Chapter 4

Motion in two and three
dimensions




4.2 Position and Displacement

Position

 The position of a particle can be described by a
position vector, with respect to a reference
origin.

F:Cm%z):xi+yj+zﬁ

* This vector 1s a function of time, describing the
motion of the particle:

(t) = (2(t),y(t), (1))

* The motion traces a path or trajectory in space




Example: Two-dimensional Motion: » (m)
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ordinates (meters) of the rabbit’s position as functions of % com'ponenl
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Example: Two-dimensional Motion:

A rabbit runs across a parking lot on which a set of
coordinate axes has, strangely enough, been drawn. The co-
ordinates (meters) of the rabbit’s position as functions of
time 7 (seconds) are given by

x=-031+ 7.2 + 28 (4-5)
and v =022 — 9.1r + 30. (4-6)
(a) Atr = 15s whatis the rabbit’s position vector 7 in unit-
vector notation and in magnitude-angle notation?

KEY IDEA

The x and y coordinates of the rabbit’s position, as given by
Eqgs. 4-5 and 4-6, are the scalar components of the rabbit’s
position vector 7.
Calculations: We can write

7(1) = x(0)i + y(1)). (4-7)
(We write 7(f) rather than 7 because the components are

functions of £, and thus 7 is also.)
At = 15 s, the scalar components are

x = (=031)(15)8 + (72)(15) + 28 = 66 m
and vy = (0.22)(15)* = (9.1)(15) + 30 = =57 m.

SO T = (66m)i — (57 m)i. (Answer)

which is drawn in Fig. 4-24. To get the magnitude and angle
of 7. we use Eq. 3-6:
r=Vx*+y = V(66m) + (=57 m)’
= 87 m. (Answer)
~57m )

and 6= tan"! % = tan"'( = —41°.  (Answer)
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Displacement

 The displacement of a particle is the change of
the position vector during a certain time.

AF =7y — 7
or, In components:

AT = (372 —T1,Y2 —Yi1,22 — Zl)

Yy

Pl at l|




4.3 Average Velocity and Instantaneous Velocity

For a particle that moves through a displacement of A7
in a time interval At¢, we define its average velocity as
AV

77avg — E

This contains three components, each with an average velocity
... precisely as in motion 1n a straight line!

Vavg — (Uavg,:m Vavg,ys Uavg,z)

with
Azx Ay Az

Vavg,x — At Vavg,y — At Vavg,z — At



The instantaneous velocity 1s obtained in the limit of small
time interval
SE AT
v= lim —
At—0 At
We call this the derivative of the vector. Its components are
derivatives in the usual sense:
. dr
U = (Uxavyavz) — E
where
_ dx ~dy ~dz

Ve = ——, Uy = —, VUy = —
Tdt YooodtT 7 dt

And, again, these are just three copies of the motion in a
straight line case!



The tangent to the
curve at Py is
the direction of v at P,

Y




Example: Two-dimensional Velocity

For the rabbit in the preceding Sample Problem, find the ve-
locity V attime 7 = 15s.

KEY IDEA

We can find v by taking derivatives of the components of
the rabbit’s position vector.

Calculations: Applying the v, part of Eq. 4-12 to
Eq.4-5.we find the x component of V' to be

X d 2
b= - = - (~0312 + 721 + 28)
= —0.62t + 7.2. (4-13)

At 1 = 15 s, this gives v, = —2.1 m/s. Similarly, applying the
v, part of Eq.4-12 to Eq.4-6, we find
dy d

P e E ¢ L 3
vy o = (0.22¢* — 9.1t + 30)

= 044t — 9.1. (4-14)

At 1=15s, this gives v, = =25 m/s. Equation 4-11 then
yields

V= (=21m/ls)i + (=2.5mls)j. (Answer)

which is shown in Fig. 4-5. tangent to the rabbit’s path and in
the direction the rabbit is running atf = 15 s.

v=Ve+vl= V(-21misP + (-2.5m/sp

=33m/s (Answer)
v -25m/s
and 0=tn“'—’=ln"'( )
3 a Ve g =2.1m/s
= tan"'1.19 = —130°, (Answer)

Check: Is the angle —130° or —130° + 180° = 50°7
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components of the vector
at this instant.



4.4 Average Acceleration and Instantaneous Acceleration

Following the same definition as 1n average velocity:

average change in velocity .
acceleration time interval ’ V2 = final instantaneous velocity
U Vo — Vp Av U1 = initial instantaneous velocity
S At At

If we shrink At to zero, then the average acceleration value

approaches to the instantaneous acceleration,
which 1s the derivative of velocity with respect to time:

47
dt

— d ( “ + A + R )
a=—_(vi+ v, v.k
de " y) E

= dt 1 dt dt k note how we freely switch
between component and unit
vector notation!

= a,i i a,j v azﬁ



4.4 Two-dimensional acceleration, rabbit run

For the rabbit in the preceding two Sample Problems, find
the acceleration @ at time 7 = 15 s.

KEY IDEA

We can find @ by taking derivatives of the rabbit’s velocity
components.

v
a, = % = —( —0.621 + 72) = —0.62 m/s
Similarly, applying the a, part of Eq. 4-18 to Eq. 4-14 yiclds
the y component as

/
a,—‘—'———(044:- 9.1) = 0.44 m/s.
’ dt dt

@ = (—062m/s%)i + (044 m/s?)j. (Answer)

a=Va;+a}= V(—0.62 m/s?)? + (0.44 m/s?)?
= (.76 m/s>. (Answer)
For the angle we have

a ~ 0.44 my/s?
=tan"! = =1 "(—' )=—35°.
S e B e

However, this angle, which is the one displayed on a calcula-

tor. indicates that @ is directed to the right and downward
in Fig. 4-7. Yet, we know from the components that @ must
be directed to the left and upward. To find the other angle
that has the same tangent as —35° but is not displayed on a
calculator, we add 1807

-35° + 180° = 145°. (Answer)

This is consistent with the components of @ because it gives
a vector that is to the left and upward. Note that @ has the
same magnitude and direction throughout the rabbit’s run
because the acceleration is constant.
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at this instant.



y (m)
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These are the xand y
components of the vector
at this instant.



Sections 5-7 of Chapter 4

Next Lesson
Now Move on to
Sections &§-9



4.8 Relative Motion in One Dimension

The velocity of a particle depends on the reference frame of
whoever 1s observing the velocity.

Frame A
)

—
-

Frame B

QP

Y Xpnp
VA o

I X
XPA = XPB T XBA

X

Suppose Alex (A) is at the origin of frame A
watching car P (the “particle”) speed past.

Suppose Barbara (B) is at the origin of frame
B, and 1s driving along the highway at
constant speed, also watching car P. Suppose
that they both measure the position of the car
at a given moment. Then:

Xpy = Xpp + Xpa.

where Xp, 1s the position of P as measured by
A. Taking a time derivative, both sides:

d d d

2 (@pa) = - (2pp) + — (B4)

Consequently,

Vpa = Vpp T Vpa.



The acceleration of a particle depends on the reference frame
of whoever 1s observing the acceleration.

Now take another derivative

d d d

%(UPA) = %(’UPB) + %(’UBA)

or
apA = app +apa

A particularly important case i1s when the
frame B moves at constant velocity as seen
from frame A. Then va4is constant and

apA — app

y

Frame A
J

)

Frame B
Qr

Xpn
y PB

Al

XBA

T X
XpA =Xpp + XpA

X



Example: Relative motion, 1-D:

In Fig. 4-18, suppose that Barbara’s velocity relative to Alex
is a constant vy, = 52 km/h and car P is moving in the nega-

tive direction of the x axis.

y y
Frame A Frame B

/ / @r Fig. 4-18

Vga  *PB
. | X
T = T X
XBA XpA = Xpp + XpA
(a) If Alex measures a constant vpy = =78 km/h for car P,

what velocity vpg will Barbara measure?

KEY IDEAS

We can attach a frame of reference A to Alex and a frame of
reference B to Barbara. Because the frames move at constant
velocity relative to each other along one axis, we can use
Eq.4-41 (vpy = vpp + vgy) to relate vpg to vp, and vg,.

Calculation: We find
-78 km/h = Vpp + 52 km/h.
Thus, vpg = —130 km/h. (Answer)

Comment: If car P were connected to Barbara’s car by a
cord wound on a spool, the cord would be unwinding at
a speed of 130 km/h as the two cars separated.



Examp[e_- Relative motion, 1-D: (b) If car P brakes to a stop relative to Alex (and thus rela-

tive to the ground) in time 7 = 10 s at constant acceleration,
what is its acceleration ap, relative to Alex?

In Fig. 4-18, suppose that Barbara’s velocity relative to Alex
P : Syt KEY IDEAS
is a constant vy, = 52 km/h and car P is moving in the nega-

tive direction of the x axis. To calculate the acceleration of car P relative to Alex, we
must use the car’s velocities relative 1o Alex. Because the
y y acceleration is constant, we can use Eq. 2-11 (v = vy + ar) to
Frame A Frame B relate the acceleration to the initial and final velocities of P.
| P Fig. 4-18
Qr Calculation: The initial velocity of P relative to Alex is
- %pp vpa = —78 km/h and the final velocity is 0. Thus, the acceler-
>”" | p~ ation relative to Alex is
T T X
XBA XPA = Xpp + XpA . V=1 00— (=7Skm/h) Im/s
‘ = =
- t 10s 3.6 km/h
: — Lk = 2.2 m/s? (Answer)
(a) If Alex measures a constant vp, = =78 km/h for car P, == -
1 » 1 2 . . .
what velocity vp, will Barbara measure” (¢c) What is the acceleration apy of car P relative to Barbara

KEY IDEAS during the braking?
We can attach a frame of reference A to Alex and a frame of
reference B to Barbara. Because the frames move at constant KEY IDEA

velocity relative to each other along one axis, we can use o calculate the acceleration of car P relative to Barbara, we

Eq.4-41 (vpy = vpp + vga) to relate vpg 1o vpy and vigy. must use the car’s velocities relative to Barbara.
Calculation: We find Calculation: We know the initial velocity of P relative to
2 _ 3 Barbara from part (a) (vpg = —130 km/h). The final velocity of
~78 km/h = vpg + 52 km/h. o Tom PArAR) WWes " e
= P relative to Barbara is —52 km/h (this is the velocity of the
Thus, vpg = —130 km/h. (Answer)  stopped car relative to the moving Barbara). Thus,
Comment: If car P were connected to Barbara’s car by a _v—=vy  —52km/h — (=130km/h) 1 m/s
cord wound on a spool, the cord would be unwinding at =" = 10s 3.6 km/h

a speed of 130 km/h as the two cars separated. = 2.2 m/s2. (Answer)



4.9 Relative Motion in Two Dimensions

A and B, the two observers, are watching P, the moving particle,
from their origins of reference. B moves at a constant velocity
with respect to A, while the corresponding axes of the two frames
remain parallel. rp, refers to the position of P as observed by A,

and so on. From the situation, it is concluded:

rPA =TpB 1+ TBA

l

UpA = UpB +UBA

VBA
i ApAa = app +aBA

Frame B

X Upa = constant —>» dpa = dpp

Frame A



Example: Relative Motion, 2-D airplanes:

In Fig. 4-20a, a plane moves due east while the pilot points
the plane somewhat south of east, toward a steady wind that
blows to the northeast. The plane has velocity v py relative
to the wind, with an airspeed (speed relative to the wind)
of 215 km/h, directed at angle 6 south of east. The wind
has velocity V. relative to the ground with speed 65.0
km/h, directed 20.0° east of north. What is the magnitude of
the velocity Vp; of the plane relative to the ground, and
what is 0?



Example: Relative Motion, 2-D airplanes:

In Fig. 4-20a. a plane moves due cast while the pilot points
the plane somewhat south of east, toward a steady wind that
blows to the northeast. The plane has velocity Vpy relative
to the wind, \w.lh an airspeed (speed relative to the Wll:ld) N This is the plane's actual
of 215 km/h, directed at angle @ south of east. The wind direction of travel

has velocity Vg relative to the ground with speed 65.0 )

km/h, directed 20.0° east of north. What is the magnitude of Ve
the velocity V. of the plane relative to the ground, and J

g -
; E
» ~ ’
what is 6’ N
This is the plane's 20°, -
orientation. ok
This is the wind
direction.
(a)
y

The actual direction

is the vector sum of

the other two vectors
(head-to-tail arrangement).

(b)
Fig. 4-20 A plane flying in a wind.



Example: Relative Motion, 2-D airplanes:

In Fig. 4-20a. a plane moves due cast while the pilot points
the plane somewhat south of east, toward a steady wind that
blows to the northeast. The plane has velocity Vpy relative
to the wind, with an airspeed (speed relative to the wind)
of 215 km/h, directed at angle # south of east. The wind
has velocity Vg relative to the ground with speed 65.0
km/h, directed 20.0° east of north. What is the magnitude of
the velocity Vg of the plane relative to the ground, and
what is 6?

N This is the plane's actual
direction of travel.

E
This is the plane's -
orientation. o
This is the wind
direction.

(a)

The actual direction

is the vector sum of

the other two vectors
(head-to-tail arrangement).

(5
Fig. 4-20 A planc flying in a wind.

KEY IDEAS

The situation is like the one in Fig. 4-19. Here the moving par-
ticle P is the plane, frame A is attached to the ground (call it
(), and frame B is “attached™ to the wind (call it W). We need
a vector diagram like Fig. 4-19 but with three velocity vectors.

Calculations: First we construct a sentence that relates the
three vectors shown in Fig. 4-20b:

velocity of plane _ velocity of plane velocity of wind
relative toground  relative towind — relative to ground.
(PG) (PW) (WG)
This relation is written in vector notation as
Vpe = Vpw + Ve (4-46)

We need to resolve the vectors into components on the co-
ordinate system of Fig. 4-20b5 and then solve Eq. 4-46 axis by
axis. For the y components, we find

VeGy = Vewy T Vwey
or 0= —(215 km/h)sin # + (65.0 km/h)(cos 20.0°).
Solving for # gives us

Similarly, for the x components we find
VeGx = Vewx T VG
Here, because Vp; is parallel to the x axis, the component
Vpix 1S equal to the magnitude vpg. Substituting this nota-
tion and the value # = 16.5°, we find
vpe = (215 km/h)(cos 16.57) + (65.0 km/h)(sin 20.0%)
= 228 km/h. (Answer)



4.5 Projectile Motion

A particle moves 1n a vertical plane, with the
only acceleration equal to the free fall
acceleration, g.

Examples:
Balls 1n sports
Maissiles
Airplane drops




The horizontal component of velocity remains constant.

The vertical component of velocity 1s in free fall, with
downwards acceleration g.

Y 4

¢ ’( )X !

[ )
4 , \-ZT
ll,l. /




¢ In projectile motion, the horizontal motion and the vertical motion are independent
of each other: that 1s, neither motion affects the other.

Y Vertical motion + Horizontal motion -» Projectile motion

This vertical motion plus /
this horizontal motion / |
‘ produces this projectile motion. — T et

¥V, ?. e .
Oy| Vertical velocity

-9 94 X
0

0 Vox

Launch Launch

The 1nitial velocity of the projectile is:

Here, Vo = Vo COs By and vy, = vy sin 6,




4.6: Projectile Motion Analyzed, assuming no external forces other than the weight:

. Vertical
Horizontal Motion:
Motion: no acceleration
acceleration =g

"; — ..VO — I"’Oy [ — %gtz
X —Xp= Vil = (vp sin )t — 5812,
X — Xg = (vgcos Gy)t. vy = Vo sin 6y — gt
vy = (vgsin 6p)* — 2g(y — o).

To get trajectory,
eliminate time, ¢: ‘

5
ox?

v = (tan 6,)x —




gx-

v = (tan 6,)x — (v cos 67

1s the equation for

2
a parabola: y = ax” + b+

2 hereis y = R




The horizontal range of a projectile 1s the horizontal
distance when 1t returns to 1ts launching height

Equations for displacement

. . . — Y NC - — X = (v, COS )1
in the x- and y-directions R = (vgcos )t WA TN
respectively at the time ¢ _ :

. . ) = ) Q 0 — l; 2 V= Yo = Vol — 301°
when the projectile returns = (Vo sIn 6p)t — 5g1~. SO T

= (v sin Gy)t — 381°,

to launching height:

I/, m
)

10 X__,_---’ : 369
Eliminating ¢: dr / NG

g,
2v3 i
~¥() . —_
R - Sin 0() COS 9(). - SIn 29().
g 5

The horizontal range R i1s maximum for a launch angle of 45°. ‘




Example: Projectile Motion:

In Fig. 4-14, a rescue plane flies at 198 km/h (= 55.0 m/s) and
constant height 2 = 500 m toward a point directly over a
victim, where a rescue capsule is to land.

(a) What should be the angle ¢ of the pilot’s line of sight to
the victim when the capsule release is made?

Fig. 4-14 A plane drops a rescue capsule while moving at con-
stant velocity in level flight. While falling, the capsule remains un-
der the plane.



Fig. 4-14 A plane drops a rescue capsule while moving at con-
stant velocity in level flight. While falling, the capsule remains un-
der the plane.

KEY IDEAS

Once released, the capsule is a projectile, so its horizontal
and vertical motions can be considered separately (we need
not consider the actual curved path of the capsule).

Calculations: In Fig. 4-14, we sce that ¢ is given by

X
= tan~! —,
¢ h

Here we know that x; = 0 because the origin is placed at
the point of release. Because the capsule is released and
not shot from the plane, its initial velocity ¥, is equal to
the plane’s velocity. Thus, we know also that the initial ve-
locity has magnitude v, = 55.0 m/s and angle 4, = 0°
(measured relative to the positive direction of the x axis).
However, we do not know the time 7 the capsule takes to
move from the plane to the victim.

To find 7, we next consider the vertical motion and
specifically Eq.4-22:

v = yo = (vosin )t — 3gr*. (4-29)

Here the vertical displacement y — vy, of the capsule is
=500 m (the negative value indicates that the capsule
moves downward). So,

~500 m = (55.0 m/s)(sin 0°)r — 3(9.8 m/s*)i%. (4-30)

Solving for £, we find 1 = 10.1 s. Using that value in Eq. 4-28
yields

x = 0= (55.0 m/s)(cos 0°)(10.1 s), (4-31)
or x=5555m.

where x is the horizontal coordinate of the victim (and of Then Eq.4-27 gives us

the capsule when it hits the water) and & = 500 m. We

should be able to find x

X — Xg = (vgcos fy)L.

5555 m
= b _l —— i A
¢ = tan 500 48.0° (Answer)



(b) As the capsule reaches the water, what is its velocity v in
unit-vector notation and in magnitude-angle notation?

Fig. 4-14 A plane drops a rescue capsule while moving at con-
stant velocity in level flight. While falling, the capsule remains un-
der the plane.



Example: Projectile Motion:

(1) The horizontal and vertical components of the capsule’s
velocity are independent. (2) Component v, does not
change from its initial value v, = v cos f because thereis =y sin 6, — gt
no horizontal acceleration. (3) Component v, changes from .
its initial value vy, = vysin f, because there is a vertical = (55.0 m/s)(sin 0°) — (9.8 m/s?)(10.1 s)

acceleration. —99.0 m/s.

Calculations: When the capsule reaches the water,
vy = vy c0s fy = (55.0 m/s)(cos 0°) = 55.0 m/s.

Using Eq. 4-23 and the capsule’s time of fall 1 = 10.1 s, we
also find that when the capsule reaches the water,

Thus, at the water
V = (55.0m/s)i — (99.0m/s)j.  (Answer)

Using Eq. 3-6 as a guide, we find that the magnitude and the
angle of vV are

v=113m/s and €= —60.9°. (Answer)

Fig. 4-14 A plane drops a rescue capsule while moving at con-
stant velocity in level flight. While falling, the capsule remains un-
der the plane.



4.7 Uniform Circular Motion

The speed of
the particle 1s
constant

Uniform

circular
motion

A particle
travels around
a
circle/circular
arc




4.7 Uniform Circular Motion

As the direction of the velocity of the particle changes, there
is an acceleration (even for constant speed!)

CENTRIPETAL
(center-seeking) a=
ACCELERATION

Here v 1s the speed of the
particle and r 1s the radius of
the circle.

The “uniform” in
“Uniform Circular Motion”
means constant speed.

(centripetal acceleration),

The acceleration vector
always points toward the
center.

The velocity \

vector is always
tangent to the path.



4.7 Uniform Circular Motion:

Centripetal acceleration, proof of a = v?/r X
o P
I give a different proof than the textbook, one that uses calculus '
(it is, after all, a calculus based course!) A
x = rcosb 5
Points (x,y) on a circle of radius : :
y =rsinf

Note: r 1s constant and € 1s changing in time

_ dx d . .do
Compute velocity by Uy = —— =r—-cos = —rsinf—
: L dt dt dt
taking derivative
4y d sin 6 cos 0 40
R TR TS

Compute speed = magnitude of velocity, and for uniform motion require it be constant

0\ o\ _ |do
o 2 2 _ — 1 — 1. - 14
v \/m \/( rsm@dt> + (rcos@dt) b
db v " DR DR
- == constant, “angular velocity’ =
7/)

solve differential notice similarity to B
equation: = 0o + wol straight line motion: T = To + Vot



dx d

Vpy = — = r—cosf = —rsin@—t

T dtdt
_dy d

— = pr—sinf zrcosﬁ—t

Y T T

Compute acceleration by

taking derivative

and finally prove

_duy

a= —w

27

_ duy

(centripetal!)




Useful 1dentities and definitions

frequency = number of cycles per unit time = f

period = time it takes for one cycle=T

From AO = wt foronecycle: 27 =wT
. 27 27 1 W v
period: T'= — = —— and frequency: f = = = — = —
W v 1T 27 27r
Finally notice also that
2 v’
V= Wr and a=wToT=—=Wwv



Sample Problem: Top gun pilots in turns

“Top gun™ pilots have long worried about taking a turn too
tightly. As a pilot’s body undergoes centripetal acceleration,
with the head toward the center of curvature, the blood
pressure in the brain decreases, leading to loss of brain
function.

There are several warning signs. When the centripetal
acceleration is 2g or 3g, the pilot feels heavy. At about 4g,
the pilot’s vision switches to black and white and narrows to
“tunnel vision.” If that acceleration is sustained or in-
creased, vision ceases and, soon after, the pilot is uncon-
scious—a condition known as g-LOC for “g-induced loss of
consciousness.”

What is the magnitude of the acceleration, in g units, of
a pilot whose aircraft enters a horizontal circular turn with a
velocity of vV, = = (4001 + SOOJ) m/s and 24.0 s later leaves the
turn with a velocnty Ofl = (—400i — 500j) m/s? -



Sample Problem: Top gun pilots in turns

“Top gun™ pilots have long worried about taking a turn too
tightly. As a pilot’s body undergoes centripetal acceleration,
with the head toward the center of curvature, the blood
pressure in the brain decreases, leading to loss of brain
function.

There are several warning signs. When the centripetal
acceleration is 2g or 3g, the pilot feels heavy. At about 4g,
the pilot’s vision switches to black and white and narrows to
“tunnel vision.” If that acceleration is sustained or in-
creased, vision ceases and, soon after, the pilot is uncon-
scious —a condition known as g-LOC for “g-induced loss of
consciousness.”

What is the magnitude of the acceleration, in g units, of
a pilot whose aircraft enters a horizontal circular turn with a
velocity of ¥, = (4001 + 500j) m/s and 24.0 s later leaves the
turn with a velocity ol"r',. = (—4001 — 500)) m/s? -

KEY IDEAS

We assume the turn is made with uniform circular
motion.

Then the pilot’s acceleration is centripetal and has
magnitude a given by 5 =2/R.

Also, the time required to complete a full circle
is the period given by 7 =2xRN

Calculations:

Because we do not know radius R, let’s solve for R
from the period equation for R and substitute into t
acceleration egn.

Speed v here is the (constant) magnitude of the
velocity during the turning.

v = \/(40() m/s)? + (500 m/s)? = 640.31 m/s.

To find the period T of the motion, first note that
the final velocity is the reverse of the initial
velocity. This means the aircraft leaves on the
opposite side of the circle from the initial point and
must have completed half a circle in the given 24.0
s. Thus a full circle would have taken 7' 48.0 s.
Substituting these values into our equation for g,
we find

2m(640.31 m/s) T
a= = 83.81 m/s- = 8.6g.

Answer
48.0's ( =




