
Chapter 4
Motion in two and three 

dimensions



4.2 Position and Displacement

�r = (x, y, z) = x î + y ĵ + z k̂

�r(t) = (x(t), y(t), z(t))

• This vector is a function of time, describing the 
motion of the particle:

• The motion traces a path or trajectory in space



Example: Two-dimensional Motion:



Example: Two-dimensional Motion:



∆�r = �r2 − �r1

∆�r = (x2 − x1, y2 − y1, z2 − z1)

or, in components:



�vavg =
∆�r

∆t

vavg,x =
∆x

∆t
, vavg,y =

∆y

∆t
, vavg,z =

∆z

∆t

�vavg = (vavg,x, vavg,y, vavg,z)

4.3 Average Velocity and Instantaneous Velocity

For a particle that moves through a displacement of 
in a time interval      , we define its average velocity as

∆�r
∆t

This contains three components, each with an average velocity
... precisely as in motion in a straight line!

with



�v = lim
∆t→0

∆�r

∆t

�v = (vx, vy, vz) =
d�r

dt

vx =
dx

dt
, vy =

dy

dt
, vz =

dz

dt

The instantaneous velocity is obtained in the limit of small
time interval 

We call this the derivative of the vector. Its components are
derivatives in the usual sense: 

where

And, again, these are just three copies of the motion in a 
straight line case!





Example: Two-dimensional Velocity



Following the same definition as in average velocity: 

If we shrink Δt to zero, then the average acceleration value 
approaches to the instantaneous acceleration, 

which is the derivative of velocity with respect to time: 

4.4 Average Acceleration and Instantaneous Acceleration

�v2 =

�v1 =

final instantaneous velocity

initial instantaneous velocity

note how we freely switch 
between component and unit 
vector notation!



4.4 Two-dimensional acceleration, rabbit run





Sections 5-7 of Chapter 4
Next Lesson
Now Move on to 
Sections 8-9



The velocity of a particle depends on the reference frame of 
whoever is observing the velocity.

• Suppose  Alex (A) is at the origin of frame A  
watching car P (the “particle”) speed past. 

• Suppose Barbara (B) is at the origin of frame 
B, and is driving along the highway at 
constant speed, also watching car P. Suppose 
that they both measure the position of the car 
at a given moment. Then:

 where xPA is the position of P as measured by 
A. Taking a time derivative, both sides:

Consequently,

4.8 Relative Motion in One Dimension

d

dt
(xPA) =

d

dt
(xPB) +

d

dt
(xBA)



The acceleration of a particle depends on the reference frame 
of whoever is observing the acceleration.

• Now take another derivative

or

• A particularly important case is when the 
frame B  moves at constant velocity as seen 
from frame A. Then vBA is constant and

d

dt
(vPA) =

d

dt
(vPB) +

d

dt
(vBA)

aPA = aPB + aBA

aPA = aPB



Example: Relative motion, 1-D:



Example: Relative motion, 1-D:



�rPA = �rPB + �rBA

�vPA = �vPB + �vBA

�aPA = �aPB + �aBA

�aPA = �aPB�vBA = constant

4.9 Relative Motion in Two Dimensions

A and B, the two observers, are watching P, the moving particle, 
from their origins of reference. B moves at a constant velocity 
with respect to A, while the corresponding axes of the two frames 
remain parallel. rPA refers to the position of P as observed by A, 
and so on. From the situation, it is concluded:



Example: Relative Motion, 2-D airplanes:



Example: Relative Motion, 2-D airplanes:



Example: Relative Motion, 2-D airplanes:



4.5 Projectile Motion

A particle moves in a vertical plane, with the 
only acceleration equal to the free fall 
acceleration, g.

Examples:
Balls in sports
Missiles
Airplane drops



The horizontal component of velocity remains constant.

The vertical component of velocity is in free fall, with 
downwards acceleration g.



The initial velocity of the projectile is: 

Here, 



4.6: Projectile Motion Analyzed, assuming no external forces other than the weight:

To get trajectory,
eliminate time, t:



y = ax2 + bx + c

y = −x2 + 5x

is the equation for 
a parabola: 
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here is 



The horizontal range of a projectile is the horizontal 
distance when it returns to its launching height

Eliminating t:

Equations for displacement
in the x- and y-directions
respectively at the time t
when the projectile returns
to launching height:



Example: Projectile Motion:







Example: Projectile Motion:



4.7 Uniform Circular Motion



4.7 Uniform Circular Motion

As the direction of the velocity of the particle changes, there 
is an acceleration (even for constant speed!)

CENTRIPETAL 
(center-seeking) 
ACCELERATION

Here v is the speed of the 
particle and r is the radius of 
the circle.

The “uniform” in
“Uniform Circular Motion”
means constant speed.



v =
�

v2
x + v2

y =

��
−r sin θ

dθ

dt

�2

+
�

r cos θ
dθ

dt

�2

= r

����
dθ

dt

����

dθ

dt
=

v

r
= constant, “angular velocity” ≡ ω

θ = θ0 + ω0t x = x0 + v0t

4.7 Uniform Circular Motion: 
Centripetal acceleration, proof of a = v2/r

I give a different proof than the textbook, one that uses calculus 
(it is, after all, a calculus based course!)

Points (x,y) on a circle of radius r:

Note: r is constant and θ is changing in time

x = r cos θ

y = r sin θ

Compute speed = magnitude of velocity, and for uniform motion require it be constant

vy =
dy

dt
= r

d

dt
sin θ = r cos θ

dθ

dt

vx =
dx

dt
= r

d

dt
cos θ = −r sin θ

dθ

dtCompute velocity by 
taking derivative

solve differential 
equation:

notice similarity to
straight line motion:



vx = −ωy

vy = ωx

�a = −ω2�r

a = ω2r =
�v

r

�2
r =

v2

r

vy =
dy

dt
= r

d

dt
sin θ = r cos θ

dθ

dt

vx =
dx

dt
= r

d

dt
cos θ = −r sin θ

dθ

dt

ax =
dvx

dt
= −ω

dy

dt
= −ω2x

ay =
dvy

dt
= ω

dx

dt
= −ω2y

and finally prove 

Compute acceleration by 
taking derivative

(centripetal!)



∆θ = ωt 2π = ωT

T =
2π

ω
=

2πr

v

v = ωr

f =
1
T

=
ω

2π
=

v

2πr

a = ω2r =
v2

r
= ωv

Useful identities and definitions

frequency = number of cycles per unit time =  f

period = time it takes for one cycle = T

definitions

From for one cycle:

and frequency: 

Finally notice also that 

and 

period:



Sample Problem: Top gun pilots in turns



Sample Problem: Top gun pilots in turns

We assume the turn is made with uniform circular 
motion.
Then the pilot’s acceleration is centripetal and has
magnitude a given by a =v2/R.
Also, the time required to complete a full circle
is the period given by T =2πR/v

Because we do not know radius R, let’s solve for R
from the period equation  for R and substitute into the 
acceleration eqn.

Speed v here is the (constant) magnitude of the 
velocity during the turning.

To find the period T of the motion, first note that 
the final velocity is the reverse of the initial 
velocity. This means the aircraft leaves on the 
opposite side of the circle from the initial point and 
must have completed half a circle in the given 24.0 
s. Thus a full circle would have taken T  48.0 s.
Substituting these values into our equation for a, 
we find


