Homework Set 4
Due Wednesday, 07/20

Problem 1: Aroom has two open windows on the same wal, distance of 4 meters
apart. Aloud car horn is sounded outside. Areole along the opposite wall, 15
meters away, can hear the sound loudly when hieastly opposite the point between
the two windows, but if he moves to the point dieacross from one of the windows,
the sound becomes much quieter, growing loudenagmthe observer moves farther
away from the center. What is the main frequerfdh® car horn?

Minimum intensity

6m Maximum intensity

15m

Solution: The point directly across from the window is fiist point where destructive
interference occurs. The path length differeneeeis 1/2.

Minimum intensity

Maximum intensity

Hm

From the diagram above, the path lengths fromwloevtindows are; = 15m and
X, = (6>+15)*m = 16.16n. The path length difference is half the wavelbngnd is
equal to 1.16. Thus the wavelength is 2182 This corresponds to a frequency of

f=v/A=330n/s/ 2.32n= 14z



Problem 2: Laser light of wavelength= 520nmis incident on a CD at an angle of 30
degrees to the normal, as shown in the diagrane. ré@thected light is projected onto a
screen. The diffraction fringes are found to helirections 1.2 degrees apart. What is
the separation between the tracks on the CD? H&:laser light arriving at the
different tracks already has a path length diffeesitom the laser, in addition to the path
length difference to the screen.

1.2°
30°

==

Solution: The CD has a bunch of parallel tracks that reflght and act as a diffraction
grating. Since the diffraction grating produces slame diffraction angles as a double
slit with the same spacing, let us look at a phimearby tracks and see what is the path
length difference for the light reflected off theee tracks:

Suppose the light comes in at an angl&ef3(, and we look at a point on the screen in
the directionp= 6+ O. Note that we use this angle because some lidjrbvev

diffracted away by an angkfrom the central maximum given by the law of refien.
Beam 1 accumulates an additional path leatyihr= d sin(6+ J) after reflection, while
beam 2 has an additional path lengi = d sin & prior to reflection. The path length
difference isdx, - 4Ax, = d(sin(é+ J) - sin 6) = nA for constructive interference. The

n = 1 diffraction maximum is separated from the centnakimum byo= 1.2, so

520nm
il = — ki — = 28.9um
sin(30° + 1.2°) — sin(30°)




Problem 3: In the year 2265, United Earth spaceships argpqd with 100GW laser
cannons, firing infra-red laser beams with a wawgile of 1.Q/m. The laser beams have
a diameter of 2&mwhen they emerge from the laser cannon. Aliems fAlpha

Centauri are invading. The alien spaceships hlardds that can withstand infra-red
light intensities of up to 1GW /i What is the effective range of the laser cannons
against the alien spaceships?

Solution:

The laser beam from the cannon spreads due tadifin. Its power is 100GW, so the
maximum cross-sectional area of the beam shouldbat to give an intensity of 1
GWI/n?. SinceA = 712, this gives a beam radiusiof 5.64m.

5  |r=s56m

R
This beam radius is reached at the effective r&g€he effective range is related to the
diffraction angle@by 8=r/ R (this is true becaus® is a small angle). But the
diffraction angle is9= A/ a, whereA is the wavelength of light aralis the aperture

size of the beam. Therefore,

g_A_T
i 5
il (0.25m
h=—-r=—#¥—
A 10=%m

% 5.64m = 1.41 x 10%n = 1410km

The effective range of this laser cannon agairesatien spaceships is about 1400
kilometers.



Problem 4: A thin film with thicknesgdd = 400hmhas an index of refractian= 1.42.
Light is incident on the film at an angle of 30 dsgs with respect to the normal. What
wavelengths of visible light in the reflection anehanced by constructive interference?

Source Observer
3 [] o \

n=1
n=142
n=1

Solution:
The two light paths shown in the diagram underdf@idint phase shifts due to reflection

from different interfaces, and different distantraseled. A close-up of the diagram

looks like this:
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Beam 1 undergoes a phase changediring reflection, and travels an additional
distancedx; = 2asin & = 2dtan & sin 8.. The total phase change due to these things is

2 A N drd sin #y tan #,
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Beam 2 doesn't undergo a phase change duringtrefieand travels an additional
distancedx, = 2h = 2d /cos &. Since the wavelength in the mediumlis A,/ n, beam
2 undergoes a phase change of

Ad 2T ATy A
(o = =
. )H )'-1]{'{.:'-"5 H:

For constructive interference, the difference iagghbetween the two beams should be a
multiple of 277:

. _ drnd A sin #y tan #s .
Ay — Ay = ——— — 1 — : = 2
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We knowd, n and & and can calculat& from Snell's law:

d = 400nm

n =142

f = 30°

18in fs = sin By = 20.6°

Using this in our equation gives

_lﬁ[l[lu.m. 1.42 0 188)_2126:1;31
Yoo 4+1 0936 25+

For values of starting from zero, we get wavelengths of 2126708 m, 425 1m,

303 m, etc. Constructive interference will amplify teesavelengths in the reflection
and suppress the ones in between. Of these waytleteonly 708mand 425mare in
the visible range.



Problem 5:

Non-polarized light with intensitis travels in the direction of theaxis. The light is
incident on a polarizing filter 1 oriented in tkelirection. The light then passes through
another filter 2, oriented at angjgo thex-axis, and then filter 3, oriented in the
y-direction. The intensity of the emerging lightmgeasured to be 1/10 bf What is the
angleg? If there are multiple distinct possible angfes] all of them.

X
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Solution: After the light passes through the first filiéklpecomes polarized in the
direction, and its intensity becomigs 2. After the light passes through the second
filter, it is polarized in the direction of the e filter, and its intensity id«/ 2) cogg
The third filter is at an angla/ 2 - ¢ to the second, so after the light passes thrdugh
third filter, it is polarized in thg direction, and its intensity is

I, = (lo/ 2) cog@cod(rt/ 2 - @) = (lo/ 2) cos@sirtg = (lo/ 2) cog@(1 - cose). From
the problem statement,

.I] ] . I_I
I, = ?L{-{JH_' 0 (1 — {-U{f_l{;) — ﬁ
(cos™ ¢)" —cos"p+ - =10

[

- 4
COs™ ¢ = - (1 + \I."lll — :) =0.276  or 0.723
¥

o
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¢ = 31.7° or 58.3



Problem 6:
A microscope has a length of 16m@ The focal length of the eyepiece is @80 The
microscope has objectives that give 300X, 900X E@DX magnification.

(&) What is the focal length of each objective?

(b) The microscope slide is illuminated with a &tilight when the lowest-
magnification objective is used. If we want tlaene level of image illumination at the
highest magnification, what power light should vee?

Solution: We need to relate the focal length of the obyecto the magnification. The
magnification given on the objectives is with theerascope adjusted so that the final
image is at infinity, compared to a standard ey &inear point of 25n for objects
that produce a small image angle. The ray diadgoara microscope looks like this:

, Loatk
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First, relate the angle subtended by the im@de the focal length of the objectite
For a very small object, which produces a smallange have

L— fg ) 1

_ , —

fe P P : L/ fo —1/(L— fg)
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The reference anglé is that produced by the object at the near poititout using a
microscope. Thusy =h/pw The angular magnification is

t (L — f& ) Pyp
m=—= —1
By fo Ie

Solving this for the focal length of the objectaed using the parameters given for the
microscope gives
L — i i
Je = Je m + 1
ffJ PN P
(L — fg) 9.20cm 9.20cm
fo=

il fe/onr) + 1 (0.80/25)m+1  0.032m + 1




Now we just use the given magnifications in thisagn. Usingn =300 gives
fo = 0.86&m. Form =900, we gef, = 0.30Zm, and form =1800,f, = 0.15&m

For part (b), we realize that for the highest magation, the image appears to be 6
times bigger than for the lowest magnificationtls® area in view is 36 times smaller
than at the lowest magnification. We want thisadereceive as much light as the field
of view did at the lowest magnification, so we mustrease the power of the light by a
factor of 36 to make up for a smaller area. Tlwreefwe need 180 watts.

Problem 7:
Suppose that a near-sighted person has a neargbdidtcmand a far point of 56dn
His lens is 1.96mfrom the retina.

(a) What lens power should this person use iEhe wear contact lenses?

(b) What lens power should he use if he is toglasses, which sit 1.8thfrom the
cornea?

(c) If this person's vision is corrected with leaswhat is his new near point?
(d) Between what limits does the power of thisspats lens-cornea combination vary?

Solution:

(a) When the person wearing contact lenses |loob&bjacts far away, he should see a
virtual image at the far point, so that the eyasfocaus on the image properly. The
focal length of the lens is given by 1/ (U/p+1/q)=1/(0 +1/-56.6m =-56.&km
The power of the lens is one over the focal lemgtmeters:P =1 /-0.56n=-1.79D.

(b) With glasses, the image should now be 56.6 =154.%Fmfrom the front of the
glasses, so the focal length should be -&#.5The power is 1 / -0.54%= -1.83D.

(c) The answer to this is the distance at whicblgact forms an image that falls on the
eye's near poing(= -pnp). This givegp =1/ (-1/56cm + 1/10.5cm) = 128

(d) When the person is focused on an object dfathgoint (56.@m), the light is
focused on the retina, L@ behind the cornea and lens. The focal length@fehs-
cornea combination is thifis 1 / (1/56.@m+ 1/1.Tm) = 1.83&m The corresponding
power is 54.4D.

When the person is focused on an object at a @t (10.5cm), the focal length
becomed =1/ (1/10.£m+ 1/1.€m) = 1.60em The power is 62.2D. The power of
the lens-cornea combination thus varies from 548 @2t 2 diopters.



Problem 8:

We want to build a telescope that is designedrecty observe planets orbiting other
stars. The light of the star would normally oveelvh the much less intense reflected
light from the planet, but if the telescope canasafe the images of the star and the
planet, the light of the star can be blocked didyang the image of the planet to be
detected.

(a) We want to be able to detect planets in Elgteherbits around stars up to 80 light-
years away. If the telescope looks for wavelengthght close to 600m,what is the
minimum required diameter of the telescope mirrdsadume that we will put this
telescope in space, so the resolution is limitethleydiffraction limit, not by the
atmosphere.

(b) If we aim the same telescope at the Moon,kilometers away, what is the
minimum size of the features on the Moon's surthaécan be resolved?

(c) Images with this telescope are obtained wi@Cd camera, with no eyepiece. The
pixels on the CCD are @ across. We do not want the telescope's resolttibe
limited by that of the camera. What is the minimiawal length of the telescope's
mirror?

Solution:

(a) The Earth is about 150 million km from the Saind we are looking for planets at a
similar distance from their star. The largest dagseparation between the star and the
planet is@=r / R, wherer is the radius of the orbit aritlis the distance from the star-
planet system to the telescope. We want to at benable to detect the planet when it is
at maximum angular separation from the star.

A light-year is the distance light travels in a jege can calculate this to be
(365 d/yr)(86400 s/d)(3 x 2&m/s) = 9.46 x 18 km. At 80 years, the maximum angle
between the planet and the star as viewed froninkEart

1.50 x 10%km

= —— = 1.98 x 10" "rad
80 x 9.46 x 102 km

The diffraction limit must be smaller than this &ng
A .
A= —< 198 x 107"

L

6.00 % 10" " m
\-H} ]

1.98 = 10—

= 3



The telescope mirror must thus be at least 3 matgoss to distinguish the star and the
planet. However, note that at this aperture siEjmages of the star and the planet will
still overlap considerably, so it will be difficuid separate the light. Also, the planet will
only be detectable when it is at the point in Hisitothat places it at the largest possible
angle from the star as seen from Earth. Increabi@@perture size well above the
minimum limit would help alleviate these difficids. 6 meters would be much better
than the minimum value of 3 meters.

(b) The telescope can resolve features 2 ra@lians across (or even smaller, if the
bigger mirror is used). This corresponds to aadiis¢ on the Moon of

h=(2x 1077)(3.84 x 10°km) = TTm

(c) In order to not limit the telescope's resantithe camera must be able to distinguish
angles at the diffraction limit. The size of tineaige at the diffraction limit on the image
plane ish' = f 4. We wanth' to be at least 6/8n, so that the CCD can resolve it.
Therefore,

_ 6.8x 10~ %m

2% 1077

f = 34

The focal length of the telescope's mirror musinoee than 34 meters to allow the
camera to fully resolve the image.



Problem 9: (Extra Credit)
This problem asks you to analyze a key experinfaattdstablished that the speed of
light is the same for all observers, and for lighining from all directions.

Suppose that Einstein was wrong, and the speeghtfdid in fact depend on the
observer. Suppose that there is a specific reterélame in which the speed of light is
the same in all directions. If an observer movih vespect to that frame, then if not
for Einstein's relativity, he would see light comitowards him from the direction he's
moving in go faster thany while light catching up from behind would go skwhanc.

Now suppose that the observer carries a Michelsienferometer with him. The
interferometer has arms 25 meters long, and uggralight. The observer begins with
arm 1 of the interferometer aligned in the directod the observer's motion, and slowly
rotates the apparatus until arm 2 points in theation of his motion:

——1

Am 1 2

Amm 1 %

7 | S
&1\ Z% Arm 2

If the speed of light depends on the directiontlighcoming from, then as the

interferometer is rotated, fringes would go by.pfaose the observer does the

experiment in January. No fringes go by. The oleseconcludes that in his current
frame, the speed of light is the same in all dioes.

Now the observer repeats this experiment six maaties, when the Earth's orbital
motion is carrying him in the opposite directiorddre is thus moving relative to his
previous frame. If the speed of light dependedthenobserver's motion, how many
fringes would go by as the interferometer was satat



Solution:

Note that the physics in the solution are compyetgbng. The ether model has been
disproved (in part by this experiment), but to et predictions for the experiment, we
will pretend that it is correct. If it was corretiten the speed of light would be the same
in all directions relative to the ether, but nat éservers moving through the ether.

Consider first the light traveling from the beantitsgr to the end of arm 1, with arm 1
pointing in the direction of the observer's motidrhe light travels at speedelative to
the ether, but since the observer is moving atdspaethe direction of arm 1, the light
relative to the observer moves at speedi The time it takes the light to get to the end
of arm 1 is therefore= d / (c-v), and the number of oscillations the wave undergoes
ft =1fd / (c-v)

Now the light comes back. The observer is now mgwiead-on towards the light, so
he should see the light moving at speed. The amount of time it takes the light to get
back to the beam splitter is therefored / (c+v), and the number of oscillations the
wave goes through 6= fd / (c+v).

Thus the wave traveling up and down arm 1 undergdetal number of oscillations

1 1 ctuvte—u 2e
N, = d = d= i
l (r'—t'+r"|—t')f [r'-l-t'][r'—t']ljr ¢ — t'ff

The wave traveling up and down arm 2 travels withgame speed in each direction.
The amount of time it takes Z&l / ¢ and the number of oscillations is undergoes is

N, = 2fd
R
The difference in the number of oscillations betw#ee first and the second arm is
-""'r"l — 1 "3 = gf”r ( E - 5 E) - Ef”rrld _ .l;r" _.atld) = :Efn' = all 5
e i o N t"':l S e |

When the two arms are exchanged, this differencevisrsed, so the number of fringes
that go by is twice that amount:

N, = dfd :,g _ v 100m v? VT I

= 5 5 o - = o
0o — e A es— = dx 107" mes — = 0e— =

Finally, the Earth's orbital speed can be deterchinem the fact that the Earth takes one
year to complete a whole revolution around the stime speed is thus

v =27/R [ T=30km/s. If we assume that the first experimeeided negative results
because the Earth happened to be at rest relatthe iether, then six months later, it



will be moving in the opposite direction, and tha$ move at about 60km/s relative to
the ether. Using this for the speedbove, we calculate the number of fringes:
(60km /s)?

Ny =2 x 10°- SRR A =3
(3 % 10%km /s)? — (60km /s)?

Therefore, 8 fringes would go by.

Problem 10: (Extra Credit)

It is said that individuals with particularly goegiesight can see the phases of Venus
(that is, they can see that Venus is not a fullyminated disk, but rather a portion of a
disk, just as the Moon is when it is not full). rdan pupil size can be up taménwhen
fully dark-adapted, the distance from the eye &or#tina can be up to 22n and the
distance between individual rods on the retindbmua3/m. Is it possible that an
individual with eyes like this, and with perfecsin, can see the phase of Venus when
Venus is positioned relative to the Earth as shiowthe diagram? Consider both the
diffraction limit and the resolution limit of thetina.

Solution: First, we will determine the angular diameteMehus as seen from the
Earth, and then we will see if the eye can restilieas more than a single point, subject
to the diffraction limit and the resolution limit.

The distance to Venus in the diagram forms the tgmpese of the right triangle. I &
the distance of the Earth from the Sun, ant @he distance of Venus from the Sun, the
distance of Venus from Earth in the diagram is etjua

D= %,.-*"ui_. +a = (150 % 108km)? + (1.08 x 10%km)? = 1.85 x 10°km

The diameter of Venus is 12106, so the angle subtended by Venus is
1.21 % 10*km

— - = 6.54 x 10 rad
1.85 % 10%km




Now we will determine the diffraction limit and tinesolution limit of the eye

mentioned. The diffraction limit depends on thevelangth, but the smallest angles can
be seen in the shortest wavelengths. The humaoagyelearly see down to about
400nm, so the diffraction limit is approximately

)~ .
Hrf — i — m — _L_l: ' 1“_"']:-”“,
i 0 % 10"%m

Venus passes the diffraction limit, but barely.e Biee of the image of Venus on the
retina is

W= 8= (22mm)(6.5 x 10 rad) = 1.4pm

This is a lot smaller than the separation betwhemnrdds, and in fact even smaller than
the separation between the cones, which can bmabas 2um. The separation
between light-sensitive cells doesn't vary mucmfiodividual to individual. Thus, the
eye cannot distinguish Venus as more than a pauet to the resolution limit of the
retina. Stories about individuals who can seetieses of Venus are most likely false,
unless there are people with eyesvn diameter.



