A

Point Group Character Tables

Appendix A contains Point Group Character (Tables A.1-A.34) to be used
throughout the chapters of this book. Pedagogic material to assist the reader
in the use of these character tables can be found in Chap. 3. The Schoenflies
symmetry (Sect. 3.9) and Hermann-Mauguin notations (Sect. 3.10) for the
point groups are also discussed in Chap. 3.

Some of the more novel listings in this appendix are the groups with five-
fold symmetry Cs, Csp, Csy, Ds, Dsq, Dsn, I, I,. The cubic point group
Oy, in Table A.31 lists basis functions for all the irreducible representations
of Oy, and uses the standard solid state physics notation for the irreducible
representations.

Table A.1. Character table for group C; (triclinic)

C1 (1) E
A 1

Table A.2. Character table for group C; = S2 (triclinic)

So (T) E 7
$27y2722750y7$27y2 vaRvaZ AQ 1 1
T,Y, 2 Ay 1 -1

Table A.3. Character table for group Ci, = S1 (monoclinic)

Olh(m) E Oh

a?,y”, 2%y R.,x,y A 1 1
T2,Yz Ry, Ry, 2 A" 1 -1
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Table A.4. Character table for group C3 (monoclinic)

Cs (2) E Co
%, y?, 2% xy R., z A 1 1
(2,9)
TZ,Yz B 1 -1
(Rwa Ry)
Table A.5. Character table for group Ca, (orthorhombic)

Cyy (2mm) E Cs o o

z?, 9%, 22 z Ay 1 1 1 1

Ty R. Ao 1 1 -1 -1

Tz Ry, x By 1 -1 1 -1

Yz Rz, y Ba 1 -1 -1 1

Table A.6. Character table for group Ca, (monoclinic)

Cgh (2/m) E Cg Oh, 7

z2,y?, 2% zy R, Ay 1 1 1 1

z Ay 1 1 -1 -1

TZ,Yz R, Ry By 1 -1 -1 1

T,y B 1 -1 1 -1

Table A.7. Character table for group D; = V' (orthorhombic)

D5 (222) E C3 cy Ccy

z? y?, 22 Ay 1 1 1 1

Ty R,z By 1 1 —1 —1

Tz Ry,y Bo 1 -1 1 -1

Yz Ry, B3 1 —1 —1 1

Table A.8. Character table for group Dag = Vg (tetragonal)

ng (712m) FE C2 254 QCé 20’d

x? 492, 22 A 1 1 1 1 1

R, Ao 1 1 1 -1 -1

% — g2 B 1 1 -1 1 -1

Ty z B> 1 1 —1 —1 1

(2,9)

TZ,Yz E 2 —2 0 0 0

(e2) (R:, R)

Dy, = D2 ® i (mmm) (orthorhombic)
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Table A.9. Character table for group C3 (rhombohedral)
C5(3) E Cs C?
% 9% 22 R.,z A 1 1 1
TZ,Yz z, w w
y y 1 ?
(z? — 42, zy) (Ra, Ry) 1 w? w
w = eQ‘rri/3
Table A.10. Character table for group C3, (rhombohedral)
Cs3y (3m) E 2C;5 30
2+ yz, 22 z A 1 1 1
R. Ao 1 1 -1
($2 _yZ’my) (xvy)
E 2 -1 0
(v2,y2) (Ra, Ry)
Table A.11. Character table for group Cs, = S3 (hexagonal)
Csn =C3Q 0 (6) E Cs C§ op S3 (crth?)
z? 492, 22 R, A 1 1 1 1 1 1
z A" 1 1 1 -1 -1 -1
2 9 , 1 w w? 1 w w?
(=" -y, zy) | (z.9) E { 1w w 1 W2 "
" 1 w w? -1 —w —w?
(z2,92) (Re,Ry) | E {1 w2 w 1 W2 —w
w= eZTri/3
Table A.12. Character table for group D3 (rhombohedral)
D3 (32) E 2C5 3C5
22+ y2, 22 A 1 1 1
R27 z A2 1 1 —1
(v2,yz) (z,y)
E 2 -1 0
(2 —y* ay) (Ra, Ry)
Table A.13. Character table for group D3q (rhombohedral)
Dsg = D3 ®1i (3m) E 203 3C% i 2iCs  3iCh
2+ 92 22 Ay | 1 1 1 1 1 1
R. Asy | 1 1 -1 1 1 -1
(z2,92),(" —y* 2y) | (B Ry) | By | 2 -1 0| 2 -1 0
Aty 1 1 1| -1 -1 -1
Az 1 1 —-11] -1 -1 1
(z,v) E. 2 -1 0] -2 1 0
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Table A.14. Character table for group Ds;, (hexagonal)
Ds;, = D3 ® op, (6m2) E Oh 2C3 2S3 3Cé 30,
2+ 22 Al 1 1 1 1 1 1
R. A 1 1 1 1 -1 1
AVl 1 4 1 -1 1 -1
2 Al 1 -1 1 -1 -1 1
(x? — 32, zy) (z,y) E’ 2 2 -1 -1 0 0
(xz,y2) (Rs, Ry) E" 2 -2 -1 1 0 0
Table A.15. Character table for group Cy (tetragonal)
Cy (4) E Co Cy ci
% 49y 22 R., z A 1 1 1 1
% —y? ay B 1 1 -1 -1
(z,v) 1 -1 i —i
(2,92) (Ra, Ry) E 1 ~1 —i i
Table A.16. Character table for group Cl4, (tetragonal)
C4v (4mm) E Cz 2C4 20’1, 20’d
x? 492, 22 z A 1 1 1 1 1
R. Ao 1 1 1 -1 -1
z? —y? B 1 1 -1 1 -1
Ty B 1 1 —1 —1 1
(z,y)
Tz, Yz E 2 -2 0 0 0
(vv2) (R:. R,)
Can = C1 @1 (4/m) (tetragonal)
Table A.17. Character table for group Sy (tetragonal)
Sy (4) E Co S4 S3
z? 492, 22 R. A 1 1 1 1
z B 1 1 -1 -1
(22,92) (z,9) - 1 P
(2 — 42, y) (Ra, R,) I T i
Table A.18. Character table for group D4 (tetragonal)
Dy (422) E  C.=Ci; 204 2C% 20%
22+ 22 Ay 1 1 1 1 1
R..z As 1 1 1 -1 1
z? —y? B 1 1 -1 1 -1
Ty B 1 1 -1 —1 1
(z,v) _
(zz,yz2) (Ro\ R,) E 2 2 0 0 0

Dy, = Ds® i (4/mmm) (tetragonal)
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Table A.19. Character table for group Cs (hexagonal)
Cs (6) E Cs C3 Ca C3 s
2+ 22 R,z A 1 1 1 1 1
B -1 1 -1 1 -1
(z,v) , w w? w? w? W
(22,92) (Rz, Ry) E w® w? w? w? w
2 4 2 4
w w 1 w w
(2% — y*, zy) E" { w w2 1 Wl Ww?
w = e27i/6
Table A.20. Character table for group Ce, (hexagonal)
Ceo (6mm) E Cy 2C3 2Cs 304 30,
z? 492 22 z Ay 1 1 1 1 1 1
R. As 1 1 1 1 -1 -1
B 1 -1 1 -1 -1 1
B 1 -1 1 -1 1 -1
(z,v)
Tz, Yz E 2 —2 -1 1 0 0
(v2:02) (ReoB) |
(x? — 9%, zy) Es 2 2 -1 -1 0 0
Cen = Cs ®1i (6/m) (hexagonal); S¢ = C3 ®i (3) (rthombohedral)
Table A.21. Character table for group Dg (hexagonal)
Ds (622) E Cy 203 2Cs 3C; 3CY%
% 92 22 Ay 1 1 1 1 1 1
R.,z Ay |1 1 1 1 -1 -1
By 1 -1 1 -1 1 -1
Bs 1 -1 1 -1 -1 1
(z,y) - _
(zz,y2) (Ro\R,) £y 2 2 1 1 0 0
(x? —y*, zy) Es 2 2 -1 -1 0 0
D¢, = Ds ® i (6/mmm) (hexagonal)
Table A.22. Character table for group Cs (icosahedral)
Cs (5) E Cs C? c: Cs
2+ 92 22 R,z A 1 1 1 1 1
(z,v) / 1 w w? w? w?
(2,92) (Ra, Ry) E 1 w? w? w? w
2 2 1 1 w? w? w w3
(" —y" zy) E 1 w3 w w w2

w = e*™/5_ Note group Csp, = C5 ® op, = 510(1_0)
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Table A.23. Character table for group Cs, (icosahedral)

Csy (5m) E 2C5 202 50,

2 +y? 2220 2 (2 4 ) z A |1 1 11
R. As | 1 1 1 -1

2(2,y),2%(z,y), (2° + ) (z,y) E ’x )Ry) } Ei| 2 2cosa 2cos2a 0

(=% — 9%, my) 2(a® —y*, 2y),
[z(z® — 3y),y (32" — y°)] Ey | 2 2cos2a 2cosda 0

o= 27r/5 = 72°. Note that 7 = (1 +v/5)/2 so that 7 = —2cos2a = —2cos47/5
and 7 — 1 =2cosa = 2cos2n/5

Table A.24. Character table for group D5 (icosahedral)

Ds (52) E 2Cs 202 5C%h
2+ 92 22 A 1 1 1 1
R,z As 1 1 1 -1

(z,9)
(zz,y2) (R.,R,) £y 2 2cos « 2cos 2« 0
(x? —y*, zy) Es 2 2c0s 2a 2cos 4a 0

Table A.25. Character table for Dsq (icosahedral)
Dsq | E 205 202 5C, | i 2S;) 2S00 5oa | (h=20)

Ay | +1 41 +1 1| +1 +1 +1 41| (2% +9?), 22
Aoy | +1 +1 +1 -1 +1 +1 +1 —-1|R.

Eig | +2 7-1 —T 0(+2 7-1 -7 0| z(z +iy,z — iy)
Esy | +2 - 7-1 0| +2 - -1 0| [(z+iy)?, (z —iy)?]
Aty | +1 +1 +1 +1] -1 -1 -1 -1

Aoy | +1 +1 +1 —-1| -1 -1 -1 41|z

Fi, | +2 7-1 —T 0| -2 1-7 +T 0| (z+1iy,z —iy)

FEoy | +2 -7 7-1 0 -2 +7 1-7 0

Note: Dsq = D5 ®1, iCs = Sy," and iC5 = Sio. Also iCh = a4
Table A.26. Character table for D5 (icosahedral)
Dsy (102m)| E 2Cs 2CZ% 5C5| on, 2S5 258 50, |(h = 20)

Al +1 0 +1 41 1+ T 1 1|2 42, 2P
Ab +1 +1 41 —1|4+1 +1 +1 —1|R.
B} 271 —7 0427 —-1 —7 O0|(z,y), (z2? y2?),
[z(2® + v°), y(2® + *)]
Ej +2 —r7—1 042 —17-1 0|@®-y* y),
[y(32% — y?), x(z? — 3y?)]
AY +1  +1  +1 41|{-1 -1 -1 -1
Al +1 41 41 —1-1 =1 =1 1|z, 2% 2(2® 4+ y?)
EY +27—-1 —7 0[-2 1-7 +7  0|(Ras, Ry), (z2,y2)
EY +2 —r7—1 0[-2 47 1-7 O0|[zyz, 2(2® —y?)

Dsp = Ds ® o,
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Table A.27. Character table for the icosahedral group I (icosahedral)

I(532) E 1205 1202  20C3  15C: | (h=60)
A +1 +1 +1 +1 +1 | 2?4?42
Fy +3 +7 1-7 0 -1 (z,v,2); (Re, Ry, R>)
s +3 1-7 +7 0 —1
G +4 -1 -1 +1 0
9,2 _ 42 _ yz
22 y2
H +5 0 0 -1 +1 Ty
xrz
Yyz
Table A.28. Character table for I; (icosahedral)
In | E 12C5 12C% 20Cs; 15C2| i 1253, 12519 20Se 150 |(h = 120)
Ag |[+1 41 41 1 H#1[+1 +1 +1 +1 F1|2® 4y + 22
Fig|+3 47 1-71 0 —-1(+3 T 1—7 0 —1|Rsz, Ry, R
Fog |+3 1—7 471 0 —-1|+3 1—-71 T 0 -1
Gy |[+4 -1 -1 +1 0|+4 -1 -1 41 0
2,2 42 y2
22— y2
Hy|+5 0 0 —1 41|45 0 0 —1 +1|{ xy
rz
yz
Ay |41 +1 41 +1  +1|-1 -1 -1 -1 -1
Fiy|+3 47 1-7 0 —-1/1-3 -7 717—-1 0 +1|(z,y,2)
Foul|+3 1—7 47 0 —-1/-3 -1 —T 0 +1
Gy |44 -1 -1 41 0] 4 +1 +1 -1 0
Hy, |+5 0 0 -1 +1|-5 0 0 +1 -1

7= (1++/5)/2. Note: C5 and C5*

1252, and 12510, respectively. Also

are in different classes, labeled 12Cs and 12C2
in the character table. Then iC5 = Sfol and iCy 1 — Sy are in the classes labeled

1Co=0pand [, =1®1

Table A.29. Character table for group T' (cubic)

T (23) E 3C2 4Cs5 4C4
z? +y? + 22 A 1 1 1 1
2 242 2 1 1 w w?
(2% —y*,32° — r?) E {1 1 w2 ”
(va Ryv Rz)
(z,y,2) T 3 -1 0 0
(yz, zz, zy)

w=e*/3. T, = T ®1i, (m3) (cubic)
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Table A.30. Character table for group O (cubic)

O (432) E 8Cs 3Cy = 3C}% 6C% 6C4

(22 4+ % + 2%) Ar 1 1 1 1 1

Ay 1 1 1 -1 -1

(z? — 42,322 — r?) E 2 -1 2 0 0

(R, Ry, R:) T, 3 0 -1 -1 1
(2,9, 2)

(xy,yz, zz) T 3 0 -1 1 -1

O, = 0 ® i, (m3m) (cubic)
Table A.31. Character table for the cubic group Oy (cubic)t

repr. basis functions E 3C% 6C4 6C% 8C3 i 3iC3 6iCy 6iCh 8iC'3

Af 1 1 1 1 1 11 1 1 1 1
at(y® - 2%)+

AS y* (22 — )+ 1 1 -1-1 11 1 -1 -1 1
@ —y?)
2 2

Et {nyz , 2 2 0 0 -1 2 2 0 0 -1
22—z —y

7 29,2 3 -1 1 -1 0-3 1 -1 1 0

Ty z(z?—9%)... 3 -1 -1 1 0-3 1 1 -1 0
wyz[zt(y? — 2°)+

Ay y' (22 — )+ 1 1 1 1 1-1 -1 -1 -1 -1
2(z® - y?)]

Ay xyz 1 1 -1 -1 1-1 -1 1 1 ~1

E= axyz(z® —y?)... 2 0 0 -1-2 -2 0 0 1

T zy(x® —y?)... 3 -1 1 -1 0 3 -1 1 -1 0

5 xy,yz, 2z 3 -1 -1 1 0 3 -1 -1 1 0

2 2

—2%), y(z* — 2?), for E are

t The basis functions for T, are z(z* — y?), z(y

ryz(x? — y?), 2yz(322 — s?) and for T} are zy(z? — y?), yz(y? — 2%), z2(2? — 2?)
Table A.32. Character table for group T, (cubic)®

Ty (Z3m) E 8C3 3Cs 604 6S4

%+ 9% + 22 Ay 1 1 1 1 1

Ao 1 1 1 -1 —1

(22 — 92,322 —r?) E 2 -1 2 0 0

(RmRny»} T 3 0 -1 -1 1
yz, 22, TY)

(z,y,2) T 3 0 -1 1 -1

# Note that (yz, zz,zy) transforms as representation T
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Table A.33. Character table for group Cucy

Coov (c0m) E 2C, Oy
(x% + 92, 2%) z A (X)) 1 1 1
R. Ay(57) 1 1 1

(z,y)
(wz,y2) (Ra, Ry) Eq(IT) 2 2cos ¢ 0
(z® —y*,zy) By (A) 2 2cos 26 0

Table A.34. Character table for group Doop

Dooh (oo/mm) E 20¢ Cé 7 2iC¢ ’LCé

x4y, 22 Ag(ZhH |1 1 1 1 1 1
An(Z0) |1 11 -1 -1 -1

R. Asg(27) | 1 1 -1 1 1 -1

z Ao (ZH) | 1 1 -1 -1 -1 1

(zz,y2) (Re, Ry) | Erg(Ily) | 2 2 cos ¢ 0 2 2cos ¢ 0
(z,9) Ev.(Il,) | 2 2 cos ¢ 0 -2 —2cos¢ 0

(2 — 92, zy) Ex(Ay) | 2 2cos2¢ 0 2 2cos 2¢ 0
Ey(Ay) | 2 2 cos 2¢ 0 —2 —2cos2¢ 0
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Two-Dimensional Space Groups

We include in this appendix a summary of the crystallographic symmetries
for all 17 of the 2D space groups, taken from the “International Tables for

X-ray Crystallography” [58].

Table B.1. The two-dimensional oblique space group pl or #1 (pl)

pl No. 1 pl

1 Oblique

Originon 1

Number of positions Co-ordinates of

Wyckoff notation, equivalent positions
and point symmetry

1 a 1 =zy

Conditions limiting
possible reflections

General: No conditions
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Table B.2. The two-dimensional oblique space group p2 or #2 (p2111)

p2 No. 2 p211

2 Oblique

PPl
of | of [,/

o (©)
Origin at 2
2 e 1 zyy;7,y
1 d 2 3,1
1 ¢ 2 10
1 b2 041
1 a 2 0,0

General: No conditions
Special: No conditions

Table B.3. The two-dimensional rectangular space group pm or #3 (plml)

pm No. 3 plml m Rectangular
@ (0]
@) o
[0) ®
(@) o]
Origin on m

Number of positions Co-ordinates of

Wyckoff notation, equivalent positions
and point symmetry

2 ¢ 1 z,y;2,y

O Nl
NSNS

1 b m
1 a m

Conditions limiting
possible reflections

General:

No conditions
Special:

No conditions
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Table B.4. The two-dimensional space group pg or #4 (plgl)

m Rectangular

pg No. 4 plgl
@ — — - - —— — —
O o]
O NS [ SO
O o
Origin on g

2 a 1 x,y;:@%—&—y

General:
hk: No conditions
Ok: k=2n

Table B.5. The two-dimensional rectangular space group cm or #5 (clml)

m Rectangular

cm No.5 clml
0] ©
[@) o
0]
(@)
—————————— <
® (0]
(@) (0]
Origin on m
Number of positions Co-ordinates of
Wyckoff notation, equivalent positions
and point symmetry (0,053, 2)+

4 b 1 =z,y; 7,y

2 a m 0,y

Conditions limiting
possible reflections

General:

hk: h+k =2n
Special:

as above only
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Table B.6. The two-dimensional rectangular space group pmm or #6 (p2mm)

pmm No.6 p2mm mm Rectangular
o 0 (OJN0O]
o0 o3} H I H
[} [} ]
ol (9] O] I l l
® 0 ® O ' ¢ '
Origin at 2mm

Number of positions Co-ordinates of
Wyckoff notation,
and point symmetry

4 i 1 z,y %,y %, 9,7

equivalent positions

2 h om 3.y 3.9

2.9 m 0y0y
1.~ 1

2 f m $,§,CC,§

2 e m 0,0

1 d mm %,%

1 ¢ mm %,0

1 b mm 07%

1 a mm 0,0

Conditions limiting
possible reflections

General:

no conditions
Special:

No condition

Table B.7. The two-dimensional rectangular space group pmg or #7 (p2mg)

mm Rectangular

pmg No. 7 p2mg
o) 9] . "
[@) o H 1
; —
® ® | |
o A N B
] ] i
5 o ¢ U ¢

Origin at 2

Number of positions Co-ordinates of
Wyckoff notation,
and point symmetry

4 d 1 zy 4,y 5+0.9 5 -2,y

equivalent positions

2 cm 1,440

1.1 1
2 b 2 0,343
2 a 2 0,0;%,0

Conditions limiting
possible reflections

General:

hk: No conditions

h0: h = 2n

Special: as above, plus
no extra conditions

}hk:h:2n
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Table B.8. The two-dimensional rectangular space group pgg or #8 (p2gg)

pgg No.8 p2gg mm Rectangular
o o ———t
[e) O }___:__—_4__{
|
Q I
0] 0’_ : ¢ : []
e s
O O ‘_]_.__._.l—..
@) O
Origin at 2
Number of positions Co-ordinates of Conditions limiting
Wyckoff notation, equivalent positions possible reflections
and point symmetry
4 ¢ 1 x,y;a’:,g;%+x,%fy;%fx,%+y General:
hk: no conditions
h0: h =2n
0l: k=2n
Special: as above, plus
2 b 2 100,12
o }hk:h+k:2n
2 a 2 O, O; 393

Table B.9. The two-dimensional rectangular space group cmm or #9 (c2mm)

cmm No. 9 c2mg mm Rectangular
00 0 e . . ;
Q[0 010 1 H H '
e
010 S .
0|0 R
]
olo 0lo Y S .
© 0O [o)Ne] N
Origin at 2mm
Number of positions Co-ordinates of Conditions limiting
Wyckoff notation, equivalent positions possible reflections
and point symmetry (0,05 %, %)—l—
8 f 1 =y Z,y; %,7; =,y General:
hk: h+k =2n

Special: as above, plus

4 e m 0,409 -

} no extra conditions
4 d m x,0;%,0
4 ¢ 2 1,4 %.8 hk: h = 2n; (k = 2n)
2 b mm 0,% .

} no extra conditions
2 a mm 0,0






