Homework Set 2
Due Wednesday, 07/06

Problem 1
A wave on a string has an amplitude of 1.5cm, &pdesf 0.12 seconds, and a
wavelength of 1.1 meters.

a. What is the wave's frequency, angular frequemaye number and wave speed?

b. If the string is under tension of 5.0N, whaitssmass per unit length, in grams per
meter?

c. If the tension in the string changes to 10.0kthe frequency of the wave remains
the same, what is its new wavelength?

Solution:
a. The frequency, angular frequency, wave numbeémaave speed are
1
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b. We know the wave speed from part (a) and arengihe tension, so we can solve for
the mass per unit length:

'IF Fr 5.0N
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\" i ¢z (9.2m/s)?

c. First, determine how the wavelength depend$ernension, if the frequency is held
fixed:
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The wavelength is therefore proportional to theasgquoot of the tension. The tension
Is doubled, so the new wavelength is

Mo = V20 = V2 % Llm = 1.56m



Problem 2

A string with mass per unit lenggh= 10.0g/m is tied down on one side, and runs aver
pulley on the other side, 0.30 meters away. Thiktleat runs over the pulley is attached
to a 1.5 kilogram mass. Assume that the end oétitreg that is tied down and the point
that runs over the pulley cannot move, but thegpletween these points is free to
oscillate.

| L=0230m |
| |

I,u = 10.0g/m q

1.5
kg

a. What is the string's fundamental frequency?

b. Now this system is placed in an acceleratiegabr. The 3rd harmonic frequency is
measured to be 204 hz. Is the elevator accelgrapror down? What is its
acceleration?

Solution:
a. In the fundamental mode, half a wavelengthoiitshe string between= 0 and
x= L. Therefore, the wavelength is 0.60m. The waweedps

_ |Pr_ mg_ [15kg x 9.8m/s?
B \lll noo V nwoo \n‘ 0.010%kg /1
The frequency of the fundamental mode is then

& 38.3m /s
1= X" 060m

b. To figure out the acceleration, we need to ktimeveffective gravity inside the

elevator. We are given the frequency of the 3nanab mode, which is equal to 3 times

the frequency of the 1st mode. Use this to detezrthe wave speed:
3¢ 0.60m x f3 ,.
=3f, = = =% = 4().8m/ s
B=3h=550m ‘ ™
s
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Since the apparent acceleration due to gravitgésie elevator is higher thgrby
1.3m/$, we know that the elevator is accelerating upvedrt.3m/4

= 38.3m/s

— 63.8s71




Problem 3

Two strings with different masses per unit leng# @nnected together and held at a

tension of 50
E 1 %
i il

H; H; F, = 50N

An wave with an amplitude of 2.50cm and a frequesfc§0.0 hz is incident from the
left. The waves on the left-hand string are oles@éto have a wavelength of 30.0cm,
while those on the right-hand string have a wawgleof 20.0cm.

a. What is the mass per unit length, of the left string? What is the mass per unit
length of the right string?

b. What is the amplitude of the transmitted waweshe right string?
c. What is the transmission coefficient? Whdhesreflection coefficient?
Solution:

a. We can determine the mass per unit length themwvavelength and the frequency as
follows:

\" ok 2w/ f7A°
HON _ ,.
M= (60,05 )2(080m)2 — O 1o4ka/m
HON

fly = = 0.34Tkg/m

(60.0s71)2(0.20m )2
b. Using the relation derived in the lecture, ve#ers the incident amplitude ar@lis
the transmitted amplitude,
B 2./ 11 . 2 X 4/ 0.154kq/m
VIV \J015kg/m + \/0.34Tkg /m
c. The transmission and reflection coefficientsenderived in terms of wave speeds.
The wave speeds on the two sidescarefA; = 18 m/sandc; = fA, = 12 m/s. Then,

-1' ]
L = .96 R=1-T=10.04
(01 + eg)*

w 2. 00cm = 2.00cm

This means that 96% of the energy is transmittethbywave from the left section of
string to the right section. Only 4% is reflected.



Problem 4

Suppose that a metal alloy has a density of 7.86fg/@he speed of sound in this metal
Is measured to be 4.08km/s. We take a piece ®ftktal and submerge it to the bottom
of the Mariana Trench, 10.9km below the surfacthefocean. The metal is compressed
by the pressure of the water. By what fractionsdbe volume of this piece of metal
change? Assume that the density of water stay®zippately constant at 1g/ém

Solution:
The compression of a material under pressure em@ted by its bulk modulu8. The
bulk modulus is related to the density and the dpésound:
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Now we need to know the pressure at the bottorheMariana Trench. If

h=1.09 x 10 meters is the height of the water column, an Arebocean bottom is
overlain by the following mass of water:

M= 1-"7;31_1_- = ;4.!’.';31_1.-

The weight of all this water exerts a pressurenendcean bottom (recall that pressure is

force per area):

F ."'1'_'3"[
P = T = T‘f = .l'.'m_l.-_q =107 = 1“5Pu

The same pressure is exerted on our piece of etfae bottom of the trench. As the
pressure changes from atmospheric pressure (edBendéiro) to this very large value,

the fractional change in volume is
7 . I'T I%
_\.T :__Uj:_ 1;[;><1.[ Pa __ g12x107
V e T900kg /m* x (4080m /s)?

The volume of the metal thus decreases by a smatldiectable amount, slightly less
than one part per thousand.



Problem 5

A loudspeaker at a concert is capable of produstmund with intensity level of 120
decibels at a distance of 5 meters from the speaker

a. Assuming that the sound is emitted in sphevieales, what is the power of this
speaker in watts?

b. What is the sound intensity level, in decib&B) meters away from the speaker?

c. At a distance of 5 meters away from the speakeat is the acoustic energy density
in the air (in Joules of acoustic energy per cubater of air)? Assume that the speed of
sound in air is 331m/s.

Solution:
a. First, calculate the intensity of the sound @galpy solving the relationship between
the intensity and the intensity level:

I a4 i o,
1 = 10logn (m) I =107 fm” ox 107 0 —1.0W Jm”

The power of the speaker is the total acousticggnibux produced by the speaker. This
guantity is equal to the intensity times the aled the energy is moving across, which
Is the area of a sphere at 5 meters:

G = 1A =47 ] =47 % (5.0m)* % 1.[I[-‘i-".,.-"'m.j = 314W

b. 100 meters away is 20 times as far as 5 meterthe intensity there is 28 400
times smaller. The intensity level in decibelsnsaller by 10log400=26 db. Thus, the
intensity level at 100 meters is 120 db - 26 dii=B.

c. The energy density is equal to the intensiydeédd by the speed of sound. Itis
o L.OW

PE = — = 7. ;
¢ 33lm)s

= 3.02 x 107°]/m?



Problem 6

Submarine A is following another submarine B. Bath traveling along the same
course in the same direction. Submarine A, tragedit a speed of 6.0 knots (1 knot =
1.85km/h) emits a sonar ping at a frequency of 2200The echo from submarine B
returns 22 seconds later, with a frequency of 2i85Assume that the speed of sound in
water is 1500 m/s. How far away is submarine B, laow fast is it moving?

Solution: This is a Doppler shift problem with multiple g¢e First, we will determine
the frequency of the ping relative to the watehefi, we will determine the frequency as
observed by submarine B. The echo will be refegtte submarine B at the same
frequency as the observed ping. Then, we willdetee the frequency of the echo
relative to the water, and finally, the frequenéyne echo as observed by submarine A.

The frequency of the ping relative to the water is

e 1500m /s
frw = Tfrs = frs '

C— vy 1500m /s — 3.08m/ s

= 100206 fp

The frequency of the ping detected by the othemsulme equal to the frequency of the
echo at the source, and is given by

. A . o+ g
fro=frw = L.00206 f p s = fes
The frequency of the echo relative to the water is
P -_|_ t
fE.l-'l-' = fE.S : = ]_“[I.ZHGfIH;r B
=1 — 1
Finally, the frequency of the echo as detectedutiyrgrine A is
-_|_ |J_ -_|_ t _ -_|_ t
feo= fow——2 = 1.00206fpse——2 % 1.00205 = 1.00412 fp g — 2
r o — g — g

Now solve forvg:
(¢ —vp)feo = 1.00412(c+ vg)frs

(LO0412fps + feo)vs = (feo — 100412 fpg)e

_ fro—1.00412fpg
 femo+1.00412fp g
Recall that with our sign convention, a negativenbar means the object is moving

away from the observer. So, submarine B is moaingy from submarine A with a
speed of 16 knots relative to the water.

tp

c=—821lm/s = —29.6km/h = —16.0kts

The distance to submarine BRs= 1/2 (22 s x 1500 m/s) = 16.5km. There is a small
correction due to the fact that the submarines naolbg over 22 seconds.



Problem 7

Two train whistles have identical frequencies dd 22. Suppose that one train is at rest,
while another is approaching it on a collision cguwith a constant speed Both trains
are sounding their whistles, and are 100 metery &woa each other. An observer on
the stationary train hears a beat frequency oh4.0How many seconds before the
trains collide?

Solution: The frequency of the approaching train, as hbgrithe stationary observer, is
Doppler shifted. Since the train is approachihg,ftequency increases. A beat
frequency of 4.0 hz means that the shifted frequend.Ohz greater than the frequency
of the sound coming from the stationary train. réfere,

I"
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If the moving train doesn't stop, the trains wdllde in 100 m/ 5.91 m/s = 16.9 s.



Problem 8
A flute generates a note at a frequency of 1440Tie air temperature is Z5.

a. If one were to attempt the same note on the 8u0C, what frequency would be
generated? What about at°@@

b. Now suppose that the note is played in an gihrere of helium at 2&. What is the
frequency then? (Assume th&f um = Bar).

Solution:
Recall that the density of air is inversely proporél to the temperature above absolute
zero. At OC, the density of the air is

Toee 273K + 20K

— e = ———pore = 1.092pa50
Jﬂ](' 27 -”‘L

ffo =

Now, the flute's frequency is the frequency ofamnding wave within the flute. This
frequency depends on the density of air as follows:
¢ 1 |B

|

STyl

Thus the frequency is inversely proportional todivedensity. If the density increases
by a factor of 1.092, the frequency becomes
)g~ 1
f= s 1378s7}

v 1.092

Repeating the calculation for “X) we obtain
273K + 20K

W == - L — [lf]fﬂ E
PUOC = 573K + 20K ¢ Y4P2sc
1440571
= = 1476hz
(0.952

(b) The density of an ideal gas, at equal tempegadnd pressure, is proportional to its
molecular weight. Air is primarily nitrogei,, with a molecular weight of
approximately 28 amu. Helium is a monoatomic gdbk &molecular weight of 4 amu.
Therefore, the density of helium is approximateB84= 0.143 that of air. Therefore, in
helium,

1440571

vi0L143

= 3808hz



Problem 9 (Extra Credit)
Suppose that a type of wave obeys the followingawéof the wave equation, known as
the Klein-Gordon equation:

s ] 2 t;’jlr I

— " — —I—::jg =1l
= =

a. Show that a sine wawer A sin(kx-wt), satisfies the Klein-Gordon equation.

b. What is the relationship between the angulguencywand the wave numbé&irfor
a Klein-Gordon wave, in terms of the constanénda?

c. What is the phase speed of Klein-Gordon waw&4fat is the group speed? Show
that although the phase moves faster thamave packets always move slower tisan

Solution:
a. Take the derivatives of the sine wave:

%y

}3 ] . ] .
ull) = —w Asin(kr — wt) -~ = —k~ Asin(kx — wt)

It =
Pluggingy and its derivatives into the Klein-Gordon equatom eliminating the
common factor oA sin(kx-wt), we obtain

] -] -] ]
we—c kT —a =10

As long as this relation is satisfied, the sine avaatisfies the Klein-Gordon equation.

b. Solving the relation above fay,
w =V i2h?+ a2

c. The phase speed is

™

Uy = {;—J = ;—l_‘n,.f o2 gl = ’(‘I,l'llr'j — }:
Note that we are using the symbptather tharc for the phase speed, sinces now
just a parameter in the equation, not an actuadpéany wave. The phase speed is

always greater thar) and approachesfrom above ak approaches infinity.

The group speed is
rf{.:; :f

2k e

v, = — = —V ki +a? = = —
Yoodk dk Va2 a2 1+ a2/c2k?
Since the denominator is always greater than 1gntbep speed is always less tlranit
approaches from below ak approaches infinity. Wave packets travel slowant.




Problem 10 (Extra Credit)

A whale is swimming 300 meters under the surfadh®focean. The whale emits a
call, using a power output of 120 Watts.

A swimmer is in the water directly above the whadliethe swimmer's head is
underwater, what is the intensity level of the sbhe hears (in decibels)? If his head is
above the water, what is the intensity level théfifit: the transmission and reflection
of sound waves works the same way as for wavesstiing. Assume that the speed of
sound in air is 33iv/'s, and the speed of sound in water is 1666

Solution:
Below the surface of the water, the intensity @ sound is the total flux (equal to the
whale's output) divided by the surface area atr@éters:

iy 120W -
[=— = . _ = 1.06 x 107*W /m?
¥ g x (300 )= '

The intensity level, in decibels, is

I
=10 | ———— | = 80.3d!
| 10logyg (l[l_ljl-'i-":.-";”_'—‘-) 80.3db

To get the intensity level above the surface, wstrkoow how much of the intensity is
transmitted into the air (rather than reflectedtb# surface back into the water). The
result we obtained for an interface between twesypf string, in terms of the wave
speed, is still valid:

T _ deqin B 4 % 3311*}3..,.-"':4 X 1JJ[lm..,.-"':-=

. == o T 0,580
(c1 + 9)° (331m /s + 1550m [/ s)?

The intensity just above the surface is thus (ra84g that below the surface. This
means that the intensity level in decibels chatgel0l0g:0(0.58)= -2.4db. The
intensity level of the sound just above the surfadeerefore 80.3 - 2.4 = 77.9 db.



