Homework Set 3
Due Thursday, 07/14

Problem 1

A room contains two parallel wall mirrors, on oppesvalls 5 meters apart. The

mirrors are 8 meters long. Suppose that one petsmials in a doorway, in line with
mirror 2 and one meter away from it, and anothesqe (the observer) stands one meter
away from the other edge of the mirror. If theawsr looks at mirror 1, how many
images of the other person does he see?
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Solution: Each possible path of light between the persaitla® observer produces an
image. There is a distance of 1 meters betweepdison and the corner of the mirror,
so the path with the most possible reflections daea the person to the edge of mirror
1, a shift of 1 meter. The reflection angle is $hene as the incidence angle, so the light
gets back to mirror 2 at a point 1 meter from thigee It goes back to mirror 1 at 2
meters from the edge, then to mirror 2 at 3 metanspr 1 at 4 meters, mirror 2 at 5
meters, 1 at 6 meters, 2 at 7 meters, and fingdynhirror 1 at 8 meters and is reflected
back to the observer, making a total of 9 reflewio
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It is clearly possible to have a path with juseflaction (light goes to center of mirror 1,

then to the observer):

The next possible path has 3 reflections (twiceroffor 1, once off mirror 2):

AN

Clearly any odd number of reflections up to 9 isgible. Thus, there are 5 possible
paths (with 1, 3, 5, 7 and 9 reflections), andh&odbserver will see 5 images.




Problem 2

A pencil going through the surface of the wateresp to bend slightly where it crosses
the surface. The pencil enters the water withragieaof 45 degrees to the vertical. If an
observer is looking at the pencil approximatelyrirabove, at what angle does the
pencil appear to bend (by how many degrees do@saige diverge from a straight
line)? Assume that the index of refraction of wadel.33.

Solution: Suppose a lengthof pencil is submerged underwater. Then, theldepthe
pencil's tip isL cos45°.
0
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Due to refraction of light through the water, thepth of the tip appears to be less than it
actually is. Using the equation for refractiorlight by a spherical surface in the limit
whereR goes to infinity, we obtain
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The apparent depth of the pencil tip is thus lbas the actual depth:
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The angleo made by the image of the pencil with the vertisalosa = 0.75 cos45°, or
a =58. The difference between this angle and the aetiogle of the pencil is°8so
the pencil appears to be bent By 8

BE
c =0.75 cos 45°




Problem 3

A transparent sphere forms an image of the Sungeigan its surface, on the side
opposite to the direction of the Sun. What isittuex of refraction of the material of
the sphere?

Solution:
The equation relating the image distance to theatblgistance and the index of
refraction for a spherical surface is
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The medium where the light originates is airngse 1.00. The image is formed on the
surface of the sphere, which is a distanc2rfrom the point where the light is
incident. So@ = 2R (positive because the image forms on the oppsegiteof the

interface from the object). Also, the Sun is faag, so 1 p = 0O:
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Thus, the index of refraction of the sphere malkesia.

Problem 4

A prism is constructed out of a material that hagaex of refraction given by =

1.388 - 0.006{ / 1000nm) for visible wavelengths. The cross-section @fphnism is an
equilateral triangle. A narrow beam of sunlighp@ssed through this prism as shown
below, and continues on to a screen 10 meters aWag.screen is perpendicular to the
direction of light emerging from the prism.

Screen
10m from prism

(a) How wide is the image of the visible spectramthe screen?

(b) If a 2nmslit is made in the screen so that the middldnefdit admits a wavelength
of 520nm, what is the range of wavelengths that will gotlgh the slit?



Solution:

For the red edge of visible light, the wavelengtiapproximately 75@m Our
approximate equation for the index of refractioelgsnzep = 1.3835. Now we need to
examine the angles at which the light hits theasgfof the prism, and apply Snell's law.
Let us label the angles as follows:

We know thaté, = 30, since the light comes in parallel to the bott@wef of the prism.
The prism is an equilateral triangle, so its angles60, and therefore the light comes in
at 60 to the surface of the prism, or°30 the normal. Next, we can use Snell's law to
calculated: sin& = (1 /ngep) SING, or & = 21.19. The normals to the opposite sides
of the prism intersect at 1206 = 180’ - 120 - & = 38.8F. Finally, use Snell's law

to determined,: sin &, = nrep Sin &, or & = 60.12.

Now repeat the calculation for violet light. Usiag- 390nm, we getnyo = 1.3857.
Repeating the steps in the calculation above, w&ge 3(° as before@ = 21.1% by
Snell's law,6 = 38.85 by geometry, and, = 60.37.

The difference in angle between the emerging reldvaoiet light is
A6=60.37-60.12 = 0.25. When projected onto a screen 10 meters away, the
separation becomes the distance times the angdelians:

T
Ar=0.20°— % 10m = 0.04dm = 4.4em
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For part (b), the slit extends toninoff to either side of the centerminis 1/44 of the
total wavelength range, which is 750 - 390 =1860so Inmon the screen corresponds
to 8.2xmin wavelength. Therefore, the wavelength rangeitield through the slit
extends 8.2xmto either side of the central wavelength. Thesrdnge is

511.8 to 528.2m



Problem 5

An optical fiber has an index of refractian= 1.46 and a diameter= 250 m. Light
travels along the fiber's axis. At one point, fiber bends with a radius of curvature
How small carR be without allowing light to escape?
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Solution: Light traveling along the inside edge of the ealill strike the surface at the
smallest angle to the normal, and is therefore valthe first to escapeffis too small.
First, we draw a diagram of this ray of light aretetmine the angle it will make to the
normal for a giverr:

R
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From the diagram, taB=(R -9 /R

Now, determine the critical angle for light insitthee cable. The critical angle is

_ o 1.00 |
sinflp = =2 = — .704 fp = 44.8°
Ty 1-13

When the critical angle is reached, we have

H]

h l
tan B = 0.992 = % 0.008R = d

1
. i _ 250pm
ft= 0.008  0.008
Thus this cable can be bent with a radius of cureadf 3.125m before light begins to
escape. Ifitis bent more, light will escape frima cable.

= 31.25mm




Problem 6

A scuba diver is at the bottom of a lake with af¢gxtty smooth surface. An airplane is
flying past the lake at an altitude of 6.0 kilometeHow close to the scuba diver (in
terms of horizontal distance, as on a map) muspd#tie of the plane pass in order for the
diver to hear the plane? Assume that the plalmisenough that the diver will hear it

if any sound from it can get to her. Also, assuhna the lake is small, so that any sound
crossing its surface does so directly above thbasdiver's head. The speed of sound in
air is 330m/s and the speed of sound in water is 1608

Solution:

Since the speed of sound in air is lower than itewd# the angle at which the sound
wave comes in makes too large an angle with thealoto the surface of the lake, the
sound will be totally reflected, and the diver wibt hear it. Sound first enters the water
when the direction to the airplane is at a critenadjle to the normal:

iz 331m /s
= —=—-—=1.221
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Use this angle to find the horizontal distancen®dirplane when the sound first enters
the water:
X

h = 6.0km -

Lake
From this diagram, taét = x / hsox = htan & = 1.3&km

Thus if the path of the airplane approaches withg6km of the lake (in horizontal
distance), the diver will hear the airplane.



Problem 7

An object is placed 1.00 meters in front of a cagwey lens with a focal length of 20.0
cm. Another converging lens, with a focal lengtl30.0 cm, is placed behind the first.
The final image forms exactly halfway between #skes. How far apart are the
lenses? Is the image upright or inverted? Whtktasnagnification?
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Solution: Let the distance to the objectfme= 100.0cmand the distance at which the
first lens produces the image tpe The second lens is a distahclkehind the first, so
its object distance i3, = L - q; (the minus sign is becauggis positive if the first image
IS to the right of the first lens). Finally, th@age distance for the second leng:is

-L / 2 (negative because the image is to the left ofdhg). We have the equations:
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First, solve the first equation fqg:
1 1 | | |

= g1 = 20
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Now plug in our relations from above into the seteqguation and solve far.
1 1 1 1 2 1

p 2 fo L-@ L f
folb =2f5(L —q1) = L(L — q)
L+ (fo—q)L—2fq: =0

L2+ (5em) L — 1500em2 = 0

[ Zoem + v (5em)? 4+ 6000cm?
2

Thus the lenses are 36tBapart. The magnification is the product of the tenses’
magnifications:

i 2 2hcm LE )
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= 36.3cm




Problem 8

A lens with a focal length of 25 cm and a concaweanwith a radius of curvature of
100 cm are placed 1.0 meters apart. An objedarsed halfway between the lens and
the mirror, 50 cm from each. Locate the final imadetermine if it is real or virtual,
upright or inverted, and find the magnification.

| 100 cm
[ |
50 cm
O Object
Lens Mirror
f=25cm R =100 cm

This problem is a bit less straightforward thaseems. If we attempt to locate the
iImage for the mirror to use as an object for tms |eve find that no image is formed,
since the object is located at the focal pointweeer, the rays reflected by the mirror
towards the lens are parallel. Let us draw a ragrdm to see what happens:

)
. f 50 cm lfl/k'/\
B

Note that we drew the upper ray through the cesftére mirror's curvature (which is

also in the middle of the lens) so that it gete#&d right back to the center of the lens
and passes straight through. The other ray idlpkt@the first when it gets back to the
lens, and therefore it will cross the first raytteg focal distance after passing through the
lens. The image is thus real and inverted, antiddrat the lens's focal point.

Now by similar trianglesy' / f = h /50cm. ThusM =-h'/h =-f/50cm =-0.50. The
image is upside-down and a factor of 2 smaller tharobject.



Problem 9 (extra credit)

Suppose that you wish to manufacture a “lens” whktfocus sound. You have some
plastic that has a density of @&nt and which decreases in volume by 0.46% when
exposed to a pressure o Ba. If you make the lens out of this materiahgd it be
concave or convex? Suppose you want the sounel tocbised 10 meters away from
the lens. If you leave one side of the lens fidtat should be the radius of curvature of
the other side?

Solution: First determine the bulk modulus of this mateiaald the speed of sound in
the material:
AP 10PN fin?
B=—xvw =
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= 5H21m/s

Next, we will determine the radius of curvaturdlo$ lens from the lens maker's
equation. We will leave the back side of the Igais so 1 /R, = 0. Also, the quantity
N,/ ny is equal tos; / v, since the index of refraction is inversely promoral to the wave
speed in the medium. The lens maker's equatitirers

1 _(n 1)i
f_ f'z_ R,
Solve forR::

th 331lm /s _
Fi={—-=1)f=|= — — 1| % 10m = —=3.65m
tig 02lm /s

The radius of curvature should be -3.65m. Sinegdldius of curvature for the front
side of the lens is negative, this means the legsncave.




Problem 10 (extra credit)
A hiker is traveling from point A to point B on timeap below. Point B is 20 kilometers

north and 10 kilometers east of point A. Thera gtrip of forest between the hiker and
his destination, spanning from 7 km to 13 km naoftpoint A. The hiker's speed on
open terrain is 5 km/h, and in the forest, 3 km/h.
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If the hiker wishes to get to point B in the lepgssible time, what path should he take?
How many kilometers to the east of his positionustidie enter the forest, and where
should he exit it? How much time will it take thiker to get to his destination? How
much time would it take if the hiker simply wentarstraight line from A to B?

Solution: Since the hiker is trying to minimize the time &t from point A to point B,

he will behave in exactly the same way as a bealgtufrefracted by a pane of glass.
The speed of light in the forest is 3/5 that indpen, so if the open terrain is considered
to have an index of refraction of 1, then the foles an index of refraction of 5/3 =

1.67. Draw a diagram of the hiker's path and |#ielngles:
B
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Snell's law (which will minimize the time) tells tisat sin@, = n sin 6. Also, the total
horizontal displacement of the hikerdg = 2(7km) tan& + (6km) tan& = 10km.
Express tar@in terms of sindand plug into the second equation:

sin sin

tanft = =
costl /1 —sin?4

_ 1.67sin _ s11 s

(14k1m) ——— + (6hm)————= = 10km
‘9//1 — 1.67=s1n=t v 1 — sin=fs

This equation has only one variable to solve ®n 6. Using a graphing calculator,
any computer program with a numerical equationespler a trial, error and correction
method, we obtain the solution = 0.3007. Using Snell's law, sth= 0.5012.

This means the hiker enters the forest at the pomt(7km) tan 6; = 4.0kmto the east
of his initial position. He leaves the foresiat x; + (6km)tan 8> = 5.9%mto the east
of his original position.

The distance traveled by the hiker through opeamiters 2 x (km) / cosé =16.1&m
while the distance traveled through the fores6ksrj / cosé = 6.3km The total time
Is therefore

t = (16.1&m) / (5 km/H + (6.3km) / (3km/H = 5.336

If the hiker had simply gone straight, his distatt@@ugh open terrain would be (from
similar triangles)

2 % QLHJE[IS + 102 = 15.65km

His distance through the forest would be

6
~ V202 £ 102 = 6.71km
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The amount of time for the straight-line path is
t = (15.6%m) / (5km/h + (6.7km) / (3km/h) = 5.36'h

The amount of time saved by taking the optimal p@th031 hours, or 1.86 minutes.
So, the hiker doesn't really save that much timé; @ minutes from an approximately
5 hour 20 minute hike. Calculating the optimalpabuld probably take longer than
this.



