q,P) = AQ,P)+O() (1.265)
where A(Q, P) is formed from fl(q, p) by replacing ¢ — @ and p — P. Since
d_zz _ dRezdlmz dQdP

= = 1.2
271 T 2th (1.266)
we can write the trace using coherent states as
. 1 7 7 .
TrA:ﬂ dQ/dP(Q,P|A\Q,P) : (1.267)
m

We now can understand the origin of the factor 277 in the denominator of each (g;, p;) integral

. . . dq.dp,
over classical phase space in the metric du = [, St

Note that w, is arbitrary in our discussion. By increasing wj, the states become more localized
in ¢ and more plane wave like in p. However, so long as w, is finite, the width of the coherent
state in each direction is proportional to /4'/2, and thus vanishes in the classical limit.

The resolution of the identity in Eqn. 1.259 prompts the following question. Suppose we con-
sider an infinite discrete lattice {|z,,,, )} of coherent states, with z,, , = (m + in)\/7, called a
von Neumann lattice of coherent states. The dimensionless phase space area A per unit cell of
this lattice is 7, which is the denominator in the integral resolution of the identity in Eqn. 1.259.
One might expect, then, that while this basis is not orthogonal, since

—r(m—m')2/2 6_7r(n—n’)2/2 6i7r(mn’—nm') ’ (1268)

<Zm,n | Zm’,n’> =e€
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that the Gaussian overlaps could be undone, i.e. the overlap matrix could be inverted, and a
complete and orthonormal set of localized LLL wavefunctions could be constructed. Alas, this
is impossible! As shown by Perelomov*!, there is a single linear dependence relation among
the von Neumann lattice of coherent states, when A = 7. For S < 7, the lattice is overcomplete
by a finite amount per unit area. Similarly, when A > 7, the lattice is undercomplete by a finite
amount per unit area. But when A = 7, it is undercomplete by precisely one state. This state is
necessary to include in order for the filled Landau level to carry a Chern number C' = 1. Thus,
the von Neumann lattice cannot be used as a basis to describe the quantum Hall effect.

1.9.3 Coherent state path integral
Now we derive the imaginary time path integral. We write
(2| e P z) = (zy | e M1 em<t/h g e/t 5y (1.269)

inserting resolutions of the identity at N — 1 points, as before. We next evaluate the matrix
element

—€ 6<Z|[—[|Z—>
(z]e H/E|Zj—1>:<zj|zj—l>'{1_ﬁj—“+-~

(25| 25-1)

(1.270)
= (55 e { - £ G 1500}
where
H(zw) = % = e (0] H(a',a) e [0) . (1.271)

This last equation is extremely handy. It says, upon invoking eqn. 1.257, that if H(a,a') is
normal ordered such that all creation operators a' appear to the left of all destruction operators
a, then H(z|w) is obtained from H (a', a) simply by sending a' — z and a — w. This is because
a acting to the right on | w ) yields its eigenvalue w, while a' acting to the left on ( z | generates
Z. Note that the function H(z|w) is holomorphic in w and in Z, but is completely independent
of their complex conjugates w and z.

The overlap between coherent states at consecutive time slices may be written

(zj|2j_1) = exp { - %[_j(zj —z1) — 25— Ej—l):| } ) (1.272)

#A. M. Perelomov, Theor. Math. Phys. 6, 156 (1971).
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hence

N-1
(2anlan_g) (2 lz) =exp {% [ZJ g+1 i) — Ej(zj - Zj—l)} }

=1 (1.273)
X exp {% 20(2 — %) — 5 Zn(2n — ZN—I)}
which allows us to write down the path integral expression for the propagator,
8 2z
—BH o ¥l —
(arle ) = [ I1 57 (- Seltey 311)
N-1 N
) B ) € (1.274)
Selleg 5/h = X (13 = 500 = a5 = 3) + ILETE
i=1 j=1
+5% (% —2vor) — 545 — &)
In the limit N' — oo, we identify the continuum Euclidean action
7 d d
1 z z 1
_ _ i _dz  dz 1y
Selt=(r) 2r/h = far { (- T )G |z>} o7
0
+3 % |2 — 2(hB)] — 55 [2(0) — 2]
and write the continuum expression for the path integral,
(zle™™|z) = / Dlz(7), 2(7)] e~ el (1.276)
z(O):zi
z(hﬁ):zf
The corresponding real time expression is given by
(o[ €= HT ) / Dl(t), 2(1)] SO 0N/ (1.277)
z(0)= 2
zZ(T)= Zg
with
r 1 [ dz d 1
Z 2
_ _ az  _dz 1o
S0, 2O/ O/dt { (5 -2 5) -G |z>} -
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The continuum limit is in a sense justified by examining the discrete equations of motion,

188E - _ € 8H(5k+1|2k)
hom kT AR T
(1.279)
1 &S’E B € 8H(2k|zk_1)
T T R T =
which have the sensible continuum limit
dz  0H(Z|z) dz  0H(Z|2)
h dr 0z ’ h dr 0z (1.280)

with boundary conditions zZ(%3) = Z; and 2(0) = z,. Note that there are only two boundary
conditions — one on z(0), the other on z(h3). The function z(7) (or its discrete version z;) is
evolved forward from initial data z,, while z(7) (or Z;) is evolved backward from final data Z,.
This is the proper number of boundary conditions to place on two first order differential (or
finite difference) equations. It is noteworthy that the action of eqn. 1.274 or eqn. 1.275 imposes
only a finite penalty on discontinuous paths.*” Nevertheless, the paths which extremize the
action are continuous throughout the interval 7 € (0, 23). As z(7) is integrated forward from
2, , its final value z(h3) will in general be different from z; . Similarly, Z(7) integrated backward
from Zz, will in general yield an endpoint value z(0) which differs from z. The differences
z(hf) — z and z(0) — Z are often identified as path discontinuities, but the fact is that the
equations of motion know nothing about either z; or z,. These difference terms do enter in a
careful accounting of the action formulae of eqns. 1.274 and 1.275, however.

The importance of the boundary terms is nicely illustrated in a computation of the semiclas-
sical imaginary time propagator for the harmonic oscillator. With H = hwy a'a (dropping the
constant term for convenience), we have

Ll N D
(2| exp(—Bhweala)| z) = 2! el Z \/ﬁ (m | exp(—pBhwgala)|n)
mon=o V1T (1.281)

::wp{—%%F—%%F+%%5““}

The Euclidean action is Ly, = $h(z% — 2Z) + hwy 22, so the equations of motion are

hz = 8—H = hwy 2 , hi = _8_]’:[ = —hwy 2z (1.282)
0z 0z

subject to boundary conditions z(0) = z,, Z(h5) = Z. The solution is

woT

A1) =ze” o E(T) = et (1.283)

#2In the Feynman path integral, discontinuous paths contribute an infinite amount to the action, and are there-
fore suppressed.



66 CHAPTER 1. PRELIMINARIES

Along the “classical path’ the Euclidean Lagrangian vanishes: L, = 0. The entire contribution
to the action therefore comes from the boundary terms:

Se/h=0+37(2 — 2z 70) — 12(z e — )

(1.284)
= 3l + gl = gz e
What remains is to compute the fluctuation determinant. We write
cl
Zj=z; +n;
o (1.285)
zj =Z; +1);
and expand the action as
_ d = *Sy 1 9°Sg 1 %S,
SE[{Zjvzj}] = SE[{Zjluzjl ]+ Waimm 2 92.02. 02, nin; + 5 2 0707, 0%, nin; =+ .-
" ;1 / 5 (1.286)
=6; + 5 (zZ zl) (Cz'j Aﬁj) (zj) + ...
For general 1, we obtain
e OPH (% |2;)
Aij = 0ij — dij1 + 7 W Oi,j+1
e OPH(z, |2-1)
By = A 5 j (1.287)
€ O’H(z;44]%)
Cy = 7 872:5 0i,j

with ¢ and j running from 1 to N — 1. The contribution of the fluctuation determinant to the
matrix element is then

N-1
d%?l 1 1 1 Akl Bkl 1 1 Re m
/I_Il 271 {_ 2 (Re 7 Im nk) (—i z) (Ckl Ak 1 —i Im
]:
A B
o oaa—1/2
= det (C’ At)

In the case of the harmonic oscillator discussed above, we have B;; = C;; = 0, and since A;;
has no elements above its diagonal and A;; = 1 for all 7, we simply have that the determinant
contribution is unity.
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1.10 Appendix III : Gauss-Bonnet and Pontrjagin

1.10.1 Gauss-Bonnet theorem

There is a deep result in mathematics, the Gauss-Bonnet theorem, which connects the local
geometry of a two-dimensional manifold to its global topology. The content of the theorem is as
follows:

/dS K =2mx(M)=2r> ind(V), (1.288)
M i

where M is a 2-manifold (a topological space locally homeomorphic to R?), K is the local
Gaussian curvature of M, givenby K = (R, R,)!, where R, , are the principal radii of curvature
at a given point, and dS is the differential area element. Here V' (z) is a vector field on M, and
ind, (V) refers to the index of V at its i*" singularity x;. The index is in general defined relative
to aﬁy closed curve in M, and is given by the winding number of V' (x) around the curve, viz.

incd (V) = %dm -V tan™! (‘/2("’")) . (1.289)
C

Vi(z)

If C encloses no singularities, then the index necessarily vanishes, but if C encloses one or more
singularities, the index is an integer, given by the winding number of V around the curve C.

The quantity x (M) is called the Euler characteristic of M and is given by x(M) = 2 — 2¢g, where
g is the genus of M, which is the number of holes (or handles) of M. Furthermore, V (x) can be
any smooth vector field on M, with z, the singularity points of that vector field*.

To apprehend the content of the Gauss-Bonnet theorem, it is helpful to consider an example.
Let M = S? be the unit 2-sphere, as depicted in fig. 1.24. At any point on the unit 2-sphere,
the radii of curvature are degenerate and both equal to R = 1, hence K = 1. If we integrate the
Gaussian curvature over the sphere, we thus get 47 = 27 X(Sz), which says x(S?) =2 — 2g = 2,
which agrees with g = 0 for the sphere. Furthermore, the Gauss-Bonnet theorem says that any
smooth vector field on S? must have a singularity or singularities, with the total index summed
over the singularities equal to +2. The vector field sketched in the left panel of fig. 1.24 has
two index +1 singularities, which could be taken at the north and south poles, but which could
be anywhere. Another possibility, depicted in the right panel of fig. 1.24, is that there is a one
singularity with index +2.

In fig. 1.25 we show examples of manifolds with genii ¢ = 1 and g = 2. The case g = 1 is the
familiar 2-torus, which is topologically equivalent to a product of circles: T? = S' x S, and is
thus coordinatized by two angles ¢, and 6,. A smooth vector field pointing in the direction of
increasing ¢, never vanishes, and thus has no singularities, consistent with ¢ = 1 and (Tz) =0.

#The singularities &, are fixed points of the dynamical system & = V ().
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ind(V) = ind(V) = +1 ind(V) = +2

ZBL N .'I:l

Figure 1.24: Two smooth vector fields on the sphere S?, which has genus g = 0. Left panel: two
index +1 singularities. Right panel: one index +2 singularity.

Topologically, one can define a torus as the quotient space R?/Z?, or as a square with opposite
sides identified. This is what mathematicians call a ‘flat torus” — one with curvature K =
0 everywhere. Of course, such a torus cannot be embedded in three-dimensional Euclidean
space; a two-dimensional figure embedded in a three-dimensional Euclidean space inherits a
metric due to the embedding, and for a physical torus, like the surface of a bagel, the Gaussian
curvature is only zero on average.

The g = 2 surface M shown in the right panel of fig. 1.25 has Euler characteristic (M) = -2,
which means that any smooth vector field on M must have singularities with indices totalling
—2. One possibility, depicted in the figure, is to have two saddle points with index —1; one of
these singularities is shown in the figure (the other would be on the opposite side).

1.10.2 The Pontrjagin index

Consider an N-dimensional vector field £ = V(x), and let n(x) be the unit vector field defined
by n(z) = V(z)/|V(x)|. Consider now a unit sphere in n space, which is of dimension (N — 1).
If we integrate over this surface, we obtain

Q f do it = T (1.290)
N et O’a n = — 5 .
L(%34)

which is the surface area of the unit sphere SV ~*. Thus, 2, = 27, Q; = 47, Q, = 272, etc.

Now consider a change of variables to those over the surface of the sphere, (§;,...,&y_;). We
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Figure 1.25: Smooth vector fields on the torus T?, and on a 2-manifold M of genus g = 2

then have

on® on®~
Qy = %daan“:%d]v_l €y g MM 1.291
N : vy 0§, Oy ( )

SN-1

The topological charge is then

1 on® on~
Q= j{dN‘lf €aroq. M 1.292)
Qpy b 05 Oy, (
The quantity (@) is an integer topological invariant which characterizes the map from the surface
(&, ...,&y_1) to the unit sphere |n| = 1. In mathematical parlance, ) is known as the Pontrjagin

index of this map.

This analytical development recapitulates some basic topology. Let M be a topological space
and consider a map from the circle S' to M. We can compose two such maps by merging the
two circles, as shown in fig. 1.26. Two maps are said to be homotopic if they can be smoothly
deformed into each other. Any two homotopic maps are said to belong to the same equivalence
class or homotopy class. For general M, the homotopy classes may be multiplied using the
composition law, resulting in a group structure. The group is called the fundamental group of
the manifold M, and is abbreviated 7, (M). If M = S?, then any such map can be smoothly
contracted to a point on the 2-sphere, which is to say a trivial map. We then have 7, (M) =
0. If M = S', the maps can wind nontrivially, and the homotopy classes are labeled by a
single integer winding number: 7, (S') = Z. The winding number of the composition of two
such maps is the sum of their individual winding numbers. If M = T?, the maps can wind
nontrivially around either of the two cycles of the 2-torus. We then have ,(T?) = Z?, and in
general 7, (T") = Z". This makes good sense, since an n-torus is topologically equivalent to
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Figure 1.26: Composition of two circles. The same general construction applies to the merging
of n-spheres S, called the wedge sum.

a product of n circles. In some cases, 7, (M) can be nonabelian, as is the case when M is the
genus g = 2 structure shown in the right hand panel of fig. 1.25.

In general we define the n'" homotopy group m,(M) as the group under composition of maps
from S™ to M. For n > 2, 7,(M) is abelian. If dim(M) < n, then 7, (M) = 0. In general,
7,(S™) = Z. These n'™ homotopy classes of the n-sphere are labeled by their associated Pontrja-
gin index Q.



Chapter 2

Integer Quantum Hall Effect

2.1 Continuum Percolation

211 Dynamics in the LLL

Recall the classical equation of motion for an electron in a field B subject to a potential V'(r),

mi=-VV_-SixB . 2.1)
&

Averaging over the fast classical cyclotron motion £(¢), we obtained the dynamics of the guiding-

center R(t),
dR  ? |
where the effective potential is Vg (R) = V(R)+1(¢%) V2V(R)+. .., and where we have taken

B = —Bz. Thus, dV,4(R(t))/dt = 0 and the guiding-center moves along an equipotential.
At the quantum level, recall how in chapter 1 we derived the LLL-projected potential,

V<R>:<0|V|o>=/%

where R is the guiding-center position operator, the Cartesian components of which satisfy
[X,Y] = —if?*. Thus we have the equivalences

20 %)

V(k) e Re MM = (141292 4 )V(R) ,  (23)

X=ooh o Y=ilfon (2.4)
Thus the Ehrenfest equations of motion are
axy 2,0V ay)y 2,0V
- wRlay) e TR bawd 22

71
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At the semiclassical level, we remove the brackets, replace (X¥) — X and ()) — Y, and write

X = —% g—g and Y = +% g—g/{. We can reproduce these results from the coherent state path

integral approach. Recall that the complexified guiding-center position operator is R = v/2 (b,
hence the coherent state path integral action is given by Eqn. 1.278, replacing z = R/v2/(, i.e.

S[{R(t), R(t)}] /h = /dt {Flﬁ (R % R ‘;—R) - % V(R |R)} LASE L (26)
where o
AS = 4:72 (Rf [R; — R(T)] — R[R(0) — RJ) . 2.7)

is the boundary discontinuity term, which does not affect the equations of motion. Taking the
functional variation with respect to R and R yields the complexified equations of motion,

dR  2i* V(R|R) dR  2i> OV(R|R) 28)
dt — h  OR dt  h R 7 '
which are indeed the complexified forms of
. POV L, POV
X__Ea—Y , Y_—i_ﬁa—X . (2-9)

In vectorized form, R = h~1/2 2 x VV.

2.1.2 Electrons in a smooth random potential

In heterojunction inversion layers, the potential V (R) arises from the electrical potential due
to the recessed donor ions (Si* substituting for Al in Al,Ga,_,As). While the displacement of
the Si* dopant ions in the direction (z) perpendicular to the inversion layer is rather precisely
controlled (”0-doping”), they are located pretty much randomly in the (z,y) plane, hence the
potential may be taken to be random, though smoothed out on a scale on the order of the
distance between the GaAs-Al, Ga,_,As interface and the dopant layer, which is typically sev-
eral hundreds of Angstroms. Landau level projection further smooths the potential by further
suppressing high spatial frequencies via the exp(—k?¢?/4) factor. A mock-up of such a smooth
random potential is shown in Fig. 2.1. One can generate such VR) from a distribution func-
tional

P[V(R)] = P[0] exp { - % /dQR [172 + A2(Vx7)2} } , (2.10)

where P|[0] ensures normalization of the functional integral [ DV P [17} = 1. Here, X is the
length scale over which V(R) is correlated. Indeed, for the above distribution functional, the
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Pl el

Figure 2.1: Contour plots for a symmetrically random potential V(R). Electrons move clock-
wise around peaks (+) and counterclockwise around valleys (—). Solid lines indicate level sets

with V(R) > 0; dashed lines correspond to V(R) < 0. The brown curves lie at V(R) = 0,
which is the continuum percolation threshold.

correlation function is of the two-dimensional Ornstein-Zernike form,
(V(R)V(0)) = —— 5z Ko(B/A) (2.11)

where K, () is the Hankel function of imaginary argument', whose asymptotic behavior is

Ko()_{( lnz+ln2—C+(’)(2lnz) z—0 (2.12)

7/22)% exp(— x{1+0(z")} z—=00

where C = 0.57721 ... is the Euler-Mascheroni constant. The divergence as R — 0 can be cured
by imposing a cutoff at high spatial frequency k = A, rendering (V2(0)) finite.

The equipotentials (i.e. the level sets) of a given random V(R) will appear as in Fig. 2.1, with
peaks, valleys, and saddle points. The LLL dynamics in a field B = — Bz are such that electrons
circle clockwise around peaks and counterclockwise around valleys, as depicted in the figure.

!See Gradshteyn and Ryzhik §8.4.
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For symmetrically distributed V(R), there will be a unique value V(R) = 0 where the level set
is of infinite continuous extent. Electrons with energies V' = 0 can percolate across the entire
sample, which is an infinite distance in the thermodynamic limit.

Semiclassically, the LLL electron wavefunctions are localized along the equipotentials. Re-
call the wavefunctions in the symmetric gauge and in the absence of a potential are given by
¥, (r) = C,, 2™ exp(—|z|*/4¢%) . Maximizing v,,(r)|?, one finds 72, = 2m¢?, which is a ring en-
closing an area A,, = 2rm/(?. Thus, increasing m by Am = 1 is associated with a concomitant
increase in area by the quantum 27¢2. The semiclassical wavefunctions obey the same quantiza-
tion rule A,, = 2rme2, except they are localized along equipotentials of V (r) rather than along
circles. If we parameterize an equipotential curve V(r) = E, by a distance u along the curve
and a distance v locally perpendicular to it, then the semiclassical eigenfunctions, following
Trugman?, take the form

(u,v) = |VV (u,0)| V2 H, (v/0) exp(—v?/20%) eX®0) (2.13)

where x(u,v) is a gauge-dependent phase function whose winding around the equipotential
increases by 2m with each consecutive semiclassical energy eigenstate. Here we have included
the LL index n; note that this is essentially the Landau strip wavefunction written in local
coordinates (u,v). It is valid provided ¢ < b where b is the local radius of curvature of the
contour, and if [VV| < hw,/¢. Because electrons are fermions, these semiclassical levels will
be filled up to the Fermi energy. The contour at V(r) = E, represents the highest occupied
electronic energy level. The following vivid analogy may be helpful:

Imagine V (r) is the height function of a random landscape. After a long period of rain,
every part of the landscape for which V(r) < E, is under water. You are constrained to
walk in such a way that your left foot is always under water, and your right foot is always
on dry land.

When the Fermi level E, is low, you are constrained to walk in a counterclockwise direction
(as viewed from above) about isolated puddles. When the Fermi level E, is high, you are
constrained to walk in a clockwise direction around isolated islands. In each case, you don't
get very far from wherever you started. Now you know what a classical electron in a random
potential and a large magnetic field feels like.

For a given realization V(r) of the random potential, the density of level sets, per unit energy,
is given by
1 ~
p(E) = 1 /d?*r S(E—-V(r) (2.14)

where A is the total area. The electronic density of states’ is g(E) = N, 5 'S 6(E—E,,), where
m is an eigenstate label within the LLL. In the limit B — oo, we have ¢g(E) = p(E), which is

2See S. A. Trugman, Phys. Rev. B27,7539 (1983).
SHere g(FE) is defined to be the DOS per unit energy per unit flux.
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‘/ localization lcngth\
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Figure 2.2: Density of states, correlation length, and mobility gaps in disorder-broadened Lan-
dau levels. In the thermodynamic limit, extended states exist only at unique energies cor-
responding to the (quantum) continuum percolation threshold at the centers of each Landau

level. For systems of finite linear dimension L, a range of states with £(E) > L may be consid-
ered as extended. Image: J. Oswald, DOI:10.5772/62926.

to say that each eigenstate is associated with a quantum of area 27/2. Note the normalization
[e.e] (e}
condition [dF p(E) = [dFE g(E) = 1. We are interested in the properties of the eigenstates as a
Zeo ~

o0
function of their energy E. In particular, what is their typical spatial extent? Let the standard

deviation of the random potential be A = <‘72(0)>1/ * For E /A sufficiently negative, only the
lowest valleys will support occupied electronic states. Similarly, for £/A sufficiently positive,
only the highest peaks will support unoccupied electronic states. As |E| decreases, the spatial
extent of the equipotentials V(r) = Eincreases. If V(r) is symmetrically distributed, then there
will be a unique critical energy E, = 0 at which the typical size of the equipotentials diverges,
as{(F) o |E[7, where v =  is the correlation length exponent for two-dimensional percolation.

2.1.3 Percolation theory

Percolation is a geometric critical phenomenon describing the clustering and the emergence
of an infinite connected network in random systems*. We first describe the setting for site
percolation. Consider a lattice in which each site is randomly occupied with probability p €
[0, 1] . One defines a cluster as a maximal connected set of occupied sites”. An s-cluster is defined
to be a cluster of size s. The probability that a given site belongs to a cluster of infinite extent is

4See, e.g., D. Stauffer, Phys. Reg. 54,1 (1979) and J. W. Essam, Rep. Prog. Phys. 43,53 (1980).
®Maximal in the sense that all occupied sites connected to the cluster are accounted to be in the cluster.
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called the percolation probability, P, = P(p). The percolation threshold is the largest value of p for
which P(p) = 0. For p < p, one has P(p) = 0, but for p — p. small and positive, P(p) < (p—p,)’,
where [ is a critical exponent. Just as in a magnetic system, where the order parameter is the
magnetization M (T) (T, — T)?, in percolation theory the order parameter is P(p)°.

Let n (p) be the number of s-clusters per lattice site. Then for each lattice site there are three
possibilities: (i) the site may be unoccupied, with probability 1 —p, (ii) the site may be occupied
and a member of a finite cluster of size s, with probability n,, or (iii) the site may be occupied
and a member of an infinite cluster, with probability p P(p). Thus,

L—p)+ Y sn(p)+pPp)=1 . (2.15)

Note that this entails Y o sn,(p) = p(1 — P(p)). Examples of percolation clusters on are
depicted in Fig. 2.3 for the square lattice’. As an application, consider a dilute Ising magnet
at temperatures 7' < J/k,, where J is the exchange energy. The magnetization M (T, H, p) is
given by

M(T,H,p) = +P(p)+p~ "> sn,(p) tanh(spH/k,T) . (2.16)

For p < p_, only finite clusters are present, and there is zero magnetization at # = 0. Forp > p_,
there is an infinite cluster, which immediately polarizes for any finite . In thermodynamic
equilibrium, we have £P(p) = P(p) sgn(H ), but it may be that the infinite cluster gets stuck in
a metastable state, i.e. that there is hysteresis. Another application of percolation theory is to the
properties of random mixtures of conducting and nonconducting elements, such as aluminum
and glass marbles, or random resistor networks®.

In the vicinity of p = p,, the following critical properties pertain:

Sonp) oclp—p T Fmst D sn(p) o< (p—po)] +mst

- - (2.17)
Zszns(p) X |p—p.|”7 + nst , ans(pc) e o< hY° 4 nst |
s=1 s=1

with the “field” i small and positive, and where “nst” means “non-singular terms”. One also
defines the correlation length £(p) to be the typical diameter of finite clusters. Let g(r,p) be

We define z, = 2 O(z).

’One might think that if the set of occupied sites does not percolate, i.e. if p < p,, that the unoccupied sites
must percolate, but this is false. Clearly on any bipartite lattice if all the A sublattice sites are occupied and all
the B sublattice sites are unoccupied, then neither the occupied nor the unoccupied sites percolates. Indeed in this
example the only clusters are of size s = 1.

8See, e.¢. S. Kirkpatrick, Rev. Mod. Phys. 45, 574 (1973).
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Figure 2.3: Site percolation clusters on the square lattice (p. ~ 0.5927). Each distinct cluster
appears as a different color. Unoccupied sites are shown in black. The infinite cluster for
p = 0.7 is shown in light blue. From A. Malthe-Sorenssen, Percolation and Disordered Systems
— A Numerical Approach (unpublished, 2015).

the pair connectivity function, defined as the probability that two occupied sites separated by a
distance r belong to the same finite cluster. One then has
> ’g(r,p)

&(p) = m . (2.18)

The scaling hypothesis

Following Stauffer, in the vicinity of p = p,, we adopt a scaling Ansatz which says that the
critical behavior is dominated by clusters of size s, oc |p — p.|~Y/?, where ¢ is a universal critical
exponent. Precisely at p = p,, the singular part of the cluster size distribution is presumed
to behave as n(p,) o< s77, where 7 is another universal critical exponent. Thus, the scaling
hypothesis entails the relation n(p) = n,(p.) ¢(s/s¢) with $(0) =1, i.e.

ny(p) o< s oL (Ip — pe|'7s) (2.19)

where the =+ sign is for p 2 p.. It is important to understand that s, is the cluster size which
dominates in the singular part of "2 | sn(p) ; the smooth contributions are dominated by much
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d‘ « I6] ¥ 0 n v o T d¢

2 —2/3 5/36  43/18 91/ 5/24 4/3 36/91  187/91  91/48
3| —0.625(3) 0.418(1) 1.805(2) 5.29(6) —0.059(9) 0.875(1) 0.445(1) 2.190(2) 2.530(1)
4| —0.756(4) 0.657(9) 1.435(1) 3.198(6) —0.0929(9) 0.689(1) 0.476(5) 2.313(3) 3.056(7)

Table 2.1: Critical exponents for percolation. 7 is the anomalous exponent describing the power
law decay of correlations at criticality, and d; is the fractal dimension of the percolation cluster.
For d > 2, there is some variation reported in numerical computations of the critical exponents.
Source: Wikipedia (Percolation Critical Exponents).

smaller clusters. If we further define g, , to be the number of distinct cluster configurations with
total size s and perimeter ¢, then the average number of s-clusters with perimeter ¢ is given by
ng(p) = g,,7° (1 — p)'. An analog for the partition function can be defined for the percolation

problem, viz.’
Zp.h) =" gapde™ =D "n (e, (2.20)

s=1 t=1 s=1 t=1

where ¢ =1 — p. Writing Z,(p, h) = >, g, ¢" ¢, one has

_ dtng(p)  OnZ(p,h=0) qs . dlnn,(p)
221 M4 (P) Olng p Op
For large s, the second term is known to behave as s¢ with ¢ < 1, hence in the large s limit we

have t, = (p~! — 1) s « s. Thus, the large clusters are highly ramified, with ¢, ~ s. Note that
summing n, ,(p) over the perimeter t gives n,(p) = >, n,,(p) .

ts(p) (2.21)

From the scaling relations, we may obtain all the critical exponents in terms of ¢ and 7. For
example,

[e.e] [e.e]

S sn(p)~ [dss oL (p75) ~ [auel T o) 55700 x Gp)] @22
s=1 1
|op|*/o
where §p = p — p. . Thus we conclude g = (7 — 2) /0. Similarly,
> sng(p)e ™ ~ / ds s #(0) e ~ $(0) / duu~"e " h*T o BY? (2.23)
s=1 1 h
whence 6 = 1/(7 — 2). The full set of exponents is given by
1—7 T—2 3—T 1

a:2+ ) B: ) /7: ) 5:
o o o T—2

(2.24)

’Note that the minimum value ¢ can take for nonzero g, , is t = z, the lattice coordination number.
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Finally, assuming hyperscaling, which is to say that the singular part of the free energy density

scales as [¢(p)] ~? one may derive the correlation length exponent v = (7—1)/od. Values for the
critical exponents is d = 2,3, 4 are listed in Tab. 2.1. For reference, the anomalous correlation
exponent 1, which governs g(r,p.) o< r~4+277, is givenby n = 2 + d — 2L .

T—1

There is another type of percolation, called bond percolation, in which the links of the lattice are
occupied (open) with probability p and vacant (closed) with probability 1 — p. In bond perco-
lation, a cluster is defined to be a maximal group of connected bonds. While the percolation
thresholds p, on a given lattice in general differ for site and bond percolation, the critical expo-
nents, being universal, do not. Values of p, for site and bond" percolation on some common
lattices are given in Tab. 2.2.

It is interesting to note'" that while the critical probability p, for site percolation varies signifi-
cantly from lattice to lattice, even holding the dimensionality d fixed, when one accounts for the
lattice filling factor f, defined to be the fraction of the total volume filled when the lattice points
are surrounded by hard spheres of maximal radius'?, the product ¢, = fp, is approximately
independent of the lattice type and depends only on dimensionality'®, with ¢.(d = 2) ~ 0.44
and ¢.(d = 3) ~ 0.15. These values also approximately hold for random networks. Thus, if
you fill a volume randomly with glass and aluminum marbles, the onset of bulk conduction
will occur when the total volume fraction of aluminum exceeds about 15%.

2.14 Continuum percolation

Let’s now return to our original problem of characterizing the level sets of a smooth random

potential V(r). We can associate with this problem a correlated site percolation problem, where
the site occupation probability p is given by the fraction of the landscape which lies ‘under
water’, i.e. with V(r) < E, is given by

E

p(E) = / dE' p(E') . (2.25)

—0o0

As mentioned above, for the continuum percolation problem, the critical energy is £, = 0, and
therefore p(0) = p, . Within the classical continuum percolation picture, the typical cluster size
grows as £(E) o« |E|~Y/3 for E = 0.

In any physical setting,, the sample dimensions will be finite, and the 2DEG is confined to a

OTnteresting factoid: p2°"d(d = 2) ~ 2/z while p>°"d(d = 3) ~ 3/2z, where 2 is the lattice coordination number.
1'H. Scher and R. Zallen, J. Chem. Phys. 53, 3749 (1970).
12.e., spheres centered on two neighboring lattice sites are tangent.

13We stress that the independence of ¢, on lattice structure is not rigorously true, but only approximately so.
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d lattice z | piite phond

1 chain 2 | 1.000... 1.000. ..

2 | honeycomb | 3 | 0.6962 0.65270. ..
2 kagome 4 10.65260... 0.5244

2 square 4 10592746  0.500...

2 | ftriangular | 6 | 0.500... 0.34729. ..
3 diamond 4 10.43 0.388

3 | simple cubic | 6 | 0.3116 0.2488

3 bcc 8 | 0.246 0.1803

3 fec 12 | 0.1998 0.119

4 | hypercubic | 8 | 0.197 0.1601

oo | Bethelattice | z | 1/(z—1) 1/(z—1)

Table 2.2: Site and bond percolation thresholds on various lattices. Source: Wikipedia (Perco-
lation Threshold).

Hall bar of roughly rectangular shape'*. At the edges of the Hall bar, then, there is a confining
potential which rises to some high value. This keeps the electrons from spilling out into the
vacuum. The situation is schematically illustrated in Fig. 2.4. When the Fermi energy Fy
lies in the gap between disorder-broadened Landau levels, there is no percolating network,
and currents at the edge of the sample are carried by edge states localized along the confining
potential region'”. The percolating network, being infinite in extent in the thermodynamic
limit, must connect to the edges. We shall have much more to say about edge states below,
but for the moment it is important to apprehend the picture described by Fig. 2.4. Directional
edge currents, indicated by the ® and ® symbols in the figure, are responsible for any electrical
conduction processes'.

2.1.5 Scaling of transport data at the IQH transition

The classical picture of the continuum percolation transition is missing something important:
quantum tunneling at the saddle points. We know this must be true, but moreover we can

4The Hall bar is of course connected to leads for current source and drain, as well as for measuring longitudinal
and transverse voltage drops. See Fig. 1.1.

Indeed, this is true whenever Ey lies in a mobility gap, which is to say whenever Ey does not coincide with
the continuum percolation threshold. The latter coincidence applies only for energies belonging to a discrete set
of values, of measure zero.

16 At least within linear response theory.
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Ep
n=0 ‘ I Af/’

Figure 2.4: Broadened Landau levels and their edge states in a Hall bar. The confining poten-
tial forces the energy levels to rise at the edges. When the Fermi level lies between disorder-
broadened Landau levels, one or more edge states are occupied. The edge states carry the Hall
current. The direction of the edge state currents is shown with the ©® and ® symbols. Con-
tinuum percolation applies when the Fermi energy Ey lies in the vicinity of the center of a
disorder-broadened Landau level.

actually see it in experiments'” of the integer quantum Hall (IQH) transition, such as shown in
Fig. 2.5. At the lowest temperatures, the Hall conductance/resistance as a function of magnetic
field resembles a step function, as B passes through the critical value B, where (n + )hw,
passes through the Fermi level. In the vicinity of these critical fields, the correlation length for
electrons at the Fermi level diverges as {(B) « |B — B,|™, where v is the correlation length
exponent. Recall that for classical percolation in d = 2 dimensions, v = § (an exact result). It is
then natural to adopt the scaling hypothesis

0,.(B, L) = ”762 + e_h2 F(L/€) (2.26)

in a system of linear dimension L, where F), (u) are scaling functions for B = B,, with values

F,(0) = 1 for the transition between consecutive Landau levels'®, F'_(c0) = 0 and F, (c0) = 1.

The functions F, (u) are presumed to interpolate smoothly between their limiting values at
u = 0 and v = oo. In the thermodynamic limit L > ¢ > 1, we have 0, (B,L — o0) =

(n + ©(B — B,)) ¢*/h, but with finite L, the step is rounded. Finite temperature 7" plays a

7See, e.g., W. Li et al., Phys. Rev. Lett. 102, 216801 (2009).
8This is per spin degree of freedom, or assuming complete spin polarization.
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similar role to finite length. With 3 = 1/k,T, the scaling Ansatz takes the form"

2 2
0,.(B,L,T) = %F(L/g,ﬁ/@) - %F(Ll/” IB=B,|, T |B-B,) , (227

where ¢, = £ « |B — B, | "%, where z is the dynamic critical exponent. We will see that z = 1
for the IQH transition; indeed this can be inferred by comparing transport data as functions of
L and of T?%. The condition z = 1 is generally believed to apply in the presence of Coulomb
interactions, where the energy scale near criticality is iw ~ e? /€. For strictly noninteracting and
nonrelativistic systems, however, z = 2. The reason is that the spectral function S(q,w; £) can
be expressed using current conservation in terms of the diffusion coefficient D(q, w; F) as*!

hp(E) _ ¢’D(q,w; E)

T w2+ (¢2D(q,w; E))’
where p(E) is the single particle density of states, with units of £~'L~2. If the system is scale
invariant at the critical energy £, then D(q,w; E,) can depend only on the dimensionless com-

bination ¢L,, where L, = (p(E) hw)_l/ ? Thus if p(E,) is finite, then S(q,w: E,) is a function of
the combination w/q?, which is equivalent to z = 2. The takeaway point here is that interac-
tions must be invoked if the experimentally supported result z ~ 1 is to be explained. We shall
return to this point later on below.

S(q,w; E) = , (2.28)

Consider now the derivative do,, /dB as one goes through the IQH transition,

Oo 2 ~ 2 ~

== %Ll/” F(u,v) + %T—l/vz F(uv) | (2.29)
where u = LY |B—B,|,v = T"Y"*|B - B |, F, = OF /du, and F, = OF /Ov. It is natural to
assume that the scaling function F'(u,v) is separately monotonic in each of its arguments, and
that the maximum value of do,, /0B will occur at B = B,, where u = v = 0. Thus,

o 2

where ¢, = F,(0,0) and ¢, = F,(0,0) are dimensionful constants. In the zero temperature or
thermodynamic limits, where we take 7" = 0 or L = oo at the start, in which case

0 2
( UW)(LO) A

OB h
ma (231)
9% (00, 7) = © d, 71+
OB )y h 7 ’

9Here we suppress the + indices on the scaling function for notational convenience.

20 Among the earliest works to report (dp,, /dB) . ~ T ™" with k = 1/vz = 0.42 is H. P. Wei et al., Phys. Rev.
Lett. 61,1294 (1988). Samples of different width IV were systematically studied by S. Koch et al., Phys. Rev. Lett.
67, 883 (1991), who found that the half-width of the p,, (B, T) at the lowest temperatures scaled as AB ~ w-/v
with v = 2.34 4+ 0.04.

ZSee the review by B. Huckestein (RMP, 1995).
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Figure 2.5: Temperature scaling of the v = 3 to v = 4 integer quantum Hall transition. Data
are from W. Li et al., Phys. Rev. Lett. 102, 216801 (2009). At low temperatures, down to
approximately T = 10 mK, the maximum value of dR,,/dB scales as T%4* = T"/*”, where z = 1
is the dynamical critical exponent and v ~ 2.35 is the correlation length exponent for the QHE
transition.

where d, = F,(0,00) and d, = F,(c0,0) . Note that while the maximum slope in the L = oo and
T = 0 limits is infinite (the derivative of a step function), in each case this infinity is blunted,
with the maximum slope being proportional to L'/ or T~ 1/*=.

In the experiments of Li ef al., results of which are shown in Fig. 2.5, the v = 3 to v = 4 IQHE
transition was observed in transport for temperatures roughly between 7' = 1mKand 7" = 1 K.
The sample widths ranged from W = 100 ym to W = 500 pm. At the critical field B, ~ 1.4 T,
the magnetic length is ¢ = 217 A, so W/{ ~ 10*. The maximum value of dR,,/dB was found to
scale with temperature as 7%* down to 7' &~ 10 mK, below which it remained fixed. This latter
behavior is associated with finite size effects, i.e. the regime {(B) > L. Over the scaling regime,
setting 1/vz ~ 0.42, one obtains vz ~ 2.38. Again, it will turn out that z = 1, as can be inferred
from size dependence of (dR,,/dB),,,, , in which case v ~ 2.38.

A more general form of the scaling Ansatz, for a physical quantity I', is

I[(B,L, T k,w,...) =& F(L/§, T¢ kE, w/T, ... (2.32)
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VX, Y) = VX2 — VY2 W(X,Y)=V(X,—i))
= Vx X2+ V3 )?

Figure 2.6: Quantum tunneling across saddle points in a random potential V(). Left: Saddle
point in the (X,Y’) plane. Right: Upon analytic continuation to imaginary space Y = iY, the
saddle becomes a center.

where £ « |B — B, |7 is the correlation length, and where y;- is the scaling dimension of I'. The
Hall conductivity o,, has scaling dimension y = 0.

A related approach to the temperature scaling is to invoke the notion of an inelastic scattering
length which diverges as ¢;, ~ T77/2 in the limit T — 0. In this picture??, the scaling variables
are {/L and /6, o< (I7/*|B — B,|)”". Thus, in the thermodynamic limit L — oo, we have
(dpyy/dB) oy < T7F with k = p/2v.

2.1.6 Quantum tunneling across saddle points

Assuming the validity of the scaling Ansatz, the transport data are inconsistent with d = 2
continuum percolation, for which v = 3. What is missing, of course, is quantum mechanics.
The problem of tunneling across a saddle point of an electron in a high magnetic field was
considered by Fertig and Halperin® and by Jain and Kivelson®*. Consider the situation in the
left panel of Fig. 2.6. There are two incoming channels, marked 7 and 7, and two outgoing
channels, marked o and o’. The S-matrix acts on incoming flux amplitudes to yield outgoing

22See A. M. M. Pruisken, Phys. Rev. Lett. 61,1297 (1988).
2H. A. Pertig and B. L. Halperin, Phys. Rev. B 36, 7969 (1987).
241, K. Jain and S. Kivelson, Phys. Rev. B37, 4111 (1988).
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flux amplitudes, viz.
S

O-TI0)

where 7,7’ are reflection amplitudes and ¢,¢’ are transmission amplitudes. The reflection and
transmission probabilities are given by the squares of the corresponding amplitudes,

R=Pl2 , T=lf . R=Wp , 7=l (2.34)

Unitarity of S guarantees that R = Rand 7" =T, as wellas R + T = 1. Note that S € U(2),
which has dimension four. This allows us to write t' = t* exp(—id) and r’ = —r* exp(—id) with
r = sin(f) exp(i)) and ¢ = cos(f) exp(iw). The four parameters are then (0, ¢, w, ).

It is important to recognize that the complex scalars {3, 7', 0, o'} are flux amplitudes and not wave-
function amplitudes. Unitarity of S means that

o' +Jol* = lil* + [']* (2.35)

and is a statement about current conservation. A simple illustration of the difference is afforded
by consideration of the one-dimensional step potential V' (z) = V[, ©(z) . We write

r<0: ple)=Ie* 0 e

. . 2.36
r>0: Ya)=0er" e (2.36)
where the energy
h2 k2 h2k/2
E = = 2.37
2m 2m G 237)

is conserved in by the scattering process, and is assumed to be positive. The requirements
that ¢(x) and ¢’(x) be continuous at £ = 0 provide two conditions on the four wavefunction
amplitudes:

I+0 =0+T

I -0) =k (01 (238)

The flux amplitudes {i,, 0,0} are related to the wavefunction amplitudes {I,1’, 0,0’} by a
multiplicative factor of the square root of the velocity, where v = hk/m and v’ = hk'/m:

O-w6) - @-FQ) e

One may now derive the S-matrix,

_(m Y2 L (L 2V
S_(t T’)_Hn(?ﬁ n—l) ’ (240
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where

A 4 V
p=t=T 1m0 (2.41)

One can check that STS = 1. However note that the matrix S which acts on the wavefunction

amplitudes, with
O’ a1
(@)-5() oo

S’:(VW 0 )S(ﬁ 0) (2.43)

is related to S by

0 1/\/v 0 Vv

and is in general not unitary. Note also that when v = «/ we have S = S.

Saddle point transmission probability

For an electron in the potential
Viz,y) =V, 2> =V, y* | (2.44)
Fertig and Halperin (1987) obtained the transmission probability*

1
1+ exp(me)

T(e) (2.45)
where € = (E — (n + 3)hw,)/I" and I' ~ (*(V,V,)"/?, assuming ¢*V, < hw,. Note that for

le| > 1 one has

T(e) ~ exp(—lel) %fe> 0 (2.46)
1 —exp(—nle]) ife<0

Similarly,
1—exp(—mle|]) ife>0

2.47
exp(—lel) ife<0 (2.47)

R(e)zl—T(e):{

This conforms to the situation in Fig. 2.6: If € > 1, the transmission is almost purely from i to
o' and from 7’ to o, corresponding to R ~ 1 and T' ~ 0. If on the other hand ¢ <« —1, then the
transmission is almost purely from i to o0 and from ¢’ to o', hence R ~ 0 and T" ~ 1.

ZFor us, the parameter ¢ is the negative of that in Fertig and Halperin.
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Instantons and tunnel splittings

Following Jain and Kivelson (1988), we can also apply the coherent state path integral to this
problem. The partition function at inverse temperature g = 1/k,T is given by

d°R -
2(8) =Tre " = / oz (Bl |R) = / D[R(r), R(r)] e=%/" . (2.48)
™
(0)=R(np)
The partition function is the Laplace transform of the density of states, and as such incorporates
all information about the energy spectrum, including tunnel splittings. We measure energies
with respect to (n + 3)hw, , in which case

1B .
Sp[X(7),Y ()] = / dr [;—Z (YX — XY) + V(X, Y)} +AS, (2.49)

where V(X,Y) = V(R|R) = (R|V|R) with R = X +iY and R = X — iY, and where
ASy, is the boundary discontinuity term. The equations of motion obtained by extremizing
Sy, force us to analytically continue to imaginary space. In terms of the complexified guiding
center coordinates R and R, this entails R # R* along the instanton path. Writing J = iy?°
~ hs o
and defining W(X,Y) = V(X,—i)), we obtain S, = [dr L(X,Y,X,Y) + AS;, where the
0

Lagrangian is

B . .
L=g5(VX - X))+ W(X.Y) . (2.50)
The equations of motion are then
: 2 oW o2 OW
X__EW , y_ﬁﬁ—X : (2.51)
Note that IV is then conserved along the trajectory, since
d ow .. oW .
WX = —Yy=0 . .
7 WX, Y1) = 557 X + 7 Y =0 (2.52)
Assuming the boundary discontinuity term vanishes, the Euclidean action is then
A
Sy =pPBE+ 7 (2.53)

where E is the conserved value of the potential along the instanton trajectory and A is the area
enclosed by the trajectory. For the saddle point potential V(X,Y) = Vi X? — V4, Y?, we have
W(X,Y) = VyX?+ V3, V?, and setting W = E we obtain the ellipse

X2 y2

=t = R (2.54)

2Note we have repurposed the symbol ) here.
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with a = (E/Vy)Y? and b = (E/V,,)"/2. The full area of the ellipse is A = mab = 7E/(VyV;)"/2,
hence A/(* = me, where ¢ = E/I'. Recall that here we measure F relative to the center of the
Landau level at E, = (n + §)hw, .

For weak tunneling, the amplitude ¢ is proportional to the single instanton contribution after
subtracting off the 3E term, and is given by ¢ = exp(—A/2¢?) since only half of the elliptical
trajectory of (X,)) is traversed in crossing the saddle. The transmission coefficient is then
given by T' = [t|* = exp(—A/l*) = exp(—me), exactly as in Fertig and Halperin. For smaller
values of ¢, multiple instanton paths must be summed over in order to get the Fertig-Halperin
result T'(e) = [1 + exp(me)] -

Mil’nikov-Sokolov argument

G. Mil'nikov and I. Sokolov (1988) published a seductive argument” purporting to establish
that the correlation length exponent for quantum continuum percolation should be given by
Vo = Vo +1 = % Consider a distance r > ¢ (&), over which one expects to encounter

~ /€&, (E) such saddles. The probability of transmission across this entire distance is then

Toy(E) ~ (Top(B)) St = emmrlBI/Tea (B) = gr/tau(®) (2.55)
Thus, we expect
£CL<E) —7/3
E)=(I E|77 2.

where (I') is an average over the /" parameter over many saddles. As we shall see, this result
is quite close to the experimentally determined value of v = 2.35 (see Fig. 2.5). It is also close
to the earliest numerical simulation values of v, for the IQH transition. Alas, the Mil'nikov-
Sokolov argument is bogus — at least insofar as it purports to describe the critical properties of
the disordered noninteracting 2DEG in the LLL — because it doesn’t properly account for the
connectivity of the saddle point network, treating it instead as a chain with no closed loops. It
also doesn’t account for quantum interference effects associated with backscattering from sad-
dle points. Below we shall see how a more sophisticated treatment, the Chalker-Coddington
network model of quantum percolation, can properly model the critical behavior of noninteracting
electrons in a magnetic field and a random potential.

Away from the quantum critical point near the center of the Landau level — but not too far away
— the Mil'nikov-Sokolov picture should be applicable®. In this regime, the quantum tunneling
probability e E/T <« 1 is weak, and we can consider only transmission across each saddle,
with no closed loops associated with reflection paths. Recall I" = ¢* (V,V, )"/ oc W(?/d?, where
W is the RMS potential fluctuation and d the correlation length of the potential, assuming there

?G. V. Mil'nikov and I. M. Sokolov, Pis'ma Zh. Eksp. Teor. Fiz. 48,494 (1988) [JETP Lett. 48, 536 (1988)].
2See M. M. Fogler, A. Y. Dobin, and B. L. Shklovskii, Phys. Rev. B 57, 4614 (1998). I thank my colleague Misha
Fogler for explaining this to me.
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Figure 2.7: Regimes of behavior for ¢, (E£) and £ (E) in a smooth random potential V' (r)
whose RMS fluctuations are W and whose correlation length is d. Blue: Critical regime, in
which the exponent v for quantum percolation is obtained from network model simulations.
Gray: Mil'nikov-Sokolov regime, in which quantum tunneling across saddle points is weak but
the classical percolation is still in the critical regime. Green: Tail regime, in which the physics
is dominated by local fluctuations of V().

is a single length scale associated with V'(r), which is the case if V' (r) is chosen according to the
distribution functional

PV (r)] = P[0] eXp{— ﬁ /dzr [vz + d2(vvﬂ } . (2.57)

Classical continuum percolation then says £, (E) = Cd |E/W|~*/3, where C is a dimensionless
constant. This form is valid provided |E/W]| is sufficiently small, which is to say within the
critical regime, which is to say |E| < aW, where o = O(1) is a dimensionless constant. The
condition that reflections may be neglected is tantamount to |E| 2 I", and thus the range over
which we expect the MS argument to be valid is

(L/d)?SIE|/W S (2.58)

For potentials which are very smooth on the scale of ¢, this criterion is easily satisfied. In this
regime, we therefore expect &,,(E) « |E|7/3. As we shall see, this exponent is quite close to
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Figure 2.8: Floating up of extended states in the presence of disorder.

what is observed in scaling analyses of experiments, but is inconsistent with the most recent
best results for the correlation length exponent for quantum percolation networks.

2.1.7 Landau level mixing and “floating” of extended states

At high fields, each Landau level carries one unit of Hall conductivity €*/h, i.e. the n* Landau
level carries Chern number AC, = 1 (or AC,, = —1 as in our case with B = —Bz). If we ignore
Landau level mixing, this state of affairs persists to weak fields as well, since each LL remains
independent. However, in the B = 0 limit, in a two-dimensional disordered system with no
interactions, all electronic states are known to be localized and the system is an integer. As
B — 0, the cyclotron gap between LLs becomes smaller, tending to zero, and eventually we
know LL mixing must apply. What happens to all the extended states lying at the LL centers*?
An early view suggested that extended states must float up in energy as B — 0 in the presence
of disorder. A cartoon of this notional state of affairs is depicted in Fig. 2.9(a). According to this
picture, one should expect reentrant behavior in o, (n, B) as a function of B at fixed density n.
Note how in this picture, there are direct transitions only between states with AC' = £1, and
none for |[AC| > 1.

What actually occurs, both in numerical simulations as well as in experiments, appears to be
more complicated and as yet not fully understood. The fate of extended states at weak disorder
was investigated numerically by Sheng, Weng, and Wen (SWW), using a tight binding model
for spin-polarized electrons.

H—_ Z (eiArr’ o ¢, + o=iA c,:[, Cr) + Z W.cle, (2.59)
T

(rr’)

where the flux per plaquette is taken to be ¢ = 27p/q local disorder potential at lattice site r is

2Due to asymmetry in the distribution of V(1) and LL mixing, the extended states are not obliged to lie exactly
atE, = (n+ 3)hw,.
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given by
W 712 /)2
_ o= 12/A 5
W, = %/ fe , (2.60)

where on each site f, is uniformly distributed on the interval [—1,1]. Thus W and X are the
strength and correlation length of the random disorder. SWW's results are summarized in Fig.
2.9(b). The maximum lattice size was 32 x 64. The transition to the insulating state occurs along
the dark black curve, thus direct transitions were observed from eachof C' =1,2,3,4to C = 0.

Experiments by Kravchenko et al. in Si MOSFETS, shown in Fig. 2.9(c,d), show an apparent
violation of the |AC| = 1 rule for the IQH transitions inferred from the cartoon picture. Rather,
there are a sequence of direct transitions from IQH states with C' = 1, C' = 2, C' = 4, and
C' = 6 to a state they identify as an “insulator”. Note how the ' = 3 and C' = 5 states get
crowded out as disorder increases but before one reaches the C' = 0 insulator. Thus, there are
direct transitions observed between C' = 2 and C' = 4 and between C' = 4 and C = 6. These
|AC| = 2 transitions may be associated with spin-orbit effects in the presence of interactions,
although this is more likely to pertain in GaAs heterojunctions where the spin-orbit interaction
is stronger than in Si due to larger nuclear Z.

However, there is a rather severe problem with Kravchenko et al.’s interpretation of their “in-
sulator”®. Consider their results for the electron scattering rate 7', which they extract from
the B = 0 expression for the mobility y = er/m*. Using m* = (m?m,)'/? = 0.22m, for the con-
duction electrons in Si*!, if we divide the Drude formula for p,, by the quantum of resistance
h/e?, we obtain

= 3.32
¢ m 0.22m, x 10571 S 10t s

R — X
2mnhr 27 x 1.055 x 1027 erg - s x 10" em=2 * n[10M cm2]

< 2.61
= Pra (2.61)

Thus, for n = 10" em™ and 77! <10"s7, p,. ~ h/e?, which can hardly be identified with an
insulator! This state is best identified as a correlated metal.

2.2 Integer Quantum Hall Transition

2.2.1 Introduction

Recall the eigenfunctions in the Landau strip basis discussed in §1.3.5. The geometry is cylin-
drical, with 2 € R and y € [0, L,] with periodic boundary conditions in the y-direction. Choos-

39T am grateful to Steven Kivelson for explaining this to me.
Smy = 0.082m, and m; = 1.64m, are the transverse and longitudinal effective masses for Si conduction
electrons.
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Figure 2.9: Extended and localized states in the quantum Hall effect (a) Early cartoon picture,
which suggests reentrant behavior as B is varied at fixed density. Dashed lines correspond to
E=E,=(n+ %)hwc (b) Numerical data of D. N. Sheng, Z. Y. Weng, and X. G. Wen, Phys.
Rev. B 64, 165317 (2001). (c) and (d) Experimental data in Si MOSFETS, from S. V. Kravchenko
et al., Phys. Rev. Lett. 75, 910 (1995). The scattering rate 1/7 extracted from the data serves
as a measure of the strength of the disorder potential V(r). The state labeled as “insulator” in
panels (c) and (d) is in fact a correlated metal.

ing the gauge A = A, y with A, = — Bz, we obtained the eigenfunctions
~1/2 ik
Vuy(@,y) = L2 eV 6, (e = £F,) (2.62)

where E, . = (n+ 1)hw, and where ¢, (z) = (2"n!)"/2(x(*)7*H, (z/¢) exp(—a?/2(*). Note that
k, = 2mj/L, is quantized according to the PBC exp(ik,L,) = 1.

Now consider the gauge A, = —Bz + a¢,/L, where ¢, = hc/e is the Dirac flux quantum and
where a € R is a dimensionless free parameter. We still have V x A = —Bz, and it is easy to
check that this incorporates the gauge transformation

HO(O{) — e—27riay/Ly HO(O) e+27riay/Ly ) (263)
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Figure 2.10: Cylindrical and Corbino ring geometries. With each additional fluxoid A¢ = hc/e
threaded, an integer number of electrons are transferred from one edge to the other.

One might think that this permits us to write ¢, ;(z,y; «) = exp(—2miay/L,) ¥, ;(x,y;0), how-
ever such a wavefunction does not satisfy the PBCs except in cases where a € Z. The resolution
is to first shift the k, quantization such that exp(ik,L,) exp(—2mia) = 1,i.e. k, = 27(j + a)/L, .

Then ol 2
%&) 7 (2.64)

Y

b (2, y:0) = L2V? exp(2nijy/L,) o, (a: -

Note that '
V(T 0+ 1) = e~/ Ly G i1, y50) (2.65)

which is an allowed transformation, i.e. one which preserves the boundary conditions. What
has happened (see Fig. 2.10 is that we have threaded our cylinder with « Dirac flux quanta. As
we adiabatically increase the flux parameter o by Aa = 1, the j* Landau strip eigenfunction
evolves into the (j 4 1) eigenfunction, up to the PBC-preserving gauge factor, exp(—2miy/L,)).

Now imagine that there is also potential V,_ ;(x) which confines the system in the z-direction.

Solong as [/ VV_ | < hw,_, the eigenfunctions will remain localized along the Landau strips,
and the energy eigenvalues will be given by E, ; = V,_(z;,), where z; , = 27(j + a)*/L,,.

conf

If the chemical potentials on the two edges differ by Ay = —eV/, where V is the voltage drop,
then the current may be computed as

2
oU AU neV. EV | (2.66)

I:_C%%_Csﬁ—o:chc/e_ h

where U is the total energy, and where n is the number of edge state channels on each side
lying below the Fermi level (see Fig. 2.4). This is Laughlin’s argument™ for the quantization
of Hall conductance: o, = I/V = ne?/h. Furthermore, even if the potential V(r) is nonzero
in the bulk, provided the edge states are localized along the walls of the confining potential,
adiabatic increase of the dimensionless flux parameter a by Aa = 1 still must result in the
shifting of edge states by Aj = 1 for each fully occupied Landau level, and must therefore
result in an integer contribution to ¢,, in units of ¢*/h. The adiabatic change of the threaded

32R. B. Laughlin, Phys. Rev. Lett. 23,5632 (1981).
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flux A¢ = ¢, in the cylindrical or Corbino geometries acts as a pump, transferring n electrons
from one side of the sample to the other. Laughlin’s argument was subsequently sharpened by
Halperin®.

2.2.2 Replica field theory of the IQH transition

A replica field theory of the transition was proposed in 1983 by Khmel'nitskii** and by Libby,
Levine, and Pruisken®, based on the Lagrangian,

L(Q) =107, Tr(0,Q) + 1 0,, Tr(¢¥Q0,Q0,Q) . (2.67)

where ), = ho},/e? is the dimensionless bare conductivity tensor (i.e. at some microscopic
length scale), and where Q)(z,y) lives in the symmetric coset space U(2n)/U(n) x U(n) in the
n — 0 replica limit. The second term is a topological invariant:

/dzx Tr (e‘“’Q 0,Q Q,Q) = 16miq (2.68)

where ¢ € Z; this is true for all n. This field theory is difficult to analyze due to the topological
term, but a dilute instanton gas expansion generates the renormalization group flow°

aa‘mm . ]' ~ —27G ... ~
L ot o, € cos(27G,,)
06, _2 (2.69)

= —C0,, € 7 sin(2n7,,)

OlnL o

These results are purported to hold at weak coupling g = 2/59, < 1. Note that the exponential
terms are nonperturbative and proportional to exp(—4m/g). What happens for strong coupling
as g — 0? We can only guess, consistent with symmetry and physical intuition, and a sketch is
shown in Fig. 2.11. The flow in Eqns. 2.69 is valid for large o). We know that o,,, = pe*/h must
be a stable RG fixed point for p € Z. This naturally leads to a conjectured unstable fixed point,
depicted in red in the figure, and the associated flow lines. We emphasize that the Lagrangian
density £((Q)) corresponds to a two-dimensional field theory for noninteracting electrons.

2.2.3 Chalker-Coddington network model

Despite the elegance of Laughlin’s argument and the proposed nonlinear sigma model field-
theoretic formulation of the IQH transitions, detailed investigations of the transition, e.g. in

3B. I. Halperin, Phys. Rev. B 25,2185 (1982).

*D. E. Khmel'nitskii, Pis’'ma Zh. Eksp. Teor. Fiz. 38, 454 (1983) [JETP Lett. 38, 552 (1984)].

%H. Levine, S. B. Libby, and A. M. M. Pruisken, Phys. Rev. Lett. 51, 1915 (1983).

%A. M. M. Pruisken, in The Quantum Hall Effect, R. Prange and S. M. Girvin, eds. (Springer, 1987).
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Figure 2.11: Khmel'nitskii-Pruisken RG flow for the nonlinear sigma model field theory of the
integer quantum Hall effect. The flow is periodic in ¢, with period i/e*. The conjectured flow
at strong coupling is shown in brown. The blue squares represent stable RG fixed points, and
the red square an unstable RG fixed point.

terms of critical behavior, is largely problem for numerical simulators. One can, for example,
model the an electron in a random potential in a magnetic field with a tight binding model.
Such approaches are not optimally suited to gleaning the essential critical behavior because
they retain a lot of inessential details, such as regions with high peaks and regions with low
valleys, which slow down the computation. A much more efficient model was devised by
Chalker and Coddington in 1988%, who realized that the most important physics is that asso-
ciated with tunneling across saddle points.

We begin with the single saddle point of Figs. 2.6. The incoming flux amplitudes i and 7
scatter into the outgoing amplitudes o and o’ according to the linear relation of Eqn. 2.33.
As shown in Fig. 2.13, this linear relation between incoming and outgoing amplitudes may be
recast, reading the scattering diagram from left to right, as a relation between "left” and “right”
amplitudes. Specifically,

S o
O/ r * ,—10 i o - " — ~ .
(O) :<t _trfe—ié) (Z,) — (Z,) :(_Tle/it(;/t* ei‘s//zfi ) (0,) . (270)

The scattering matrix is unitary, satisfying S'S = 1. The transfer matrix M is pseudo-unitary,
satisfying MZM = Z, with Z = diag(1, —1) is the Pauli 0 matrix. This guarantees |i|> —|0'|? =

7], T. Chalker and P. D. Coddington, J. Phys. C: Solid State Phys. 21, 3665 (1988).
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Figure 2.12: The Chalker-Coddington network model of quantum percolation. Left: Contour
plots of a random potential V'(z,y). Local maxima and minima are denoted by + and — sym-
bols. From J. T. Chalker and P. D. Coddington, J. Phys. C: Solid State Phys. 21, 3665 (1988).
Right: Idealized network of saddle points. Dashed curves show v — oo limit of the S-matrix
scattering (see text). From D.-H. Lee, Z. Wang, and S. Kivelson, Phys. Rev. Lett. 70,4130 (1993).

lo|?—17'|? which is a restatement of current conservation |o|?+|0|? = |i|?+|¢'|>. Withr = sin(6) ™V

and t = cos(f) e, we have

1 0 secl tan@\ (1 0 .
M= (0 —ei“”*‘”) (tan9 sec 9) (0 _e—iw) e (2.71)

In the network model, flux amplitudes accrue random phases due to the varying lengths of the
trajectories between saddles (see Eqn. 2.13), and the phases ¢, ¢, and € can be absorbed.
Thus, we may take the transfer matrix at saddle point r to be

M, = (Sec 0, tan@,,) _ (cosh%, smh%) (2.72)

tand, sec0, sinh~, cosh~,

with the identification cosh, = secf, for 6, € [0,7]. While the parameter ~, can vary from
saddle to saddle, the simplest model takes 6, = 6(E), hence v, = v(E), to be the same energy-
dependent value at all saddles. At £ = 0, the reflection and transmission amplitudes are

identical, hence 6(0) = Z and 7(0) = In(1 + v/2).

Linear chain of saddle points

The simplest case to consider involving many saddles is that of the linear chain, depicted in
Fig. 2.14. This setting is essentially that from the Mil'nikov-Sokolov argument in §2.1.6. We
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Figure 2.13: Relation between scattering (S) and transfer (M) matrices.

have, from the figure, ¥, ., = U, M, ¥, , with

n n’

!pn+1 Un Mn g/n
) § i S S h - . h \,-/_\\
b1\ _ eton 0 coshy, sinnh-, i

(O;l'f‘l) ( 0 6_26") (Sinh’yn cosh fyn) (O;z) : (2.73)

where «a,, and 3, are the phases accrued for the right- and left-moving flux amplitudes between
saddles n and n + 1. Thus, after N such saddles, we have ¥, = Q5 ¥, where the cumulative
transfer matrix Qy is given by

QN :UN.MN"'U2M2U1M1 . (2.74)

Suppose we wish to calculate the disorder average (¥, 1AV, ), where A =ay,+a-oisan
arbitrary 2 x 2 Hermitian matrix. Clearly (W, AW, ) = ¥ (O, A Q) ¥, , so let us compute

(QLAQy) = (MIUS- . MLULAU My - U M,) (2.75)

We start in the middle, first averaging over the random variables o and [, which are pre-
sumed to be independent and uniformly distributed over the circle. We have

0 By a, +iay ag— ag 0 ey B 0 ap — ag '

and

coshyy sinhvyy\ [ag+ a; 0 coshyy sinh7yy 2.77)
sinhyy coshyy 0 ap, —as ) \sinhvy, coshyy '

_ [cosh(2vyy) ag + ag sinh(2vy) aq
n sinh(2yy) a, cosh(2yy) ag — ag



98 CHAPTER 2. INTEGER QUANTUM HALL EFFECT
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Figure 2.14: A chain of quantum saddle points.

Thus, we have the iterative rule

ag cosh(27yy) a,
a sinh(2vy) a
= ( OVN) 0 (2.78)
aj as
and therefore
N

(O (ap1+a-o)Qy)= H cosh(2vy) ag - (1 + tanh(2y,) ') + az0® . (2.79)

n=1

Note that (Qf; Z Q,,) = Z, which is again the condition of current conservation. It is convenient
to eliminate the o' term by computing instead (%, AU ) = @) (UL O, AQ, U,) &,, where
@} = (0§ i), in which case

(U QN (agl+a-0)QuU,) =Ayagl +a;o° . (2.80)

where Ay = [T, cosh(2,). With Oy = Qy U, , we then have Uy = Oy By, ie.

Qn
IN+1) _ 1/ty —I’}‘v/t}k\,\ N
(O/N-H) _(—rNei‘SN/t}kV ei‘sN/t}kV it : (2.81)
From this we obtain
: Ay +1 Ay =1

(linal) = =5 lool* + =5 — lig]

A 2—1 A 2_|_1 (2.82)
(Joval?) = 2= logl? + = figl*
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with 2(Ay 4+ 1) = (1/|ty]?). Note that terms proportional to o} i) do not enter on the RHS
above because their coefficients (r/|t|?) vanish because of the phase averaging. We identify the
effective transmission and reflection coefficients by setting o, = 0 and evaluating

(linsal?) 2
T = , 2.83
N |0 ? Ay +1 ( )

with Ry =1 — Ty. If the {~,,} are randomly distributed, one must compute the corresponding
average (Ay) = (cosh(2v))V over the distribution P(v). The net result is that the transmis-
sion coefficient decays exponentially, as Ty o exp(—N/{) with £(y) = 1/Incosh(2y). This is
equivalent to one-dimensional Anderson localization.

Square lattice network model

Consider now the square lattice network model defined in Fig. 2.15. Each vertex is again
described by a 2 x 2 S-matrix as above, and the phases along the links act as 1 x 1 S-matrices
in the following manner:

iy k)z &

iB; 1) 0k

Oj1,k = €XP

./ o
U j41 = €XP

(2.84)

~

(—
(18
ijo, k= exp(i %+1 k) 0541,k
0j+1,k+1 = exp(—i 41, k) @ Yit1,k s

where j + k is even, corresponding to the blue vertices in the figure. At each vertex, we have

o\ (—sin@ cosf\ (i — o\  (secf tan@\ (i (2.85)
o) \ cosf sinf) \7 i) \tan@ sech ) \o ' ’
In the v parameterization, recall that cosh y = sec 6, i.e. v = In(sec § 4 tan ¢). When 6§ = 0 (y = 0)
we have o = ¢ and o' = 7, i.e. perfect transmission. In Fig. 2.15, this corresponds to clockwise

motion around v > % regions, i.e. £ > 0. When 0 = 7 (y = 00), we have o' = —iand o = 7/, i.e.
perfect reflection, corresponding to counterclockwise motion around v < § regions.

In the numerical work by Lee, Wang, and Kivelson (LWK)®, the scattering parameter v was
given by 7, = v.exp(u — V,), where 7. = In(1 + v/2) is the critical value (corresponding to
¢ = %), p is a dimensionless chemical potential, and V, is a dimensionless local random po-
tential distributed uniformly on the interval [-W,W|. The system is arranged in a L x M
rectangular lattice, with the M direction periodic. By applying the S-matrices at each vertex
and along the links, one can numerically derive an M x M transfer matrix 7 (L, M, ) which
acts on the leftmost column of M flux amplitudes to generate the rightmost column of M flux

3D.-H. Lee, Z. Wang, and S. Kivelson, Phys. Rev. Lett. 70, 4130 (1993).
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Figure 2.15: The square lattice Chalker-Coddington network model. Plaquettes marked with
0 correspond to v < 1 regions, while plaquettes marked with 1 correspond to v > 3 regions.

amplitudes®, viz.

o} (L) ir (1)
0?\4/2(11) . iM/2(L)
A | =7 e (259
i/1\4/2(L) OM/2(L>
Note that if P(\) = det(A — T) is the characteristic polynomial of 7, then T1ZT = Z, where
Z =diag(l,...,1,-1,...,=1) =1, ® (1)), is a diagonal M x M matrix, then
P(\) = MM det(A\! — T%)/det(T") (2.87)

which establishes that the roots of P()\) come in pairs ();,1/)}), where without loss of gener-
ality we may assume |X;| > 1 for j € {1,...,3M}. If the eigenvalues X;(L, M, j1) of T(L, M, p)
are ordered such that 1 < |A| < -+ < |A; 5|, then we define the 7™ localization length &;(M, 1)
as the (inverse of the) positive real quantity

_ .1

As defined, we have M /2localization lengths, ordered according to §, (M, 1) > - -+ = &y (M, ).
We are interested in the largest localization length, i.e. for j = 1. In the limit W — oo, the pa-

39We assume L and M are even.
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Figure 2.16: Scaling determination of exponent v for classical and quantum 2D percolation.
From D.-H. Lee, Z. Wang, and S. Kivelson, Phys. Rev. Lett. 70, 4130 (1993).

rameter v is finite with vanishing probability, and the classical percolation limit is recovered.
For quantum percolation, LWK set W = 1. LWK examined systems with L = 2 x 10° and with
M ranging from 8 to 128. Finite size scaling theory says that when L >> M, one can write

§(M, p1) = MF(E (1) /M) (2.89)

where F' is a scaling function and where ¢ () is the thermodynamic localization length. To
obtain & (), one plots In[£(M, 1) /M] versus In(1/M) for different values of ;1 and then shifts
the curve for each 1 by an amount such that the curves all overlap. The amount of the shift is
then identified with In{_ (x). This method yields both the thermodynamic localization length
£.(1) as well as the scaling function F'.

2.24 Tight-binding and other models of the disordered Landau Level

Other numerical investigations of the IQH transition have utilized a Hamiltonian approach,
where when projected on the n™ Landau level the Hamiltonian matrix elements are
Hypoory, = (04 3w Oy g+ (noky [V ky) (2.90)
where V() is the random potential and £, , are the y-wavevectors in the Landau strip basis.
Because the Landau strip spacing is Az = 27(*/L, , in the limit L, — oo, the random potential
couples many different strip wavefunctions, leading to a long-ranged one-dimensional hop-
ping problem in the k, basis, where, please recall, exp(ik,L,) = 1. Another lattice model is the
disordered Hofstadter model, whose real space matrix elements are given by
H,,.=—te +W,§

rrel T

(2.91)

rrl
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with A, = —A,,,, and where the directed (counterclockwise) sum of the gauge potential A4,,,
along nearest neighbor links (r+') around a plaquette p gives the dimensionless flux ¢,. Typi-
cally one then computes the lattice Green’s function for this model,

— )
= | T
E+ie—H
as a function of energy E and fixed dimensionless ratio 1¥/t, where W is the width of the

distribution of the {I¥,}. On a strip of length L and width A/, the longest localization length is
given by the expression

Gr,r’(E) = <’I" | (292)

-1
§7(M, E) = — lim lim — <an Grs(B)) (2.93)
1,j=1
where 4,5 € {1,..., M} label the transverse coordinate*’. The approach of using Green’s func-

tions to numerically compute localization lengths was pioneered by MacKinnon and Kramer
in the early 1980s*". The scaling theory of the IQH transition has been reviewed by B. Huck-
estein®”. A computational advantage of this method over exact diagonalization is that the
Green’s function can be computed recursively. Very recently, Puschmann et al.** obtained
v = 2.58(3) in studies of the disordered square lattice Hofstadter model, consistent with Slevin
and Ohtsuki’s network model result v = 2.593 + 0.006**. Note that this rules out the Mil'nikov-

Sokolov result vy, = %, which is in fact closer to the experimentally determined value of v.

Zhu, Wu, Bhatt, and Wan®, building on earlier work of Huo and Bhatt*’, investigated a dis-
ordered square lattice Hofstadter model, equivalent to Eqn. 2.91, with ¢ = 27 per structural
unit cell. In the absence of disorder, this yields three Landau subbands [¢,,(0)), with Chern
numbers +1, 0, and —1, for n = 1,2, and 3, respectively. They then considered the truncated
model where the disorder potential W, is projected onto the n = 1 subband of the disorder-free
model, i.e.

H(0,60) =) _[1(0))vr(0) | W, [91(6) ) {01 (6)] . (294)
0.0/
where 0, , = (27mj, 5 + ()1 2)/N, o, Where j, , € {1,..., N, ,} and where «a, , € [0,27]. Note we

could also denote H(8,6') = H; ; (). There are then N N eigenstates | cpl( ) for each pair of
boundary phases (¢);, (),), and the Chern numbers are given by

_ [ o1 | 99
Cl—2ﬁ/dC6aﬁ<aCa 0<5> (2.95)
T2

4In systems of higher dimension d > 2 and of size M x --- x M x L, one writesi — 7, and j — 7/, and the
sum is over all M?(4~Y pairs (r, 7).

#See A. MacKinnon and B. Kramer, Phys. Rev. Lett. 47, 1546 (1981). For application to the IQHE, see B.
Huckestein and B. Kramer, Phys. Rev. Lett. 64, 1437 (1990).

42B. Huckestein, Rev. Mod. Phys. 67, 357 (1995).

M. Puschmann, P. Cain, M. Schreiber, and T. Vojta, Phys. Rev. B99, 121301(R) (2019).

#K. Slevin and T. Ohtsuki, Phys. Rev. B80, 041304 (2009)

Q. Zhu, P. Wy, R. N. Bhatt, and X. Wan, Phys. Rev. B 99, 024205 (2019).

#0Y. Huo and R. N. Bhatt, Phys. Rev. Lett. 68, 1375 (1992).
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Figure 2.17: Disorder-averaged DOS and DOCS (density of conducting states). From Q. Zhu,
P. Wu, R. N. Bhatt, and X. Wan, Phys. Rev. B 99, 024205 (2019).

where the integral is over the torus ¢ € [0, 27] x [0, 27]. Zhu et al. computed both the disorder-
averaged density of states p(£) as well as the disorder-averaged density of conducting states
p.(E), defined as

Ny Ny

p(E)=<N1N >

2 =1

5(E — El)>

o, (2.96)

() = (i 2o (=S dE = E))

where the second sum includes contributions only from states of nonzero Chern number. Their
results are shown in Fig. 2.17. As the linear system size N, = N, = L is increased, the width
of p(£) remains unchanged, but that of p,(£) narrows, indicating that in the thermodynamic
limit a sub-extensive number of states carry nonzero Chern number. A scaling Ansatz, with

N, =aN, V) where N, » = NiN, ¢ = 2 L?, was analyzed, and good agreement was found

with v = 2.49 4+ 0.01%. The form of the scaling Ansatz is inspired by the fact that one expects
that for system of linear size L o« /N,, states with {(E) > L are conducting. The number of

these states scales as N, ~ L?p(E,) |E — E,| with ¢(E) = L, hence |E| oc L™'/%, and E_, = 0 for

symmetrically distributed disorder. Thus, N, oc L*'/* oc N ;_1/ @),

2.2.5 Real Space Renormalization

Symmetry dictates that a square lattice Chalker-Coddington (CC) network model composed of
identical scatterers with 7, = v should exhibit a quantum critical pointaty = v, = In(1++/2), i.e.
atT = R = %, where T and R are the transmission and reflection coefficients for each individual

“The authors also investigated corrections to scaling, with N, /N, = a(1 + bN(;W 2)N¢_1/ ) which gave better
agreement, with v = 2.480 £ 0.005.
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vertex. Consider now the case where 7" = sech v at each site is chosen from a distribution P (7)),
and consider the problem of transmission through an L x L lattice of saddle point vertices.
One may (at least numerically) compute the distribution P, (7") of transmission (defined, say,
from left to right) across this system, averaging over all the link phases. In the limit L —
0o, one expects two stable distributions, given by P_(T) = §(T) and P _(T) = §(1 - T) =
d(R), corresponding to bulk localized phases with 7" = 0 and T" = 1, respectively. The word
“stable” in this context alludes to a notional renormalization group (RG) flow. As we have
discussed above in §2.2.2, applications of RG techniques to the replica field theory of the IQHE
have been intractable due to difficulties associated with the topological term and the n — 0
replica limit. Here we describe a real space RG approach to the IQH transition based on the
network model, following D. P. Arovas, M. Janssen, and B. Shapiro, Phys. Rev. B 56, 1751
(1997), henceforth denoted as ABS97*. Real space RG (RSRG) schemes have the virtue of being
easily implemented and physically appealing, but suffer from being completely uncontrolled
and not providing any systematic way to calculate critical properties with increasing accuracy
(such as going to more loops in diagrammatic field theory calculations)”. As applied to the
CC network model, the RSRG approach obtains the distribution P,; (7") for a larger system of
linear dimension bL in terms of P, (7). This functional relation may be represented in terms of
a set of parameters {X,(L)} which characterize the distribution P, (7"), such as the coefficients
in a Chebyshev or Legendre polynomial expansion of P, (T’) in the variable x = 27" — 1. Thus,
one has

X,(bL) = F({X,(D)}:b) . (2.97)

The fixed point distribution is then characterized by {X;}, where X/ = F,({X}};b), and the
eigenvalues {),} of the matrix R;; = (9F;/0X) - determine the relevance of the correspond-
ing eigenvectors, which are the scaling variables. The positive eigenvalues define a set of critical
exponents, y, = In A,/ Inb and the localization length exponent » = Inb/In A ; corresponds to
the smallest eigenvalue )\ _;,. The S-functions are defined to be

oX, OF,
50X =517 = o o (2.98)

In order to implement this program exactly, one would need to compute the distribution P, (T)
for finite networks of arbitrary size. This is an intractable problem for even modest L ~ 10,
hence one must resort to some approximation scheme, which is the source of all troubles
with the RSRG approach. Here we will briefly describe two such approximation schemes:
(i) Migdal-Kadanoff (MK) decimation, and (ii) hierarchical lattice constructions. Both allow for
a recursive implementation of the RSRG program, using only simple numerical computation.

In Fig. 2.13, we saw how the scattering matrix S, which gives the linear relation between
incoming flux amplitudes (¢, ') and outgoing flux amplitudes (o, 0’), can be recast as a transfer

#See also A. G. Galstyan and M. E. Raikh, Phys. Rev. B 56, 1422 (1997).
¥Truth be told, with the trivial exception of d = 1, RSRG schemes generally yield poor results for critical
exponents.
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matrix M, relating data (¢, 0’) on the left of the vertex to data (o, ') on the right. Similarly, one
can define a transfer matrix N which relates data (i, 0) above the vertex to data (¢, 4) below
the vertex. Thus,

-5() = Qon() = Or() o
In particular,

S:<—sm9 COSH) o M:(secﬁ tan@) - N:<—csc9 ctn@) . (2.100)

cosf sind tanf secf —ctnf cscl

Note §'S = 1 and MIZM = NTZN = Z. Now consider the combination of two scatterers in
series, as depicted in the left panel of Fig. 2.18. The combined transfer matrix is given by

M = M,UM, = (sec@2 tan92) (e Oiﬁ) (sec@1 tan@l) . (2.101)

tanf, secb, 0 e tand, sec6,

Computing sec? §' = |[M' ,|> = 1/T’, we obtain the transmission coefficient
% & 1,1

1 1+ 2y/R, R, cos(a+ f3) + R R, (2.102)
T/ o T1T2 ‘ .

Averaging InT over the angle ¢ = a + [, we obtain (In7”) = 2(InT), and for b scatterers in
series,
(InT") =b(InT) . (2.103)

Thus In7T is driven to increasingly negative values under iteration, which is the essence of
one-dimensional localization.

Equivalently, though, we may construct the transfer matrix from “top to bottom”, in which

case ‘
N = N,UN, = <—CSC€2 ctn@z) (e 0 ) <—csc391 ctn@l) . (2.104)

—ctnf, cscb, 0 e ) \—ctnf; cscb,

But now csc?§' = |[N? |2 = 1/R’, and we have
1,1

1 1+42/T\T, cos(a+ B) + T\ Ty
R R, R,

(2.105)

This yields
(InR) =b(InR) (2.106)

for b scatterers in parallel. In this case it is the reflection amplitude which is driven to zero! In
the network model, both series as well as parallel propagation are present, and in a sense it is
the competition between these two one-dimensional localization mechanisms which gives rise
to a quantum critical point describing the IQH transition. Tractably separating the series and
parallel processes, however, can only be implemented in approximation schemes such as MK
or hierarchical lattice constructions.
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Figure 2.18: Series (left) and parallel (right) two-channel quantum scatterers.

Migdal-Kadanoff method

The Migdal-Kadanoff decimation scheme involves “bond-shifting” and is represented graphi-
cally in Fig. 2.19. To understand how this leads to critical behavior, consider the behavior of the
typical transmission coefficient T = exp(InT"). From the above series and parallel computations,
we have T, = T’ for series and R, = R for parallel transmission. The renormalized vertex for
b = 2 after bond-shifting is shown in the upper right panel of Fig. 2.19, and corresponds to
parallel transmission between two series pairs of the original vertices. For arbitrary 0, then,

T=1-(1-T"=f(T;b) . (2.107)

For b = 2, we have f(T;b = 2) = 2T* — T*. This map has two stable fixed points at T* = 0 and
1, and an unstable fixed point at T* = (/5 — 1) ~ 0.618. Linearizing about the unstable fixed
point, we obtain the eigenvalue

AU TO=2) o o5 (2.108)
T |-

corresponding to a localization length exponent v = Inb/InX ~ 1.635. Note that T* # 1

because the order of the bond shifting matters”. Choosing instead parallel followed by series
propagation, rather than series followed by parallel, the roles of T and R are reversed”'.

Thus, the composite vertex in Fig. 2.19 is not invariant under 90° rotations.

IThe RG equation in Eqn. 2.108 and its T ++ R counterpart coincide with the two RSRG equations obtained
in the MK approach to classical bond percolation. There, the bond occupation probability p plays the role of our
T, and the MK bond-shifting which in our model leads to a series or parallel composition of quantum resistors
corresponds to multiplication of bond occupation probabilities. See S. R. Kirkpatrick, Phys. Rev. B15, 1533 (1977).
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Figure 2.19: Migdal-Kadanoff decimation of the Chalker-Coddington network model. In the
first stage of the decimation, the CC network is represented as a “brick lattice”. A b = 2 bond-
shifting process effectively replaces each single vertex with a group of two vertices in series. In
the second stage of the decimation, the brick lattice is represented in the orthogonal (y) direc-
tion. Bond-shifting then replaces each composite vertex from stage one with a new composite
vertex arising first from serial and then parallel propagation. The resulting composite vertex
for b = 2 is shown in the upper right portion of the figure.

If we set b = 1 + ¢ with ¢ | 0, we obtain the “infinitesimal” MK transformation,
T=T+¢ThT-1-T)In1-T)]+0() |, (2.109)

The infinitesimal MK transformation again has fixed pointsat T = 0 and T = 1, and its unstable
fixed point lies at the symmetric value T = 3, with eigenvalue A = 2(1 — In2)¢, corresponding

tov = [2(1 —n2)]”" =~ 1.629. The S-function is

Of(T;1+¢)

80 = =5,
=0

—ThT—(1-T)ln(1-T) . (2.110)

Note that 5(T") = 0 vanishes at the fixed points, where there is no RSRG flow.
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Figure 2.20: Left: A hierarchical lattice at the second stage of construction. Right: Results for a
hierarchical lattice construction generalizing that in the left panel, but when the central site is
replaced by a unit S-matrix. From D. P. Arovas, M. Janssen, and B. Shapiro, Phys. Rev. B 56,
1751 (1997).

Hierarchical lattice constructions

A related approach to the problem involves the artifice of hierarchical lattices, which are sys-
tems of noninteger Hausdorff dimension. Consider, for example, the system depicted in the
left panel of Fig. 2.20. The elementary motif is a group of V' = 5 vertices chosen from a 3 x 3
(M = 3) group of sites, where the scatterers at the four corners are removed. This configura-
tion is arranged into a repeating structure at ever larger length scales. Repeating this process
n times results in a hierarchical structure with V" vertices contained in a square of side length
M". The Hausdorff dimension is tDy; = InV/In M, hence Dy (V = 5, M = 3) ~ 1.465; general-
izations to V(M) = 1(M? + 1) can be constructed, for which the limiting Hausdorff dimension
is lim ;00 Dy (M) = 2. To recover the previous MK scheme, replace the central scatterer with
one for which 7" = 1, resulting in the four site composite vertex of Fig. 2.19. Results from the
hierarchical lattice construction are shown in the right panel of Fig. 2.20.

If one replaces the central scatterer in the left panel of Fig. 2.20 with one for which S =1
(perfect transmission), one recovers the four-site scattering unit of Fig. 2.19. One can use this
as the fundamental unit of a hierarchical construction, and the results differ from those of the
previous section only in that the linear dimension is taken to be M = 2b — 1 rather than M = b.
The Hausdorff dimension of the hierarchical lattice is then Dy = In(b?)/In M = 21Inb/In(20 — 1)
(= In4/In3 = 1.2619 for the case b = 2), whereas the bond-shifted MK lattice is fully two-
dimensional. The correlation length exponent v is accordingly different, and given by v =
In(2b—1)/In \. For b = 2 one has v = In 3/ In(6 — 21/5) = 2.592, which is shockingly (and surely
fortuitously) close to the current best numerical value v = 2.58. Generalizations to larger b are
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straightforward and results are shown in the right panel of Fig. 2.20 (see ABS97 for details).

2.2.6 Spin-orbit coupling

The microscopic Hamiltonian for a single electron in a potential V' (r) and magnetic field B is

He ™ V) +- e B oVt SR Gl (2.111)
= — r . . e .
2m, 2mc 7 4m2c? 7 T 8m2c? 8m3c? ’
where m = p + £ A. Where did this come from? From the Dirac equation,
L OV m.ct+V co-m -
zha = ( coom  —mc+ V) U =FEU. (2.112)

The wavefunction ¥ is a four-component Dirac spinor. Since m,c? is the largest term for our
applications, the upper two components of ¥ are essentially the positive energy components.
However, the Dirac Hamiltonian mixes the upper two and lower two components of ¥. One
can ‘unmix’ them by making a canonical transformation, H — H' = e He ", where S
is Hermitian, to render H' block diagonal. With £ = m.c? + ¢, the effective Hamiltonian is
given by (2.111). This is known as the Foldy-Wouthuysen transformation, the details of which
may be found in many standard books on relativistic quantum mechanics and quantum field
theory (e.g. Bjorken and Drell, Itzykson and Zuber, etc.). Note that the Dirac equation leads to
g = 2. If we go beyond “tree level” and allow for radiative corrections within QED, we obtain
a perturbative expansion, g = 2 + 2 + O(a?), where o = ¢®/hc ~ 1/137 is the fine structure

constant.”” There are two terms in (2.111) which involve the electron’s spin™:
. . geh
Zeeman interaction : H, = o-B
dm,c
o (2.113)
Spin-orbit interaction : Hgg = e VV x (k+ £A)

e

We define \, = 12/4m.c2 = 3.7 x 1047 to be the vacuum SO coupling parameter.
0 e pling p

In crystalline solids, spin-orbit effects can be profound for large Z ions™. For crystalline GaAs,
as well as for Si and Ge, near the I" point in the Brillouin zone, the antibonding conduction band
s-orbitals are split by the band gap A from the bonding valence band p-orbitals®™. Including

>2Note that with 11, = efi/2m,c for the nuclear magneton, g, = 2.793 and g, = —1.913. These results immedi-
ately suggest that there is composite structure to the nucleons, i.e. quarks.

>The numerical value for y,, is y, = eh/2me = 5.788 x 1072 eV /G, hence p, /k, = 6.717 x 107> K /G.

*For a thorough discussion of spin-orbit effects in solids, see R. Winkler, Spin-Orbit Coupling Effects in Two-
Dimensional Electron and Hole Systems (Springer, 2003).

In Si and Ge, the conduction band minimum at I is not the lowest energy point in the conduction band.
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Figure 2.21: Possible phase diagrams for the disordered Landau level with spin-orbit coupling.
Left: Two distinct transitions, each with k = 1/vz ~ 0.42. Right: One merged transition at
sufficiently weak SO disorder scattering, with x ~ 0.21.

electron spin, these amount to eight states. When spin-orbit effects are included, the six valence
band orbitals rearrange themselves into light and heavy hole bands which are degenerate at
I', and a lower energy split-off hole band, where the splitting A, is due to spin-orbit effects.
In a crystalline energy band and in the presence of a disorder potential V, , (r) arising from
impurities, the effective Hamiltonian is

2 *oh
Hy = ——(k+ £A)° + Vip(r) + =2 0 - B+ Ao - VV;

2m* dmc e

X (k+£A) | (2.114)

which is of the same form as the expression in vacuum, but where the coupling A is now

material-dependent. For the conduction band of GaAs, for example, A = 5.3 A2, which is 106
times larger than the vacuum value \,™.

We now ask: what happens when we include spin degrees of freedom in the IQH transition?
First note that the Zeeman energy splits T and | spin states by A, = (fww,,, where = g*m*/2m,,.
In other words, with V,(r) = 0 the energy eigenvalues are E,, = (n+ 3 +$0()hw, . Due to the
effects of band structure and confinement in quantum wells, the g-factor can vary considerably
from its tree level QED value of g = 2. Values as high as g* = 60 have been observed in

InAs/AlSb quantum wells, and ¢ can also be tuned by pressure — in some cases to g* = 0.

Consider the case of a single cyclotron Landau level with a'a = n and ¢ = £1. In the absence
of SO coupling, and with weak disorder V' (r) = V|, () coupling only to density and not to
spin, there are two independent transitions. What happens when the 1 and | spin components
are mixed through the SO coupling term in H? Khmelnitskii” argued that the extended states
of overlapping Landau spin subbands should split, and network model simulations by Lee
and Chalker™ support this conclusion, and that the localization length £(F) thus diverges at

two distinct energies. Polyakov and Shklovskii™ further argued that if the two extended state

%See B. I. Halperin, 2005 Boulder Summer School for Condensed Matter and Materials Physics lecture notes.
D. E. Khmelnitskii, Helv. Phys. Acta 65, 164 (1992).

%D. K. K. Lee and J. T. Chalker, Phys. Rev. Lett. 72, 1510 (1994).

¥D. G. Polyakov and B. 1. Shklovskii, Phys. Rev. Lett. 70, 3796 (1993).
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Figure 2.22: (a) Thouless number data for smooth SO scattering (¢ = 2) for N = 40, 60, 160,
and 500. (b) Log-log plot of the integrated area under the Thouless number curves T} (E) versus
system size. The resulting slope yields v ~ 2.5. (c) Thouless number for smooth SO scattering
(¢ = 2) as a function of energy for coupling strengths A = 0, 2, 4, and 6. (d) Tracking of the
Thouless number peak, with E (\) o AW. From C. B. Hanna et al., Phys. Rev. B 52, 5221 (1995).

energies lie at £ = £F_, then the localization length should take the form

§(E) o (ﬁ) : (2.115)

where " is the disorder broadening of the LLs, which is assumed to satisfy I" > E_. This
would suggest a crossover behavior where the actual correlation length exponent v is observed
only very close to F = +F_, and at sufficiently low temperatures. Otherwise, { ~ |I'/E|* and
an apparent doubling of the exponent is predicted. Such an apparent doubling of the exponent
for spin-degenerate peaks was reported in microwave measurements®’, where the width of
the transition is observed to scale as AB o w?, where v = 1/vz if the quantum critical point
view of the transition pertains. For isolated peaks, v = 0.41 & 0.04 was found, while for spin-
degenerate peaks, v = 0.20 = 0.05. The reader is advised to note our descriptive collocation,
"apparent doubling” (italics for stress).

0L, W. Engel et al., Phys. Rev. Lett. 71,2638 (1993).



112 CHAPTER 2. INTEGER QUANTUM HALL EFFECT

08
0.50 |

0.40

o
-]

Thouless number
(=]
S
Thouless number

e
o

0.0 10.0 20.0 30.0 40.0 50.0 0-000[6
Energy ’

(d) v~44

=
K
=
< |
£

. . .
0.0 2.0 4.0 6.0 15 2.0 25 3.0 35 4.0
spin-orbit coupling strength i In (L)

Figure 2.23: (a) Thouless number data for white noise SO scattering ({ = 0) for N¢ = 40, 60, 160,
and 500. (b) Log-log plot of the integrated area under the Thouless number curves T} (E) versus
system size. The resulting slope yields v ~ 4.4. (c) Thouless number for smooth SO scattering
(¢ = 2) as a function of energy for coupling strengths A = 0, 2, 4, and 6. (d) Tracking of the
Thouless number peak, with E (\) oc AW. From C. B. Hanna et al. op. cit..

Hanna et al.®* (HAMG) studied the model
H=I,[V(r)+A\W(r) o], |, (2.116)

where I, projects onto the n = 0 cyclotron Landau level, where V' (r) and W, , _(r) are Gaussian
random fields of zero mean, satisfying

(V(r) V() = ;; exp( = |r — r'/2¢?)

"

(2.117)

<Wa(r) Wﬁ(r/)> eXp( - |’I" - T‘/|2/2C2) 5015 )

where V' and W are the respective strengths of the scalar and spin-dependent random poten-
tials, and ( is the correlation length of the disorder, assumed the same for both V'(r) and W (r).
The limit ¢ — 0 corresponds to Gaussian white noise, but is effectively smoothed on the scale of

®1C. B. Hanna, D. P. Arovas, K. Mullen, and S. M. Girvin, Phys. Rev. B 52,5221 (1995).



2.3. EDGE STATES 113

the magnetic length ¢ due to the LLL projection II, . Note that there is no Zeeman term, corre-
sponding to g* = 0, hence the spins in the absence of the W - o term are completely unresolved.
In other words,

]oz]oz(9179) <j|V(’l")|j,>(Saa/+>\<j|W(’I")|j,>-Uaa, y (2118)

where (6,, 0,) are the boundary condition Bloch phases. HAMG computed the Thouless number,
which, for the n'" state in the spectrum, is defined to be

T, = g(E,) |E,(r,0) — E,(0,0)| , (2.119)

where g(E,) is the density of states at energy E, , averaged over some width § E which contains
many levels. The energy difference AE = E, (7,0) — E,(0,0) is the difference between values
at antiperiodic and periodic boundary conditions in the 6, phase®. One finds 7, = T'(E,) is a
smooth function of the energy F, after averaging over disorder. Assuming the scaling form

T,(E) = f(&(B)/L) = f(L'|E]) | (2.120)

the area under the 7} (E) curves behaves as

A(L):/dETL(E):CL‘l/” : (2.121)

where 7} (0) and C are independent of the system size L.

HAMG found that for smooth SO disorder scattering (¢ = 2), there are indeed two fully re-
solved individual peaks of T, (E) located at E = +£E_, with E, independent of L for L > 40
(see Fig. 2.22). The dependence of E_ on the SO coupling A was found to be linear. Plotting
In A(L) versus In L, an exponent of v ~ 2.5 was extracted. Results white noise disorder (¢ = 0)
are shown in Fig. 2.23. The two peaks of T} (£) are poorly resolved, and an attempt to infer
v from the scaling Ansatz for T (E) yields the approximately doubled value v ~ 4.4. Much
larger systems are apparently necessary in order to fully resolve the two peaks and to obtain
the presumably correct value of v ~ 2.5.

2.3 [Edge States

Recall the Hofstadter model from §1.6.2. Rather than applying doubly periodic boundary con-
ditions in both z and y directions, consider the model on a cylinder with N, sites on each row
parallel to the symmetry axis, and N, sites in the periodic direction. We will take N, — oo but
keep N, finite. A sketch is given in Fig. 2.24. The boundaries at the edges of the cylinder break

20ne could equally well define the Thouless number with respect to boundary conditions in the 6, phase.
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Figure 2.24: Hofstadter model on a cylinder, with flux ¢ per unit cell.

translational invariance in the z-direction, so the magnetic unit cell is now NN, x 1 structural
unit cells, and the Hamiltonian is

2 cos 0, 1 0o .- z*
1 2cos(,+¢) 1 0
H(0,y, Ny, 2) = —t 0 1 : (2.122)
; 1
2 0 e 1 2cos(6, + Ny9)

which is an N; x N, matrix. Here z controls the boundary condition in the z-direction, with

z = exp(iN,0,/q) for periodic (toroidal) boundary conditions and z = 0 for open (cylindrical)
boundary conditions.

For the infinite square lattice Hofstadter model with flux ¢ = 27p/q per structural unit cell,
TKNN showed that the Chern number C, for the 7" subband is given by C, = t. —t,_,, where
t, = 0 and where ¢, is determined by the solution of the Diophantine equation®

r=qs,+pt, . (2.123)

with [t,| < 1¢. For p = 3and ¢ = 7, one has r = 7s, + 3¢, and the solutions to the TKNN
Diophantine equation are given by

(s1,6) = (1,=2) , (s3,ts) = (=1,3) , (53,13 (2.124)

(07 1) ) (547 t4) = (17 _1)
(SS’tS) = (27 _3) ) (56>t6) = (072) ) (‘97 t )

7):(

The t, values are (¢,,...,t;) = (0,—2,4+3,+1,—1,—3,42,0) and thus the Chern numbers are
found to be (C,,...,C;) = (=2,+5, -2, -2, -2, +5, —2).

3Qur convention corresponds to TKNN's strong potential limit.
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Figure 2.25: Left: bulk bands and edge states for the Hofstadter model with p = 3, ¢ = 7, and
N, = 4q = 28. Light vertical lines indicate ¢, values corresponding to edge state crossings of the
Fermi level (light horizontal line). Right: Detail of lowest three bulk bands and their associated
edge states.

Consider now the results for the finite cylinder with N; = 28 shown in Fig. 2.25. Notice
an essential difference relative to the bulk spectra: isolated energy levels traverse the gaps.
These are edge states localized along either the left boundary of the cylinder (shown in red) or
the right boundary (shown in blue). From the relation hv, = a 0E/06,, where a is the lattice
constant, we see that the direction of each edge mode is determined by the sign of the slope
of its dispersion curve whenever the Fermi level lies in a gap between bulk bands. Note that
the modes associated with a given edge do not always propagate in the same direction as they
do in the continuum (corresponding to the case ¢ — 00), but can switch direction as the Fermi
level is placed in consecutive bulk gaps.

Now look closely at Fig. 2.25 and note that there are two red edge levels propagating with
v, < 0 when FE| lies in the gap between bands » = 1 and r = 2. This corresponds to the
value ¢, = —2 obtained from the TKNN Diophantine equation above. When £, lies in the
gap between bulk bands » = 2 and » = 3, we see there are three red edge levels with v, > 0,
corresponding to ¢, = +3, again in agreement with TKNN. Examining the next gap, we find
t; = +1. In general, we observe the rule that the Chern number C, of the r'™™ band is the difference
in the number of clockwise propagating states on the left edge when the Fermi level is changed from the
(r + 1)™ to the r'™ gap between bulk subbands.

This correspondence between the bulk Chern number and the edge state structure is true in
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Figure 2.26: Bulk bands and edge states for the Haldane honeycomb lattice model with ¢, = 1.0
and m = 0.2. Left: t, = 0 (nontopological). Right: t, = 0.16 > m/3V/3 (topological). Credit:
https:/ /topocondmat.org/w4 haldane/haldane_model.html.

general, and for another example consider the case of the Haldane honeycomb lattice model
discussed in §1.7.3. When placed on a cylinder, the energy levels as a function of the Bloch
phase 6, are depicted in Fig. 2.26, both in the nontopological (|t,| < |m|/3v/3) and topologi-
cal (|t,] > |m|/3V/3) phases. Note how edge levels interpolating between the bulk bands are
present in the topological phase, where the bulk band Chern numbers are C, = F1. Any lat-
tice model with nonzero total Chern index when the Fermi level lies in a bulk gap is known as
a Chern insulator.

2.3.1 Hatsugai’s formulation

Yasuhiro Hatsugai in 1993 provided a particularly lucid description of the mathematics of edge
states in lattice Chern insulators®. Consider a square lattice Chern insulator on a cylinder of
dimensions N, x N,, where y is the periodic direction, and where we take N, — oc. Transla-
tional invariance in y guarantees that k, is a good quantum number, and as usual we define
0y = k,a, where a is the lattice constant. Let us fix our interest on the Hofstadter model with
flux ¢ = 27p/q per structural unit cell, and let N, = Jq where J is a positive integer. The

64Y. Hatsugai, Phys. Rev. Lett. 71,3697 (1993); Y. Hatsugai, Phys. Rev. B48, 11581 (1993).
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wavefunction is described by the set of functions {¢,,(,) }, where n € {0,..., N,}.

toroidal : 1,y (05) = ¢, (6,) Vn
cylindrical : y(6,) = ¢y (6,) =0

In the toroidal case, choosing a ¢ x 1 magnetic unit cell, we have ¢, (0,) = 14, (6,) with
0, =2nj/Jand j € {1,...,J}.

(2.125)

The lattice Schrodinger equation for the Hofstadter model is
—t 7\pn—l —2t COS(n¢ + 92) wn - twn—i-l = Ewn ) (2126)

which may be restated as

Rn (€L027 (b)
Unir) _ (—= — 2 cos(ng +0,) —1)\ ( ¥ )
( o ) ( 1 0 b , (2.127)
with ¢ = E//t. We define the transfer matrix
M(e) = Ry(e)R,,(6) -+ Ryfe) . (2.128)

where we suppress notation of 6, and ¢ for clarity. The full transfer matrix across the cylinder
is then M”7(e), and given our boundary condition ,(6,) = 0, we have

Vygi1) _ 1
( {ZJ: ) = M’ (e) (o) : (2.129)

This requires [M7()],, = 0, which is a degree N, — 1 = Jq — 1 polynomial equation in ¢ for
each 6, . Writing
Ny=1=(N, =)+ (g-)=(-Dag+(a—1) , (2.130)

we have that these N, — 1 energy eigenstates for each 6, are grouped into ¢ bands each with
(J—1) states, plus (¢—1) mid-gap states, which are the edge states. The condition [M”(¢)],, =0
says that M7(g) is a 2 x 2 upper-triangular matrix. It is satisfied by the simpler condition
M,,(¢) = 0, which is an order ¢ — 1 polynomial equation in ¢, since any product of upper-
triangular matrices is upper-triangular. It turns out that this condition sets the values of the
q — 1 edge state energies, ¢ = i, with [ € {1,...,¢q — 1}. The r'" edge state energy y; lies in the
gap between bulk bands r and r + 1. Furthermore, since ), = 0 and we may choose ), = 1
(this is scaled by whatever normalization we may apply) for each r, we have

O () = [Myy ()] (2.131)

and therefore we conclude
o |My(p,)| <1 = ") localized on left edge (i ~ 1)

(2.132)
o |My(p,)|>1 = wi(r) localized on right edge (i =~ N, — 1)
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Figure 2.27: Hatsugai’s construction of the genus g = ¢ — 1 Riemann surface.

When ‘M 1 (,ur)‘ = 1, the edge level merges with the bulk and there is no exponential localiza-
tion.

With doubly periodic (i.e. toroidal) boundary conditions, the Bloch condition is

(5)=mo ) =) e

Following Hatsugai, we now analytically continue ¢ — 2z € C and we define the phase p =
exp(if; ). Solving for p(z), we have det(p — M(z)) = p* — T(z) p+ 1 = 0, where T'(z) = Tr M ().
Note that det M (z) = 1 since det R, (z) = 1 for all n. The solution is

p(z) =3T(2) £35/T%(2) —4 . (2.134)

Furthermore, we have

My oy
M22 - p

pMy, _ 1 P
My —p M,

Vo= — (p—My) . (2.135)

= h,=—

Define w(z) = /T?(z) —4. The branch cuts in w(z) define the bulk energy bands, where
T?%(z) < 4and z = € € R, which entails |p(¢)| = 1. Therefore, we can write

w(z) = \/(z Az =Ag) (2= A) (2.136)

where the 7" bulk band energies satisfy ¢ € [\,,_;, \y,] . We may compactify, taking all values
of z for |z] — oo to a single point. The need to specify a sign for w(z), which is a square root,
means we have two spheres, R, and R_, each with ¢ branch cuts corresponding to the bulk
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Figure 2.28: Genus g = 1 and g = 3 Riemann surface with ¢ bulk bands and ¢ — 1 edge states
for each value of 6,.

bands. The branch of w(z) is defined such that w(z — —o0) 2 0 on R,. The spheres R, are
glued together as shown in Fig. 2.27 to create a genus g = ¢ — 1 Riemann surface, X, (0,) for
each 6,, which is the complex energy surface for the Hofstadter model (see Fig. 2.28). Note that
g is the number of gaps, and hence the number of edge modes.

Each edge state must satisfy ng” (11,) = 0. There are g such solutions on X (6,). As 0, is varied,
1, (05) moves around the 7" hole in an oriented loop. The winding number of this loop, I,,
determines the Hall conductance, with the Chern number of the 7" band being given by

(2.137)

where 7 is the label of the highest-lying filled band.

2.3.2 Qi-Wu-Zhang picture

Recall that the raisin bagel, while a culinary abomination and an outrageous form of cultural
appropriation of my people, nevertheless furnishes a useful paradigm for the Wigner - von
Neumann theorem, which says that accidental degeneracy for complex Hamiltonians has co-
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dimension three®. The raisin bagel corresponds to a three-dimensional filled torus, parame-
terized by the two Bloch phases (6,,6,) and a third radial coordinate = € [0, 1]. Degeneracies
of two neighboring bands, £, (0,,0,,7) and E,_,(0,,0,,7), occur at discrete points (67, 65,7*)
within the bagel. We identify these points as the raisins.

In the picture of Qi, Wu, and Zhang® (QWZ), the radial coordinate r is a multiplicative factor
in the hopping amplitudes on all links coupling sites with z-values N, and 1. The Hamiltonian
is taken to be

H==>" (tgrapChaCrp+He) +V (2.138)
(RR') o,

where V conserves local particle number n, = 3. ¢k cp. at every site R, and may describe
disorder or locally n-preserving interactions. On the links which straddle the horizontal and
vertical “edges” X and X, of the toroidal base space, we take

trr — Ttrr €xp(i6,Q;) horizontal edge (2.139)
trr — trr €xp(i0,Q,)  vertical edge |, '

where @, , are Hermitian matrices satisfying exp(27iQ;) = 1, and where ¢y, is for each link
(RR') amatrix with internal indices o and 3, viz. tpp 5 i Eqn. 2.138. Thus H = H(0,, 0,, 1) has
a three-dimensional parameter space, the filled torus, which interpolates between a cylinder at
r = 0 and a torus at r = 1.

The Berry gauge connection for the n'" energy band is

. )
AP(0,,0,,1) = —i (1, (6,,0,,7) | o | ¢, (6y,05,7) ) (2.140)

and the associated Berry curvature is

. Al Al
Q) (01, 0,7) = = — =2 (2.141)
At fixed r, integrating around a contour C on the (6,, 6,) torus, one has
o (C,r) = jf " AL (6,,0,,1) . (2.142)

C

For notational clarity, we henceforth suppress the band index n.

%Seeded bagels are perfectly acceptable and indeed delicious. But bagels should not be defiled with cinnamon
or sugar or fruit.
0X.-L. Qi, Y.-S. Wu, and S.-C. Zhang, Phys. Rev. B 74, 045125 (2006).
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In general, the connection cannot be defined globally, and instead only on patches. To this end,
we define, for r = 1, A} (0,,0,,r = 1) = AlY(0,,0,,r =1) = 0, and
91

0 (2.143)

4%@@w:)zfﬂﬂﬂ%@ for 6, € (—m,)

—T

Note the discontinuity in A,(6,,6,,,r = 1) at §, = 0 and 6§, = 7. Thus, the (6,,0,) torus T? is
covered by two cylinders 6, # 0 and 6, # 7. The Chern number is given by

2m—e 2
.1 0
C = lim §/d91 5 (/d92 A;(el,ez,,rm) . (2.144)

€ 0
Following QWZ, we may define the quantity

2

M%ﬂzﬁ%%@@ﬂ (2.145)

0

and the phase Y (6,,7) = exp(ix(6;,7)), so that

2m
_ 1 -1 _ 1 0)((91,7’)
C= o %d’f T = o /d91 20, . (2.146)

r=1

Although x(6,,r) jumps by 27C across ¢, € [0, 27], the function Y (6,,r) is everywhere single-
valued and well-behaved. Since H = H(r¢?19 | ¢2@2), when r = 0 at fixed 6,, the Hamilto-
nian is the same for all §,. Thus, (r, §,) may be viewed as 2D polar coordinates, with » = 0 the
origin. It follows that if C' # 0, there must be a vortex singularity somewhere within the unit
disk {(r,6,) |0 <r < 1,0 <8 < 2r}. Since x(0,,r) is well-defined provided the state |, ) is
nondegenerate, we conclude that one or both of the gaps £, — F,_, or E, ., — E,, must collapse
at some point in the interior of the disk if C,, # 0. Thus,

* Whenever C,, # 0 for the r = 1 system, there must exist one or more points (65,65, 7*)
with r* < 1 where the state | 1, (07, 05,7*) ) is degenerate with one of | ¢, ., (67,65,7%) ) .

This is essentially a restatement of Wigner - von Neumann. Note that » < 1 corresponds to
weakened inter-edge tunneling.
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Chapter 3

Fractional Quantum Hall Effect

3.1 Many-Body States in the Lowest Landau Level

3.1.1 Introduction

Transport experiments in the quantum Hall regime reveal QH plateaus at fractional values
of 0,, = ve*/h with v = p/q a rational fraction, principally with ¢ odd. This corresponds
to fractional filling of a Landau level. Recall that electrons are fermions, and a many-body

fermionic wavefunction must be totally antisymmetric with respect to change of labels, viz.

!P(&'U(l), e £U(N)) =sgn(o)W(&, ..., &) (3.1)

where §; = (r;,7;) is a compound variable including the spatial coordinates and spin polar-
ization (7; = +1) for the j* electron, and where sgn(c) = (—1) is the sign of the permutation
o € Sy. Initially we will presume that the Zeeman field polarizes all the electrons into the same
spin state with 7; = +1 for all j. In this case we only need concern ourselves with the spatial

coordinates {r;}.

One way to construct such a totally antisymmetric state is via the Slater determinant,

o1(r)  pilry) o pi(ry)
U(ry, ..., ry) =det {p(r))} = det @2(:73) #alr2) - %(:TN) , (3.2)
on(ry) T o on(ry)

Here {;(r)} is a basis of single particle wavefunctions. Recall that in the LLL, in the symmetric
gauge A = 1B(y, —z), for which B = —Bz, all the wavefunctions are of the restricted form
¥(r) = f(z) exp(—2z/4¢*), where f(z) is an analytic function in z = z + iy, meaning df(z) = 0,

123
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where 0 = 0. = 1(9, + id,). In the LLL, then, the most general N-electron wavefunction is of
the form

U(ry,...ry) = F(z,. . zy) [[exp(=27/46%) (3.3)

Jj=1

where F'is analytic in all its arguments. Now recall the angular momentum basis for the LLL,

1 ¥ " 5 /402
— —zZ/40
m(T) = e . 34
N ] (ﬁe) G4
Without normalization, we have the analytic factor f,,(z) = 2™, and forming a Slater determi-
nant among N electrons in the angular momentum states m € {0,1,..., N — 1}, we have
PO S}
B
F(zy,...,zy) =det{z]"} =det| | _ . : (3.5
Z:{V._l el e . Z]]\\[[._l
Clearly F(Z) is a homogeneous polynomial in its arguments Z = {z,,..., 2y}, which says

F(\Z) = X&' (7). Since the k™ row of F(\Z) is multiplied by 2", we have

deg F' = Z - 1)

N(N—1) . (3.6)

l\DI)—‘

Furthermore, since F'(7) is totally antisymmetric, it must vanish whenever z; = z; for all i # j.
Thus, the product

V(Z) = H(Zz —z;) (3.7)

must be a factor of F(Z). But since there are N(N — 1) terms in the product for V(Z), we must
have that F'(Z) = C'V(Z), where C is a constant. Since the coefficient of the term 202} - - - 28! in
both F(Z) and V(Z) is 1, we conclude C' = 1 and hence F(Z) = V(Z), which is called the Van-
dermonde determinant. It corresponds to the holomorphic part of the N-body LLL wavefunction
where each of the lowest N angular momentum states, i.e. with m € {0,..., N — 1}, is filled,
with no holes. The Vandermonde determinant holomorphic factor corresponds to a filled Landau level.

The many-body normalization integral is

N-1
/d2r1-~-/d27"zv ‘V(zl,...,z exp( 2£2Z|z\2) :N!,LIO [2%62(\/§€)mm!] ) (3.8)
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3.1.2 Second quantization

With an orthonormal set of single particle wavefunctions {¢,(r;)}, the normalized Slater de-
terminant state is given by

1
Lpozl---ozN (rlv s 7TN) = ﬁ gg:sgn(a) (paa(l)(rl) e (an(N) (TN) . (39)
gConN
We define the state
1
[y, o) = —= Y sgn(0) | ayq)) ® -+ @ | o, ) =l - CLI 10) (3.10)
N' o€SyN N
in which case ¥, ., (r,...,ry) = (r,...,7y|ay,...,ay). Here {c,, i} = 6,4 are the

canonical anticommutation relations for fermionic annihilation (¢, ) and creation (CL) operators.

The second quantized Hamiltonian is written as H = 7'+ U + V. The kinetic energy is

T=> (alt|B)cle; | (3.11)
,p
where
(alt]8) = [db @) (. 9) outr) 612)
where t(r, V) is the single particle kinetic energy operator, and is often a function of the vector
derivative V alone, is t = —% V2. Of course for a particle in a magnetic field, we have that
t = %(— iV + %A)% A single particle potential u(r) gives rise to the second quantized
contribution A
U=> (alu|B)cles (3.13)
a,
where
(alul8) = [db @it ulryonr) .19
Finally, the two-body potential is given in second quantized form as
-1
V:§Z (a6|v|76)ciécgc§c7 : (3.15)
o,B,7,0
where
(af|v]yd) = /ddﬁ/ddrz (1) " (ry) v(ry — 79) P5(73) <P7(7°1) . (3.16)

The field operator is given by
Gr) =) alr)ea o W) =D i) (317)
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Thus,
{o(r), v} = Z ok (r) g (r') = 6(r — ') (entire Hilbert space)
a (3.18)
=5n e!Im (F2)/20 o= |==2F/4E (1 11, only)
As an example of the second quantized formalism, consider the density operator
n(r) =i (r)p(r) =YY on (N e (r)d, ¢, (3.19)

my My

where we use the angular momentum basis. Let | U, ) = HZ"’:_OI ! | 0) denote the filled Landau
level, where N is the Landau level degeneracy and N = N, is the number of electrons. Then

<\I]1 | C;rnlch | ‘111 > = 6m1,m2 ) (320)
and therefore
N<b_1 1 sz_l 1 ‘ |
z 22 2
) = (1) 0 100 = X lennf = 50 X o @Jﬁw. (321)
m=0 m=

In the limit N, — oo, we have n(r) — 1/27(*, the number density of a filled Landau level. For
finite N, , the electron density is described by a droplet of radius R, where 7R* = 2n(’N,. To
see this, let ¢ = |2[2/2(2, s0 v(() = 2r?n(r) = e ¢S _ (™ /m! where M = N, — 1. Thus we
have dv/d{ = —e=¢ (™ /M! which is maximized in magmtude at( = M, where for large M it
takes the value —1/v27M. Now using the chain rule we obtain (dv/dr),;, = —1/2y/m(. Thus,
v(r) drops from v ~ 1 inside the droplet, i.e. r < R = (2N,)'/?(, to v ~ 0 outside the droplet on
a distance scale Ar ~ /.

We can carry out the same computation in the Landau basis, where in the n = 0 LL
Yp(z) = (V7 (L) U2 giky o= (a—k)P /262 (3.22)

Suppose we fill all states with k& < 0, so

0

dk
(o) = L[ 55 oo = pogertc(a/t) (3.23)

—00

where

erfc(z \/_/t =1 —erf(z) . (3.24)
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Note erfc(—oo0) = 1 while erfc(0) = 1 and erfc(oo) = 0. Thus there is an edge at z = 0, across
which the electron density drops from n(—oo) = 1/2m¢* to n(co) = 0 within an interval Az ~ /.
If we further assume a neutralizing background of number density ©(—z)/27¢?, then the total
charge density in units of the electron charge is given by

plx) =n(x) — @2(7:;) = 47;2 erfc(z/0) sgn(x) . (3.25)

Thus there is overall charge neutrality, i.e. [ dz p(z) = 0, and we may define a dipole moment

per unit length )
d= /dm xp(z) = 8i7r : (3.26)

For our next trick, let’s evaluate the expression

ny(r7') = (W [0 (r) 1 () () 9 (r) | )

2
= N(N —1) /dzr3 = -/dzm W, (7 g,y (3.27)

=) 3 G )5, () 00, () 1, (1) (T [, e 10)

my My Mg My

Now
(3.28)

and therefore

=33 () [ = €0) @) 930 () 0,0 ())

= ﬁ (1 — e—(r—r/)2/2g2) = ngg(‘r — 7"/‘) =n; <1 + h(|r _ 7,/‘)) 7

where we have taken the N, — oo limit. Here n, = v/27(* is the droplet density for the filled
LL (v = 1), g(r) = 1 — exp(—r?/2(?) is the pair distribution function and

h(r) = g(r) — 1 = —exp(—r?/2¢?) (3.30)

(3.29)

is the pair correlation function. The Coulomb energy per particle, once a neutralizing background
is introduced, is given by

7T€2

<VJ>\;orr _ %n/d% o(r) h(r) = — S (3.31)
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3.1.3 LLL projection

Consider the matrix element of a function V (r) between two LLL states, f(z) exp(—zZz/4(*) and
g(z) exp(—=zz/4¢%). We define

(g|V|f)= / Prg@ V(r) () exp(—22/20%) | (3.32)

With f(2) = fn2™and g(z) = > o g, 2™, we have g(z) = > °_, §,, 2", i.e. g(z) = g(2).
Now define the normal ordered operator : V(Z,z): to be the function V(r) expressed in terms

of z and Zz, but with all z factors to the left of all z factors. Thus, : r?>: = zz. When z and z

commute, normal ordering accomplishes nothing. But note that

(g|V|f)= /dzr exp(—22/20%) §(z) : V(20%0, 2): f(2) (3.33)

because we can integrate by parts, acting with —2¢?9 to the left, where it has no effect on §(z),
which his holomorphic in z, and which acts on the exponential factor as

—20%0 exp(—22/20%) = z exp(—22/20%) | (3.34)

thereby bringing down one factor of z for each application of 2/29. Thus, the action of an
operator V() on the LLL wavefunction ¢(r) = f(z) exp(—zz/4(?) is tantamount to acting only
on the holomorphic part f(z) with the operator’ : V(2¢29, z): . Thus, the Schrodinger equation
in the LLL, dropping the constant 1/w, zero point cyclotron energy term, is

V(20%0,2): f(2)=Ef(z) . (3.35)

As an example, consider the harmonic potential V(r) = $ Kr?. Projected to the LLL, the eigen-

states in this potential have holomorphic parts f(z) which satisfy

20 % (2 f(2)] = E f(2) . (3.36)

Clearly the solutions are the angular momentum states, with f, (z) = C,,2™, where C,, is a
normalization constant. The energy eigenvalues are then E,, = (m + 1)K (2.

A particularly important application for us will be that of the plane wave, for which
sexp(—ik - r): = exp(—ik(*0) exp(—ikz/2) . (3.37)
Note further that
sexp(—ik - r): f(2) = exp(—kk(?/2) exp(—ikz/2) f(z —ik(?) . (3.38)

Thus, the holomorphic coordinate within the function f(z) is displaced by —ik/2.

1S. M. Girvin and T. Jach, Phys. Rev. B29, 5617 (1984).
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3.2 The Wigner Crystal

Let’s first consider the interacting 2DEG in a field, but in the absence of disorder. The Hamil-
tonian is

N

H = 2;* Z (p, +2A,) + Zv(ri —r) (3.39)
i=1 1<J

with v(r) = e?/er is the three-dimensional Coulomb interaction. We reiterate that while the

electrons in are confined to a 2DEG, they interact via the three-dimensional 1/r potential and

not the two-dimensional In(1/r) form. This is because the field lines between charges in the

2DEG are themselves not confined to the 2DEG, but exist throughout the three-dimensional

host heterostructure. The static dielectric constant in GaAs is e = 13.13.

In heterojunctions, the electron number N is fixed by the density of dopants. At fixed area
A, the number of fluxoids in a finite area A under uniform B = —Bz is N, = BA/¢,, where

the Dirac flux quantum is ¢, = hc/e = 4.137 x 10°T - A®. The Landau level filling fraction,
v = N/N,, may then be adjusted by varying the field strength B. In Si MOSFETS, the electron
density is set by the gate voltage V, and can be varied during an experiment, as can B. Thus
there are two ways to change v in a MOSFET.

Recall that in the LLL, the kinetic energy is quenched, hence H,,, = II, HII, = Nhw, + v,
where

V=T,> vr-r)I=> v(R,-R,) | (3.40)

1<j 1<j

where R, = (X,,)),) are the guiding center coordinates for the i*" particle’. Recall that
[Xw yj} = —il” 0 (3.41)

with [X;, X;] = [),Y;] = 0. We may drop the constant $ Nw, piece in H, |, and take the LLL-
projected Hamiltonian to be V. Projecting onto a single Landau level ignores Landau level
mixing effects. We expect this approximation is justified provided the typical Coulomb energy
scale e?\/mn/e is sufficiently smaller than the cyclotron energy gap hw,, or the Zeeman gap
Chw, , where ¢ = g*m*/2m,, (see §2.2.5). With n = v/27(* and w, = h/m*¢?, this criterion, up to
dimensionless factors of order unity, is given by

Vil < N2ay (3.42)

where af = eh?/m*e? is the effective Bohr radius, which is large in GaAs, with m* = 0.067 m,
and € = 13, we obtain af = 104 A, and with ¢ = 257A /B [T], our criterion then becomes
v < 0.33 B[T], which is reasonably satisfied within the LLL (v < 1) for B > 10 T. In fact, there

ZRecall that there are some subtleties associated with the LLL projection, having to do with normal-ordering,
as discussed in §1.3.2.
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will always be some degree of LL mixing, and the issue is really whether the actual ground
state | U, ) is adiabatically connected to some model or trial state that is conveniently expressed
solely within the LLL, i.e. what phase of matter is present.

3.2.1 Classical Wigner crystal

At v = 1 there is a unique state corresponding to a filled LLL, but for N < N,, the number of
possible many-body states is given by the size of the Slater determinant basis, which is

N,
Q(N, N,) = < N@b) ~ eWN, (3.43)
where ¢(v) = —vInv — (1 — v)In(1 — v) . There are thus exponentially many states to consider,

so we need some intuition or physical principle to help us choose among them. One thing we
can do is throw up our hands and ignore quantum mechanics® and pretend that the components
of R, commute. This is equivalent to considering the classical potential energy function

v(rlv"'7TN> = ZU(Ti _Tj) ) (344)

1<j

with v(r) = e*/er. To be more precise, we could place our N particles in a circular disk of
radius A, along with a uniform neutralizing background. Without the background, the energy
will diverge as N — oo with no thermodynamic limit (i.e. the energy will scale as N? rather
than as N), but the neutralizing background, which is of course physical, fixes this problem®.
What is the ground state? The simplest guess would be that it is a crystal. In some cases this
can be proven mathematically, such as the case of ‘sticky disks” where v(r) = +o00 for r < a,
v(r) = =1 for r = a, and v(r) = 0 for » > 0. For this case, the ground state is a triangular
Bravais lattice’. Recall that the Abrikosov vortex lattice in a type-II s-wave superconductor,
where the vortices interact by a screened repulsive logarithmic potential, is also triangular.
That weak crystallization, meaning crystallization in a weakly first-order transition, should result
in a triangular lattice in d = 2 was argued by Alexander and McTague® based on a Landau
theory of the transition. The argument is as follows. Let g, be the amplitude of the Fourier
component of the density o(r) with wavevector G, which is a reciprocal lattice vector of the

3] am a trained professional. Students should not try this at home.

“Recall that in heterostructures, the neutralizing background is due to the dopants, which are typically recessed
by several hundred Angstroms from the 2DEG.

5R. C. Heitmann and C. Radin, J. Stat. Phys. 22,281 (1980) and also C. Radin, J. Stat. Phys. 26, 365 (1981), where
the original proof was extended to ‘soft disks” where there is an annulus over which the interaction potential varies
linearly with distance between v(a) = —1 and v(b) = 0.

6S. Alexander and J. McTague, Phys. Rev. Lett. 41, 702 (1978). See also E. I. Kats, V. V. Lebedev, and A. R.
Muranov, Phys. Rep. 228, 1 (1993).
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incipient crystalline phase. Then construct the free energy

{QG} ZX G) loc|® __BZZZQG %a, %a, G+G +G,.,0

G, G, G4

‘|‘ECZZZZQGlQG2QG39G45G1+G2+G3+G470+... ,
G, G, G, G,

1 2

(3.45)

where
X‘l(k) =r+b (k2 — G2)2 (3.46)

is the inverse static susceptibility at wavevector k, which for fixed r is minimized for |k| =
The quadratic term determines the magnitude of the preferred wavevectors at which conden-
sation takes place at r = r, = 0, but this energy is degenerate over the circle (or sphere in d = 3)
of radius G. For weak crystallization, then, the cubic term determines the crystal structure,
and evidently prefers structures whose reciprocal lattices contain the maximum number of tri-
angles, in order to satisfy the G| + G, + G3 = 0 condition. In d = 2 this prefers a reciprocal
lattice which is triangular, hence the underlying direct Bravais lattice is also triangular (or hon-
eycomb). In d = 3, this condition prefers the fcc structure among all regular lattices, and the
corresponding direct lattice is thus bcc. It should be emphasized that the Alexander-McTague
theory applies to the weak crystallization of a fluid, and really describes the formation of a
charge density wave structure, rather than a Wigner crystal of point particles.

The energy per particle of d = 2 crystalline lattices of charges interacting by the potential
v(r) = €?/er, in the presence of a uniform neutralizing background, was computed by Bonsall
and Maradudin (BM) using the Ewald summation method’. They obtained the general result,

U, 2 /
uwcz-ggiz-gi@i{2—-§;¢Lu2mf#/ﬂ>} (3.47)

where the sum is over all nonzero direct lattice vectors R, 2 is the unit cell area, and

o

z) = /dt the (3.48)
1

is known as the Misra function. BM obtained the following results:

2 ror\Y?  [0.777990
we=-5 (%) (square) (3.49)
e \ Q2 0.782133 (triangular)

Thus, the triangular lattice configuration has lower energy per particle. Note that n{) = 1 where
n = v/2n(?* is the density, hence (27/Q)'/% = \/v/L.

7L. Bonsall and A. A. Maradudin, Phys. Rev. B15, 1959 (1977).
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3.2.2 Quantum Wigner crystal

How can we restore quantum mechanics, i.e. the noncommutativity of [X;, V;] = —if* §;;? Maki
and Zotos® constructed a trial LLL Wigner crystal wavefunction, using the coherent states
@g(r) as a basis, where the set {R} corresponds to a triangular lattice, i.e. R,,, = ma; + na,
with a;, = 2a(2 F v39) and Q = n~! = 1v/3a? Recall the form of the LLL coherent state
wavefunction from §1.3.7,

op(r) = (r|R) = (2r(*)~1/? exp(iR x r- 2/20°) exp(—|r — R[?/40%) . (3.50)
The Maki-Zotos wavefunction is then
| Wiz ) = N2 Z sgn(o 5 Ry ) - (3.51)
oSy

Note that the MZ wavefunction is not normalized, due to the fact that the von Neumann lattice
of coherent states is not an orthonormal basis:

N
(Uniz | YUz ) = Z H <Rj | Ra(j)> ) (3.52)
oeSy =1
where
(R|R') =exp(—iRx R - 2/20*) exp(—|R — R'|/40*) . (3.53)

Therefore, in computing the expectation value of any operator O in the MZ state, one must
compute

(Uniz | O Wiz )
O)uz = . 3.54
Oha (Wnz [ Vaz) (3.4

For nearest neighbors, the overlap magnitude is ‘(R| R )} = exp(—a?/40?) = exp(2n/V/3v),
which says that exchange effects are negligible in the low density limit v — 0.

Taking into account only electron-electron interactions, i.e. with no neutralizing background as
of yet, the energy of the MZ Wigner crystal atate is

2 (Uniz | 22 _
6 ’l<]7'
B, v =Y Va(Ri—R))+ Y Vi(R, R, R)+... , (355
MZ MZ i<; Bt
where
~ ¢? (0,R| 270, R) — (0,R| 2 | R,0)
Vo(R) = —
: € (0,R[0,R) — (0,R|R,0)
VT e 2 o2 . JTet/del R — 0
= = 3.56
ger NSO LSO = 5 p R (3.56)
[ e o e
T ¢R R?2  2R*  2RS

8K. Maki and X. Zotos, Phys. Rev. B 28, 4849 (1983).
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Figure 3.1: Bare (dashed, black), projected (red) and exchange-corrected (blue) Coulomb inter-
action in the LLL.

For details on the three-body term, see Maki and Zotos. Note that without the exchange cor-
rection, we would have

2
~ e

r— /|
(3.57)

62

= exp(—R?/80%) I,(R?/8(%) = {

S

VTet/2el R —0
e?/eR R —

2¢el

The consequences of projection and exchange correction are shown in Fig. 3.1.

The first term in the expansion of Eqn. 3.56 in powers of R~ gives the classical energy, which
diverges as N? in the absence of a neutralizing background. With the background, this term
gives us the Bonsall-Maradudin result uy,c = —0.782133 /v ¢? /¢l per particle. The remaining
contributions, which are positive, are the quantum contributions to the correlation energy per
particle. Note that the correlation energy of the filled Landau level, which we computed in
Eqn. 3.31, is u,, (v = 1) = —0.626657 €?/el, which is clearly greater than the classical WC en-
ergy at this density. This is due to zero point quantum fluctuations of the electron coordinates
relative to their classical energy-minimizing locations. Maki and Zotos found that their corre-
lation energy compared well with Hartree-Fock CDW calculations by Yoshioka and Lee’, with
agreement to 1% throughout the regime v < ;. Exchange effects were important to consider
for v € [0.4,0.5] but accounted for less than a percent of the correlation energy at lower fillings.

The salient feature here is that the correlation energy u,y(v) is a smooth function of the filling v.

D. Yoshioka and P. A. Lee, Phys. Rev. B27, 4986 (1983).
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Figure 3.2: Evidence of Wigner crystal behavior for v <0.2. Left: Data from H. W. Jiang et al.,
Phys. Rev. Lett. 65, 633 (1990). The longitudinal resistance R,, exhibits pronounced peaks,
dwarfing those in all FQH states, for v ~ 0.21 and for v < 0.19, suggesting reentrant solid
behavior. Right: Wigner crystal phase diagram inferred from capacitive measurements of ef-
fective screening by H. Deng et al., Phys. Rev. Lett. 122, 116601 (2019), showing reentrant solid
behavior between v = £ and v = 2. The WC phase screens very poorly, and screening efficiency
improves once the WC melts.

As we shall see, this is inconsistent with the phenomenology of the FQHE, which requires that
the free energy F'(v) have cusps when v corresponds to the filling at a FQH plateau. In addition,
a Wigner crystal or charge density wave state breaks translational invariance, and is subject to
pinning and the formation of Imry-Ma domains'’. Observations of Wigner crystal phases of
GaAs/AlGaAs heterojunction 2DEGs were first reported by E. Andrei et al., Phys. Rev. Lett.
60, 2765 (1988).

3.2.3 Magnetophonons in the Wigner crystal and in charged elastic media

Within the harmonic approximation, the energy of the deformed crystal, with R =+ R + uy, is
1 -
U= 3 Z V(R—l—uR—R'—uR,)
R#R/

1 0w »’V(R—R)
:UO+—Z (uR—uR,)(u%—u%,)th... ,

(3.58)

19H. Fukuyama and P. A. Lee, Phys. Rev. B18, 6245 (1978).
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where each R is a triangular lattice site. Now write
uf = L Z % (k) ™8
VN

where N, = N is the number of unit cells", in which case

U=+ % SN b, (k) @0 (k) i (—k) + OP)
k op

with the dynamical matrix

. 82V (R)
(I)()cﬁ(k) = ;(1 —cosk - R) W

We now write V(R) as a Fourier integral, viz.

and make use of the Poisson summation formula,

Zeik-R _ (2;;) 25(k . G) :
G

R

where ) = 1/n is the area per unit cell. This gives

~

bosl) = 5o > [(Ga + k(G + ) VG +K) = G, G,V (G)]

Now we may quantize, writing
2(k) = a,(k) + it (k) = V2 00T,

in the LLL (c¢f. Eqn. 1.48), to obtain the magnetophonon Hamiltonian,

Hy, = Z [Qk (bh by, + b1 b_y,) + A by by, + A3 B bT—k:| ;
P

where

Q=30 [0, (k) + D, (k)]
Ay =30 (D, (k) — (k) + 2iD, (k)]

1 There is one electron per unit cell, because the triangular lattice is a Bravais lattice.
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(3.66)

(3.67)
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Diagonalizing H}), via a Bogoliubov transformation, we obtain the dispersion

=\ O~ AL = 0B () By () — B2, (k) (3.68)

Let V (k) = (272 /) F(kf). Then

ve?

(k) = 2 ( [F(kE) + Cy) ki ey + Cyk2 6,5+ (’)(k3)> (3.69)

K>

with

Cy = S [E(GO) + T(GOE(GE) + L (GO E"(Gr)]

, (3.70)

Cy =Y [&(GOF(GL) + & (GO’ F"(GU)]
G

where the primes on the sums indicate that G = 0 is excluded. For the unprojected Coulomb
potential v(r) = €2/er, the Fourier transform yields F'(k¢) = 1/k( and the sums fail to converge.
One must then reformulate the problem using the Ewald summation method. However in our
case, V (r) is the LLL-projected and exchange-corrected potential of Eqn. 3.56. In this case £'(k()
behaves as 1/k/ in the infrared (i.e. as k£ — 0), but in the ultraviolet the short distance blunting
of the 1/r divergence from the LLL projection results in an exponential decay in £/, as in the
case of the Yukawa potential. In this case, the sums for C;, ; converge nicely'”. It is left as an
exercise to the reader to verify the long wavelength dispersion,

wk:—k:Z\/CFk:f )+ C(Cy+Cy) . (3.71)
As k — 0, then, we have F(k() = 1/k({ dominates inside the radical, and w,, oc k%/2. Note that if

F(kt) were to approach a constant as k — 0, corresponding to v(r) ~ d(r), we’d have w,, o k%
Conversely, if the potential were logarithmic, we’d obtain w,, o k.

Classical derivation

Consider an elastic medium with potential energy density
U(z) = pTr(e?) + 1 X (Tre)? (3.72)
where () is the symmetric strain tensor, with components
1[/ou> Ouf
= - = 5 = 7
faf T 3 (09:5 * axa) ’ (3.73)

12We assume both C, and C, are positive.
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where u(z) is the local displacement field.. The Lagrangian density is

B
L£=1inym(i +u)+n2€—(uxuy—uyux)—1/{(m) : (3.74)
where n, is the number density, n,m is the mass density and (—n,e) is the charge density.

Writing the action in terms of the Fourier modes ug , we have

B - .
S = / Yy {%no ML, + "026 ens i’ — 1 [M(W — kR) + (A +2p) k%ﬁ] k2} . (3.75)
C
k
We now express uj in terms of longitudinal and transverse modes:

I+ iz x kuy . (3.76)
}L/ )t = H/J-

Uy, —zku

The factors of i ensure that u;, = u_, if (u
real fields. Now we have L =T — U with

B
T= Z{ “k+ukulk)+noe (ulk‘:uk Uiuﬂk)

, 1.e. they are all Fourier components of

2c
0= 3 {50+ 20w Wl i
k

Now write the Lagrangian L = T'— U and take the functional variation of the action S = [ dt L
H

(3.77)

with respect to u! , and with respect to ut,, to get

55 Al no 6B

=0 = nymiy— k—()\—|—2u)k2u”

Sul .
- 3.78
0S .l Ny eB || 2 ( )
5uLk:0 =  nymiu + = uk?u
In frequency space, this is equivalent to the system
w? — wi(k) Tww, u',‘c B
( —lww, w—wik)) \ut) 0, (3.79)
where w, = eB/mc, and where
A+ 2 \12 RN
k)= k k)= k 3.80
i) = (2 = () (3.0

are the long wavelength longitudinal and transverse phonon dispersions when B = 0. Setting
the determinant to zero, we obtain the two normal modes,

1/2
wy (k) = [% (w2 + wi(k) + u)%(k:)}2 + %\/(wg + wi(k) + w?r(k:))2 — 4wi(k) w%(k:)] . (3.81)
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In the long wavelength (k — 0) limit, then,

(3.82)

Since both w, (k) and w+ (k) vanish linearly with £ in this limit, we find that the lower mode
disperses as k? and the upper mode is gapped with w, (0) = w,.

How do we add Coulomb interactions to this model? Note that Tr ¢ = V-u, which is related
to the local variation of the number density according to

n(z)=n,(1+V-u) |, (3.83)
ie. on(x) = n(x) — ny(x) = ny V-u. Thus

AU = % / d*x / d*a’ on(z) v(x — x') on(z') = ; (k) k? |uy i , (3.84)

and the Coulomb interaction ©(k) = 2me?/e|k| is accommodated by the replacement of the
Lamé parameter A\ with an effective Lamé parameter \(k), viz.

A= Ak)=A+nio(k) . (3.85)

We then have w| (k) = (27n,e*/em)Y? k'/2 at long wavelengths. This is the dispersion of the
two-dimensional plasmon. Note that for 4(k) o k=2, as would be the case for a logarithmic
potential, the 2D plasmon would be gapped, as is the plasmon in d = 3 with 1/r interactions,
corresponding to 9, (k) = 4me?/ek?. The k'/? longitudinal mode for B = 0 in d = 2 then entails
w_(k) o< k*? for a charged elastic medium in a uniform magnetic field. This is the famous k*/2
magnetophonon!

3.2.4 Imry-Ma argument: pinning by quenched disorder

In a crystalline phase there is long-ranged positional order and a breaking of the continuous
symmetry of translation. It then behooves us to ask how such phases fare in the presence of
quenched disorder, which in the case of QH systems is due to the random positions of dopant
ions, each of which becomes a Coulomb impurity scatterer. The issue of how quenched ran-
domness affects a system’s attempt to order was taken up in a beautiful paper by Imry and
Ma in 1975". Quenched disorder in these systems is typically modeled as a local field. In sys-
tems with discrete symmetries, such as the Ising model, one would take V;,, = —>" H, o, .In

13]. Imry and S.-K. Ma, Phys. Rev. Lett. 35, 1399 (1975).
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Figure 3.3: Adding disorder to systems which spontaneously break a discrete or continuous
symmetry results in the formation of Imry-Ma domains of finite size Ly if d is less than the
critical dimension d., where d. = 2 for discrete symmetry and d. = 4 for continuous symmetry.
Left: Imry-Ma domains for a model with O(2) symmetry. Right: Energetics of domain forma-
tion. The region Lq < a is unphysical.

systems with continuous symmetries, such as the O(n) model, V;; = — >, H,-S,. In charge
density wave systems, if ¥(r) is the order parameter which encodes the local amplitude |¥(r)|?
and phase arg¥(r) of the local density variation do(r) relative to the homogeneous liquid, we
may write

Viie = — /d27‘ Re [H*(r) \I/(r)] , (3.86)

where H(r) € C is a complex number with a random amplitude and phase. Imry and Ma
reasoned that such systems could try to lower their free energy by forming spatial domains
in which the order parameter takes advantage of the local fluctuations in the random field.
They presumed that such domains have a typical length scale L4, which is determined by the
following energy minimization argument.

There are two contributions to the energy of a given domain: bulk and surface terms from the
disorder. The bulk energy is given by E, ,, = —I'(L,/a)¥?, where a is an ultraviolet cutoff,
typically set by an atomic lattice spacing, and where I' = H,,, = (|H(r)|*) is the root mean
square amplitude of the random field. This is the Central Limit Theorem at work: if the phase
of the CDW is locked over a patch of linear dimension L, then adding L,/a random fields
gives us a contribution proportional to the square root of the number of such terms. The surface
energy corresponds to the energy for creating a domain wall in the order parameter, which goes

as
g J(Ly/a)* 1 (discrete symmetry)

3.87
surt {J (Ly/a)®? (continuous symmetry) (3.87)
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where J is the stiffness of the order parameter field arising from an energy density term J| V&2,
For the discrete case, the width of the domain wall may be taken to be a, in which case the
surface energy is proportional to the surface area. For continuous symmetry, the domain wall
is described by a continuous twist in the order parameter over a distance L, perpendicular to
the DW interface. If we take ¢(z) = 272/ L, and assume |¥| ~ 1 in the CDW, then

Ld
J [z (9,0)?

0

B Ar2 ]
Ly, ’

(3.88)

which introduces a factor of 1/ L, relative to the discrete case. Thus the free energy density per
unit cell volume a? is

a \ aV a \*?
f(Ld) = (L_d) (Ebulk + Esurf) ~ J(L_d) - F(L_d) ) (389)

where p = 1 for discrete and p = 2 for continuous symmetry of the order parameter. Extremiz-
ing, we find that there is an extremum at

Ly [d, J\%d
—d:<g~f) : (3.90)

a

where d. = 2pis d. = 2 (discrete) or d. = 4 (continuous). If d < d_, the extremum is a local
maximum. For weak disorder, I' < J, and thus L > a. If d > d_, the free energy attains a local
maximum at L}, but the sign of the exponent is reversed, and thus for weak disorder one has
L} < a. Since L, cannot become smaller than the UV cutoff scale a, the entire region L, < a
is unphysical, and the apparent instability where f(L; — 0) — —oc is avoided. The minimum
value then occurs at L} = oo, meaning that the LRO phase exists. The situation is summarized
in Fig. 3.3.

Thus we conclude that a Wigner crystal phase in d = 2 with true LRO cannot exist in the
presence of quenched disorder. Nevertheless, as we have seen, the length scale for Imry-Ma
domains may be quite large, and it therefore makes good sense to speak of local crystalline
order. Not included in the above analysis is the condensation energy of the ordered phase
itself, which is dominated by local effects'*, and in assessing the stability of correlated liquid
states, which we shall next discuss, it is generally sensible to compare to the energy density of
the hypothetical pristine Wigner crystal.

4 Although, as we have seen, the ground state energy density of triangular versus square Wigner crystals is
slight and long-ranged features of the potential may possibly determine the specific crystallographic symmetry of
the ordered state.
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3.3 The Principal Sequence of Laughlin States

Two weeks before the publication of Laughlin’s theory, Yoshioka, Halperin, and Lee'® pre-
sented results of numerical studies which suggested that the ground state of the (Coulomb)
interacting 2DEG at high magnetic fields does not possess solid-like order, and that the ac-
tual ground state energy lies somewhat below the corresponding Hartree-Fock CDW values'®.
They furthermore concluded,

We regard our data as supportive of the idea that the ground state is not crystalline,
but a translationally invariant “liquid”. We speculate that this liquid has commensu-
ration energy at v = % (and possibly at other simple rational values), and that for a
large but finite system, the ground state at v = 3 is threefold degenerate and sepa-
rated by an energy gap from a variety of excited states. By going to a moving frame,
it is then clear that at v = 1 a Hall current will flow without dissipation, even in
the presence of impurities. At v close to 3, we further suppose that the ground state,
which is now highly degenerate, can be described as the v = % ground state plus
an additional small density of quasi “particles” or “holes”. This leads naturally to a
downward cusp in the energy as a function of v. The Hall plateau at o,, = ¢*/3h
can then be explained if the quasiparticles are localized by impurities and thus do not
contribute to the Hall current, which is simply carried by the underlying v = 1 state.
Very recently, we have learned of a very original proposal by Laughlin of a wave
function for a liquid state at v = 1/p, for p odd, which appears to have the requisite

commensuration energy.

One of the first good omens observed by Laughlin'’ was that his v = § fluid ground state
weighed in at a lower energy than did even the best CDW estimates. This sat well with those
who viewed solid-like order with great uneasiness in light of earlier investigations of CDW
pinning by disorder, which would be inconsistent with the observed finite (and indeed quan-
tized) Hall conductivity at » = 1. By comparing energies of the Laughlin fluid and the best
correlated CDW states, a crude one-parameter phase diagram emerged, predicting a transition
between correlated fluid and Wigner crystal phases at v ~ 1 filling'®.

An argument by Allan MacDonald" concludes that the FQH state must be incompressible in
the absence of disorder in order to be consistent with experiment. Recall that the isothermal
compressibility of a thermodynamic system is defined to be

1 /0V 1 /0On
- _ == = == . 91
v (%), = (3, @1

15D. Yoshioka, B. I. Halperin, and P. A. Lee, Phys. Rev. Lett. 50,1219 (1983).

16The Maki-Zotos Wigner crystal describes the same state as the Hartree-Fock CDW and for v < 3 has almost
the same energy.

7R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).

18 As we have seen above (see Fig. 3.2, there is also experimental evidence for reentrant crystalline behavior.

Y A. H. MacDonald, Introduction to the Physics of the Quantum Hall Regime, arXiv: cond-mat/9410047.
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Figure 3.4: Energies for particle for the 2DEG as a function of v, from D. Yoshioka, B. L
Halperin, P. A. and Lee, Phys. Rev. Lett. 50, 1219 (1983). The dashed and dotted lines show
electron and hole Hartree-Fock crystal energies for the infinite system. Open circles, closed cir-
cles, and triangles show exact diagonalization results for N = 4, 5, and 6 electrons. Energies for
the crystalline state with NV = 4 are shown with closed (exact diagonalization) and open (HF)
squares. The solid line interpolating the N' = 5 data is a guide to the eye.

It follows that when x = 0, i.e. when the system is incompressible, the chemical potential 1 is a
discontinuous function of the density n. Consider now a quantum Hall droplet in which there
is a current density j(r). The magnetization of the droplet is given by

1
Mg [Erexie) = oo [Rrexos) (3.92)
C

c

Now let us imagine changing the chemical potential ;2 by an amount . If ;1 = ¢; lies within a
mobility gap, the only change in the current distribution can take place along the edge, which
is some closed curve R(s). The parameterization is unimportant, but to be concrete we may
take s to be the length along the curve. The differential change J;(r) in current density is then

dj(r) = 5I/dR (r—R) (3.93)
where 01 is the additional edge current. This entails the relation
I A
5M:5—7{Rde:—6]£ , (3.94)
2c c

where A is the enclosed area. Thus,

c ¢ (OM ¢ (ON
I = — M = — - = — [ .
0 A 0 A ( ou )B(S,u A (83 )M(S,u ’ (3:95)
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Figure 3.5: An expanding QH droplet, with dj(r) = 61 [dR 6(r — R). The single electron
potential V, ,(r) is the sum of the random background and confining potentials plus Coulomb
contributions from all the other electrons.

where we have invoked a Maxwell relation. This establishes the result

ol on

Therefore, if n(B) depends on B, i.e. if (On/0B), # 0, and if u lies within a spectral gap (or,
more generally, a mobility gap) such that no internal currents are generated by an increase in
chemical potential J;;, then there must be gapless edge excitations.

As acknowledged by MacDonald, there are a couple of weak points to this argument. For ex-
ample, it would seem that the Hall voltage V|, should have to be small in magnitude compared
with hw,_/e, yet in experiments good quantization is observed even if the former is hundreds
of times larger than the latter. In addition, it may not be that all the transport current flows at
the edges of the system?. A more realistic approach to boundary conditions in the QHE was
considered by Niu and Thouless”'.

3.3.1 Laughlin’s excellent idea

Recall that all N-electron LLL states may be written in the form

U(ry,...,ry)=Plz,..., 2y eXp( 4622|zl|2) : (3.97)

20C. Wexler and D. J. Thouless, Phys. Rev. B49, 4815 (1994).
21Q. Niu and D. J. Thouless, Phys. Rev. B 35,2188 (1987).
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where P(Z) is a multinomial function which is odd under exchange, i.c.

P(Z,) = sgn(0)P(Z) (3.98)
where Z, = {z,,),..., %, }, and where, restricting the single particle states to the angular
momentum basis, with m € {0, ..., N, — 1}, the highest degree in each holomorphic coordinate

z; is zjvd’_l. Furthermore, if ¥ is a state of definite total angular momentum J = L_, then F'(2)

must be homogeneous, with F(\Z) = X F(Z) where J = deg(F). The filling fraction
is then given by v = N/N;. We've already encountered the example of the Vandermonde
determinant,

V(Z) =det(z}) = [[(z — %) . (3.99)

i>j
for which J = {N(N — 1) and N, = N.
Laughlin (1983) proposed the sequence of FQHE states

U,y ry) = [ (2= 2)" exp( 4@2'1'2) : (3.100)

i>j
ie. F,(Z) = [V(Z)]". Since V(Z) is completely antisymmetric, we have

F(Z,) = (sen(0))'F,(Z) (3.101)

g\ o q

hence ¥, corresponds to a fermionic wavefunction provided ¢ is an odd integer. The total
electronic angular momentum is .JJ = 1¢N (N — 1) and the highest individual degree in any z;
is N, —1=q(N —1). Thus v = N/N, = ¢! in the thermodynamic limit. Note that for bosons,
the Laughlin wavefunctions have m even.

3.3.2 Plasma analogy

The Laughlin states are a generalization of the Bijl-Jastrow pair product form, ¥g; = [[,_; f(r;;)-
Consider, for example, the extended form,

Uegy(ry, ... r Hexp{——u }Hexp{——v Ti) }Hexp{ T ]k} ,  (3.102)

1>] i>5>k

where r,; = |r; — r;|. Then the N-particle probability density is

[Wepyl” = exp{ — BO(ry, . .. 7TN)} (3.103)

BO(ry, .. ory) =Y ulr) + Y v(ry) + > wlry,ry) (3.104)

) 1>] i>5>k

where
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Here we assume u, v, and w are all real. Thus the many-particle probability density is equiva-
lent to the Boltzmann weight of a classical problem in the same number of dimensions, with one-
body, two-body, three-body, efc. potentials.

For the Laughlin wavefunction, we have |¥, |* = exp(—(®), with § = 1/q and

O(ry,...,ry) = —2q221n|r |+ 5 50 Zr? . (3.105)

1>7

This is the classical two-dimensional one-component plasma, or 2DOCP, consisting of N point
charges, each of strength § = ¢\/2, interacting by the potential v(r) = 6%¢(r) = 2¢*¢(r),
with ¢(r) = —Inr, and subject to the background potential u(r) = ¢r?/2¢?, all at temperature
k,T = q. Note that V?¢(r) = —27 d(r), hence V?u(r) = 2¢/(?, corresponding to the interaction
of a charge ¢v/2 with a uniform background of charge density p = —1/v/27(%. To minimize
the Coulomb energy, the N point charges form a disk of number density n = 1/27¢(?, so that
total charge neutrality holds, i.e. ngv/2 + p = 0. The radius R of this disk is then given by the
condition 7R?*n = N, hence R = \/2¢N /.

3.3.3 The 2DOCP

Properties of the 2DOCP are discussed in a review article by J. M. Caillol et al.”* To fix the
problem precisely, consider a classical system of particles each of charge e, interacting via a
potential v(r) = —e?In(r/d), where d is a length scale. Clearly d is irrelevant as it enters the
energy additively and thus sets the location of the zero of energy. Consider N such particles in
a disk of radius R. The mean particle number density is thus n = N/7R?; then a = (7n)~'/? is
called the ion disk radius. Let the disk be filled with a uniform neutralizing background of charge
density (—en). Taking into account particle-particle, particle-background, and background-
background interactions, the energy is then

2
H(ry,.oory) = —e Zm('r r’f') LNe? Z(%) +%N262[ln(g) —ﬂ (3.106)

i<k i=1

The partition function is

R R
Z = /d2r1-~- /der e PHrLTN) = o NBT (3.107)

where f = —N~'k,T'In Z is the free energy per particle. Defining x, = r,/R,

Bf=(1—-1iD)n(mn) —iTmd—2NT 4+ 1Tl N — %IHW(N,F) , (3.108)

22]. M. Caillol, D. Levesque, ]. ]. Weis, and J. P. Hansen, J. Stat. Phys. 28, 325 (1982).
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where I' = 3¢? is the dimensionless plasma parameter and

1 1 N N
W(N,T) = /d2x1 . -/d%:N [Il= — =" ] e N2 (3.109)
j<k i=1
From the thermodynamic relation
df|, = —sdT +pn~%dn | (3.110)
we have the equation of state
p=(1—-3iT)nk,T . (3.111)

The isothermal compressibility is then x; = n~'(dn/dp); = 1/p, and we define the dimension-
less isothermal compressibility x, = nk, T rp = (1 — 1)L

The equilibrium properties of the plasma are dependent solely on I'. When I' is small, the
plasma is said to be weakly coupled. For I' > I', ~ 140, the 2DOCP crystallizes. Much of the
physics of the 2DOCTP is reflected in the behavior of the pair distribution function,

ng(r) = % < i Sr o, ri)> (3.112)

i#]

and the associated pair correlation function h(r) = g(r) — 1. The static structure factor, for
example, is given by

(k) =1+ n/d2r h(r)e ™" =14 nh(k) . (3.113)
The Fourier transform of the direct correlation function, ¢(k), is defined by
c(k) = ﬂ — h(k) = & , (3.114)
1+ nh(k) 1 —nc(k)
which is equivalent to the relation
h(r) = c(r) + n/d?’r' h(r —r")e(r') . (3.115)

This is known as the Ornstein-Zernike equation. Physically it says that the correlation between
a particle at position 0 and a particle at position » can be written as a sum of the direct correlator
c(r) plus an term arising from the indirect effect of the particle at 0 with a third particle at '
which affects that at » both directly and indirectly.

The asymptotic long wavelength behavior of ¢(k) is believed to correspond to a weak coupling
limit, in which case
e(k) — —Bo(k) = —Q*/nk* | (3.116)
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3 r/a

Figure 3.6: Pair distribution function ¢(r) for the 2DOCP. Monte Carlo results from Figs. 1 and
2 of Caillol et al. (1982).

where Q = (2mnBe?)'/? = (2anl')Y/? is the Debye wavevector. Separating out this singular
term, one writes é(k) = —Q?/nk? + é%(k) where cR(k) = ¢R(0) + O(k?). The regular part é* (k)
is related to the dimensionless isothermal compressibility:

lim &R (k) = R(0) = n 1 (1 — x7') . (3.117)
k—0
The above results entail the expansion

. k2 k4
nh(k) = -1 + @ + XTQ4

In real space, then, we have the following sum rules on moments of the pair correlation func-
tion:

+ Ok . (3.118)

n/d2r h(r) =nh(q)] _,= -1 , (3.119)
known as the charge neutrality sum rule,
n/dzr r?h(r) = —n Vg ﬁ(q)‘qzo = —% : (3.120)
known as the perfect screening sum rule, and
5 64
2,4 _ 22 _
n/d rrih(r) =n (V) h(q)}qzo B (3.121)

known as the compressibility sum rule.

From Monte Carlo studies, we know that the 2DOCP crystallizes at I' ~ 140. At this point,
the structure factor s(k) exhibits Bragg peaks. Since the Coulomb potential is long-ranged,
the system can evade the usual Hohenberg-Mermin-Wagner restrictions which forbid broken
continuous translational symmetry at finite temperature in d < 2 dimensions.
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3.3.4 Laughlin vs. Wigner crystal

The correspondence between the Laughlin wavefunction |V |* = exp(—(#H) and the 2DOCP
Hamiltonian H is then:

1

= 2 = 9¢° [ =2 =_
B , € q I e

(3.122)

| =

The sum rules provide information on the long-wavelength behavior of the structure factor in
the Laughlin states, viz.

$(k) =3 K0+ L (g — 1) kY + O(K°) . (3.123)

Crystallization of the 2DOCP (into a triangular structure) at I' = 140 means that the Laughlin
wavefunction has triangular crystalline order for ¢ > 70. However, recall that the Laughlin
state is an Ansatz wavefunction. It isn’t even a proper variational state, since the only free

parameter m is discrete and is fixed by the filling, with v = ¢~

The actual 2DEG in the LLL crystallizes well before the filling fraction gets as low as =-. Upon
taking the thermodynamic limit and properly including the effects of the uniform neutralizing
background, the energy per particle is given by

U n

U= = E/dzr o(r) [g(r) —1] (3.124)

where v(r) = e€?/er. The pair distribution function in the Laughlin states has been evaluated
using the so-called hypernetted chain approximation (Laughlin, 1983) and by Monte Carlo
methods®™. At v = 3, these calculations yield energies uf*(¢q = 3) = —0.4156 + 0.0012 and
ul“(qg = 3) = —0.410 + 0.001, respectively (units of e?/ef). Exact diagonalization studies by
Haldane and Rezayi** extrapolated finite size results on the sphere for N < 7to N = oo and
obtained u{°(¢ = 3) = —0.415 £ 0.005. In contrast, the energy for the Wigner crystal, as com-
puted by Yoshioka, Halperin, and Lee, or by Maki and Zotos, is about u"“(v = %) ~ —0.38,
which is much higher. In order to give the Wigner crystal a fighting chance, Lam and Girvin®
investigated the correlated Wigner crystal wavefunction,

Vanclriooom) =05 Sl - 1) B, (- 1) [Tentr) . Ga125)
%7 l

where the prefactor is a holomorphic function in {zy,..., 2y} and B;; = B(R; — R;) is a cor-
relating matrix. As the effects of antisymmetrization below v = 0.4 were found by Maki and

ZSee D. Levesque, J. J. Weis, and A. H. MacDonald, Phys. Rev. B30, 1056 (1984) and R. Morf and B. 1. Halperin,
Phys. Rev. B 32,2221 (1986).

24F. D. M. Haldane and E. H. Rezayi, Phys. Rev. Lett. 54, 237 (1985).

2P, K. Lam and S. M. Girvin, Phys. Rev. 30,473 (1984).
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Figure 3.7: Pair correlation function (a,b) and structure factor (c) for ¢ = 3 and ¢ = 5 Laughlin
states. From S. M. Girvin, A. M. MacDonald, and P. M. Platzman, Phys. Rev. B 33, 2481
(1986). Panel (d) shows a comparison of the (interpolated Laughlin state energy with that of
the correlated Wigner crystal, indicating a transition to the WC state at ! ~ 6.5. From P. K.
Lam and S. M. Girvin, Phys. Rev. 30,473 (1984).

Zotos to be insignificant, no antisymmetrization was imposed. The matrix B;; was then de-
termined variationally by minimizing the Coulomb energy in this state. Within the harmonic
approximation, the lattice Fourier transform B(k) = >, B(R) e~*® is given by

B(k) = Ztgg 12:83 , (3.126)

where w| (k) are the longitudinal and transverse magnetophonon frequencies. Such an opti-
mized WC state significantly lowers the correlation energy, to u, (v = 5) = —0.3948 £ 0.0005,
which is still about 2.7% higher than that of the ¢ = 3 Laughlin state. The Laughlin state is
remarkably robust in terms of its Coulomb energy with respect to variational tweaking, and
the extrapolated differences between the Coulomb energy in the Laughlin state and that from
exact diagonalization differ by about 0.05%.

26See M. Fremling, J. Fulsebakke, N. Moran, and J. K. Slingerland, Phys. Rev. B, 93, 235149 (2016).
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3.3.5 Haldane pseudopotentials

It was realized by Haldane”” and by Trugman and Kivelson® that the Laughlin state ¥, is the
exact ground state for sufficiently short-ranged interaction potentials®. Whenever the interac-
tion potential v(r) is central, i.e. a function of = |r| alone, its Fourier transform,

o0

(k) = /d2r v(r) e T = 27r/dr7’v(7’)J0(k7‘) , (3.127)

0

may be expanded as a power series in k%, i.e. (k) = 3 7 A; (—k*¢*)7. Thus in real space, we
may write v(r) as an expansion in powers of the Laplacian acting on a delta-function:

=3 A (VY S(r) (3.128)
7=0
For a totally antisymmetric wavefunction ¥(r,,...,ry), the j = 0 term will not contribute to

the total energy.

The interaction energy per particle is given by

E.
]{}“—OPIHMI\IO:%/@ZZM :—nZA (>N g(r) : (3.129)

r=0

where g(r) is the pair distribution function. In the Laughlin state ¥, the r — 0 behavior of
g(r) is given by

g(r) =c, (r/0)* + cpy (r/O* D+ 0| (3.130)
where the {c;} are constant coefficients. Thus all terms in the potential with coefficients A; with
Jj < qwill make no contribution to E,,. Suppose now that 4, , > 0Obut A; = A, =---=0.1Ifa
wavefunction ¥ = P(Z)[]; e 12174 is to satisfy (W|H,,,|W) = 0, it is clear that it must vanish
at least as fast as (z; — z;)® as the pair separation tends to zero, and hence P(Z) must contain at

least 3 factors of V(Z), where V(Z) is the Vandermonde determinant. On the other hand, for
homogeneous states, the filling factor is given by

N(N —1)

=g (3.131)

ZF, D. M. Haldane, Phys. Rev. Lett. 51, 605 (1983).

28S. A. Trugman and S. Kivelson, Phys. Rev. B 31, 5280 (1985).

2On the sphere, the Laughlin state is nondegenerate. On the torus, the degeneracy is ¢, and on a Riemann
surface of genus g, the degeneracy is ¢7. See X. G. Wen and Q. Niu, Phys. Rev. B 41, 9377 (1990). On the plane,
with a confining potential, there will be a continuum of gapless edge excitations.

3This energy includes only particle-particle interactions and does not include the effects of any neutralizing
background.
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where J is the total angular momentum. Since deg(V) = IN(N — 1), we conclude that the
holomorphic part of ¥ is P(Z) = C[V(Z)]", where C is a constant. Thus the Laughlin state
with ¢ = 3 is the only homogeneous state at » = 3 which has zero energy. Similarly, when
Aj,34>0and A; = Ag = --- = 0, the ¢ = 5 Laughlin state is the sole v = 1 state which lies at
zero energy”’.

There is a convenient parameterization (Haldane 1983) of the pair interaction in terms of rela-
tive coordinate ‘pseudopotentials’. Writing

d2k ik-(r,—r.
i) = | e (3.132)

and invoking the separation into cyclotron and guiding center ladder operators® z = /2 {(a +
b"), we have that the LLL-projected interaction is

Iy v(r; —r;) Iy = /(;‘1271“)2 (k) exp {”ﬁ(bi - bj)} exp [@(bj - b})]

V2 2
— A _ 1.2p2\n —\n +\n
=S o [ o) (R () )
n=0
The operators Jlf raise and lower the relative angular momentum of the pair (ij):
Ji= =0 Ty =d0,-b) (3.134)
with
Jij = Ho(%(m —r;) X (p; — p;) - é)HO =JET; (3.135)
The relative angular momentum raising and lowering operators satisfy the algebra
[Jw g Jzﬂ = %(@k + 05 — 0y — 5jk) . (3.136)

If we define the projector P (ij) to be the projector of the pair (ij) onto the relative angular
momentum J;; = s subspace, then

Hov(ri - 7’;’) Iy = Z V. P, (ij)
5=0 (3.137)

2
Vo= [l 0 L

where L () is the Laguerre polynomial. This provides us with another way to expand the real
space potential, i.e. in terms of the pseudopotential amplitudes {V,}:

—47r£22v L. (—0*V?)6(r) . (3.138)

310ther than center-of-mass degeneracies on Riemann surfaces of genus g > 0.
32Recall we have been working in the symmetric gauge since §1.3.7.
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which may be compared with Eqn. 3.128. One then finds

A= Arl? i ( y ) V.o (3.139)

U \s =

If V, = 0 for all s > s, then the power series expansion of Eqn. 3.128 is simply a rearrangement
of the pseudopotential expansion, up to the same leading order in powers of V2. Again, only
odd pseudopotentials contribute to the energy for a fermionic system.

For the Coulomb interaction v(r) = €?/er, one finds

1 (2s fwe2
/7 cout .
s 43 ( S ) 2¢el ' (3.140)

As s — oo, we have V, ~ €2/2y/sel < s7/2, corresponding to the fact that the single particle
state with angular momentum s encloses an area 7r* = 27sf?>. Thus V" = /me?/4el and

‘/SCOUL — g Vl(tOUL , VBCOUL — % Vl(tOUL , etc. If we define

Vi(A) = (1 =XV, + AVEr (3.141)

s

which interpolates between the truncated pseudopotential V,(0) = V"¢, ; at A = 0 and the
full Coulomb V(1) = V" at A = 1. One can then ask whether the gap at A = 0 remains
finite for all A € [0, 1], in which case no phase boundaries are crossed as one evolves from the
truncated pure V; model to the full Coulomb interaction. Alternatively, Haldane™ considered
the potential given by

‘/8 — (‘/1 _ ‘/:LCOUL) 5571 + ‘/SCOUL (3.142)

as a function of V}, which takes the Coulomb interaction and replaces the s = 1 pseudopotential
component V°°"* with the parameter V. Results for N = 6 particles in a spherical geometry
are shown in Fig. 3.8. As the V] pseudopotential is decreased from its Coulomb value of
ViU = 0.4781 on the sphere™, the bulk gap is found to collapse at V; ~ 0.37, heralding a
second order phase transition to a compressible phase.

To understand better the spectrum of relative angular momentum in the Laughlin states, define
the complex center-of-mass and relative coordinates for a select pair (i = 1,j = 2) as W =
5(2 4+ 2zp) and w = z, — z;, so that z; , = W F jw. Then

N
V(zgyoooy2y) =w H [(W —z;)? — iwz] Vi(zgy o oh2y) - (3.143)
=3

The spectrum of relative angular momentum states for the pair (1, 2) can be gleaned by identi-
fying terms homogeneous in the relative coordinate w, i.e. terms proportional to w' for some .

3E. D. M. Haldane in The Quantum Hall Effect, R. E. Prange and S. M. Girvin, eds. (Springer, 1987).
30n the sphere, the Coulomb interaction is proportional to the inverse chord length, yielding V,°° = 0.4781
and V5o = 0.3092, rather than V*°"* = 0.4431 and V5°"" = 0.2769 as obtained on the plane.
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Figure 3.8: Effect of varying the V; pseudopotential on low-lying energy states. Excited energy
levels are labeled by their total angular momentum L on the sphere (N = 6). The Laughlin-
Jastrow (L-]) state has L = 0. The overlap of the ground state with the Laughlin state is also
shown. Arrows on the V] axis indicate values of V,°"" and V" (units of ¢?/ef). For V; > 0.37
the system is gapped and incompressible. Below this value the system is gapless and hence
compressible. From Haldane (1987).

Clearly we have contributions from | € {1,3,5,...,2N — 3}. Note that only odd [/ terms enter
the spectrum. When we raise V' (Z) to the power ¢, we obtain

le{gq+2,q+4, ..., 2q(N-2)+1} . (3.144)

Thus, in the Laughlin state ¥, the spectrum of relative coordinate angular momentsa is all odd
integers [ starting at [, ;, = ¢, and terminating at the cutoff [ ,, = 2¢(N — 1) + 1.

Given an arbitrary many-body state, the pair distribution function ¢(r) may be expanded in
powers of r? for small r, viz.

Zc (r2 /2" (3.145)

If the holomorphic factor P(Z) contains ¢ factors of the Vandermonde determinant V' (7), then
¢, = 0forp =0,...,q — 1. Exact diagonalization studies by Yoshioka® for small fermionic
(N < 8) and bosonic (N < 7) systems in a toroidal geometry examined the behavior of the
coefficients ¢, as a function of filling fraction. Results are shown in Fig. 3.9. One sees that
for fermionic states with v < %, the coefficients ¢, , are both exceedingly small, suggesting

that the cube of the Vandermonde determinant approximately divides the holomorphic part

%D. Yoshioka, Phys. Rev. B 29, 6822 (1984).
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Figure 3.9: Pair distribution function coefficients in exact finite N ground states versus filling
fraction. (a) Coefficients ¢, (circles) and ¢, (squares) for fermionic states. (b) Coefficients c;
(circles) and ¢, (squares) for fermionic states. (c) Coefficients ¢, (circles) and ¢, (squares) for
bosonic states. (d) Coefficients c, (circles) and c; (squares) for bosonic states. From D. Yoshioka,
Phys. Rev. B 29, 6822 (1984).

P(Z) of the exact wavefunction. Similar results are found vis-a-vis ¢;, when v < 1. Yoshioka’s
numerics establish that for Coulomb systems with v < ¢!, for both bosons and fermions, the
holomorphic part P(Z) of the ground state wavefunction is almost perfectly divided by the ¢
power of the Vandermonde determinant.

3.3.6 Quasiparticles

Laughlin also proposed wavefunctions for localized charged excitations, called quasiholes and
quasielectrons. The quasihole wavefunctions are the easiest to understand and are of the form

N N N
Ue(ry, - ryi€) = H(Zl - &) H(Zj — )" H exp(—z,%,/40%) (3.146)
=1 i>k =1

where ¢ is the complexified quasihole position § = ¢, + i§, . Laughlin argues that such a state
should be gauge-equivalent to an eigenstate of a many-electron system in which ¥ is a ground
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state, since it results from adiabatic flux threading by ¢, = hc/e parallel to the applied field at the
point r» = &. The associated plasma Hamiltonian is then

O (ry,..., 7€) = —mn|¥ | = —2q2j>zkln =l + 5 er - 2q;ln\rl — ¢l . (3.147)
The last term corresponds to a charge ¢ = /2 object at ¢ interacting via the logarithmic po-
tential v(r) = —060*In|r, — &| with charge e* = ¢/2 particles at each r,. Since any charged
impurities are completely screened in the plasma phase of the 2DOCP, there will be a deficit of
9* /6 = ¢! particles localized about the position £ on the scale of the Debye length, which is

Ap = 1/Q = a//2T where a = (mn)~'/2 = \/2q ( is the ion disk radius of the 2DOCP and I" = 2¢
is the plasma parameter. Thus A\ = £/+/2 is the screening length.

The quasielectron wavefunctions are somewhat more complicated. Adiabatically inserting flux
¢, parallel to the applied field has the effect of |m ) — | m + 1) on the single particle angular
momentum basis states with origin at &. If we adiabatically insert flux ¢, antiparallel to the ap-
plied field, it stands to reason that | m ) — | m — 1), in which case whither | m = 0)? Laughlin’s
proposed quasielectron wavefunction is given by

N N
UE(ry, .. rysm) Hexp .2, /40%) H (262 0% — _> H<Zj —z)? (3.148)

=1 >k

where 7] = 1, — in, . This form is inspired by the Girvin-Jach substitution z — 2020, and results
in a localized defect of increased number density ¢~ within A, of the quasielectron at . Note
that dividing ¥, by the product [[;(z; — n) results in a nonanalyticity and the resulting state
is no longer in the LLL. Morf and Halperin (1986) calculated the quasihole and quasielectron
energies at v = § via Monte Carlo, obtaining

2 2

edl = (0.0268 £ 0. 0033) 7 , edr, = (0.073 £0. 008) 7

It should be stressed that these are so-called “proper quasiparticle energies”, representing the
change in energy of the system at fixed N and R when the total magnetic flux is changed by a
single Dirac quantum. The gap E, = & + &% = (0.099 £ 0.009) ¢* /el compares well with com-
putations of Haldane and Rezayi (1985), who obtained E, = (0.10540.005) ¢?/e(, extrapolated
from finite size exact diagonalization results.

(3.149)

A few words on how the sausage is made: Morf and Halperin worked with the Laughlin
ground state and quasihole/quasielectron wavefunctions, evaluating the Coulomb energy for
the system on the plane. Recall that the radius R of a Laughlin droplet at filling v = ¢~ is given
by R = \/2¢N ¢. When a quasihole is created at the origin at fixed NV, a small bubble is blown
in the droplet, as each single particle angular momentum state is effectively shifted from |m )
to | m + 1) (with some consequential changes in normalization®), hence the outer radius of the

%Note that since ¢,,, () = (2r02m!)~1/2(2/v/20)™ exp(—|z|?/4¢?) that z ¢,,, (1) = \/2(m + 1){ ¢, (7), and the
j-dependence means that this multiplication is not precisely equivalent to adlabatlcally increasing the j quantum
number.
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droplet increases slightly. Since the largest single particle angular momentum is m = ¢(N — 1),
in the state with a single quasihole at the origin the outer droplet radius shifts according to

R=+2¢(N-1)¢ — R=+2[g(N-1)+1]¢ . (3.150)

In order to keep the droplet radius fixed at the original value of R = /2¢(N — 1), Morf and
Halperin adjust the magnetic field, increasing it by a factor 1+ [¢(N —1)] 7!, which has the effect
of decreasing ¢ by just the right amount to prevent the outer radius of the droplet from shifting.
Similarly for the quasielectron states, the field is reduced by a factor 1 — [¢(N — 1)] 7%

MacDonald and Girvin® proposed the trial quasiparticle states

UMY =U | T
) a) 3 (3.151)
(U5F) =(1-v)2D|Y,)

where U |m) = |m+1)and D|m) = (1 — 0mo)|m—1) raise and lower the single parti-

cle angular momentum quantum number of each electron, respectively™. Their quasiparticle
energies were somewhat larger than those of Morf and Halperin:

2 62

S (0.0287:&0.001)% L= (0.085£0.002) . (3.152)

gGM

The energy gap E, is related to the discontinuity in the chemical potential,

_OE
 ON

E =QE =QH
OB _ &+ g (3.153)

A _ ) =
H . ON| . Tle/e] '

where e* = £¢/q. A pristine system should exhibit thermally activated resistivity according to
pmm(T) X eXp(_Eg/QkBT)'

Adiabatic calculation of fractional quasiparticle charge and statistics

Consider a Hamiltonian H(X\) where A = {\,, ..., A} are a set of parameters. Recall the defi-
nition of the geometric (Berry) connection

AR) =i (T [VA[E(N)) (3.154)
and the geometric phase
Y(C) = fd)\ AN (3.155)
c

% A. H. MacDonald and S. M. Girvin, Phys. Rev. B 33, 4414 (1986).
38The (1 — v)~'/2 factor in the quasielectron wavefunction is necessary to preserve normalization.
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Recall also the Laughlin quasihole and quasielectron wavefunctions,

N N
W (g, .. rns €) H H z-—zk)quxp(—ziZi/Mz)

1;1 7k ‘ . (3.156)
Vi) = N [T exp(—25/46) H (20 =) TIC, — 50"

=1 =1 >k

where M(¢) and N (n) are normalization constants, which without loss of generality may be
assumed to be real functions of their arguments. Treating the quasihole and quasielectron
coordinates as adiabatic parameters, we may compute the geometric phase accrued as they
each traverse a closed loop in two-dimensional space. Taking the differential of the quasihole
wavefunction, we have

AW (€) = [d In M(€) + Y dln(z; - 5)] w(g) (3.157)

where for notational simplicity we write W' (r, ... ry; &) = ¥[¢]. With X = A(t) along the
path C, we compute the differential dy = 7 dt, and find

dy® = idIn M (&) + i (T(¢ Zdln Z — &) |w¥()) . (3.158)

The number density in the quasihole state is

N

nd'(r) = (T | Y d(r —r,) [ F(E)) . (3.159)

=1

Since the normalization M (¢) is a real single-valued function of its argument, it cannot con-
tribute to the integral for v(C), since it is the same at the initial and end points of any closed
path. We now write ng"(r) = n+dng(r), where n = v/2r(* is the density in the Laughlin ground
state with v = ¢~" and dn,(r) is concentrated about the location ¢ of the quasihole defect. From
the plasma analogy, we expect that in the thermodynamic limit that 9,,(¢) should be a function
of |r — ¢| decaying on the scale of the Debye screening length ¢/+/2. Therefore we have

]{ de / 2 MH nt ong’(r) (3.160)

l§|=R

Integrating &(t) over a circle of radius R, we have

d
§——§z =2miO(R - |z]) (3.161)

l¢|=R
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where O(7) is a step function. Thus the background density term in n"(r) yields a contribution
to the total Berry phase of

Y(C) = i/d2r 2minO(R —1r) = =21 (N), = 2mv ®(C) /¢y (3.162)

where ®(C) = 7R?*B = ¢, R?*/2(* is the total magnetic flux enclosed by the loop C. This is
consistent with a Bohm-Aharonov phase of a charge ¢, = ve quasihole. The dng"(r) term
integrates to zero if ond"(r) = on(|r — &|) is a rotationally symmetric function in the difference
r — . This will be exponentially accurate if £ lies in the bulk of the Laughlin droplet, far from
the edge. Thus the full Berry phase is y*(C) = —27v ®(C) /¢, -

To determine the statistics of the quasihole, we consider the state with two quasiholes:

N

IANIND! H H (z; — %) Hexp 27, /40%) . (3.163)

=1 >k

We now carry out the same adiabatic calculation of the Berry phase by taking £ around a cir-
cle of radius R, with ¢ held fixed. If ¢ lies outside the circle |¢| = R by a distance d which
is greater than just a few magnetic lengths, then the above analysis is unchanged, and the
phase is Y*(C) = —2mv ®(C)/¢, . If, on the other hand, ¢’ lies inside the loop, then there is a
deficit in (N), of (—v), and the accrued phase is 7'(C) = v*"(C) + 27, which says that when
one quasihole winds around another, the wavefunction accumulates an extra statistical phase
A~(C) = 2mv . For exchange, one need only traverse half a circle, i.e. the relative angle of ¢ and
¢’ changes by 7, leading to the statistical angle § = wv for exchange of quasiholes. At v = 1,
the statistical angle is ¢, = 7, corresponding to Fermi statistics, but for v = q~!, the statistical
angle is 0, = 7/q, corresponding to fractional statistics.

Fractional statistics for particles in d = 2 was first discussed by Leinaas and Myrheim®. An
interpretation of particles obeying fractional statistics in terms of charge-flux composites was
first discussed by Wilczek™, who called such particles anyons, because they could exhibit any
type of exchange statistics. It was Halperin who first suggested that FQH quasiparticles obey
fractional statistics, and argued that condensation of gases of these anyonic quasiparticles gave
rise to a hierarchy of new FQH states at fillings v = p/q with p # 1 and thus outside the
principal Laughlin sequence of states. The adiabatic calculation of quasiparticle charge was
first carried out by Arovas, Schrieffer, and Wilczek*' (ASW).

The adiabatic calculation for quasielectrons is a tricky affair. The adiabatic argument of ASW
analyzed

dyE = idIn N (n) +i (W¥(n)|e @ (Zdln (2020, — )) 4@ | weE () (3.164)

=1

%]. M. Leinaas and J. Myrheim, Il Nuovo Cimento 37, 1, 1977.
0F, Wilczek, Phys. Rev. Lett. 48,1144 (1982).
41D, P. Arovas, ]. R. Schrieffer, and F. Wilczek, Phys. Rev. Lett. 53,722 (1984).
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where G(Z) = = Zjvzl |2;|%, appealing to the Girvin-Jach replacement 2/*9; <+ Z,. This would

appear to give
+ ongr
_ ifdn/d% ntony(r) (3.165)
n—z

In|=R

The 7 integral is taken clockwise around the path C, hence this calculation yields the opposite
value of the charge, i.e. e}, = —ve for the quasielectron. Since the quasielectron thus represents
an increase in electron density at r = 7, there are two cancelling factors of (—1) in the calcu-
lation, and the statistical angle for quasielectrons is also 6, = 7/q. Numerical calculations
using Laughlin wavefunctions at v = £ for up to 200 particles were effected by Kjensberg and
Myrheim*?, who found good convergence for the adiabatic quasihole charge and statistics, but
surprising poor convergence for the quasielectron values (especially the quasielectron statisti-
cal angle). These authors also found that boundary effects complicate the glib application of
the Girvin-Jach replacement in the ASW calculations for the quasielectron.

The adiabatic method for determining effective quasiparticle charge and statistics is based on
the adiabatic effective Lagrangian prescription of Moody, Shapere, and Wilczek*®, which goes
as follows. Let ¥[A] be an adiabatic wavefunction and A the adiabatic parameters. The adiabatic
Lagrangian L(), A) is then given by

d d
LX) = —(¥[x \{ZEJFH }\zp ) =—-A(X) E—E() : (3.166)
where A(X) is the Berry connection from §1.7.1. In the Born-Oppenheimer approach, where the
nuclear coordinates {R,, ..., Ry _} areregarded as adiabatically varying so far as the electrons
are concerned, the total effective Lagrangian is

nuc nuc

LUR)(R)) =D PR -3 A(R)) e Ba((B) - En((B)) . G167)

3.3.7 Excitons

An exciton is a neutral entity formed from a quasielectron-quasihole pair bound by their mu-
tually attractive Coulomb force. A callow description consists of charges +e* = +e/q located
at positions r; ,. One then defines center-of-mass and relative coordinates R = §(r, 4+ r,) and
=TTy Within the LLL, these objects have no inertial mass. If we assign each a mass m, the
Lagrangian of the exciton system in the symmetric gauge becomes

*

o2, 1.2 €
L—mR +Zmr—2

2-(Rx7r+rxR)—uv(r) , (3.168)

c

#2H. Kjonsberg and J. Myrheim, Int. Jour. Mod. Phys. A 14,537,1999.
#3]. Moody, A. Shapere, and F. Wilczek, Adiabatic Effective Lagrangians, in Geometric Phases in Physics F. Wilczek
and A. Shapere, eds. (World ScienRtific, 1989).
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where v(r) = —e*?/er is the Coulomb interaction*. Thus
oL . e*B
P:%IQmR—F 9% zXr
(3.169)
_a_L—lm‘_e*BAXR
P=or =2~ 0 #
The equations of motion are
. e*B .
2mR + zxr=0
C
3 (3.170)
1. €eB
Smi — R=-V
s M —Ex v(r)
and therefore J B
—(2mR+ €25 7") -0 (3.171)
dt c
Averaging over the fast cyclotron motion, we obtain
(R) = —6fB 2 x Vi(r) (3.172)

where ¥(r) is an averaged potential as in §1.1.4 and (r) = 0. Thus, the component charges of
the exciton maintain their relative separation r and drift with speed cv'(r)/e*B in a direction
perpendicular to r.

The Hamiltonian of the exciton system is

2 2
* *B
= (P—eBAXT) +1<p—e 2><R) +olr) (3.173)

:R 2c o m 2c

where P and p are the CM and relative coordinate canonical momenta, respectively. One may
now define

e*B | 1 c .
G:\/§<p— 2CZXR) s AZE(@”‘—BZXP_I_%T) (3174)
and
*B . c 1
g=P-+ 2cz><7° , /\:—e*Bzxp—l—iR , (3.175)
which satisfy
[Ga7 AB] == _Zhéaﬁ y |:g017 )\B] == _Zhéaﬁ 5 (3.176)

which no other nonzero commutators. Then
2

HeC b2 1 o(Vaa+ —gxz) | (3.177)
2m 2 e*B

#1f r < ¢, the LLL projection blunts the 1/r divergence of the Coulomb interaction, as computed in §3.2.2.
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where w, = *B /mc. Thus [H,g] = 0 and we may specify the momentum g. Note that
g = 2mR + <2 2 x r was classically conserved. Recall that in charged systems at most one
component of the total momentum could be tixed, e.g. in the Landau strip basis. Because the
exciton is neutral, there is a conserved momentum. If we project the G and A degrees of free-
dom onto their lowest harmonic oscillator state, then we have (A4) = 0 and (A?) = hc/e*B,
and for large values of g we have that the energy is

A (g) = 8%F + 8% 4y (é g x 2) . (3.178)

Note ¢/e*B = ¢/*/h at filling v = ¢ .

3.3.8 Collective excitations

One might expect that there exist excited states of the FQH ground states corresponding to
long-wavelength density oscillations, i.e. phonons. Whenever the ground state ¥ is of uni-
form density, it can often be argued on general grounds that such excitations are adequately
represented by the Ansatze

N
1 N )
|<1>k>=\/—NZe WY =N 2p wy (3.179)
=1

where
n(r)
——t

N N

Pp = / Pre®Ty " 5(r—r) =) e (3.180)
=1 i=1

is the Fourier transform of the density. For k — 0, the state | ®,, ) will feature the same short-

ranged correlations which favor the ground state | ¥ ), yet (¥ | ®, ) = (27)2N~'/2n §(k) which

vanishes for k # 0. Thus, | &, ) serves as a trial state whose expected energy is a rigorous upper
bound to the exact lowest excitation energy at wavevector k.

The excitation energy of the state | ®, ) is given by

A(k) = (P ‘<gk_|§:>| ) _ ]«;((:; : (3.181)

where

(3.182)
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The quantity s(k) is the static structure factor, and f(k) is known as the oscillator strength.
When the Hamiltonian is of the form

2
]

N
p
H=Y" ot > u(r =) (3.183)
=1

j<k

the oscillator strength is given by
h2 k2
k)= —— 3.184
fle) =% (3.184)
independent of the potential v. This is known as the f-sum rule. It is also valid in a uniform
magnetic field in which case p, is replaced by 7; = p;+ ¢ A(r;) for electrons. The static structure

factor is
s(k) =1+ n/d27’ [g(r) — 1] e7™*" + (27)*nd(k) . (3.185)

where the pair distribution function g(r) is defined in Eqn. 3.112. Note that the last term above
is not included in the definition of in Eqn. 3.113. This is because our definition in this section
includes the diagonal 7 = j term in what is the sum in Eqn. 3.112. This is a matter of convention
and has no consequences for the following developments.

This approximation was originally employed by Feynman in deducing the phonon-roton spec-
trum of superfluid *He. It is really quite remarkable, for it allows one to represent a collective
mode excitation spectrum solely in terms of static correlations in the ground state. In *He, s(k)
rises linearly” at small k and peaks at k = kg x n!/2, where n is the ground state number
density. As a result, A(k) exhibits a local minimum at kg, called the roton minimum.

The dynamic structure factor (dsf) S(k,w) is given by
1
Sk,w) = 5= > (71| %)] 6w —w)) (3.186)
J

where iw; = E; — E, . Here |V ) is the ground state and the sum is over the entire many-body
spectrum of states | ¥, ). We then have

o0

s(k) :/dw S(k,w)
0 (3.187)

o

f(k:):/de(k:,w)hw ,

and he have that A(k) is the first moment of the dsf. The expression for A(k) is therefore exact

if S(k,w) as a function of w for each k has no variance, i.e. if S(k,w) = S, (k,w), where

Squa(k,w) = 5(k) d(w — B Aga(k)) (3.188)

#See the Appendix §3.7.
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Thus, A(k) is exact if a single mode saturates all the oscillator strength at wavevector k. For this
reason, this procedure is known as the single mode approximation or SMA. Precisely, the SMA
energy A,,(k) is the exact first moment of the dynamic structure factor at wavevector k.

If one naively applies the SMA to the Laughlin ground state, a disappointing result is found.
Invoking the result of Eqn. 3.123 for k # 0, and with the f-sum rule fixing f(k), we obtain

A

an(k) = o 1= Lg = )22+ O0'Y)| (3.189)
i.e. the excitation energy as k — 0 is independent of filling fraction and the interaction po-
tential, and lies outside the lowest Landau level, at energy 7w,.. The problem here is that the
density operator p, creates a mixture of inter-LL and intra-LL excitations, and for small k al-
most all of the oscillator strength is saturated by the inter-LL piece. This is known as Kohn's
theorem™®, which says that the cyclotron resonance mode in systems without disorder saturates
the oscillator strength up to terms of order k? as k — 0. For any interaction v;; = v(r; —r;), the
N-electron Hamiltonian
N
H=)
i=1

satisfies [ H, [I*] = ilw, €,4 I1°, with II* = 3~ «%. In particular, note that [V, II*] = 0. Thus,
II = II* 4 {I1Y is an eigenoperator of H, satisfying [ H, I] | = hw, II . This means that if | U, ) is
the exact ground state of H, with H | ¥, ) = E,| ¥, ), then defining

+ Z v(r; — ;) (3.190)

1<j

2
TrZ
2m*

%)

U ) =
I¥a) (W, | TIHIT | 0, )2

, (3.191)

we have H |V, ) = (E, + hw,) | ¥, ), i.e. | ¥, ) is an exact excited state with excitation energy hw,
above the ground state, independent of the interaction potential. This is the Kohn mode.

To get at the intra-LL collective mode, Girvin, MacDonald, and Platzman*’ realized that what
was needed is to project the density operator p,, onto the LLL. This is easily accomplished:

N N
5, = 10, Z oikZi/2 gikz;/2 I, = Z okl [V iktb] /v/2 7 (3.192)
i=1 i=1

where we work in the symmetric gauge and invoke Eqn. 1.48, which expresses the complex
coordinate z in terms of the cyclotron and guiding center ladder operators: z = v/2/(a + b').
Recall also the definition of the single particle magnetic translation operator,

t(d) = el®=®N/NV2E (3.193)

46W. Kohn, Phys. Rev. 123,142 (1961).
#S. M Girvin, A. H. MacDonald, and P. M. Platzman, Phys. Rev. B 33, 2381 (1986).
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Thus, we may write
N
pe=eFEAN (e xE) (3.194)
i=1
where ¢,(d) is the MTO for the i*" particle. The MTOs satisfy the relations
t(a) t(b) = e V2 {(a 4+ b) = *C (b) t(a) . (3.195)
Thus the projected density operators p,, form a closed Lie algebra, viz.

(P o] = (02— HERY B (3.196)

which is known as the Girvin-MacDonald-Platzman (GMP) algebra*®. Another useful result
may be derived based on these relations:

_ Lk’ 02 _
Iy oy, oo o = oo + (1 — 572 gy (3.197)

The LLL-projected Hamiltonian, after dropping the constant  N7w, cyclotron energy per par-
ticle, may be written

- 1 [ d*k .
o= Hozv(ri —r;) I = _/(2ﬂ)2 o(k) 11, PL i 1o
8<d (3.198)

1 [Pk o 22
= 5 G 209 (A~ e

Applying a projected version of the SMA, then, GMP defined the state

5 |
P p—L, 7 (3.199)
(W | By, By, | o)

where | ¥ ) is the exact ground state. Treating | ¥, ) as a trial state, we have

ASMA(k) = <¢k | H— EO | gbk> = i((:)) ) (3-200)
where
k) = - (| 72y 1 %)
: (3.201)
f(k) = N (% | [ﬁLa [H, 5] ] [ %)

“Note that pL =p_, and ﬁL = p_4and also that py = py = 1.
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Figure 3.10: The theoretical and numerical dispersions for the magnetophonon-magnetoroton
branch. Upper panels: Theoretical predictions of the collective mode dispersion at v = 3,
£, %, and § (units of €?/e() from S. M. Girvin, A. M. MacDonald, and P. M. Platzman, Phys.
Rev. B 33, 2481 (1986). The arrows point to locations of the first reciprocal lattice vector of
the corresponding Wigner crystal. Lower panels: Numerical computations of the excitation
spectra for the Coulomb system at v = % on the torus (left) and sphere (right), showing a clear
k — 0 gap and magnetoroton dip. From F. D. M. Haldane, Phys. Rev. Lett. 55, 2095 (1985) and

F. D. M. Haldane and E. H. Rezayi, Phys. Rev. Lett. 54, 237 (1985).

are the projected structure factor and oscillator strength, which are given by
S(k) = s(k) — 1 4 ¢ ¥/

) = [ % 8(p) (1= cos(®z - k x p)) [5(k +p) ™7 = 5(p) /2

(3.202)

Appealing to Eqn. 3.123 and assuming this result, valid for the Laughlin states | ¥ ), is also
valid for the exact ground state | ¥, ), we find

5(k) = L(qg— 1) K"+ O(K°0°) . (3.203)
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Note that the projected structure factor vanishes as k* in the long wavelength limit, in contrast
to s(k) itself, which vanishes as k2. Now consider the lengthy expression for f(k) in the limit
k — 0. The first factor in round brackets is proportional to k?, The second factor in round
brackets clearly vanishes when k = 0, but the linear term in k£ must vanish after integrating
over p whenever v(p) and 5(p) are isotropic. Thus the second factor in round brackets also
vanishes as k* in the long wavelength limit. We conclude that the projected SMA results in the
prediction of a gap in the collective mode spectrum at k = 0. Note that when ¢ = 1, the projected
structure factor vanishes to all orders in k, because the SMA wavefunction itself vanishes (more
on this below)!

Both the structure factor s(k) and its projection 5(k) exhibit a peak at the wavevector k* ~ 7/a
where ma’n = 1 with n = v/27(2. Thus k*¢ ~ m\/v/2. Although we don’t have much intu-
ition about the behavior of f(k), a natural guess is that the SMA energy A, (k) = f(k)/3(k)
should exhibit a dip in the vicinity of £*. Indeed this is what was found by GMP, whose results
compared quite well with previous numerical studies of the excitation spectrum at v = 1 by
Haldane and by Haldane and Rezayi (1985). The k = 0 portion of this excitation branch is called
the magnetophonon, and the k ~ k* portion the magnetoroton, using terminology borrowed from
the study of superfluid “He. A comparison of theoretical predictions and numerical computa-
tions for this elementary excitation is shown in Fig. 3.10. Note that over a wide region centered
at k£ = k*, the magnetoroton appears as a true elementary excitation, i.e. as an isolated mode
which contributes a J-function to the dynamical structure factor S(k,w). While other states at
k =~ k* are present at higher energies, they have much weaker oscillator strength, whence the
accuracy of the SMA in this application.

GMP also examined the regime £/ >> 1, and found

Jim Ay, (k) = 2econlt) (3.204)

1—v

where €., (v) = £(v) — ve(1) is the cohesive energy per particle®.

Note that while the SMA presumes that the underlying state | V) is the exact ground state,
GMP used the Laughlin states | ¥, ) in its place. The agreement between the theoretical and
numerically computed elementary excitation dispersion A, (k) in the vicinity of its minimum
is due to the accurate short-distance correlations encoded in the Laughlin state, and to the fact
that the magnetoroton appears as a sharp collective mode in the excitation spectrum, and that
this feature is not destroyed as one proceeds from the truncated pseudopotential Hamiltonian,
for which the Laughlin state is exact, to the exact Coulomb ground state.

#The energy per particle is defined to be e(v) = E(v)/N.
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Charge susceptibility in the SMA

Suppose we add a dynamical perturbation to the Hamiltonian which couples to the density,
described by

" =- / &r p(r) Ulr,t) . (3.205)

Then from linear response theory,
(0p(r,t)) = /dt’/d2r’x v t—tYU(' ) (3.206)

where x(r — r',t —t') is the dynamical susceptibility, whose Fourier transform is

Z} AR -
w+w + 1€ w—wj—l—ze

(3.207)
= / dv S(k,v) v
B T2 — (w+ie)?
where € = 07 is a positive infinitesimal. Thus,
Splk,w) = x(k,w)U(k,w) . (3.208)
Replacing S(k,v) in Eqn. 3.207 with the SMA result 5(k) 6 (hv — Aq,,(k)), we obtain
25(k) Aqua (k)
wa (K : 3.209
o) = g k) — (o 1 10 0209
For static properties, at zero frequency, then, we have
25(k)  2[s(k)]?
Xsua (k) = A (k) = [ ] (3.210)

(k) f(k)

Note that x,,,(k) ~ k* in the limit & — 0. As an application, consider the response to an
impurity potential U(r). The resulting induced number density is ( 65(k) ) = xquu (k) U(k). The
total induced charge is obtained by taking the limit k — 0; this vanishes provided U(k) does
not diverge as k=7 with o > 4, where perturbation theory surely fails. The change in Coulomb
energy of the electron system resulting from the perturbation is given by

0E

; &k p = —inRe [ — o(—k) U
o = —3nRe [ 60 (3700 ) = ~4nRe [ 55 v o0 00 G210
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For a Coulomb impurity of charge +Ze, we have U(k) = +Z i(k) and the energy shift within
the SMA is found to be

d*k ome? \’
0Ecou = _%ZH/W Xsua(F) ( s ) . (3.212)

GMP report that evaluation of the above formula yields 6E,, = —1.15 Ze?/el at v = 1 (with
n = v/2n(* as always), in substantial agreement with numerical calculations from exact diago-
nalization studies™.

Orthogonality of SMA states of different wavevector

For the translationally invariant Bijl-Feynman wavefunction for *He, the density operator p,
changes the many-body momentum of the ground state. That is, if

N N
T(d) = [ [ tou(d) = [[ e™ " (3.213)

1=1 i=1
is the many-body translation operator, which implements r;, — r, +d for alli € {1,..., N},

then if the ground state is a state of definite momentum P,, then T'(d) | ¥, ) = eFod/" |y ) for
any translation d. It is then easy to prove that the state |V, ) = p,. | ¥, ) is a state of momentum
P, = P, + hk. This establishes that (¥, | ¥,, ) = 0 for k # k.

The situation is more complicated in the presence of a magnetic field, where the individual
MTOs satisfy the algebra of Eqn. 3.215. If we place [V electrons in a periodic (toroidal) geometry
spanned by vectors L, , such that z - L, x L, = 2r(>N,, then the many-body MTOs,

N N 3 T
T(d) = Hti(d) - Hexp (M) (3.214)

satisfy the many-body version of Eqn. 3.215,

T(a)T(b) = eN¥@<b20 (g 4 b) = ¢N¥¥/C T(b) T(a) . (3.215)
Then T(L,) T(L,) = "™ T(L,) T(L,) = T(L,) T(L,) and therefore we can separately specify
foreach a € {1,2} that T(L,) | ¥ ) = ¢’ | ¥ ) for all states | ¥ ) in our many-body Hilbert space.

One can now check that

T(L,)t;((*2 x k) TY(L,) = e*Let, (0?2 x k) (3.216)

50F C. Zhang, V. Z. Vulovic, Y. Guo, and S. Das Sarma, Phys. Rev. B 32, 6920 (1985) studied systems of up
to N = 4 electrons in a toroidal geometry. The loss of translational invariance due to the impurity makes larger
systems difficult to study numerically.
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and therefore provided e¢*Z« = 1 all our SMA states lie in the same Hilbert space as specified

by the eigenvalues of the unitaries T'(L, ,). This establishes the proper quantization of the
SMA wavevectors k in a periodic geometry, but it does not prove that SMA states of different
wavevector are orthogonal.

We will delve more deeply into the many-body MTO algebra below. For now, let us establish
the desired result by appealing to the thermodynamic limit for states on the plane. From Eqn.
3.197 we have, for any many-body state | ¥ ) purely within the LLL,

(O 7o [2) = (0| gy 19) — (1= ) (0 [0) (3217)
Now
(W | php, | W) = /d2r/d2r’ ny(r,v') e kT kT /d27° n,(r) el =k
(3.218)
(0| g |0) = /d% ny(r) BT
where
N! 2 2 2
n(ry,...,r;) = W Baj - [Py ‘W(rl,...,rj,acjﬂ, . ..,mN)‘ (3.219)

are the diagonal elements of the j-particle density matrix. The j-particle distribution function
is then defined as the ratio
ni(ry,...,r;)

ny(ry) - -my Tj)

gi(ry, .. ,my) (3.220)

In the thermodynamic limit, we may write n,(r) = n and ny(r, ') = n? g(r — r’), in which case

(W 5t B | 0) = (27) (n? (k) + ne ¥ C2) §(k — k') + (2m)*n? (k) O(K)) (3.221)

where h(k) is the Fourier transform of the pair correlation function. Note that in a system of
finite area A we may replace (27)*§(k — k') — AJ,,,. We thus have established the result

<¢k | @k/ > — A §(k) 5kk’ + N2 5]{70 5’6’,0 (3.222)

where | ®,. ) = p;, | ¥, ), and where (¥, | ¥, ) = 1 is assumed.

Final remarks on the SMA

In Eqn. 3.38 we saw how projecting a plane wave e~*" onto the LLL yields the result

I, e 7 f(2) e /40 = ¢ WO emiha/2 £ _ jf?) e /40 (3.223)
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The generalization to a many-body wavefunction ¥ (r,,...,ry) = P(z, ..., zy) HZN: 1 e i s

N N
I, (He—fizi/‘*ﬂ) D ek i P(z,. . 2y) (3.224)
=1

i=1

N N
_ —z,z, /402 | —Kk%2/2 1.02 —ikz;/2
= ”e %/ e / E P2y, .oy 25 0,2 — ik, 25,4, .. zy) € i
i=1 j=1

J

~~

EPk(Zlv'“aZN)

Note that on the RHS, we have each z; in P,(Z) is in turn translated by —ik¢>. This messes with
the zeroes of the wavefunction. In the Laughlin state, where P(Z) = [V (Z)]’, the zeros of P(Z)
as a function of one of the holomorphic coordinates (say z,) lie at the positions of all the other
particles. In the SMA wavefunction, some of these zeros have shifted off the particle positions.
However, since p,, is still symmetric under interchange of particle labels, we still have that
P.(Z,) = sgn(o) P,(Z). So at least (IV — 1) of the ¢(N — 1) zeros like on the positions of the
other particles. The remaining (¢ — 1)(N — 1) zeros are shifted, and this results in an increase
in energy, as is quite clear if we adopt a model truncated pseudopotential Hamiltonian.

What happens when ¢ = 1 and P(Z) = V(Z)? Since V (Z) is the only polynomial in our Hilbert
space when v = 1, it must be that p,, annihilates the filled LL whenever k # 0. This is not so easy
to show, however, and requires an appeal to the thermodynamic limit. Invoking the results
of §3.1.2, we first obtain the second quantized form of the projected density operator in the
angular momentum basis:

=Y {mle™ m)d e, (3.225)
where the matrix element is
Imm,(k) = (m| e~k |m') :/dzr or (1) etk o (r) (3.226)

where o, (r) = (2702m!)"Y2 (2/v/2 )™ exp(—2Z/4¢?) . We can use
1 - = _ -
IO,(](’C) — e d27" e—zkz/2 e—zkz/2 6—22/252 — e—kk€2/2 (3227)

as a generating function, for which it is easily seen that

1 V2 ON" (V2 ON™ s " L ONT

with w = kl/\/2,w = kl/\/2,and j = m' — m. Thus,

[k = (i) [ N L0 (k22 /) 2 3.229
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where LY (z) is a generalized Laguerre polynomial. Note /,,, ;,.(k) = I}, .. (—k).

Now consider the action of the projected density operator g, = > I, .(k)cl,c,, on the
. N,—1 T .

filled Landau level | ¥, ) = [],", ¢!, |0). In the thermodynamic limit, we have N, — oc. Since
every m state is occupied at v = 1, the off-diagonal terms in p, with m # m' must annihilate

| U, ). This leaves only the diagonal elements, for which

Lm(k) = L, (K2?)2) 02 (3.230)
Thus,
Pl )= Lk [0) =P L (120)2) | 0)) (3231)
m=0 m=0
But the generating function of L, (z) yields’!
- 1 tw
L = — - 232
mzzjot () 1—teXp(1—t> , (3232)

and thus taking ¢ T 1 we encounter an essential singularity and provided k # 0 the sum is zero!
When k = 0, from L,,(0) = 1 and cutting off the m sum at N,, we have py |¥;) = Ny[V,),
which is also correct.

3.4 The Hierarchy

FQH plateaus have been observed at a number of odd denominator rational fractions, includ-
ing the principal Laughlin states at v = £ and v = £, their particle- hole conjugates at v = Z and

v = %, and at a number of other fillings: v = 2, 2,2, 3,2, 2 5 2 5 etc. Other plateaus "have

Sy EL Y
been observed at v = 3, I, 22, i.e. in higher Landau levels. Fractions v = p/q with p ¢ {1,q — 1}
are understood in terms of a hierarchical scheme originally due to Haldane and to Halperin,
and a very successful set of wavefunctions due to Jain known as the composite fermion con-

struction.

3.4.1 Particle-hole conjugation

Consider an arbitrary N-electron wavefunction within the LLL,

U(ry,....ry) =Pz, ... 2y) exp< 4EZZ| ) : (3.233)

>1See Gradshteyn and Ryzhik 8.975.1.
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how does one construct its particle-hole conjugate? Here we presume that P(Z) is a multino-
mial function of its arguments. We start with the filled Landau level with N total states, whose

holomorphic component is the Vandermonde determinant V' (z,, ..., 2 N¢) , viz.

1 ¢
Uy eery) = Vi 2y) exp<—E > \zi|2) . (3.234)

The unnormalized particle-hole conjugate wavefunction of the N-particle state in Eqn. 3.233 is
constructed by taking its ‘image” in the filled LL:

TPy ,TN¢) :/d2r1 . -/d2rN U (7, ... ,TN¢) U(ry,...,ry) (3.235)

where the bar denotes complex conjugation. This means that the holomorphic component of
the M-particle wavefunction ¥<(r,,...,r,,) is

N
— 1
P(z,...,2y) :/d2yl . ./d2yN V(Ups ey Uns 2155 20) P(Yg, -, yy) €XD (—@ Z |yz‘2)
i=1

(3.236)
where M + N = N,. Clearly P%(Z) is totally antisymmetricin Z = {z,,..., 2} . It is useful
to introduce the notation P[N] = P(z, ..., zy) to explicitly denote the number of holomorphic
coordinates of P. We then have

deg PC[M] = 1N, (N, — 1) — deg P[N] , (3.237)
and therefore if deg P[N] = N(N —1)/2v, with N = vN, , then
N (N N M(M —1)
c
(2 )N = 2

deg P~[M] 2;,(;, 1) 21/<N 1) 201—0) (3.238)

where M = Ny — N = (v=" — 1)N . This of course confirms that the filling is
c_ MM-1) _, (3.239)

YT 2 deg PYM]

3.4.2 Particle-hole symmetry

Consider the LLL-projected Coulomb Hamiltonian in the presence of a neutralizing back-
ground of density vn, , where n, = 1/2m(*:

H =1 / i / 2 v(r — 1) {w(r) G ) 0 () 0 (1) — 2vmg (1) () + I/2n8} . (3.240)
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Recall that the electron field operator is
= enlr)e, (3.241)

expressed in terms of the angular momentum basis (or any orthonormal basis complete in the
LLL). Thus {¢(r),¢¥!(r')} = ny G(r,r') where n, = 1/27(* and

G(r,r') _ 6z2’/262 6—z2/462 —2'Zj40? _ 6i,%~r><r’/262 6—(r—r’)2/4é2 _ [G(r' r)}* . (3.242)
The anticommutation relations yield the following result,
y 8

PHr) PH ) () o (r) = () (") T () T (r) + 0 T (r) P (r) = ng e (r') T (') (3.243)
+no G, ) Y(r') YT (r) = ng G, ) W) (r)
which establishes

10,01 = H 050 S [ [ ot =) 6t o) 010 - Gt ) )
N N (3.244)

where ¢ (r) = Yi(r)and ¥f(r) = ¢ (r) is a particle-hole canonical transformation. Note however

that {1/) Yi(r')} = ny G(r', ). Of course this is is because particles and holes have opposite

electric charge' We can now show that in any state | ¥, ) in which (¥, || ¢, |¥,) = v§,,,, O
equivalently (¥, [T (+') ¢ (r)| ¥, ) = v G(r,r'), that

2

(W, | H,[, v |¥,)+N,v \/ge—g_<@1_V}H1_V[@E,Q/ZT]}@1_V>+N¢(1—y)2\/§i—€ , (3.245)

where |, ) = |¥, ). This establishes that if there is a cusp in the total energy at filling fraction
v, there will also be a cusp at filling fraction 1 — v.

3.4.3 Hierarchical construction of FQH wavefunctions

Haldane®” was the first to suggest that Laughlin’s quasiparticles could themselves condense
into a higher order FQH state, which, in turn would itself have quasiparticle excitations which
could condense, ad infinitum. Energetics would then determine how far along this chain one
can proceed and still have stable condensates™. In Haldane’s analysis, the quasiparticles carry
bosonic statistics. Subsequently Halperin® devised a hierarchy based on fractional quasiparti-
cle statistics, which we discussed in §3.3.6. Laughlin™ proposed explicit hierarchical wavefunc-
tions for the v = £ and 2 states, and argued that the quasiparticles obeyed fermionic statistics.

52F, D. M. Haldane, Phys. Rev. Lett. 51, 605 (1983).

>0One competing phase would be a Wigner crystal of quasiparticles, for example.
°B. I. Halperin, Phys. Rev. Lett. 52,1982 (1984).

5R. B. Laughlin, Surf. Sci. 142, 163 (1984).
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Consistent with the Chern-Simons Ginzburg-Landau field theory of the FQHE, which we shall
discuss in §CSGL below, I believe that a proper understanding of quasiparticle statistics in the
FQHE entails that they are anyons, but the matter of their exchange statistics will not enter the
following discussion.

To elicit hierarchical wavefunctions, we will follow the scheme of MacDonald, Aers, and Dharma-

wardana®, which relies heavily on the particle-hole conjugation formalism discussed in §3.4.1.

In particular, recall the relation in Eqn. 3.236 between the N-particle holomorphic factor P(z, ...

and its particle-hole conjugate P(z,, ..., z,,). If at level ¢ — 1 of the hierarchy one has the holo-
morphic polynomial P, ,(Z) corresponding to a filling v,_, , we construct a new polynomial
P,(Z) in one of two ways. The first way is to write

P(2)=PE,(2) [V(2)]™ (3.246)

with p, a nonnegative integer. Note here that P-(Z) = P¢[N] is a function of the N holomor-
phic coordinates {z,, ..., zy }. Therefore, from Eqn. 3.238,

N(N —1
deg P,[N] = % = deg PS,[N] + 2p, deg V[N]
t
(3.247)
N(N —-1)
= L N(N-1)
2(1 - Vt—l) !
from which we obtain
1
= = 24
v, 2p; + =0, 2p,+ 1+ T 1 (3.248)

Starting at level i = 0 of the hierarchy with the polynomial F(Z) = 1, which has deg F,[N] = 0,
corresponding to a filling v, = 0, the above formula then gives v, = 1/(2p, + 1), which is one
of the principal Laughlin states™. If we iterate the formula once more, with p, = 0, we obtain
the particle-hole conjugate of the state at level i = 1, with filling v, = 2p, /(2p, + 1) .

The second iterative construction is given by

C T
P(Z)=V(Z) (ijé?) V()™ | (3.249)

where =/ = 2028, . Note

PEN]y  N(N-1) N(N-1) N(N-1)
des( ) = o s “au o1 (3:250)

5% A. H. MacDonald, G. C. Aers, and M. W. C. Dharma-wardana, Phys. Rev. B 31,5529 (1985).

While the initial polynomial P,(Z) = 1 is not antisymmetric, this is not an issue. All the polynomials at level
i > 0 in the hierarchy are completely antisymmetric. We can think of P,(Z) as the limit as v — 0 of a proper
fermionic state.

%] think that another possible choice here would be to take P,(Z) = [P (Z)] f V(2)] *Pt_This should yield the
same fractions, but in with a different labeling.

>ZN)
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and therefore

N(N-1) N(N —-1)
deg P,|Z] = ——F =5N(N -1 N(N —-1) = —— % 3.251
eg t[ ] 2Vt 2 ( ) +pt ( ) 2(1/;11 _ 1) ) ( )
and thus )

vt =2p,+1— — (3.252)

v, —1

We can express both steps of the hierarchy by the formula

-1 _ Qg

v, =2p,+1+ , (3.253)

-1

where o,_; = +1 if Eqn. 3.246 is used and «,_; = —1 if Eqn. 3.249 is used. If we iterate the
formulae t times, we obtain

1
v, = [pt, O 1Dpqs - Qg po} = o (3.254)
1 + 2pt + a,_o
2p, 4+ - t=
e
2p1+20;—%
It is convenient to write ap = p for a = —1. One then finds
3 =[] 5= [0.1]
%:[2]7 %:[0,2]7
% = [1,1] % 0,1,1]
%:[17}]7 %_[0’17}]7
2 =01,1,1] 1=10,1,1,1]
o= [LLLT] 3=10,1111]
2 =11,1,1] 2 =10,1,1,1]
As is clear from the above, particle-hole conjugation means
vE=1—-v, = [O,pt, O 1 Dyqs e s ozopo] . (3.255)

Note that the same fraction may be represented by more than one sequence. For example,

~(0,1,1,1] =[1,1,1,1,1] , (3.256)

e

which is a rather awkward aspect to this procedure. More seriously, one has to proceed rather
deep into the hierarchy to arrive at several observed FQH fractions, suchas v = 5 = [1,1,1,1].
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3.44 Composite fermions

The composite fermion (CF) approach, pioneered by J. K. Jain™, starts with the v = r Slater
determinant state of r filled LLs. In this state we have N/N; = r in the thermodynamic
limit. We denote this state as ¢, if B = —Bz as has been our convention, and as ®_, if
B = +Bz. Now consider the flux attachment operation where 2p flux quanta are attached
to each particle, yielding a composite fermion. This introduces 2p additional zeros whenever any
two particles coincide, and is accomplished by multiplying the wavefunction ®,, for r filled
LLs by the (2p)™ power of the Vandermonde determinant, yielding the N-particle wavefunc-
tion U, [N] = V*[N] &, [N]. The total flux per particle is then

N 1 r
-1 ¢
v N r P Ve 2rp+1

(3.257)
Clearly this state will contain contributions from single-particle wavefunctions in the first n
Landau levels, and if a bona fide LLL many-body wavefunction is desired, one should then
project onto the n = 0 LL, viz.

Uy, [N] =10, ¥, [N] =1, V*[N] &, [N] . (3.258)

r,p[
Note that the projector I, commutes with the total particle number N. Note also that the pro-
jector is applied after the state ., [N] is multiplied by V?’[N], since otherwise it is annihilated,
ie. II,®,  [N]=0forn>1.

=
]
ol
N

Vipp | T r=1|r r=21r r=3|r r=4|r=5|r=>5
p=0 1 2 3 4 5 5

p=1| 1 | 1/3 | 2/3 | 2/5 | 3/5 | 3/7 | 4/7 | 4/9 | 5/9 | 5/11
p=2| 1/3 | 1/5 | 2/7 | 2/9 | 3/11 | 3/13 | 4/15 | 4/17 | 5/19 | 5/21
p=3]| 1/5 | 1/7 | 2/11 | 2/13 | 3/17 | 3/19 | 4/23 | 4/25 | 5/29 | 5/31
p=4| 17 | 1/9 | 2/15 | 2/17 | 3/23 | 3/25 | 4/31 | 4/33 | 5/39 | 5/41

=i
2ol |
ol |l
w11

Table 3.1: Filling fractions v, for the first level of composite fermion states (7 = —r). Ob-
served fractions are printed in red. Not shown are the corresponding particle-hole conjugate
states, for which v§, , =1 — v,

One might worry about the effect of the projector, but Jain found that it has a rather weak effect,

¥]. K. Jain, Phys. Rev. Lett. 63,199 (1989); ]. K. Jain, Phys. Rev. B41, 7653 (1990). See also J. K. Jain, Composite
Fermions (Cambridge, 2007).
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and most of the state ¥_, [N] is confined to the LLL, with

X <\I]r7p | HO | \I]r7p>
< \Ilr,p | \Ilr,p >

. <\I]r7p | HO | \I]r7p>
< \Ilr,p | \Ilr,p >

~ 0.05
(3.259)

~ 0.01

With ‘Ifinp [N] fully in the LLL, we can construct its particle-hole conjugate WS¢, [N], with filling
vg,,=1—v.,. Atable of values for small n and p is given in Tab. 3.1. States in this sequence
may be thought of as describing an integer quantum Hall state of composite fermions. A touted

success of the CF theory is that most of the observed states appear at early in the sequence.

Note that the r — oo limit of this sequence yields a filling

: (3.260)

lim v, = —
r—00 +rp 2p

which is an even denominator fermionic state with »~! = 0 flux per composite fermion. If the
wavefunction is U[N] = V?[N] ®[N], then the component ®[N] is a state corresponding to zero
flux. One possibility is a Slater determinant of plane waves, i.e.

(ry,...,ry) = AN det(e®ims) | (3.261)

If the wavevectors {k, ..., ky } are arranged in a Fermi circle, then there must be gapless particle-
hole excitations corresponding to removing a state just below k; and replacing it with one just
above k. We will discuss the theory of the half-filled Landau level in the next chapter.

The CF states described above represent only the first level of the CF hierarchy. At the second
level, one can start, for instance, with the v = % state, which is v = % state inthen = 1 LL
sitting atop a filled n = 0 LL®. Thus v = N/N, = § and N, = 2N. The flux attachment
operation results in v™' — v™? 4+ 2 hence v/ = v/(2v + 1) and with v = § we obtain v/ = &+,
which is an observed fraction that is in fact not present among the states of the first level of the

CF hierarchy. The states 2, -, &, £ and 2 are also observed (see Fig. 3.11 and are present

89We assume 100% spin polarization, so we work only with spinless fermion wavefunctions here.
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only at the second level of the hierarchy. Note that under flux addition we have®

4 4/3  [4/11

3 (8p/3) £ 1 »=1 | 4/5

4 4/3  [4/19

3 (8p/3) £ 1 p=2 | 4/13

6 6/5 ~ fe7

5 (12p/5) £ 1 p=1 {6/7 (8.262)
5 5/3 ~ [5/13

3 (10p/3) £ 1 »=1 | 5/7

7 7/3 kY

3 (14p/3) £ 1 p=1 | 7/11

States in this sequence may be thought of as describing a fractional quantum Hall state of
composite fermions. The complete set of operations generating the CF states is thus:

(i) Landau level addition: v — v + 1
(i) flux attachment: v~ — =1 4+ 2
(iii) LLL projection (preserves N): ¥ — II, W

(iv) particle-hole conjugation (LLL states only): v — 1 — v.

3.5 Chern-Simons Ginzburg-Landau Theory

The understanding that the Laughlin states and their hierarchical descendants were especially
stable gapped phases of matter with peculiar topological properties (e.g. FQHE, quasiparticle
excitations obeying fractional exchange statistics) naturally led researchers to think of these
states as some sort of novel condensates. If so, what is the corresponding order parameter and
continuum field theory? In fact, today it is known that topological phases of matter such as the
FQHE phases do not possess an order parameter of the usual sort and do not break any global
symmetries. Nevertheless, a compelling field-theoretic description of the FQHE, due to Zhang,
Hansson, and Kivelson®?, based in part on earlier work by Girvin and MacDonald® has proven
extremely useful and influential. I especially recommend the pellucid review by Zhang®.

®1Red typeface indicates observed FQH fractions; blue typeface indicates fractions already present at the first
level of the CF hierarchy.

62G.-C. Zhang, H. Hansson, and S. Kivelson, Phys. Rev. Lett. 62, 82 (1989).

63S. M. Girvin and A. H. MacDonald, Phys. Rev. Lett. 58, 1252 (1987).

64S.-C. Zhang, Int. Jour. Mod. Phys. B 6, 25 (1992).
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Figure 3.11: Experimental observation of second level composite fermion states: v = 11‘1, 1—53, 1—71,
%, 2, and . From W. Pan et al., Phys. Rev. Lett. 90, 016801 (2003).

137 17/

3.5.1 Superfluids, vortices, and duality

As a warm-up, we will first consider the case of a 2 + 1-dimensional superfluid. The Chern-
Simons Ginzburg-Landau (CSGL) theory establishes a connection between the field theory of
the superfluid and that of the FQHE. Of course, superfluidity is a phenomenon of bosonic
systems, whereas the constituent particles of the FQHE are electrons, which are fermions. In
superconductors, the electrons first pair before condensing, as do the helium atoms in liquid
*He®. But this is not what happens in the Laughlin states, for example. Rather, in order to
describe the FQHE in terms of a bosonic field theory of an order parameter field, we will have
to manufacture fermions from bosons — a trick known as statistical transmutation. As we shall
see, at a mean field level, the implementation of the statistical transmutation, which is effected
using a fictitious gauge field, can cancel with the physical magnetic field, leaving behind a
purely bosonic theory in zero field, but with telltale fluctuation terms. The vortices of the
bosonic superfluid then correspond to quasiparticles of the FQHE! But all good things to those
who wait; first let’s examine the case of superfluidity in (2 + 1)-dimensions®.

85The fact that electrons are charged, whereas *He atoms are neutral, entails some essential corrections to the
simplistic description of a superconductor as a Bose condensate.

V. N. Popov, Sov. Phys. JETP 37, 341 (1973); M. P. A. Fisher and D.-H. Lee, Phys. Rev. B 39, 2756 (1989); G. E.
Volovik, JETP Lett., 62, 65 (1995); E. Simanek, Inhomogeneous Superconductors (Oxford, 1994); D. P. Arovas and
J. A. Freire, Phys. Rev. B 55,1068 (1997).
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Start with the Euclidean action
2
Sg = /dT/dsz’ {FHZ 0.+ ;—m }Vw}z} + %/dT/dzx/dzx' v(x —2')on(z)on(z’) , (3.263)

where
on(xz) =n(x) —ny . (3.264)

We write 1) = \/n e'®, in which case

o.n -

0.0 = ( T + i\/ﬁ@gﬁ) e’
2\/2 (3.265)

(Vn)

4n

2 2
Vol = +n(V9)

Setting aside the interaction term for the moment, the Lagrangian density, other than the v
term, is then given by

. h*n 2 2
£0 = zﬁn@T¢ + % (V¢) + an

m Q> h?
Q +
2n 8mn

(Vn)*
(3.266)

—ihnd,¢+ihQ-Vo+ (vn)® |

where Q is a Hubbard-Stratonovich field. We now separate ¢ = ¢, + ¢, into the smooth
spin-wave and singular vortex contributions. Integrating over ¢y, yields the constraint

Oon+v-Q=0 |, (3.267)

which is solved by writing

8Wx aWy —
n—no—no( T 8x):_n08
ow,  ow.
Q, = ”o( 87'y Y ) = —uny &, (3.268)

oW, oW\
Qy:n()( ox - or ) :_I—unng )

where we have defined the dimensionless analog electromagnetic fields (£, B) and where v is
an as-yet undetermined constant with dimensions of speed. We also define the background
gauge feld w (x, 7) = —x y. Regarding the vortex part, we have

ihnd,o, +ihQ Vo, = —2miling J* (W, +w,) +9(-) . (3.269)
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where

JH(x, ) = % 9,00, = Z g; {;} oz — X,(1)) (3.270)

where ¢; € Z is the integer vorticity of vortex i, and 2# = (7, z,y) for p = 0, 1,2. There is no
difference between raised and lowered indices here. Thus, dropping total derivatives, we have

2 2
f (Vn)? + mQ

8mn n

L, =

— 2mihng J* (W, +w,) +0(-) (3.271)

We now expand to quadratic order in 6n and Q. Including the v term in the potential, we have

{ ‘ +<%@(k)+8ﬁ;£f) n(k, }—zhnO/dr/d JW, +w,)
= nmu / /d% ( w)[*+ 2( |5 )—zhnO/dT/d JEW, +w,) (3.272)

where h = 27/ and the phonon dispersion is

2 Mo 42~ R (k[
=3 27
w, (k) - k”0(k) + 2 (3.273)
Thus if ©(0) is finite, we may define v = /nyv(0)/m, which is the phonon velocity at long
wavelengths. The Euclidean Lagrangian density in the long wavelength limit is then
Lg = Ingmu®(E? — B?) — 2mihng J* W, +w,) (3.274)

which is to say (2 + 1)-dimensional electrodynamics in the presence of a background magnetic
tield b = ¢,;,0,w; = —1. Note that the Fourier transform of the vortex 3-current is

1371777
JH( /drqu{ : } wr o=k X(r) (3.275)

Note also that

[e.e]

—2mihn, / dt J"w, = 2rihn, Y g, / dr X,(1) Y;(7) (3.276)

— 00

gives the geometric phase for vortices winding about the condensate. If 9(0) diverges, as is
the case for the Coulomb potential v(r) = e?/er, for which (k) = 2me?/e|k|, then there is no
long-wavelength low-frequency effective Lorentz invariance with speed u. For v(r) = €?/er,
one has (k) = 2me?/e|k| and the phonon disperses as |k|'/? as k — 0.
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Charged bosons

If the bosons have a charge ¢, this may be accommodated by the substitutions
0,0, 0.6, +¢A° | Vo, Vg, +iA (3.277)

where A" is the electromagnetic vector potential and c is the speed of light. Note that ¢ > u.
One may now define

. J? —éB/2mc
Kr=Jgr+ Sy A = g _GE [on (3.278)
27 v Y
JY+eE,/2r

where A* = (A" ¢! A), and replace J* by K*, also including the Maxwell term (E? — B?) d/8w
in the (2+1)-dimensional Euclidean Lagrangian density, where d is the thickness of the system.

Integrating out the gauge field
Next we integrate out the gauge field WW,. We define the fields W, and W, by

W,

T

(k, w) = ik, W, (k,w) — ik, W, (k,w)

h - (3.279)
W, (k,w) = ik, W, (k,w) + ik, W, (k,w)
where k = k/|k|. We then have
on(k,w) = ny(ikW, — ik,W,) = ng |k W, (k,w) (3.280)
and
), (k,w) = ng(— iwW, — ik, W
Qx( OJ) nO( Z.w Y ¢ Y 0) . R (3281)
= no( — ik, Wy(k, w) + wk W, (k,w) + wk W, (k, w))
and
). (k,w) = ng (iwW, + ik, W
@yl ) = moliesWVy + ik, o) . (3.282)
= ny (ik,Wy(k,w) — wk W, (k,w) + wk,W, (k, w))
Thus,
|67k, w)|* = n2 K2 W, (k,w)|”
e, . | 2 (3.283)
Qk,w)| = n2W? W, (k,w)[* + n2 ‘wW”(k,w) |k Wo(k:,w)‘
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Next, we write

2. TH dw d*k —iwt ik-X, (1) ) -1, y 2
dr [dx J WMZZ% dr o (27026 e i ik x X, - z2W,(k,w)

+ Wy (K, w) + (ik, X, + ik i) W (k, w)}
_ dw [ &k, ik X, (7)) .1 S

|I;|<wW”(k w) — i|k|W0(k,w))}

In obtaining the last line above we have used

(ik, X, + ik,Y;) e* %) = |]1| ;;a”“ : (3.285)

and then integrated by parts. We now integrate out the fields W, (k,w) and the combination
wW)(k,w) — ilk| Wy(k,w). Integrating out the latter yields a frequency-independent kernel
|k|~2 and an instantaneous logarithmic Coulomb interaction among the vortices. Thus,

, . ﬂh2n0
Sg = 2mihn, Zqi/dT X, () Yi(r) — Zqi qj/dr In | X,(7) — X,(7)| (3.286)

7Th no dzk kj A X ) k A XJ(T/) —iw(’r—’r') ik.(X_(T)—XY(T/))
quq]/dT/dT/ / 2+ 2R e e ,

wherea Ab=a X b - z.

Thus, we end up with a theory of logarithmically interacting vortices, whose dynamics are
equivalent to those of electrons in the lowest Landau level due to the X;Y; term in the La-
grangian, plus a retarded interaction described by the last term. This is (2 4 1)-dimensional
electrodynamics, where vortices play the role of charges, and phonons play the role of pho-
tons.

3.5.2 Statistical transmutation

One usually does not think of quantum statistics as a continuous parameter, like a coupling
constant. We are accustomed to the notion that many-particle wavefunctions are either sym-
metric or antisymmetric, i.e. W(---j---i---) = €@ W(---i---j---) with § = 2nr for bosons and
0 = (2n + 1)7 for fermions. Other values of 6, such as § = 37, seem to make no sense because
iterating the relation twice gives W(--+i---j---) = e*W¥(---i---j---),and thus e # 1 contra-
dicts single-valuedness of ¥. One concludes that Bose and Fermi statistics exhaust all possible

values of 4.



184 CHAPTER 3. FRACTIONAL QUANTUM HALL EFFECT

What happens, though, if we relax the single-valuedness constraint and allow the wavefunc-
tion ¥ ({r;}) to be a multivalued function of its arguments? One example of a multivalued
function is the complex function f(z) = 2%, which changes by a factor ¢*™* when z moves
counterclockwise around a circle enclosing the origin. Paths which wind around the origin n
times accumulate a phase factor of e*™*. If « is not an integer, then f(z) returns to its original
value multiplied by a phase. Although it may seem strange to consider multivalued wavefunc-
tions, there is nothing that prevents us from doing so. The Schrédinger equation is a differential
equation and thus only requires that ¥ be locally well-defined. In addition, physical quantities,
such as probability densities, always depend on |¥|? and are appropriately single-valued, as
the multivaluedness we consider will always be in the phase of the wavefunction.

In the example f(z) = 2%, 2 takes its values in the complex plane. In the case of many-particle
quantum mechanics, the argument R = {r,, ..., 7y} of ¥(R) lives in a more complicated space,
called configuration space. It is the space of all N-tuples R together with the equivalence relation
R = o R, where o € Sy is any element of the permutation group, so that o R = {751y, ..., 7o) }-
The equivalence of R and o R means that the particles are indistinguishable. For technical pur-
poses, it is necessary to impose the restriction that no two particles ever lie at the same position
— this is necessary for the multivaluedness to be meaningful. This is analogous to the situation
in our simple example of f(z) = 2* above, in which paths that intersect the origin cannot be
assigned a definite winding number. Physically, the restriction that no two particles lie atop
one another can be accomplished by imposing an infinitely repulsive hard core potential of
vanishingly small range; this has no effect on any physical properties.

We now ask what sorts of multivalued functions can be defined on this configuration space.
Recall that in the case of the simple example f(z) = z* that paths could be classified by an
integer winding number n; paths which have the same winding number are equivalent to one
another in the sense that they can be smoothly deformed into each other without crossing the
origin. Associated to each path of winding number n was a phase ¢*™“. If we append one
path of winding number n’ onto a path of winding number n, the resultant path has winding
number n + n’. Thus, we can think of the space of paths as a mathematical group, and in this
simple case, group addition of two paths of winding numbers n and n’ produces a third path
of winding number n + n’. Mathematically, this result is succinctly stated as

m (R*\{0}) =7 (3.287)

which means that the group of paths (under the operation of path addition) on the punctured
plane (the plane minus the origin) is isomorphic to the group of integers (under the operation
of addition). Mathematicians refer to the group of paths m, (M) as the fundamental group, or
‘first homotopy group’ first homotopy group of the manifold M. The fundamental group of the
punctured plane is isomorphic to the integers.

The configuration space for NV identical particles living on a base manifold M is

Xy(M) = (MY -D)/Sy (3.288)
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where D = {(r,...,ry) | r; = r; forsome i # j}. Note as with the punctured plane, we
exclude certain subspaces from our manifold, in this case corresponding to coincidences of the
positions of at least two particles. This space is more complicated than the punctured plane.
The difference is that rather than classifying paths by how they wind around the origin, we
classify paths by how the particles wind around other particles. If the base space M is d-
dimensional, then dim Xy (M) = dN. Consider a closed path in this configuration space from a
point R to an equivalent point cR. If d > 3, it is easy to see that any two paths from R to cR
are deformable into one another. Just as loops in R? cannot be classified by a winding number
(they can be shrunk to a point without ever crossing the origin), any two configuration space
paths R to o R are homotopically equivalent, i.e. they can be deformed into one another. The paths
are then classified by ¢ alone. The mathematicians would say that

m (Xy(M)) =2 Sy (dim(M) >2) . (3.289)

The phases associated with the paths form a unitary one-dimensional representation of the
fundamental group 7, (Xy(M)), and so for d = dim(M) > 2, we are left with unitary one-
dimensional representations of Sy, of which there are only two: the symmetric (Bose) repre-
sentation, e = 41, and the antisymmetric (Fermi) representation, ¢’ = sgno.

In two space dimensions, the notion of relative winding of particles becomes well-defined. As
a consequence, the space of loops in configuration space becomes more complicated. Indeed, a
path in which a particle winds completely around another particle can no longer be deformed
to a point without crossing that particle. The fundamental group of configuration space is no
longer Sy, but rather is an infinite nonabelian group, known as the N-string braid group®” on
M, ie. By (M). As its name suggests, the algebra of this group is associated with the weaving
of ‘braids’, which are world-lines for our particles. The phases associated with the paths in
configuration space now form a unitary one-dimensional representation of the braid group: to
each pairwise exchange of particles one associates a factor €. If we let z; = x; + iy, be the
complex coordinate for particle j, the wavefunction takes the form

U(ry,.ry) = [J(zi = )" (e vy, (3.290)
i<j
where ¢(R) is a totally symmetric function. Note that # = 7 leads to a function which satisfies
Fermi statistics®®. Intermediate values of # € (0,7) correspond to fractional statistics, first
clearly discussed by Leinaas and Myrheim in 1977%°. The above configuration space analysis
is due to Laidlaw and DeWitt"’, who were mostly concerned with d = 3, and to Wu’!, who
considered the case d = 2 in detail.

’The braid groups were first introduced by E. Artin in 1928. For a review, see R. Fox and L. Neuwirth, Math.
Scand. 10, 119 (1962).

%1t should be noted that conventional wavefunctions satisfying Fermi statistics are multivalued in configuration
space, since their sign changes depending on the parity of the permutation associated with a given closed path
connecting a point Rtoc R = R.

®For a pedagogical review, see R. MacKenzie and F. Wilczek, Int. Jour. Mod. Phys. A 3, 2827 (1988).

7M. G. G. Laidlaw and C. M. DeWitte, Phys. Rev. D 3, 6 (1971)

71Y-S. Wu, Phys. Rev. Lett. 52,2103 (1984); Y.-S. Wu, 53, 111 (1984).
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In general, if ¢ is a coordinate on a multiply connected space M, the propagator K(q,, %, | q;,t;)
may be written as

K(a,ty [ qy,ty) = Z KM(CI27 ty|ar, )
H€W1(M)

— Z x(1) Z eSla®i/h

pe™ (M) q(t)ep

(3.291)

where the sum over y is over all homotopy sectors in 7, (M), and where x(x) is a unitary one-
dimensional representation of 7, (M)”>. Thus x (¢ ou) = x(1') x(p) . In general, ¢; # ¢, and ¢(t)
is therefore not a closed loop. But by defining a standard set of paths from an arbitrary point
qo € M (assuming M is connected) to every other point’, one can append one of these paths
or its inverse to the path ¢(t) to create a closed path. In this way, each path ¢(t) from ¢, to ¢, can
be identified with a homotopy sector.

Paths in configuration space enter the Feynman path integral description of the many-particle
propagator, viz.

oR/ t2
, 1 i . 0 .
K(R 1| R1) = > [ DR(t) exp & [dt (LR, R t) +h— Zgoij . (3.292)
ceSN R t 1<J
where the boundary conditions in the o sector are given by R(t,) = R = {ry,...,ry} and
R(ty) = oR = {r}y,...,ryn)} Here, o = arg(z; — z;) = tan~"[(y; — y;)/(x; — ;)] is the

relative angle between particles 7 and j. The ¢;; term in the Lagrangian keeps track of the
relative winding of particles, associating a phase factor e’ to each interchange Ay;; = 7. Thus,
to shift the statistical angle by 6 one must alter the many-particle Lagrangian:

6 .
L(0) = L(0) + h ; by (3.293)
Since the additional term is a total time derivative, the angle ¢ does not appear in the equations
of motion. However, the quantity ¢,; dt cannot be regarded as an exact differential, because it is
not the differential of a single valued function of the coordinates R. Thus, the “statistical” part of
the action leads to additional phase interference between paths of differing winding number.
This is the essence of statistical transmutation.

Charge-flux composites

A compelling realization of fractional statistics was proposed by Wilczek’™ who noted that a
composite object consisting of a particle of charge e and a flux tube of strength ¢ = 0hc/e would

72Since all one-dimensional representations are abelian, it is really only the abelianized 7, (M) which matters
here. This is called the first homology group, H, (M).

73Such a construction is known as a standard path mesh.

7AF. Wilczek, Phys. Rev. Lett. 48,1144 (1982); F. Wilczek, Phys. Rev. Lett. 49, 957 (1982).
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possess fractional statistics. Recall that when a quantum-mechanical particle of charge ¢ encir-
cles a fixed solenoid of flux ¢, its wavefunction accrues a phase ¢4/ — this is the celebrated
Aharonov-Bohm effect. The same phase would result from a quantum-mechanical solenoid
orbiting around a fixed charge. Now consider two of Wilczek’s charge-flux composites and
compute the phase they generate upon interchange, which is half a complete revolution. There
are two contributions to the accumulated phase. A factor e*¢/?" = ¢9/? is generated from the
charge of particle 1 moving in the field of the flux of particle 2, and an identical factor arises
from the flux of particle 1 moving in the field of the charge of particle 2. The net accrued phase
is thus e?.

A generic Lagrangian L = 1mR?* — V(R), altered to account for fractional statistics as in Eqn.
3.293, results in the many-body Hamiltonian

2
1 0 /éx(ri—rj)
H_Z:%G)Z_h%zj:W) +Vi(ry,...,ry) (3.294)

where the prime on the sums indicates that the j = ¢ term is to be excluded. The §-dependent
term resembles a “statistical vector potential’

/ X . /
Am =t cbozz ) 0 ey (3.295)

i T 27 |, —r;|? e s
where ¢, = hc/e is the Dirac flux quantum. The form of the statistical vector potential is the
same as the vector potential of a flux tube of strength ¢ = 20hc/e, which is twice the flux of
Wilczek’s composite. The reason for this is that the statistical vector potential accounts for both
the charge-flux and the flux-charge interactions. Note that

e O 0
Pi— A,(R) = exp (—I— i Z cpi]) p; €xXp (— 1 Z QOZ-J») ) (3.296)
J J

indicating that the statistical vector potential is a pure gauge, although a topologically nontrivial
one, because the gauge factor is not single-valued as a function of the coordinates R. Applica-
tion of this singular gauge transformation to a symmetric wavefunction yields a multivalued
wavefunction of the kind in Eqn. 3.290.

There are thus two equivalent ways to formulate the implementation of fractional statistics in
d = 2 space dimensions. We can work with single-valued wavefunctions and include a statisti-
cal vector potential in our many-body Hamiltonian. This leads to long-ranged two- and (from
the A” term) three-body interactions. Equivalently, we can employ a singular gauge trans-
formation to ‘gauge away’ the statistical vector potential at the cost of requiring multivalued
wavefunctions, as in Eqn. 3.290. Wilczek named particles obeying fractional statistics anyons,
presumably because they can have any statistics.
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Statistical transmutation in field theory

Suppose we have a theory with a conserved current j*, which means 9,j* = 0. Here we
use the Minkowski metric n** = (+, —, —) to raise and lower indices, with z* = (¢,z,y) and
d*x = dtdrdy. Given a field theory with a conserved matter current j*, one can transmute
statistics to the matter field by coupling this current to a U(1) gauge field ¢* and adding a
Chern-Simons term”” to the action, viz.

2
— 3 3 VA
Smat(0) = Siae(0) + . /d xja, + 0 2/d e a,0,ay . (3.297)
Although the bare a, field is present in the Chern-Simons term, and not only its field strength
fuw =90,a,—0,a,, the action remains gauge-invariant because J# = €“* a,,0,a, is a conserved
current. Thus if we make the gauge transformation a, — a, + 9, f, the change in the Chern-

Simons term is 2

40hc?

which vanishes if taken over a closed surface. When taken over a manifold with boundary, an
extra contribution must be included at the edge in order to render the action gauge-invariant.
We shall discuss this feature further on below.

Scs — Scs + / d’r e 0,(f0,a,) | (3.298)

For example, with nonrelativistic particles we have

N
S at/d?’x{Z%ma‘c? - V(ml,...,mN)}
i=1

al dz
= /dT ;5(3) (:)3 — :L’Z(T)) d—;

Since the action in Eqn. 3.297 is quadratic in the a,, fields, they can be integrated out simply by
solving the equations of motion,

055 ) e

(3.299)

p A —
30, ="t g€ =0 (3.300)
Thus,
0 e eb T b
= —— = — = — — . 1
J 20he 2 T 3 T Gy (3.301)

where b = 0,a; — 0,a, = 9,a¥ — J,a”. One can now integrate out the a,, fields by manipulating
Eqn. 3.300 to obtain

,uu)\j 2077, (8 a, — 8 a ) . (3302)

73S, Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett. 48, 975 (1982); J. Schonfeld, Nucl. Phys. B185, 157
(1981).
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Working in the Lorentz gauge d,a" = 0, we can invert the above relation to yield

20hc

Oa, = Dun 5 (3.303)

where 0 = ¢29? — V?is the wave operator76. When substituted into the action, this yields

Su8) = Sa(0) + 10 [ P10, @) 5 (o)
= Smat(o) + 2he‘]\]link )

(3.304)

where N, is the linking number of the particle trajectories. For a complete revolution of one
particle around another, V., = 1, and thus we associate 0 with the statistical angle for particle
interchange (i.e. half a complete revolution).

An explicit calculation is instructive. Define the formally nonlocal operator
(3.305)

which satisfies gl,K Y(z —2') = 6@ (x — 2'), where 5M = (¢7%9,,V). Gauge freedom allows us
to take K = 0 and K'(z — 2') = k'(z — a') §(2° — 2°), with

1 2t — "

E(x—a') = (3.306)

o1 |z — @]
The function £'(z — «') is recognized as the vector potential of a flux tube of unit strength. Now
let’s wind one particle (X') around another which stays fixed at the origin. The particle currents
are then

(z) = 6(z) +0(xz — X
7(w) = 8(a) + 6w = X) 5307
j(r) = - X)X,
where X = X (7). The linking number term in Eqn. 3.304 then gives
/d3 /d3 ' € K" (2 — 2') M 2') = —2/d7- i k(—=X) X7 = 2eijj§dXJ e (3.308)

which is indeed 2/N,,,.. Another way to see it: the geometric flux enclosed by X () as it winds

around the origin is
¢ = ]{dz a_/dSb_thc/deozy?e% : (3.309)

76We have to be a bit careful here since 9, = 9, and 01 = 0,, don’t have the same units. The wave operator
should be written as [ = ¢~2 97 — V2. The symbol Nuws INEqn. 3.303 s given by 1915 = —7lg21 = 129 = —Ta10 = 1
and 759, = —1)9o = ¢~ 2, with all other elements vanishing. The simplest way to make everything work out is to
pour yourself a nice glass of bourbon and measure space and time in the same units, i.e. take ¢ = 1.
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where the charge is taken to be ve. The Aharonov-Bohm phase is then e2™#/%0 = ¢2#*0 which
is just what we expect.

Another example comes from the (2 + 1)-dimensional O(3) nonlinear sigma model, with

= — / d*z (9,n")(0"n")
(3.310)
g (x) = 5 Cab LA N9 nbone |
where n(x) is a unit vector lying along the surface of a two-dimensional sphere. For this model,
which possesses a Lorentz invariance, we define * = (ct, ), 0, = 0/02" ,and d°x = cdt dx dy.
The conservation of j* licenses us to write

1
j”:8—7reb A n® 9 nb oyn = 0, A, (3.311)

where A [ ] is a gauge field. Integrating out the CS gauge field by its equations of motion, we
obtain a, = —(e/20hc) A,, and hence S(0) = S,,,.(0) + 0.5,,,¢, where

Shopt/ P = — / PPz j*(x) A, [i(z)] = — / PPz A0, A, (3.312)

which is the so-called Hopf term. Note that it is nonlocal in the n® fields because A ,[;] is a
functional of its argument. At any fixed time ¢, we may demand that the field n(x, t) approaches
the same value 7(o0) as |x| — oo. This compactifies R* — S?. Now consider the function n(z, t)
as a function of ¢ for ¢ € [0,7]. Everywhere along this time interval, n(z, t) takes its values on
the unit sphere S? (we assume n (oo, t) = n(c0) is fixed as a function of t). The function n(z,t)
with ¢ fixed may be regarded as a map taking the compactified real space S to the internal 7
space S°. The space of such maps is called Q = Map,(S?, S?). Now there is a general result
which says that”’

m(Q) = Wk+2(52) (3.313)

for all nonnegative integers k. Recall that 7, (M) is the group of equivalence classes of maps
from S* to M. In particular, 7,(Q) = 7,(S?) = Z, which says that the configuration space of
the (2 + 1)-dimensional nonlinear sigma model is disconnected, and separates into individual
soliton sectors Q, where n € Z. We also have that 7, (Q) = 7,(S?) = Z, which says that we can
associate a phase ¢™ in the configuration space path integral of Eqn. 3.291 to paths of winding

number n. This is precisely what the Hopf term accomplishes.

Many-body theory of the anyon gas

The field theory of the many anyon problem is then given by the Lagrangian density

_ N . et 1 v
L:lp(mDO—M)lp—%sz Dy — v(ynh) + MWEWCLH&V%—M—WFWFH , (3.314)

7T. R. Govindarajan, R. Shankar, N. Shaji, and M. Sivajumar, Int. Jour. Mod. Phys. A 8, 3965 (1993).
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where D, = 0, —i(e/hc)(A, + a,) is the covariant derivative, A, is the physical electromag-
netic vector potential, v(¢)) is the potential energy, and /i is the chemical potential for the
tield, which may be either fermionic or bosonic. The statistics of the bosons are transmuted
to anyons of statistical angle 6 (or 7 + ) by the CS term. With fermionic ¢, the above action
serves as a point of departure for the study of the anyon gas. If the physical electromagnetic
fields are weak, one may separate the statistical vector potential a, = aj;" +da,, into a mean field
contribution satisfying €/* 9, a}* = (6/m)n¢,, where n is the bulk density, and a fluctuating part
da, . One then integrates out the fermion fields ¢ and ¢, generating an effective action in terms
of A, and da,, . Finally, one may attempt to integrate out the da,, fields, generating an effective
action in terms of the physical A, fields alone, from which one can directly obtain the electro-
magnetic response functions of anyon gases. These developments are clearly discussed in the
article by Fradkin’®. A particularly interesting conclusion is that the anyon gas for statistical
angle 6 # 0, 7w should be a superconductor”!

To peek just a little bit into how the sausage is made, consider the case of statistical angle
0 = 7 + m/q where q € Z. We now consider Eqn. 3.314 with fermionic fields ¢ and v, and with
§ = m/q. At the mean field level we have b = n¢,/q where n is the number density of anyons.
In the absence of any external field B, we have a gas of fermions (¢ particles) in a uniform
magnetic field b, hence the cyclotron frequency and magnetic length are given by

2
ho, = b 2o, e 4 (3.315)
mc m q eb 2mn

The LL filling fraction is then v = 27¢’n = ¢, which means we have an integer number ¢ of
filled LLs. So far, so good.

The ground state energy is then™

N,—1
¢ 1 mh*
Ey=N, » (k+3)hw,=A—n" |, (3.316)
k=0 m
where A is the area and N, = bA/¢,. Note that the ground state energy per particle is ¢, =
E,/N = mh?/mv where v = 1/n is the specific volume (i.e. the area per particle). This result is

identical to that of a free Fermi gas of the same density. We thus obtain a finite bulk modulus
B and velocity c of first (thermodynamic) sound:

2 2
gyl 2. ,/ﬁ LN = (3.317)
ov? m mn m

Note that these expressions are independent of ¢ and are identical to the corresponding free
Fermi gas values. What is missing here is a description of the compressional sound wave;

78E. Fradkin, Phys. Rev. B42, 570 (1990).

7 A. Fetter, C. Hanna, and R. B. Laughlin, Phys. Rev. B 39, 9679 (1989); Y. Chen, F. Wilczek, E. Witten, and B. L
Halperin, Int. Jour. Mod. Phys. B 3,1001 (1989).

80We assume our anyons are spinless.
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our single particle energy spectrum has a gap of iw,.. The sound wave appears in a more
sophisticated random phase approximation (RPA) treatment, as first shown by Fetter, Hanna,
and Laughlin (1989).

A simple calculation, due to Chen, Wilczek, Witten, and Halperin (1989), shows that despite the
breaking of time-reversal symmetry for § = 7+ /g (and for all § # 0, 7), the anyon gas wants to
expel magnetic flux. To this end, consider our anyon gas in the presence of an external applied
magnetic field B (now parallel to the statistical field b). At the mean field level, the effective
field strength is b + B, and as B is increased, the LL degeneracy N, = (b + B)A/¢, increases.
Since the particle number N remains constant, a fraction z of the states in the ¢ LL, i.e. with
LL index ¢ — 1, will be empty. Number conservation then gives (¢ — z)(b + B) = ¢b, which
determines . Summing the single particle energies, we obtain

B 1\ B?
1+=—(1--)=
T ( q) b?
When B < 0 and the external field is anti-aligned with b, the effective field strength is b+ B < b.
Now the LL degeneracy N is smaller, and number conservation requires that a fraction y of

states in the (¢ + 1)™ LL (i.e. with LL index ¢) are occupied, with (n +y)(b+ B) = nb. Summing
once again the single-particle energies, one finds

wh?n

m

E,(B>0)=A

(3.318)

wh®n B 1\ B?
Thus for general B we have
wh®n |B| 1 B?
E(B)=A 1+ ——-(1-= B|— 32
o(B) - + o ( . sgn ) 5 (3.320)

and any finite B initially increases the total energy. Thus the system always wants to expel a
weak external field, despite the fact that time-reversal symmetry is explicitly broken!

To demonstrate the Meissner effect, one must perform substantially more refined calculations.
RPA calculations yield a London penetration depth of \| = /mc?d/4mne?, where d is the
distance between two-dimensional planes, and a sound wave velocity of ¢ = 2+/2mn, exactly
as found above. Thus, the excitation spectrum of the # = 7 + 7/q anyon gas for ¢ € Z, is
qualitatively different from the spectrum of a Fermi liquid. While the latter exhibits a gapless
sound mode, it also exhibits a continuum of particle-hole excitations extending down to zero
energy, and which are responsible for various dissipative processes. In the anyon gas, the
particle-hole continuum begins at a finite energy hw, = 2wh?n/gm, which properly tends to
zero in the fermion limit ¢ — oo, and the only gapless excitation is the density wave. This
density wave is a Goldstone mode which in an uncharged superconductor (i.e. a superfluid)
would correspond to phase fluctuations of the order parameter in the phase where U(1) is
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spontaneously broken. When minimally coupled to electromagnetism, this mode is ”eaten”®!

via the Anderson-Higgs mechanism, and the photon becomes massive (i.e. the Meissner effect).

3.5.3 Cultural interlude

Essentially we have done all the work to derive the CSGL action, which is given in Eqn. 3.314
for a particular choice § = gm where ¢ is an odd integer and where % is a bosonic field. The CS
term then transmutes the bosons into fermions, and different choices of odd ¢, while represent-
ing the same theory at the level of £, yield different theories at the mean field level, as we shall
soon see. Before engaging with the CSGL theory of the FQHE, though, we take a stroll down
memory lane to recall two highlights of the Heroic Era of the FQHE.

Girvin-MacDonald order

It was first suggested by Girvin and MacDonald* that Laughlin’s wavefunction could be un-
derstood as a condensate of composite objects consisting of both charge and flux. Specifically,
Girvin and MacDonald showed that if one were to adiabatically pierce each electron in the
v = 1/q state with a flux tube of strength ¢¢, , the resulting off-diagonal density matrix,

e

ny(r, ') = /d2r2 .- -/der \Il;(r,r2, co,TN) eXD (— - /ds . A(s)) \Ifq(r',r2, Ce TN

/ (3.321)
= /d27“2 > -/d27“N ‘i/;(r,r2, Cey TN ‘i/q(r',r2, oY)
where A(s) = (qhc/e) 30L, Vip(s — r;) and
i N
U (r,7y,...,7y) = exp (—iq Z o(r — rj)> U, (r,rg,..ry) (3.322)
=2

decays only algebraically at long distances, as |r — r/|~%/2. This follows from the plasma analogy
applied to the product

U (r,ry, ..., 7N) \ifq(r',rz,...,rN) =exp|—BH(r,v';iry,...78)| | (3.323)

q

810m nom nom. See E. S. Abers and B. W. Lee, Phys. Rep. 9, 1 (1973).
825, M. Girvin in The Quantum Hall Effect, R. Prange and S. M. Girvin, eds. (Springer, 1986); S. M. Girvin and A.
H. MacDonald, Phys. Rev. Lett. 58, 1252 (1987).
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again with 8 = 1/m. One has

N
H(r,r';rz,...rN):—2q2211n|ri—rj|—l—%22 r? 4+ 4€2 r'2)
2= (3.324)

— qzz <ln|r — 7|+ In|r — r2|)
1=2

This corresponds to a system of (IV + 1) logarithmically interacting charges, and a uniform
background with the (N — 1) charge v/2 ¢ particles at positions {r,, ...ry}, and two charge % q
particles at positions r and ' which do not interact with each other. Adding back this interaction
gives the desired result,

iy (r, 7)) =Clr —¢/|79% | (3.325)

where C is a dimensionful constant proportional to exp(—fF'), where F' is the classical free
energy of the fully interacting (N +1)-particle system, i.e. where we include the —2 (3¢)? In |r —7’|
interaction between charge % q test particles at » and r'. Note that the Girvin-MacDonald
result establishes power-law, or quasi-long-ranged order. By contrast, the off-diagonal one-
body density matrix in the Laughlin state ¥_ is given by

v

(o) = (0 [ () () [ T,) = 5 Grr) (3.326)

where G(r,r') is given in Eqn. 3.242. This follows from the relation (c}, ¢,) = v 4, ,, in any
homogeneous state, where m and n are angular momentum indices. Thus, n,(r, r’) falls off as
a Gaussian in the Laughlin state ¥, which is very different from the quasi-ODLRO exhibited

by (7, r’) in the state \ifq.

Read’s order parameter

Nicholas Read® proposed the order parameter operator

¢l (r) = ¢T(r) U%(2) (3.327)

for the Laughlin state ¥,, where ' (r) is an electron creation operator in second quantized form
and U(z) = [[,_,(z — z;) is the quasihole creation operator in first quantized form. Defining the
(N + 1)-particle state,

|0, [N +1]) = / dr e A P (e UL(2) | T, [N]) (3.328)

8N. Read, Phys. Rev. Lett. 62, 86 (1989).
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Now let’s calculate the overlap @, (r,..., 75 ) = (71,... 751 | ®,[N + 1] ) . We note that
1

Vo) = i VO V) ) 10)
1
T o (N +1) {G(’"”’N+l)|"1=---ﬂ‘zv> (3.329)

— Gl [yt ) o (CDY Gl ) b

where G(r,r') = {¢(r),¢!(r')} is given in Eqn. 3.242. Recall that G(r,7’) is the Girvin-Jach
reproducing kernel for analytic functions, viz.

/ &' G(r,r') f() e FIIE = fz) e FFE (3.330)
Thus,
1 N+1
® (ry,...,r ):7/&6-“/462 {G(rr U, (ry, .. ory) [ (2= 2)"
g\" 1» » PN+1 sy PN+1 g\" 1> y I'N %
A/ (N +1 i=1
( ) (i£N+1)

N+1
—Grry) Yy(ry, ey ra) [ =207+ }

=1

(i#N)
N+1
=(N+ 17720 T wvin = 207 Gylry, oy e TR/ (3.331)
i=1
(i#N+1)
N+1
— I v = 20" Uyry, oy o) €N 4
(12N
=(N+ D)2 (r,... rn)
This says that the Laughlin state may be written as
N
5[N]} = —— ( JER U%z)) 0) (3.332)

which is a condensate of the composite ¢'(r), which creates ¢ quasiholes and fills them with
one electron, thus increasing the electron number by 1. What makes Read’s operator so natural
is that it is truly a boson and thus can condense. Let’s compute the statistical angle O resulting
from the interchange of two Read composites. There are four contributions:

O=n+qr+qr+¢*0=(qg+1)7mod2r . (3.333)



196 CHAPTER 3. FRACTIONAL QUANTUM HALL EFFECT

The first of these contributions arises from the exchange of the fermions created by the electron
creation operators ¢". Next, there is a phase accrued by the fermions moving in the field of the
flux tubes effectively added by the U? operators. A single electron encircling ¢ Dirac flux tubes
accrues a phase angle of 27¢, and so an exchange gives us half this value, or ¢gm. However, there
is an equal phase arising from the flux of one composite orbiting the charge of the other. Finaly,
there is the statistical angle due to the exchange of the quasiparticles themselves. Since each
composite consists of an electron plus ¢ quasiholes, this last contribution to the statistical angle
is ¢*(7/q) = qr since § = 7/q. The net statistical angle is thus © = (¢ + 1)m, which is bosonic
when ¢ is odd®.

3.5.4 The CSGL action

Read’s order parameter ¢'(r) = ¢1(r) U4(z) describes an electron bound to ¢ flux quanta. We
may now define a fictitious gauge field a(r) whose curl, b = 2-V xa, satisfies V xa = q¢, n(r)z,
hence

N
b(r) =qdy Y _O(r—r)z . (3.334)
i=1
We thus arrive at the cartoon sketched in Fig. 3.12. Suppose N is the number current of charge-
flux composites moving across the surface Y. From Faraday’s law VX E = —%%—Jf, we have
1 0P ¢ -
dl -E=——=—=-N=Y, 3.335
/ c Ot c H ( )
b

with ¢ = g¢,. We conclude that the Hall conductance is quantized:

I —eN 2
Gy=-t=— 2 __° (3.336)
Vu  —q(h/e)N  qh

The binding of flux to charge also qualitatively explains why the FQH system is incompressible:
if the wavefunction ¥ condenses into a superconducting state, excess ‘magnetic” flux is expelled.
But the magnetic flux is proportional to the particle density, hence there must be a fixed uniform
density of particles.

The CSGL action functional is given by

SCSGL [W, W*, AN’ aﬂ] =S W, Lp*) AN’ a#] + SCS[QM] ) (3337)

mat[

8Note that the generalization of Read’s order parameter to the even denominator bosonic FQHE gives © = g7
with ¢ even, because the field operator 1 then creates a boson. So again the order parameter is bosonic.
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where

2
Spmatl¥, U*, A" a!] = /dt/d%: {w*(mat +cA+Ld) U — ﬁ‘(;’? V+EiA+Ca)W }
_ %/dt/d%/d%’ (192, D)7 — ) (@ — @) (1T(, ) —ny) (3.338)

and

dt [d*z e : .
Scsla® 290%/15/(11'6 a, (3.339)

The CS term transmutes the statistical angle of the ¥ field from bosonic to the value ¢, which
we may choose as suits our nefarious purposes. For fermionic statistics, we require = g7 with
¢ an odd integer. The background number density is n,, and the terms linearly proportional
to n, determine the chemical potential ;1 = n, [d*z v(z) = ©(0) n,; in Coulomb systems where
0(0) diverges, the average number density ( |7|?) must be n, in order to enforce global charge
neutrality. Note that the variation of the CS term is given by

dScslat] = /dt/d2 —b6a’ + ce¥ §a” — ce” 5ay) , (3.340)
Oco,
where 5 ot 0
a a a”®
bt — = 341
e= C(V +8t) , b=2-Vxa= e ay (3.341)

are the fictitious electric and magnetic field strengths associated with the CS gauge field. Note
that we have chosen our factors such that e and b have the same dimensions as the physical
electromagnetic field strengths E and B (in cgs units®).

The bosonic number density and number current are given by

_c oS B 9
n(x,t) = + A d) ¥ (x,t)] a0
c oS B h ’

j(m>t) =

¢ 0A(z,t)  m Im [V (x, 1) V ¥ (,t)] + — W (z, t)[* (A=, 1) + al, 1))

Thus the functional variation of the complete CSGL action with respect to the components of
the gauge field a" is given by

c 08 o t)_zb(m,t)
e 0al(x,t) “ 0 o

(3.343)
c 605 _ mce(x,t)xz

—Em:ﬂm’t)_gT )

85Which are God’s units.
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Figure 3.12: Schematic picture of transport for charge-flux composites. The charge current
across the surface Y is I. = —e 0, N while the vortex currentis I, = ¢ 9;N.

We may also vary the action with respect to the field ¥*(x):

L— hg—i-g
U (z,t) | ot e

(A% +a°) — ! (EV+§(A+a))2 @ (x,t)

2m* \ 1

(3.344)

— [/d%/v(a: — w’)(|l[7(a:/, t)* — nO) U (x,t)

3.5.5 Mean field solution

We now write a, = a)" + da, and ¥ = ¥ + §U . The mean field level solution is obtained by
setting W™ = /n; €' where ¢ is an arbitrary phase, and setting A, + a}) = 0. In the Ginzburg-
Landau theory of superconductivity, ¢ would be the phase of the superconducting condensate.
We are free to choose a gauge in which A4, = a§" = 0, but for the spatial components the
condition A + a™ = 0 requires that B + b = 0, i.e. the Chern-Simons magnetic field b cancels
the applied magnetic field —B . Note that we are again taking the applied field as B = —Bz,
whereas b = +bz. So " = B. But we also have the condition from the first of Eqns. 3.343,

which demands that 9
b=B= — My b0 =qno by (3.345)

where § = mq for Fermi statistics, with ¢ odd. Note that in the original field theory, the CS
term attaches an infinitely narrow flux tube to each point particle. Therefore the Aharonov-
Bohm flux is only sensitive to # mod 27, and all odd integer ¢ are equivalent. Not so at the mean
field level! Each odd ¢ results in a different mean field solution, with N, = BA/¢, = ¢N, i.e.
v=N/N,=q".

Suppose the condensate field ¥ (x) contains a vortex centered at the origin. Asymptotically, as
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r = || — 0o, we must then have ¥(r, ¢) = \/n, exp(tiy) and da(r, ) = +(hc/e) ¢/r, where ¢

is the azimuthal angle. But this corresponds to a variation in the total CS flux @, with

b =06 / d*z b(x) = f{ dl-da= ¢, . (3.346)
But then the first of Eqns. 3.343 says that there is a concomitant change in particle number, with

SN = g 5;?“ - % . (3.347)
0

This is the fractionally charged quasiparticle! The antivortex corresponds to the quasihole.

3.5.6 Fluctuations about the mean field

Let us write A* = A# + §A* where A" is the electromagnetic 3-vector potential corresponding
to uniform magnetic field B = —Bz and electric field E = 0, with B fixed by the condition
v = n¢,/B = 1/q with g an odd integer. Similarly we write a* = a* 4 da* witha, = —A, = a}i*.
The action is then

2
5= [ {h&l?*(iat e[ 55)@‘2}
- % /dt/dzx/dzx’ (10 (2, )2 — 1) v(a — ') (|0 (' )2 — ny) (3.348)
me

+ / BBz e [(5% —5A,), (day — 6A,) — 25a, 9, AA] ,

20c,

where da, = da, + A, . We now follow the method outlined in §3.5.1, now in real rather than
Euclidean time, writing ¥ = /n e'?, which results in the matter component of the action

2m* m*n

2 2
Smat:/d?’x{—hn(&tgb— £ §ag) — hn (Vo + £63)° — Sh (Vn)2}

) (3.349)
-5 /dt/d%/dle (n(z,t) —ng) v(z —a') (n(x',t) —n)
We again use a Hubbard-Stratonovich transformation to replace
h%n e cn2 m*Q2 e o
~3 (Vo+ £éa)” — o hQ - (Vo + £ 463) (3.350)

Integrating by parts, the contribution from ¢, in the Lagrangian density is 2(0,n + V-Q) ¢,
hence integrating out ¢, results in the constraint 9,n + V-Q = 0, which we solve by writing

K" = (n,Q) =nye™ 0, Wy +w,) . (3.351)
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Here n, Q,, and @), are the three components of the 3-vector K n 8 Here w* = (0,0, —x) is a
background vector potential corresponding to electric field e = 0 and magnetic field b = —1
which will help us keep track of the Berry phase as a vortex in the ¥ field moves in the presence
of the background condensate, as in §3.5.1. We may write

Q. = ny (OW, — O W,) = —nyué, (3.352)
Qy =Ny (8th - a:th) = +7L0 ug:c ’

where u, to be determined, has dimensions of speed. The dimensionless quantities £ and B are
the “electric” and “magnetic” fields derived from the vector potential YW*.

Again we separate ¢ = ¢, + ¢, into a smooth 'spin-wave’ part and a singular vortex part,

where ) )
Ji = %EMVA0V8A¢VZZ:Qi {X

)

} 5o — X)) . (3.353)

The matter component of the action may now be written

(3.354)

2 2 2
— 3 eny UV 1 * 2 £ o hnO (VB>
S at /da:{—c " 6a, 0, Wy +w,) +3nymu "B 8 1B

— 2mhng Ji W, + wu)} — %ng/dt/d%/d%' B(z,t)v(x — ') B(2', t)

If the Fourier transform of the potential v(k) is finite at k = 0, the constant © may be defined by
u = 4/ny0(0)/m*, as in §3.7. The term proportional to (VB)? is fourth order in derivatives of
WH; this term of course yields the crossover to a ballistic dispersion in the phonon spectrum of
the superfluid in the ultraviolet regime. In the infrared, we may neglect it, and we have

S = /d?’m {% nym*u’(€* — B%) + o v da, 0, (W +w,) — 2rhny Ji W, + wu)}

c

e

S5 = S0 / e e“’”{(&au —0A,) 9, (§ay — 6A,) —24a,0, AA} (3.355)

We now integrate out the gauge field da, using the equations of motion, which yield

0
da, = 0A, — — My o W, +w,) + A,
, (3.356)
:5Au_;n0¢owu 5

860n spatial 2-vectors like Q and the electric field F, we do not distinguish between raised and lowered indices,
hence Q* = @, etc. We shall endeavor to always use lowered indices for such 2-vectors.
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since B = 2ng ¢, yields A, = £ ny ¢y w, . Substituting this back into the action, we obtain the
Lagrangian density

Lg = tnym*u?(E* — B?) — hOng e W,0,W, + o g 0A, 0, Wy = 2rhng J W, +w,,)
c
(3.357)
Note that there are two quantities here with dimensions of speed: ¢ and u, with u < c.

If ©(0) diverges, which is indeed the case when v(r) = €2 /er and 0(k) = 2me?/ek, then there is
no effective Lorentz symmetry in the superfluid component of the matter Lagrangian. In this
case we have

S = / & {; ngm* (VW + ,W)* — hon2 > W, 0, W, + 6—720 A GA,0, W,

dq A
— 2rthng Ji' W, + wu)} — %n%/dt/(2;§2 o(q) | q x W(q)\2 . (3.358)

At this point, we may integrate out the gauge field W,. Since the Maxwell term in Eqn. 3.357
or its corrected version in Eqn. 3.358 both involve one higher derivative than the induced
Chern-Simons term WdW, we will ignore the former. Varying with respect to VW, , we obtain

22 :_i u_i BV 9
AW, =~ (JV 70 (5FM> , (3.359)

where 0F,, = 0,04, — 0, 04, is the field strength tensor corresponding to 6 A, . Thus

T (1 [
WN = 9—% <—0 614# - /)7/“/)‘ i JV) . (3360)
Inserting this into £ 4 yields our final result®’,
y Te e? A 2 L0
L(J,, 64) = =2hing Jf w, — 5 S T8, + s @G, 0, A, + B T T Y (3.361)

Thus, we find:

e The vortices of the CSGL condensate accrue a Berry phase in traversing a loop C of

Ye = —2m Ny(C), where N,(C) = ny A(C) is the condensate number density times the
area enclosed by the loop, which is to say the average number of condensate particles
encircled.

e The vortex current J) is minimally coupled to fluctuations A, in the physical electro-
magnetic field, with an effective charge ¢* = 7e/0 = e/q in the Laughlin state at v = 1/4.

¥Recall that 0 = ¢ 97 — V* and 1jg15 = a1 = Moo = —7h1o = 1 With 11 = —11309 = ¢
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e There is an induced Chern-Simons term in the physical electromagnetic vector potential.
Varying with respect to the physical electromagnetic field, we have®
05 T e?
L P | SR L2
J C5 7 7 eJl + 57 € d,0A, (3.362)

i
and with the physical electric field given by E = —c¢~*(VdA° + 9, 44) , we obtain

62

J=":x8-%3, . (3.363)
qh q
This tells us that in the absence of vortices (i.e. quasiparticles) there is a quantized Hall
effect 0, = ¢*/qh. Since vortices are charged, when present they carry an electrical cur-
rent. However, the random potential from the displaced dopant ions produces many
pinning sites for vortices, and a pinned vortex, which remains spatially localized, carries
zero current.

e Comparing with Eqn. 3.304, we see that the vortices of our theory are anyons with a
statistical angle ¢ = 7?/6. Thus for § = gm we have ¥ = 7/q, exactly as the adiabatic
calculation of §3.3.6 concluded. Had we included the Maxwell term, the combination of
CS and Maxwell terms would have attached a smeared flux tube to each of the vortices,
where the length scale of the smearing is d = m*u?/0hnc.

What we don’t have here is the 1/r Coulomb interaction between the vortices, which as we have
seen possess finite charge +e/q. In fact, this is indeed included in the last term of the action of
Eqn. 3.355, but we have neglected the long range part of v(r — ') in deriving Eqn. 3.361. More
on this below in §3.5.8.

Remarks on units

In our units, 2* = (¢, z,y) and d*z = dt dx dy . The units for the components of particle 3-current
and vector potentials are

=1 =L2 , [jl=L"'T"" |, [eA)=ELT™" |, [eA]=F |, (3.364)

where L stands for length, 7" for time, and E for energy. Thus [% jMA“} = EL72, i.e.energy
density. Since o' = hc/e* ~ 137.036 is the inverse fine structure constant, we have

[’ =[hc)=EL = [¢]=EY2L'Y? . (3.365)

Note that the physical electric and magnetic fields have dimensions [E] = [B] = EL™3, which
agrees with
he?  E?L?
EL3 =[B? =[n]*[¢g)? =L *- [ = = FEL™? . 3.366
8Note that J# = —ej* is the electrical current of the Chern-Simons bosons, while .J!' is the number current of the
vortices.
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3.5.7 Superfluid response and CSGL theory

The action S,,,, in Eqn. 3.338 corresponds to the (first quantized) Hamiltonian
1 & e
H(da) = 3~ > <pi +< 5ai) ¢ Zéa + ; r—r) (3.367)

Here we are invoking the shifted CS gauge potential, da, = da, + 04, and A, = A, +JA, as
in §2?. The CS action in terms of da and J A is given by

e , _
S5 = S / & e {(5% —5A,)0, (Jay — 0A,) — 26a,0, AA} . (3.368)
Thus, we have
e . 2 L 12
H(da) = H(0) — E/de Jjp(x) 0a* (z) + 52 /d2x n(z) [6a(z)]” (3.369)

where jF is the paramagnetic current. A review of the linear response formalism is given in
§3.8 below

The effective action, once matter fields are integrated away, is given by*

Selda, 0A] = /d3 /dgm/ ot (w,t) K, (x — o', t —t') 03" (', ') + Scs[da, 0 A]

" u K, (@) + L(@) —L, () (62"(q)
=50 G 000 oA ”( L (@) L,W<q>)<6A”<q>)

where K, (x — 2',t — t') is the electromagnetic response tensor derived in §3.8, and where
we retain only finite wavevector components of the gauge fields. Here it proves useful to
redefine 6a” — §a’/cand 6 A° — 6 A%/c so that all the components of da* and § A* have the same
dimensions. Similarly, we take 2 = (ct, z) and ¢* = (¢"'w, q). Then

(3.370)

2 (CQQZ/WZ)KH(Q) (CQj/W) KH(Q)
K = . . - 3.371
W(q) ( (cq;/w) K||(Q) g; qu KH(Q) + (5ij -G qu) K, (q) ( :
and
. 2mia 0 —Cq, +CQ1
L@ == | teea 0w : (3.372)
¢ —cq; —w 0

where a = €% /hc is the fine structure constant. Note that both matrices are Hermitian.

8We only include fields at nonzero wavelength and/or frequency.
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Now we integrate out da”, resulting in the new reduced effective action

Sulit] = - [ S5 54 0) (L) - L [0 + L] L) o) . (@373

To inver the matrices K L and Euw it is convenient to work solely with components of ¢ with
lowered indices, since these matrices are expressed above in those variables. We define the
orthonormal triad,

1 w (Y 1 ca’
e —C s = — — s = w 5
= e \ o) e T\ B e e o
(3.374)

which satisfy the orthogonality relations >, ¥, ,(¢) ¥, ,(¢) = J,, and the completeness relations
>0 Va,u(@) V., (q) = 0,, for all ¢. Suppressing g, one readily obtains

K|0)=0 , K[1)=K/[1) , K[2)=K2) , (3.375)

where
_ A A W2 )

W
where X(g,w) is the scalar susceptibility of the corresponding neutral superfluid (see §3.8.3);
note that x(q — 0,0) = n’k, is finite. We also have

A

LI0y=0 , L|1)y=4p[2) , L[2)=-iB|1) |, (3.377)
where
2 2
ﬁ(q,w)=$ C;]—2+q? : (3.378)

Note that | 0) is annihilated by both K and L - this is a consequence of gauge invariance. We
may now write

K=K 10+ Ky 12)(2]
L=ig(J2)1]-11)(2])

Thus, in the truncated |a) basis (a = 1, 2), we have

I S
K+L_<+w K|> . (3.380)

(3.379)

N 1 K, 8
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and we find
. . 52 . K¢K|\ .
Q=L—-LIK+L)'L=———= K+ —= L . (3.382)
_ 62 KJ_K” _ 52

In the low frequency, long wavelength limit, K (g — 0,0) and K (g — 0,0) are both constant
and dominate over 52 « ¢"2w? 4 ¢*. Thus Q — L and we obtain the long wavelength action

62

[644] = / &z " 5A, 0, 64, (3.383)

S ~ 46hc

red

exactly as in Eqn. 3.361.

Now you may ask: where are the vortices? Our description of superfluid response doesn’t
include them! To account for vortices, consider the vortex 3-current,

Jb = ; i {Xj(t) } Sz — X,(1)) . (3.384)

Conservation of vorticity means 9,.J; = 0, which licenses us to define a gauge field V* whose
curl is the vortex current, viz.

JE ="V, . (3.385)

We now add a term to the Lagrangian for the superfluid particles,
AL = 27h / Pz jhVE (3.386)

which in the action provides a Berry phase of 27¢, for each time a bosonic particle of the super-
fluid executes a closed path encircling the i™ vortex”. In the Hamiltonian description of the
superfluid, this amounts to the replacement

Jah — dal — g VF (3.387)

With this refinement, all the terms in Eqn. 3.361 are recovered”. Ta da!

Why do we need to mess with this tedious response function formalism? Because the interac-
tion potential v(r —r’) may be very strong at short distances. The correlations of the underlying
superfluid may not be adequately described by a simple Gross-Pitaevskii [7|* interaction.

%See D. P. Arovas and J. A. Freire, Phys. Rev. B 55, 1068 (1997).
91See if you can trace the appearance of the first term on the RHS of Eqn. 3.361, which accounts for the Berry
phase of each vortex as it winds around the background condensate.
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3.5.8 Kohn mode and collective excitations

If we hold the field fixed at B = ¢gn¢, and set 0A* = 0, then the action of Eqn. 3.370 is given by

A

Salbd = o [ s 03 =0) [Kla) + L] 58(0) (3.388)

The frequencies of the elementary excitations are given by solving the equation

0:det[f(+ﬂ=fﬁf~(”—52

. w? o ora’\ ,  w? (3.389)
=—-K, (q,w) <1 + 02—(]2) dre*x(q,w) — (T) <q + 0_2) ,
which says
5 o)
Mﬁ&MwM@W+Q%Q¥=0- (3.390)

At T = 0, there is no normal component to the superfluid to produce a transverse response,
and we have

.~ 4re*n
(111_1(}(1) K, (q,0) = ey (3.391)
For the density response function, we will use the SMA formula,
2
) ng’/m
- 3.392
XSMA(q7 CU) wg(q) _ (w ‘l‘ 'L.E)z ( )
If w(q) = c|q|, we obtain the dispersion relation
4 2\2 0 2
&:8&+(”M>< ):d+8¥ , (3.393)
m* 2o

where w, = eB/m*c is the cyclotron frequency. We have found the Kohn mode.

However, the presumption of a long-wavelength dispersion w(q) = c|q| for the phonons of the
superfluid is not correct here, due to the long range of the interaction potential v(r). As we
derive in §3.7 below, the long-wavelencth phonon dispersion is rather given by

wla) =" g (3.394)

which for 9(q) = 27e?/¢|q| behaves as |g|'/2. This, you may recall, is the form for the L-phonon
in the two-dimensional Wigner crystal with 1/ Coulomb interactions. Thus, we should expect

21,2
O* lq| (3.395)
m

wzzwf—i-
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for the Kohn mode at long wavelengths.

In the original Zhang-Hansson-Kivelson paper on the CSGL theory, this inter-LL. Kohn mode
was misidentified as an intra-LL collective mode. This interpretation was subsequently re-
visited by Lee and Zhang™*, who provided a revised understanding of the intra-LL collective
mode in the CSGL theory in terms of vortex-antivortex pairs and quadrupoles. If we add the
long-ranged instantaneous Coulomb interaction between vortices to the theory of Eqn. 3.361,
i.e. aterm

2
AScs = —;—92 / dt / d*x / d*x" (e, t)v(x — ') JO(x',t) (3.396)

where v(r) = €*/er, then with dA* = 0 we obtain a theory of vortices and antivortices confined
to the lowest Landau level, since there is no vortex mass term to set a scale for a vortex cyclotron
energy. Interpreting the first term as measuring the enclosed area swept out by each vortex
in units of 12, where [ is a vortex “magnetic length”, we have | = (2mn,)~'/2 = v=1/2¢, since
the number density is given by n, = v/27¢?. The remaining terms are the Coulomb interaction
from AScg, and the topological term proportional to the vortex linking numbers which endows
the vortices with fractional exchange statistics. As the linking number is always an integer, this
can only change discontinuously due to the crossing of vortex world lines, and cannot affect
the vortex equations of motion. Thus, the Lagrangian is™

v 262 Y q;q all
_ a yb _ 11 . _ 2QE _ 2QH
Syor = YR ;:1 Qi €ap X; X p Zij X, - Xj| ;:1 ,U(X;)—¢€ Nge — %Ny, . (3.397)

where we have also included a one-body potential U(r) for the vortices which reflects the
random potential coupling to the density n = n, 4+ én, recognizing that each vortex pro-
duces a local surplus or deficit of physical electrons. Recall from §3.3.7 that a quasielectron-
quasihole pair is an exciton whose wavevector k is related to the ge-gh separation r according
to k = vzxr/(?. The energy of a single exciton is A, = £%+£% +v(r) where for Coulomb inter-
actions v(r) = (ve)?/er. To create an excitation at zero wavevector, one can make a quadrupole
with zero net dipole moment. This suggests that the k& = 0 magnetophonon is a quadrupole
with energy A(0) should be on the order of 269 + 269", whereas the magnetoroton, which is a
finite k excitation, is a dipole with energy on the order of £%F 4 £%". Indeed, whereas the dipoles
have a definite energy-momentum relationship, k = 0 quadrupoles are available in a contin-
uum of states. Consider a configuration with two quasielectrons at positions £(z, y) and two
quasiholes at positions +(z, —y). For every choice of (x,y) the net dipole moment is zero, and
the energy is

Agap = 289 + 28 + 20 (2 x? + y2> —20(2x) — 2v(2y) . (3.398)

From numerical calculations, the g = 0 portion of the collective excitation spectrum is indeed a
continuum, the bottom edge of which lies above the magnetoroton minimum (see Fig. 3.10).

2D.-H. Lee and S.-C. Zhang, Phys. Rev. Lett. 66, 1220 (1991).
%For a more general interaction potential, replace e?/er with v(r).
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Read’s version of the CSGL theory has the virtue of describing only LLL physics. His coefficient
of the covariant derivative squared term is proportional to the Laplacian of a Hartree-type
potential whose energy scale is set by e?/ef. In the CSGL theory of ZHK, the coefficient is
h?/2m*. The electron mass m* enters nowhere within Read’s theory, which is apposite since in
any LLL-projected theory we should be able to set m* — 0. However, the theory is unwieldy
for other reasons and in fact does not yield a magnetoroton minimum in its collective excitation
branch™.

3.5.9 Quasi-LRO and CSGL theory

Recall that by varying the action in Eqn. 3.348 with respect to the gauge field JA° we obtain
the condition on = 7b/0¢,, where b is the magnetic field strength corresponding to the shifted
gauge field 3. Since the action is linear in da’, this result is exact, and we may substitute it
back into the remaining terms of the action with no approximations. In Fourier space, we have,
taking 0 = mq =7 /v,

6a' (k) = — ——ie;; k7 on(k) (3.399)

where, following Zhang (1992), we work in the transverse gauge V-33 = 0. We substitute the
above result into the rest of the Lagrangian density,

h2 2e e N2
L= —hondyo— 5 (ny+n) ((ng) + V6634 oo (33) )
w2 e (3.400)
- J_
Sm(no T+ 07) (Vén)® — Tt i 6a’0,6a’ —Lénvén

where ¥ = /n¢'® and where the last term is shorthand for what is in the action written as a
double integral over « and «’, with potential v(xz — «’), as previously. We assume that no vortices
are present and thus that ¢ = ¢, . In the transverse gauge, this means that V¢ - da = 0. We also
neglect terms cubic in the density. The result of the substitution is then

L = ihw6n(—k) ¢(k) —

. 27.2
Y b k2 |o(k)2 — 1(@(1@ LIk 2m th) 6a(k)2 . (3.401)

4m 2 dmn, v k?

We now integrate out the density fluctuations, using their equation of motion. Varying with
respect to dn(—k) yields

ihw (k)

si(k) = - : 3.402)
Ty > (
which results in the effective Fourier space Lagrangian density for the ¢ field,
2 2
Ary Vo o (W =I5 (R) 202
£0) = ok (S ) P (3.40)

%4Read obtains, correctly, a magnetophonon gap on the order of ¢?/e/, but upwardly dispersing as a function
of wavevector.
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where

1/2
K2\
2.(k) = [w?+ %@(k) K* + (h—) ] (3.404)

2m

is the frequency of the Kohn mode derived in §3.5.8 above™.

We may now compute the expectation of the phase fluctuations at 7' = 0:

~ [dw2r 1 22 (k) 7w 2.(k) T
2\ _ 3 [ QW 2T K _ T i(k) .
<‘¢(k)| > = h/27m' U T k2 (wtie)? — 22(k) v w, k2 k2 (3.405)
0
Thus,
(W*(r) W(r')> ~ n, <6z‘¢(r’) 6—i¢(r)>
1 N2 (3.406)
=g exp [~ 3 ([6(r) = o()]")]
and with , .
o 2w [ d°k 1—e™"
([o(r) — 0(0)]7) = - /(2@2 o=V i (3.407)
we recover the algebraic Girvin-MacDonald order™,
(U*(r) L[/(r/)> x ng|r— 1"'|_1/2” ) (3.408)

(Compare with Eqn. 3.325.)

3.6 Global Phase Diagram of the Quantum Hall Effect

Finally, we discuss the issue of phase transitions between different quantum Hall phases, fol-
lowing the ”global phase diagram” picture of Kivelson, Lee, and Zhang (KLZ)” As we saw in
chapter 2 (§2.1,7), for weak disorder, the extended single-particle states at the center of each
disorder-broadened Landau level are separated in energy by a mobility gap in which all states
are localized. This provided a quantum percolation picture of the IQH transition, which could
be investigated via the Chalker-Coddington network or disordered Hoftstadter models, and
when disorder is increased, the extended states “float up” in energy. Still, within this picture
all direct IQH transitions involve Ao, = +e*/h. Despite some problems with noninteracting

%We have included the term proportional to |k|* in 22 (k) here for completeness. This arises from the (Vdn)?
term in the original Lagrangian.

%The integral in Eqn. 3.407 diverges in the ultraviolet and a cutoff at k ~ ¢~! must be imposed.

97G, Kivelson, D.-H. Lee, and S.-C. Zhang, Phys. Rev. B 46, 2223 (1992).
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models of the IQHE™, if we ignore LL mixing then the transition between v = nand v =n + 1
plateaus occurs for v = n + 1, i.e. in the center of each disorder-broadened LL. The transition is
marked by a crossing of o, (B, T, L) curves at the value o, = (n+ 3) ¢?/h. Recall the relations,
valid in isotropic systems,

) P Sy Ll ) R 3.409
P (_pxy pmm) ng +Ug2cy (ny Ozz ) 7 ( . )

Ogn Oy 1 xzx Pz —
":<—a ay):mc py)Zp b (3.410)
Ty xx Prz T Py Pzy  Pzz

Thus the n — n + 1 IQH transition lying at 0,, = (n + 3) ¢*/h entails a relation between the
longitudinal and transverse components of the resistivity, p,, = 7 h/e* and p,, = sh/e*:

and

1Y 1
ton+1 24 (s— — . 411
mrom® ' +(8 2n—|—1) (2n 1 1)? (3410

In the quadrant (s > 0,r > 0) of the (s,r) plane, for each n the above equation describes a

half-circle, centered at (s,7) = (347 , 0), of radius 5. The maximum value for each n occurs

. . % 1
at the center, and is given by 7" = 5" .

The KLZ picture is based on a "law of corresponding states” which posits that the physics of
a QH state at filling fraction v is related to that at other fillings related by the operations of LL
addition (v — v+1), particle-hole transformation within the LLL (v — 1—v/), and flux addition
(v™' — v7! +2). We discussed these operations toward the end of §3.4.4, and one can define
explicit mappings at the level of wavefunctions for each of them. KLZ provide a nonrigorous
but well-motivated argument for this based on the CSGL theory. It is important to note that
their procedure accommodates disorder as well.

It is convenient to define the dimensionless components of the conductivity tensor v and v
according to o,, = ue*/h and 0, = ve®/h. Thus,

u v r s
“wre o Twre o YTpre o VTEge
Suppose a phase boundary between QH states at fillings v and v/ is expressed as a relation
between r and sas F (v, v/ |r, s) =0, with A\F(v, V' |r, s) = F(v, V' |r, s), i.e. multiplication
by a constant does not change the condition F(v, v/ |r, s) = 0. Eqn. 3.411 may be written as

2s
2n+1

From this expression we may derive the phase boundaries for all other QH transitions within
the KLZ scheme via a combination of the following operations:

r

(3.412)

Y

Fn,n+1|r,s)=r"+s -

, (3.413)

%Recall that such noninteracting descriptions apparently don’t properly recover the experimentally observed
value for the correlation length exponent v ~ 2.35 and instead give v = 2.58; the difference is now large enough to
rule out the noninteracting theory, which also fails to give z = 1 for the dynamic critical exponent, which is what
experimental scaling analysis supports.
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(i)

(if)

(iii)

Landau level addition : Under LL addition, one has v = vy + 1, u = u,, and v = v, + 1.
Suppose we do this n times, so v = v, + n, u = u, and v = v, + n. Then with

r s —n(r? + s?)
uozu:m s UOZU—RZW s (3414)
we have
2 2
T(L)LA<T7 S) — T(T + S ) 5
r2 + [s —n(r? + 32)}
(3.415)
SO (T7 S) = 2
r2 + [8 —n(r? + 52)]
and we may write
Flv+n,V +n|r,s)=F(v, V|rg"(rs), sgh(r,s)) . (3.416)

If we start with the 0 — 1 transition, where we may take F(r, s) = 72 4+ s* — 2s, then we
obtain

r? 4 s

r2+ [s —n(r2 + s?)]

F(n,n+1|r,s) = S [@2n+1)(r* +5%) —2s] (3.417)

which is congruent to the form in Eqn. 3.413.

Particle-hole conjugation : Under the PHC operation, assuming v < 1,onehasv = 1 -y,
u = uy, and v = 1 — v,. Suppose we do this n times, so v = v, +n, v = u,, and v = vy, + n.
Thus

2 | 2

2+ [s —r? — 5?)]
3.418
ouc [+ 5% = s](r? + s?) ( )

sg(rys) = 5
r2+ [s —r? — s?]
and we may write

Fl—v,1—v|r,s)=FQ -V, 1—v|rg"(r,s), sq*(r,s)) (3.419)

Flux attachment : Under the flux attachment operation, one has vl =y Lyo,r= o,
and s = s, + 2. Suppose we do this p times, so v = v,/ (2py, + 1), r =1y, and s = s, + 2p.
Then

v v
F —F(v,V|r,s—2p) . 42
(5t gt |7 %) = F /175 20) (3.420)
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Figure 3.13: Conjectured global phase diagram of the quantum Hall effect.

Thus, we have

n n+1 2
F =72 — —a? 3.421
(2pn+1’ 2p(n+1)+1‘r’s) " +(S S"’p) @np ( )
with )
Spp = 2D+ 1 , Unp = 5 1 (3.422)

It is a useful exercise to compute the effect of the PHC operation on the v = n/(2np + 1). After
a straightforward but slightly tedious calculation, one obtains

F<(2p2;(:z)$ JPJ - (2ngnl)+n1+ | 8) TG, o
where
T (22;) (—2]1)_[(%2?5(21145 + 12} (3424
and
2 o Ap[p(2n +1) +1] | (3.425)

P (2p—1)[(2p - 1)(2n + 1) + 2]
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For the case n = 1 and p = 1, for example, we find

F(%,%‘r,s):r2+(s—§)2—i . (3.426)

A few iterations of the various operations yields the phase diagram shown in Fig. 3.13.

As KLZ stress, one should not take the details of Fig. 3.13 too seriously. Each of the three
transformations results in a different effective disorder potential. Rather, it is the topology
of the global phase diagram which is alleged to be robust. This tells us that there are direct
IQH transitions only from n — n + 1 and never with An > 1. Similarly, one may observe
the transitions 5 <+ 2 <> 2, but not 3 <+ 2. Another feature of the global phase diagram is
the singularities at even denominators, where there is a confluence of an infinite number of
phases. In general, disorder will kill off all but a relatively small number of these phases, but
rather than the insulating state extending down to the » = 0 axis in Fig. 3.13 at even values of
s, at some point the Fermi liquid like physics of the v = 1 efc. states sets in. We shall discuss

the half-filled Landau level in the next chapter.

The insulating phase in Fig. 3.13 is identified as a Hall insulator, in which o, — 0, 0, — 0,
Pre — 00, but p, . < oo is a constant value roughly given by B/nec. It differs from the band
insulator and Mott insulator phases, where p,, — oo. The disordered Wigner crystal phase
with finite size Imry-Ma domains could be a Hall insulator.

3.7 Appendix I: Density Correlations in a Superfluid

As a model of a vanilla superfluid, consider the Gross-Pitaevskii field theory, with Euclidean
Lagrangian density

_ B2
Le=nD0, 0+ o= |V + g ([0 —n,) (3.427)
in d = 2 space dimensions. Write ¢) = \/n exp(i¢), so that

2 2

_ h*n 9
Leg=1ihnd ¢+ o (Vo)™ + Y-~

(Vn)> +1g(n—mny)? . (3.428)

We write n = n, + én and expand in the small quantities in, Vin, and V¢, and adding a source
term j with respect to which we may differentiate. Thus,

2 2

Lo = ifingd.6 +ihond.é+ 0 (we)? +

(Vén)* + 1g(6n)* + jon (3.429)

2m 8mny,

which is valid to quadratic order in small quantities. The first term on the RHS is important
when vortices are present. Else, since it is a total derivative, in the action it integrates to zero.
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We shall be interested in the case when there are no vortices, so we will drop this term. Going
now to Fourier space, we have

Le = (7w lk,w) + (k) ) 0k, —w) + ng ey, |0k, w) [ + (H * %g) [§(k, )" (3.430)
0
where ¢, = h*k?/2m. Now vary the action with respect to dn*(k,w) = dn(—k, —w) to obtain
(ik " g) ik, )+ (1o bk, 0) + (k) =0 (3.431)
2n,

Integrating out the density fluctuations using the above equation of motion, we obtain the
Lagrangian density

EE:n()( (h’w> ‘l‘gk)}é(k,w)F—no |j(k7w>|

€, + 2gn, €, + 2gn, (3.432)
hwny, ~ - '
— | 9" (K ) (k — ok 7 (k
oo (97 (k) = Gk, ) 7 (0,)
From the coefficient of the |¢|? term we can read off the phonon dispersion,
1
w(k) = —1/ep (e, + 2gny) (3.433)

h

which shows up as a pole in the ¢ propagator at w = iw(k)”. As k — 0 we obtain w(k) = ulk|
with a phonon velocity u = /gn,/m. As expected, in the ultraviolet limit £ — co we recover
the ballistic dispersion w(k) = ¢, /h.

We can now integrate out the phase fluctuations ¢(k,w) using the same method to obtain the
Euclidean action as a function of the source j(k,w):

o fdw [ &2k - o,
Selj] = —_ / o / r P (o)’ H:(g’; ey ik, w)|” . (3.434)

In essence we have just done two Gaussian functional integrals. As a sanity check, note that
setting m — oo and then /2 — 0 kills off all but the last two terms on the RHS of Eqn. 3.429, and
accordingly in this limit the integrand becomes |j|?/2g.

Differentiating now with respect to the source, we obtain the equal-time correlator for density
fluctuations

s(k) = ni /d2r ek <5n(r, 0) on(0, O)> (3.435)
0
Coh faw esp ]Od_w o, - e
B no.) 2m §5*(k,w) 67k, w) __ 21 (hw)? + &, (5, +29n)  \/ &, + 297,

%Had we been working in real time, rather than Euclidean time, the pole would have been at w = w(k).
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At long wavelengths we have s(k) = % kX where A = h/mu is the Compton wavelength (with

u the speed of sound in the superfluid). In the ultraviolet limit, s(k) — 1 as is always the case'"

Note that there is no superfluidity at any finite temperature 7' > 0 in d = 2, as a consequence
of the Hohenberg-Mermin-Wagner theorem. Rather, for a model with O(2) symmetry, there
is a Kosterlitz-Thouless phase transition at a critical temperature 7+, below which thermally
excited vortices and antivortices are bound. For T' < Ty, there is a finite superfluid stiffness
ps , but the condensate fraction n, is rigorously zero, in accordance with the HMW theorem'"".

For T' > T+, there is a vortex-antivortex plasma.

As we've seen, the dispersion w(k) in the Gross-Pitaevskii model crosses over from the acoustic
phonon behavior u|k| in the infrared to the ballistic 2%k?/2m in the ultraviolet. It is thus a
convex function of £ and shows no hint of a roton dip. The reason is that the contact interaction
v(r —7') = gd(r — 7') is purely repulsive. If we replace it with a more general interaction
potential g(r — '), then we can accommodate a roton in our model through the behavior of its
Fourier transform §(k). The GP dispersion and structure factor are then given by

1 Ck

w(k) = 7 ey (e, +29(k)ng) s(k) = = 200k ng (3.436)

Thus, a phonon-roton dispersion curve is modeled if (k) has a pronounced dip in the vicinity
of k ~ kg.

3.8 Appendix II: Linear Response and Correlation Functions

We now present a litany of useful definitions and results which are applied to CSGL theory of
the FQHE in §3.5.7. The Hamiltonian for a system of particles of charge (—e) is given by

N
2;*Z<pl+ A) —‘ZAO+Z r—r;) (3.437)

1<J

H(A") =

We begin with the definitions

N
@) =n(x) =) iz =)
i=1
oW (3.438)
2m*;[ (x —x;,)+(x —x;,)p;|
10Recall s(k) 1Y etk e~ *75) For k — oo, only terms with i = j contribute and s(k) — 1.

101The superfluld stiffness p,(T) Vanishes for T > T+, but rather than vanishing as a power law, as in conven-
tional second order phase transitions, it exhibits a universal jump such that p (T, ;1) = 2k, Tyr /7.
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where jP is called the paramagnetic number current'"”. For charged systems in the presence of an
electromagnetic field with vector potential A*(z, t), there is also a diamagnetic number current,

js=0 , j%z)=—n(z) A=) , (3.439)

where the particle charge is (—e), and the gauge-invariant current operator is given by

c OH

Ju= TUAR Jh +j,‘j : (3.440)

3.8.1 Linear response theory

Consider a quantum Hamiltonian H(t) = H, — >, Q, ¢;(t) where {Q,} are operators and the
{¢,(t)} are fields or potentials'”. From first order perturbation theory, one derives the linear
response relation

o0

(Q( >—/dt><zgt—t>¢()+0(¢2) : (3.441)

—00

where the response functions x,;(t — t') are given by

Xt =) = 2 {[Q,0, Q) Ot~ 1) (3.442)

where (- - -) denotes a thermal average. Thus, the Fourier transform x;;(w) is given by

) = 7 [ ([Q0.Q,0]) e
0 (3.443)
:LZWM¥MQWWWMijwMWMW%
th,n w—FE_ +E, +ie wtFE, —E, +ie

AtT =0, withw, = E, — E,, we have

. (3.444)
W+ w, + 1€ W — W, + 1€

01Q;[n)(n|Q;10) (0]Q;|n)(n|Q;|0)
i

102Note that with our (+ — —) metric that VO = Vj, for any 3-vector V*, and hence (57)° = jf.
103We also assume that (),;) = 0 when all the ¢, are set to zero.
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3.8.2 Electromagnetic response

In the case of electromagnetic response for charge (—e) objects, we define J; = —ejf. In the
presence of an electromagnetic vector potential A" we have

1 e 9
H(A) = H(O) + - / Prap A S [P (3.445)
Linear response theory then says
c / / v !4l
(], (1)) = E/d%c Ko (e —a t—t) A1) (3.446)
where the electromagnetic response tensor is
4
K, (z—a',t—') = h ([P (a,t), TR, 1)) O (=) F—— = (@) g (1=6,) S(a—a') 3(t—t) .
(3.447)
where, recall, the metric is g = diag(+, —, —) . Taking the Fourier transform,
- 4re? i Amer n
K (a,w) = = /dt (e, ), 2(=a.0)]) e + =5 —6,,(1 = 0,0) - (3.448)
0
Linear response says
c v
(Julgw) = K (gw) Aqw) (3.449)

Gauge invariance requires that the physical current J, is unchanged if A" — A"+ 0" f . Charge
conservation requires 9" J, = 0. These two conditions therefore guarantee

¢" K, (qw)=K,(qw)q" =0 | (3.450)

with ¢* = (w,q). In fact, these two conditions are equivalent, as a consequence of Onsager
reciprocity, which guarantees

ReK, (q,w)=+Re K, (—q,~w)

) A (3.451)
Im Kw(q= w) = —Im Kvu(_q= —w)

Furthermore, spatial isotropy requires that

A

Kyjlaw) = Ky(a.w) 4,6, + K. (a,w) (6 = 4:4;) (3.452)
where ¢ = ¢/|q|. We may now invoke gauge invariance and charge conservation to establish

A~ ~ q ~
KOj(q7 w) = KjO(q7 w) = EJ K||(q7 w)
(3.453)

2

~ ~

q
Koolg,w) = o2 K”(q, w)
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If we choose the gauge A° = 0, then £ = —¢ ' A = iwc ' A and the conductivity tensor is given
by

. T

0i(aw) = — Kyla.w) . (3.454)

If 6(q,0) is not to diverge, when we must have K. ;i(@,0) = 0, which implies the following sum
rule:

%/dt <[Jip(a:7t), JJP(O’())D _

0

ne

d(x) 6,

ij

(3.455)

m*

where n = (n(z)) is presumed constant. This sum rule is violated in superconductors.

3.8.3 Neutral systems

In neutral systems, linear response theory may be applied to the particle 3-current, j* = (n, j),
and we define the susceptibility matrix x ,, (z,t) as

Gl t) = 1 (04,00 000 = (0 107) (3.456)
Xio  Xij
The component y,,(x,t) = x(x,t) describes the density response to a potential U(x,t), with
perturbing Hamiltonian H, = — [d?z n(z) U(,t) . The Fourier transform is written as
N (@ w) = /dt/d% X (@, 1) e 0% et (3.457)
Note that o 5
1 1 n —2
— (=) == (=) = 0,0) . 3.458
K v(ap )T n2 <8/~L)T n X(q_> ) ) ( )

Spatial isotropy says that we may write the spatial tensor
)A(ij(qaw) = >A<||(qaw) 4 qu + X1 (g, w) (5ij -4 ij) : (3.459)

Continuity 9, n 4+ V-5 = 0 then guarantees

2

() = ilaw) = % (yaw) - 1)

(3.460)
N . q; .
Note that at 7' = 0 we have
1 (01 p_gld)(dlpgl0)  (O0[pgld)(ilp_ql0)
v = — 461
X(g,w) hAzj: W+ w; +ie W —w; + i€ (3.461)
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where p, = vazl e~ '0%i is the Fourier component of the density. If the (normalized) SMA state,

lq) = [Ns(q)]

is an eigenstate, this means that |q) saturates all the oscillator strength at this wavevector, in
which case x(q,w) = Xqua(g,w), with

0,10) (3.462)

. n 1 1 B ng®/m
XSMA(q7 w) - ﬁ S<q> {w +w(q) + e - W — w(q) —|—Z€} - ) (3463)

where w(q) = (q|H|q) — E, is the SMA energy.

Relation between charged and neutral system response

If we endow each of our neutral particles with a charge (—e), then

A Are? [ n R
KHV(q’ w) = C—2 (% 5/»“’(1 — 5;“0) — X/,u/(q7 w)) . (3464)
Thus,
A 4dre? ¢* [ n R dre?
Koolg,w) = =5 =5 (m* —xn(q,W)) = —— X(q,w)
- - 4re? g, (n R
Koi(q,w) = Kip(q,w) = 2 o \m X||(Q> w)
re? 5 (3.465)
- e n R w?
KH(qvw) = D) (m* - X”(q? (.U)) = q_ K()()(q,UJ)
. dme? [ n .
e )

3.8.4 Maeissner effect and superfluid density

Suppose the electric field is £ and the magnetic field is B = V x A in three space dimensions.
In d = 2 space dimensions, the magnetic field is a scalar B = 2z - V x4, but we can also for
convenience define B = Bz. We may work in the A° = 0 gauge, in which case € = —¢'9,A4,
which entails V- A = 0 at any finite frequency. We now have

VXA:%”HW—‘S _V(V-A) - V24

c Ot
A . 1 024
= —KJ_(—ZV,Zat) A— g W y

(3.466)
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which is valid for d = 3, but for d = 2 we must replace K, — K, /d, where d, is the thickness
of the sample in the z direction. One has that the units of /;;(¢,w) are L'~*. Thus
1 PA - -
V2A - g W = KJ_(—'LV, 'Lat) A 5 (3467)
again with K| replaced by K, /d, in two space dimensions. Setting w = 0 and taking the limit
g — 0, we obtain the formula for the London penetration depth,

d:! N
A2 :{ : } x lim K, (q,0) . (3.468)
1 q—0

For a purely two-dimensional system, the distance between consecutive layers is d, = oo, and
we have \| = oo, which says that a purely two-dimensional system cannot screen a three-
dimensional electromagnetic field. In three-dimensions, the superfluid density is defined by

m*c?
n. =

ST Ame? N}

=n—m"limy, (q,0) . (3.469)
q—0

In the three-dimensional ideal Bose gas, for example, one finds

A Ny . . n—n
Xig(a = 0,0) = —2 4,4+ —6; (3.470)

where n,(T) is the number density of condensed bosons and n’ = n —n, is that of uncondensed
bosons. Thus (g — 0,0) = n/m" and x, (¢ — 0,0) = n’/m". The superfluid number density
is ny(T) = ny(T). In fact, as Landau first showed, an ideal Bose gas is in fact not a superfluid
because its excitation spectrum, which follows the ballistic dispersion w(q) = hg*/2m is too
‘soft’, and any nonzero superflow is unstable to decay into single particle excitations.
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