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A generator of a symmetry or supersymmetry of the S-matrix has to have three simple
properties (see sect. 2). Starting from these properties one can give a complete analysis
of the possible structure of the pseudo Lie algebra of these generators. In a theory with
non-vanishing masses one finds that the only extension of previously known relations is
the possible appearance of “‘central charges’ as anticommutators of Fermi charges. In
the massless case (disregarding infrared problems and symmetry breaking) the Fermi
charges may generate the conformal group together with a unitary internal symmetry

group.

1. Introduction

We have chosen the title to indicate the close relationship of this study to ref.
{1]. The results of the latter paper were generally accepted as the last and most
powerful in a series of “no-go” theorems, destroying the hope for a fusion between
internal symmetries and the Poincare group by a relativistic generalization of SU(6).
Recently Wess and Zumino discovered field theoretical models with an unusual
type of symmetry (originally called “supergauge symmetry” and now ‘‘supersym-
metry”’) which connects Bose and Fermi fields and is generated by charges trans-
forming like spinors under the Lorentz group [2]. These spinorial charges zive rise
to a closed system of commutation-anticommutation relations, which may be called
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a “pseudo Lie algebra”*. It turns out that the energy-momentum operators appear
among the elements of this pseudo Lie algebra, so that in some sense a fusion be-
tween internal and geometric symmetries occurs [2,4].

The possibility of supersymmetries was not envisaged in [1]** but most of the
ideas in [1] apply also to this case. We shall use them to determine all supersym-
metry structures which are allowed in a theory without zero-mass particles and long-
range forces.

An equally satisfactory and complete discussion of the zero-mass situation is not
attempted here. However, the simplest case in which there is no infrared problem
and no degeneracy of the vacuum will be treated in sect. 5. The allowed supersym-
metry structure is then much more interesting than in the massive case, because it
gives a complete fusion between internal and geometric symmetries which is fur-
thermore essentially unique.

In assessing the results, one should bear in mind that the scope of this investiga-
tion is limited in three directions: First, we deal only with visible symmetries, i.e.,
with symmetries of the S-matrix; the fundamental equations may have a higher
symmetry. Second, all impossibility statements below have to be reexamined when
infrared problems or vacuum degeneracy occur. Third, we assume that each mass
multiplet contains only a finite number of different types of particles. This again is
eminently reasonable in the massive case, but there is one interesting alternative,
namely to use the supersymmetry structure in the context of an idealization which
assigns zero mass to all particles. If the total number of particle types is infinite,
then this idealization is not covered here. With these limitations in scope being un-
derstood, the conclusions of our analysis may be summarized as follows: the most
general pseudo Lie algebra of generators of supersymmetries and ordinary sym-
metries of the S-matrix in a massive theory involves the following Bose type oper-
ators: the energy-momentum operators P, ; the generators of the homogeneous
Lorentz group M_,,,; and a finite number of scalar charges B;. It will involve Fermi-
type operators, all of which commute with the translations and transform like
spinors of rank 1 under the homogeneous Lorentz group. Using the spinor notation
of van der Waerden*, we may divide them into a set Qg (L=1,..,v;a=1,2)and
a set Q{; , indicating the different transformation character by dotted or undotted
indices. Since the Hermitian conjugate of a supersymmetry generator is again such a
generator, we can choose the basis of the pseudo Lie algebra so that Qé = (QCI; )T,

* The spinorial charges may be considered as generators of a continuous group whose parameters
are elements of a Grassmann algebra [3].
** Spinorial charges were considered but prematurely discarded in [S]. o
¥ eqp= —ego P = —ef 12 = e5y = 1 (same for dotted indices). (¥)qs = (1, 0); ()% =
(1, —ap). oM = %z’(a“E" — oVgH)and oMV = %i(E“ a¥ — a¥ oM). A quick orientation about this
formalism may be obtained from [6]. The conventions adopted there are, however, slightly
different from ours.
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which is equivalent to a Majorana condition in a four-spinor notation.
The algebra of these quantities can be reduced to the following form*:

040} =e g 20 @M B =e, 2, (1.1)
where

[ZM Gl =0 (1.2)
for all ¢ in the pseudo Lie algebra,

{of, Q‘;?}=5LMoﬂa5P , (1.3)

[0, B = 2stM oM (1.4)

Y
8, B, ] =iZk) ck B, (1.5)

together with the Poincaré transformation properties of spinorial and scalar charges:

0L, P,1= (B, P,]= (B, M,,]=0, (1.6)

[0, M,,] = 4(0,,).° OF - (1.7)

The cllin in (1.5) are the structure coefficients of a compact Lie group, the s; in (1.4)
are the (Hermitian) representation matrices of the generators of this group in a v-di-
mensional representation, the matrices a/ in (1.1) are restricted by a condition (to
be discussed later) which connects them to the s; (eq. (3.17)) and by eq. (1.2).

The fact that in a massive theory the only symmetry generators of Bose type
which do not commute with the whole Poincaré group, are the vector P* and the
skew tensor M*? has been demonstrated from a variety of angles in the past (see
[1] and [5] and the literature quoted there). The counterpart of this fact for Fermi
type generators is our result that all of them commute with the translations and
transform like spinors of rank 1 under the Lorentz group. Furthermore, the struc-
ture relations of the pseudo Lie algebra are severely restricted. In fact, apart from
(1.1), all the structural relations which are allowed have already been previously
found: relation (1.3) in [2,4], relation (1.4) in [7,8]. So there is little additional
freedom in the supersymmetry scheme, unless one incorporates zero-mass particles.
In particular, it is not possible in a massive theory to obtain the angular momentum
or non-central charges (see eq. (1.2)) from anticommutators of supersymmetry
transformations.

* All scalar charges can be taken as Hermitian. This is done, and we omit writing down the re-
lations which can be obtained by taking Hermitian conjugates.
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In the case of a massless theory, we may have the following alternative to the
above described scheme: The Fermi part of the pseudo Lia algebra consists of two
sets of spinors of rank 1, denoted by Qi‘ and Qal)L (L =1, ...,v) and their conju-
gates Qé’ , QC-EI)L. The anticommutators of these Fermi charges give a set of Bose
symmetries which form the Lie algebra of @ @ Q. Here C is the conformal group
and G = U(v) for v # 4 respectively SU(4) for v = 4. The full algebra of internal
Bose symmetries is the Lie algebra of @'®G" where @” commutes with all Fermi
charges and @' is U(v) for v # 4 and either U(4) or SU(4) for » = 4. An example of
this structure for v = 1 was given in [2], compare also [13], for v =2 in [8]. The
interesting fact is now, that it is impossible to have both 0L and QWL without
getting the full conformal group together with an internal symmetry group, and
that the latter must be precisely the unitary group U(v), except for v = 4 where it
may be either U(4) or SU(4).

2. Assumptions and basic facts

A generator of a symmetry or supersymmetry of S is any operator G in the Hil-
bert space of physical states which has two properties: (i) it commutes with the
S-matrix; (ii) it acts additively on the states of several incoming particles. The second
of these requirements can be most conveniently expressed in the following way:

Let a,f‘:gm)(p) denote the creation operator of an incoming particle of type i with
momentum p and spin orientation » and a,(f,n)(p) the corresponding destruction
operator®. Then

G=2 J & &0 @)K ., (0, D)D) 22)
r,S8

where K is a c-number kernel. If in the sum over particle types only pairs (7, /) occur
which refer to particles of equal statistics (both Bose or Fermi), G is of Bose type
and generates an ordinary symmetry; if only pairs (7, ) with opposite statistics occur,
G is of Fermi type and generates a supersymmetry. Since the S-matrix conserves
statistics, both the Bose part and the Fermi part separately have the property (i), so
that we can always take G to be either of pure Bose or of pure Fermi type.

The justification of the requirements (i) and (ii) can be given in a variety of ways.
In the frame of a local field theory, the more fundamental requirement would be
that G induces an infinitesimal transformation of the basic field quantities
VU >y + €85V such that**

* We use the canonical normalization

eV @)ariv @) =55, 6% -a). @.1)

** In (2.3) we denote the anticommutator by [...] 4, while elsewhere curly brackets {...}are
used.
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8, (W) =[G, v, . (2.3)

is again local. On the right-hand side of (2.3) the anticommutator occurs when both
G and ¢ are of Fermi type, the commutator in all other cases. The usual way to con-
struct such a G is to start from a conserved local current,

a#/“(x) =0, 2.4)
and define
6=/ d&*%). (2.5)
XO=[

Due to (2.4) this yields the same operator for an arbitrary choice of the time ¢, and
hence 8,;(¥ (x)) is local for arbitrary x. Note that no assumptions about the covariance
of j#(x) under the Poincare group have to be made at this point, i.e., 7*(x) need not
be a four-vector field, and it may depend not only on the basic fields at the point x
but also explicitly on the position coordinates®.

In a massive theory where the assymptotic relations as described in [9] hold, the
locality of 8, ¢/(x) implies that G has the properties (i) and (ii) (compare [10—12,
5]). In fact it also implies a third property:

(iii) G connects only particle types (i, j) which have the same mass. The kernel
K in (2.2) is of the form

K(p',p)= E KP(p)o" s(p-p"), (2.6)

where 9” stands for a monomial in the derivatives 8/0p; and the sum has a finite
number of terms.

It is interesting to note that property (iii) follows on the one hand from the
locality of ;¢ as indicated in [10—12, 5]**, and that it can also be derived from
the properties (i) and (ii) and the assumption that the S-matrix is not trivial. This
was done in [1].

We now look first at those generators which commute with the translations. Let
us call the set of these S (0); for G € ${O) the kernel in (2.2) is of the form

N 3 '
K]-s;i,(P,P )_st;ir(p)5 r-p), 2.7)

and the matrix K does not couple particles with different mass. We shall consider
the submatrix for one mass multiplet at a time. This will be meant when we speak
of the matrix K(p) below.

* In that case 9,/ has to be distinguished from i [PM’”' This case is important in order to ob-
tain also those symmetry generators which do not commute with P,
** The quoted discussions are not completely adequate for our purpose here, but can be adapted.
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For the generators of Bose type we can take over the analysis in [1} completely.
If one assumes particle finiteness and non-triviality of S, one finds:

(A) a complete basis of Bose type operators in< (0 is given by the energy-momen-
tum operators P* and a finite number of scalar charges By, having the commutation
relations (1.5), (1.6). The Lie algebra .2 of the B; may be decomposed into a semi-
simple part £2; with positive definite Cartan metric and an Abelian part .2, whose
elements commute also with those of 2.

For the generators of Fermi type we can take over lemma 5 from [1] in the form:

(B) if K(p) vanishes for two momenta p and p’ on a mass hyperboloid, then K(p)
vanishes for all momenta on this hyperboloid*.

3. Classification of translation invariant Fermi type generators

The conclusion (B) above, together with particle finiteness, tells us that there are
only a finite number of linearly independent Fermi type generators in S(®) since
the matrix K(p) has finite dimensionality, and according to (B), G is fixed by speci-
fying two such matrices. Furthermore, the set $(0) is stable under homogeneous
Lorentz transformations.

Therefore this set is a representation space of a finite dimensional representation
of the Lorentz group and can be decomposed into irreducibles. An irreducible re-
presentation of the connected component of the Lorentz group is labeled by a pair
of indices (j, j'), each integer or half-integer; the corresponding subset of generators
consists of linear combinations of spinors Qo ... i B . fog symmetric in the 2j
undotted and the 2;” dotted indices. Due to the spin-statistics theorem, 2(j +;")
must be odd for Fermi-type generators. Now consider the anticommutator of such
a Q with its Hermitian conjugate @', This will again be an element of $(0), be-
cause the properties (i), (ii) and (iii), as well as translational invariance are con-
served**, and it will be of Bose type. If we take all indices equal, say
ap=ay=..=f=..= (3'2]., = 1, then the anticommutator will be a component
Biy.1;i..i of aspinor with 2/ + 2" undotted and equally many dotted indices,
which is furthermore symmetric in each type of index. Hence it belongs to the
irreducible representation (j +J', j +7"). But we know that there are no Bose type
generators which belong to a representation (j, f) with j > 1. Thus the mentioned
anticommutator must vanish unless the original Q was a spinor (3,0) or (0, 3).
However, QQWL + QTQ = 0 implies Q@ = 0. Hence no spinors of rank higher than 1
are allowed and for a spinor Q, of rank 1 [representation (3, 0)] we must get:

* Actually p, p’ should be so chosen that the elastic scattering does not vanish for a pair of
particles with these momenta.
** Note that the property (ii) is conserved for the anticommutator (not for the commutator)
of two Fermi-type generators. This is the reason why the last part of the analysisin [1] is
not applicable to the Fermi-type generators.
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{0y @) }=cPz=co sP,,

since (3, 3) is the spinorial description of a four-vector and the only four-vectors in
$(0) are multiples of P*. If Q, # O then ¢ # 0. If we have several spinorial charges,
say Qi‘, we must have [remember Qé‘ = (QOLl )T]:

ok, 0)fy=c"Ma* P, (3.1)

af
where ¢LM is a positive definite Hermitian numerical matrix, which can be brought
into the form

oM = LM (3.2)

by suitable choice of the QL (diagonalization of ¢£M and normalization). Consider
now {QOI[, Qé”}. It also belongs to < (0). The antisymmetric part in the indices o, 3
is a scalar, which could be a linear combination of the internal symmetry generators
B,. The symmetrical part belongs to the representation (1,0) and corresponds to a
self-dual skew-symmetric tensor. Since there is no such thing in $(9), the symmetric
part must vanish and we can only have

©7 0} =e,p 21@H5,, (33)

with
(al)LM= _,(al)ML ) (34)

Finally, the commutators [B, Q] belong to the (1, 0) part of $(9 and therefore:
[0y, 8= ist" o)t (3.5)

Relations (3.1)—(3.5), together with the structure relations of the ordinary internal
symmetries

8, B,,] =iZk)cl’jn B, (3.6)

and the fact that P, commutes with all B; and Q,, give the structure of the part of
our pseudoLie algebra which lies in < (0),
The matrices a’, s; are still restricted by the Jacobi identities™. The one involving

* If B denotes a Bose and F a Fermi operator, the relevant identities are:

(B, {F1. F N+ {Fy, [Fa, Bl} - {F2, (B, Fi]}=0, (3.7)

[Fi, {Fy, F3}] + [Fo, {F3, Fy\J1 +[F3, {F1, F2}1=0. (3.8)
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By, QGI;, (Qéw)T tells us that

LM _ ML

s =8, 3.9)
i.e., that s; is Hermitian. The Jacobi identity involving By, B,,, Qé‘ tells us that the
matrices 57 form a representation of the Lie algebra of the B;. The remaining three
identities are

Q. 0. 0 20 @R s = 23 (3.10)
©0.0h: @XMV =0, (.11)
©, 0, B): G, aHKL _ (smal)LK =i Ecim(a”)KL . (3.12)

Eg. (3.10) is also a consequence of (3.11) with (3.9). For the analysis of the remain-
ing relations , we remember, that £ = £; ® £, where £2; is semisimple, £,
Abelian. Consider the elements

ZKL - ?(al)KL B,. (3.13)

Egs. (3.6) and (3.12) tell us that the linear span of the ZXL is an invariant subalgebra,
say £3 C £. Using in addition (3.11), we see that

[ZKL, zMN] =90 . (3.14)

Thus the intersection of £ and £; would have to be an Abelian, invariant sub-
algebra of 21 which does not exist because £ is semisimple. Thus £5 C 2, i.e.,

[zXL, B 1=0. (3.15)

Finally, eq. (3.11) tells us that ZXZ ljes in the kernel of the representation s or, in
other words, by (3.5), that

[zKL, oMy=0. (3.16) -

Taking (3.15) and (3.16) together, we see that .23 must be a part of the center Z
of the whole pseudo Lie algebra. This result has been stated above as eq. (1.2). We
may write

L=LaZ,
where £’ does not contain any central elements. We choose a basis Z,ind, and

we can replace the right-hand side of (1.1) or (3.3) by 2 €, (a")LMZp.
The matrices a® are still restricted by (3.12): putting there / = p and m arbitrary,
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the right-hand side of (3.12) is zero, because the structure constant then vanishes.
Using (3.4), we can now rewrite (3.12) in the form

s,af=at, (3.17)

where

t = =5, (3.18)

m

is the complex conjugate representation of the Lie algebra. This means, that every
matrix 2# must be an intertwiner of the representations s and ¢ of 2", This limits
the number of central charges which can appear in (1.1) and (3.3). To give an ex-
ample: Suppose that £’ is the Lie algebra of SU(2) and s its basic two-dimensional
representation, so that we have two spinors QO"; (L =1, 2). Then the complex con-
jugate representation is unitarily equivalent to s and there is only one linearly in-
dependent intertwiner between s and ¢, namely a complex multiple of the matrix
eLlM Thus there can be at most two real central charges Z,, Z, in the pseudo Lie
algebra which are not completely trivial, and (1.1) becomes for this example

©F, 0y = e et M(c, 2, ¥icy2,).

4. Symmetry generators which do not commute with 7,

Let us call @) the set of those symmetry generators for which the kernel (2.6)
contains only derivatives up to (and including) the order N. An operator which be-
longs to S V) but not to S YV —1) will be called a symmetry of degree N*.

The analysis proceeds now from the following observations:

(a) All symmetries commute with P2 (sect. 2, property (iii))**.

(b) If G €S W) then [P, G] egW-1,

This is, because the commutation with P, conserves the three properties (1), (i),
(iii) and the order of the derivatives in (2.6) (or, alternatively, the degree of the
polynomial of x in the current density) is lowered. In fact, the degree of a symmetry
is lowered in all cases precisely by one.

* Such operators arise typically if in (2.5)

jot) = 166" Sy @) »

where g‘nv are Poincaré covariant fields and N = sup = n,,.

** This holds for the restriction of the symmetry operators to the single particle subspace [i.e.
for the kernel in (2.2)], which we need to consider only and which we also denote by G.
Furthermore, in the zero-mass case, the discussion refers to a multiplet of particles all of
which are massless.
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(c) S W) contains a finite number of linearly independent elements because G is
fixed up to addition of elements from & (O by [P, G].

I W) is also closed under Lorentz transformations. We can then classify the ele-
ments of 3@) according to their Lorentz transformation character (7, j').

4.1. Bose symmetries of degree 1

Here [P, G] € $(0). Since all Bose symmetries in & (0) belong either to (3, 5) or
(0, 0), G can belong only to (3, 3), (0, 0), (1, 0), (0, 1), (1, 1). The last four can be
combined into a general second rank tensor T,,,,. The first is a vector V. Then we
must have

[P, g,“,EC, !

[Py Tyl =icP, gy, +ib™ (g, P, &, Putie, P
+ib~ (gpqu qu - iepawPU) + ia(gpuPV+gpvPﬂ %ngp) , @.1)

where the four terms on the right-hand side correspond respectively to the parts
(0,0),(1,0),(0,1),(1,1)of T, and ¢, ¢, b*, b, a are numerical constants. The
commutativity of G with P2 gives

= 2 — 2
0=P“Zl)c,B,, 0=ia(2P,P,~1g,PY),  O=icg,P
Thus

=0, a=0, andfor m2#0 also c=0.

The second and third terms in (4.1) agree up to the numerical factors with the
commutators between P, and the (1, 0) respectively (0, 1)-parts of the angular
momenta M, . Since cS(OO) does not contain any skew tensor, the irreducible parts
of T, — T,, are multiples of those of M,

Thus we have the resuit

(A) In the massive case all Bose symmetry generators of degree 1 are linear com-
binations of M,

(B) For zero mass one may have in addition one scalar element D € (1) with

commutation relations
[P, D] =iP, . (4.2)

By this D is fixed up to an additive scalar from $¢0).
4.2. Bose symmetries of degree 2

Since the Bose part of I (1) contains at most the covariants (0, 0), (1, 0), (0, 1).
the Bose part of S (2) can contain at most (3, 1), &, 3). 3. 3).
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The case (3, $) may be ruled out as follows (see appendix for definitions of
Pyj My, o, and their commutation relations):

[P J=r2e

af 717273 ¥ @, eéﬁvazh )
(where the sum runs over the permutations of v, ¥, ¥3), is the only possible co-
variant ansatz. This yields

) , =_ P
[Po‘lﬁl’[PazﬁfA'Yl’)’ng)’Y 21f2€0‘271 XY, 32’)‘ 7351
Now this quantity should be symmetric under the simultaneous interchange
o @ ay, f1e ﬁz (Jacob1 1dent1ty) Specializing to the choice Y =v,=73= 1,
o;=ay=2,7,=B;=1 and 8, = 2, this symmetry requirements becomes

~12ifP{=0, ie, f=0.

A corresponding argument rules out the case (3, 3).

For a (3, ;) covariant K, we have the ansatz

— KA
[P, K= ag, D+bM  tce,, ,M"".

We look at the Jacobi identity involving P, P, K, and find with the help of (4.2)
that ¢ = 0, b = —a. The existence of D % 0 is therefore a necessary condition for
the non-vanishing of K.

Result: (C) In the massive case there is no Bose symmetry of degree 2.

(D) For zero-mass, if there is a D € $(1) then there may be a K, € 3(2), whose
commutator with P, may be normalized to

[P;u KV] =2i(g“VD‘MNV)' (43)

By (4.3), K, is only fixed up to an additive multiple of P,. We shall make use of
this freedom below.

4.3. Bose symmetries of degree N > 2

By the same technique one finds

(E) No Bose symmetry of degree 3 exists and hence no Bose symmetry of any
higher degree.

We only indicate the steps of the argument. A G of degree 3 can only be a com-
ponent of a general tensor 4, whose commutator with P, will be of the form
(4.1) with K replacing P. Commuting again with P, the result sould be symmetric
in p, o (Jacobi identity). Evaluating the expressions, using (4.3), one finds that
this requires the vanishing of all coefficients, i.e., G = 0.
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4.4. Fermi charges of degree 1

Possible covariants are (3, O) (1,1) and their conjugates. (1, 3) is excluded by
the following argument. If Q 1) i is of degree 1 then
Y25

1)
[P af’ Q717 Y

=qe,. +
1= flem(eomQa,2 fath),

where Q on the r ght -hand side is some (non-vanishing) Fermi charge in (9. The
condition [P2, QD ] =0 gives

0=a(P .0 ),

7*'/7 7771

Y17Y2s ¥

and if we anticommute that with O, we get by (3.1)

0= a(P7 7P7 & +P72~;P71d) .
The bracket belongs to the representation (1,1) and is the spinor equivalent of
PP, - 4ng2 which cannot vanish identically on a mass shell. Hence a = 0.
This leaves us to consider Ferml charges of degree 1 belonging to (3, 0). De-

noting such an element by Q( we have
1P, 0 =i, 0y,

with 0 €30, 0 # 0. From this and (3.1) we compute
€78 €M Pog, [Pys, 108", Q43 = Py

with ¢ # 0. This means that {0(1), 01} is a Bose symmetry of degree 2 (see ob-

servation (b)). Thus if Q1) exists, then also K, must exist. The converse is true

also since, as we shall see later, [K,,, Q] cannot vanish and belongs to S,
Thus: (F) In the massive case there are no Ferml charges of degree 1 or higher.
(G) In the zero-mass case Fermi charges Qa , Qal) appear if and only if

K, €5 exists.

4.5. Fermi charges of higher degree

By the same technique used in eliminating Bose symmetries of higher degree,
we find:

(H) No Fermi charges of degree N > 1 exist.

5. Complete algebraic structure

The discussion of the massive case is finished since there the only symmetry

generators which are not in J(® are the M,,,,, whose commutation relations with
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all other quantities are known. The most general structure is then given by eqs. (1.1)
through (1.7).

In the massless case, we may distinguish two situations. If there is no K, then
the situation remains essentially unchanged. The only element which can possibly
be added is the dilatation D and we have to supplement (1.1) through (1.7) by the
assignment of dimensions to the previous quantities. The algebra with K, on the
other hand is significantly richer in elements and more restrictive in structure. We
shall discuss this in the rest of this section

The first step is to show that K, P,, M,,,, D give the structure relations of the
conformal group C. Beyond the speufled Lorentz transformation properties and
the previously obtained relations (4.2) and (4.3), which fix the definition of D, we
need for that purpose still the two relations

(K, K,1=0, (5.1)
(K, D} = —iK, . (5.2)

To obtain them, one may note that on the right-hand side of (5.1) we can only have
a linear combination of M, and its dual, since there are no other skew tensors in
the Lie algebra. The Jacobi identity between Pp, K, K, shows then that we can use
the remaining freedom in the definition of K, (addition of a multiple of P,;) to
achieve (5.1), (5.2) and that then K|, is uniquely fixed.

Next, one sees that all Bose charges B; commute with the whole conformal group,
specifically that

(K, Bil =0, (5.3)
(D, Bi] =0. (5.4)

A general ansatz for the right-hand side of (5.3) would be ¢; K, + c}PM. The Jacobi
identity involving P, K,,, B; then demands ¢; = 0 and also gives (5.4). The one
involving K ,, K,,, B gives ¢; = 0.

To find the dCthI’l of K, P,, D on the Fermi charges, let us start from the zero-
degree charges Q QL (L =1, ..., v) and define charges Q,, (DL Q(I)L

[Kop QL1 =2i¢,, Q[(gl)L : (5.5)
The Hermitian conjugate of this is
[Kgs O51=2ies Q,(jl)L (5.6)

From the Jacobi identity between P“, D, Qi‘, one learns that [Qé, D] commutes
with P, and is therefore of degree zero. So

[0k, D] = % atM oM (5.7)
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0% D] = - %DELMQQI. (5.8)

The Jacobi identity between Q, O, D in conjuction with (3.1) (3.2), (4.2) gives
then

dLM _ aML - laLM ,
or

dLMz%l(SLM'f'd,LM ,

where d’ is Hermitian. The choice of basis in Q-space is so far only limited by the
convention (3.2) which still allows a unitary transformation, so that we can diago-
nalize d' and have

dtM =ML+ gy . (5.9)

We can now use the Jacobi identity between P, K, QL and the information about the
the commutators in (5.5), (5.7), (5.9) and (4.3). The computation is most conve-
niently done in spinorial notation, given in the appendix. The results are:

dy =0, ie. oL p1=1igk, (5.10)

[Pag OSVL) = 2i€; 0L (5.11)
From (5.10) and (5.11) we see immediately

[0V, p1=-4i0fP%,  [@F, D1 = —4iQfP" . (5.12)

Also we see that the scheme is symmetric under the interchange of quantities of
opposite dimension. The counterpart of (3.5), i.e., the transformation of the
Qt(, )L ynder the internal Bose symmetries B; follows from (5.5) and the Jacobi
identity between K, QL, B;. It is (see (3.18) for the definition of #)):

QDL B)| = E oM, (5.13a)

[ él)L’ Bl] - % tlLM Qél)M ) (5.13b)

The precise form of the dimensional reflection in the pseudo Lie algebra is

M, . De-D,

dydy

PO(B(-)KﬁOZ’ M

ayoy

oL « p{bL | B; < By. (5.14)
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By dimension counting, use of the automorphism (5.14) and the knowledge of all
covariants of each dimension, we can write down the remaining structure relations:

L offr=0, M oPMr =0, (5.15)
{0k, 0" =o0, (5.16)
QDL Q§My = sIM K s, (5.17)
QF, QPMy =M e D+ b M Moo+ ie g BEY (5.18)

where the BLM are some linear combinations of the internal Bose symmetries B,
and aLM pLM are numerical matrices.

Note that in contrast to the massive case (and also the massless case with only
dilatational and not conformal invariance), the right-hand side of (1.1) must vanish.
This is a consequence of the fact that conformal invariance fixes uniquely the di-
mensions of By and Q.

All commutation relations are now in their final form except (5.18). There re-
main a few Jacobi identities which have not been used yet. They fix not only the
matrices @, b in (5.18) but also determine the group of internal Bose symmetries
and its representation s; (apart from the trivial possibility of adding internal sym-
metries which commute with all the Fermi charges). The (P 5 Qé, Qél)M ) identity
yields

26 M e, oPy ;= atM €apPsy— DEM(eso Poy+ €55P03) s

from where one concludes (decomposing into symmetric and antisymmetric parts

ina, §)
oM = _pIM = LM (5.19)

The (K, 0, OM) identity gives
BLM - (pMLyT (5.20)

The two last independent relations are

© 0 0V [0 B™] = ? 8"MsVE — 3 6MN 515 0F (5.21)

©, Q(l)’ B): [BLM, Bl = %}OIMNBLN_H,JLNBNM) ) (5.22)

Eq. (5.21) tells us that for » # 4 all BMN are linearly independent, for v = 4
there is precisely one linear relation between them. For, suppose = ayy BMN = 0.
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Then, by (5.21)
2aLK =';'6LK tl'(d) ,

which for » # 4 is impossible and for v = 4 fixes a; ¢ up to a normalization factor.
By (5.20), the real Lie algebra spanned by the BLM s therefore isomorphic to the
set of all Hermitian v X » matrices (for v # 4), respectively to all traceless such
matrices (for v = 4). This part of the internal symmetry group is therefore U()
(respectively SU(4)). Consider now the Lie algebra 2 of all the B; and denote the
kernel of the representation s; by K*, the subalgebra spanned by the BLIM py £,.
The quotient .2 /N is faithfully represented by Hermitian matrices s in the v-di-
mensional space and must therefore be contained in the Lie algebra of U(»). There-
fore for v #4: £ /A= L. But £ is an invariant subalgebra by (5.22) andX is an
invariant subalgebra because it is a kernel. Therefore .2 is the direct sum

B=BI®CX,

For v = 4 we have similarly
L= LeX,

where 2] may be either the Lie algebra of U(4) or that of SU(4).

We have seen that only the zero-mass case gives the possibility of a complete
fusion between geometric and internal symmetries: the Fermi charges may then
generate the full conformal group together with a unitary symmetry group, the
only arbitrariness being the number v of Fermi charges. The phenomenological
application of the scheme is unfortunately plagued in that case even more than in
the massive case by symmetry breaking (spontaneous or otherwise). But the con-
sideration of lepton physics from the point of view of supersymmetry appears to be
most indicated.

Thanks are due to G.F. Dell Antonio, P.H. Dondi, J. Wess and B. Zumino for
many helpful discussions. One of us (J.T.L.) wishes to thank Professor Wess for
the cordial hospitality extended to him during his stay in Karlsruhe.

Appendix

Some of the calculations are greatly simplified if one uses the spinorial notation
for the angular momenta and the four-vectors which appear. We give the relevant
formulas which have been used in the text.

Define the symmetric spinors M, ,117151 g, implicitly by

oy

*TqBjexif Xa;s=0.
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0#"‘131 Oyo‘lﬁ'z M= My a, €5, VM54, €aras (A1)

then
(Malaz)T = 4a1d2 s | (A.2)
P LG W A (A3)
Mglgf —%i(f?’“"){;l[;zMu,,, (A4)
14 - ‘l‘ i((e Ouv)alaz Ma1a2 + (5“1)6)[?1 éZMfil éz) : (A.5)

This splits M, , into its irreducible parts with respect to the connected Lorentz
group, and Ma,a2 acts only on undotted, M;, 4, only on dotted spinor indices:

[QO" Malo‘zl - _i(eaal Qaz +eaa2 Qal) ’ (A.6)
[Qﬁ’ Mél ﬁz] - —i(eéél Qﬂz * €48, Qﬁl) ’ (A7)
[Qﬁ’ MO‘I 012] =12, Mﬁl 52] =0. (A.8)

From this the transformation of spinors of higher rank can be immediately read off,
e.g.:

[P My, 0] = =100, Poy it ey Po ) - (A.9)

The commutator (4.3) reads in this notation

]=4ie D - 2i(e;, . M

. . . + M- .
[Palm’KOlzﬁz aras 6616 B1B27 ea1a2MB162) ’
if we define the following connection between a four-vector V, and the correspond-

ing spinor V-

Vaé=(o“)aﬁ-VM, (A.10)
=15 Yoy,
VM 2(a“) Vaﬁ. (A.1D)
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