L ecture 15 Notes: 07/ 26
The photoelectric effect and the particle nature of light

When diffraction of light was discovered, it was@ased that light was purely a wave
phenomenon, since waves, but not particles, diffrelowever, the discovery of the
photoelectric effecthanged this.

When light strikes the surface of a metal, it withder certain conditions, eject electrons
from the metal. The presence of ejected electtansde detected when they reach
another metal plate, creating a current; the enefdiye electrons can be determined by
applying a stopping voltage. Electrons ejectedh\ait energy of, say, 1 eV, will be able
to get through up to 1 volt of stopping voltaget imereasing the voltage higher than
that will stop the photoelectric current.
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From the wave picture of light, we would expecthbtite number of electrons ejected
and the average energy of the electrons to be giprpportional to the intensity of the
wave. However, that's not what we find. Up teedan frequency of light, no electrons
are ejected at all; above that frequency, the numbelectrons ejected is in fact
proportional to the intensity of light, but the eygeof the electrons depends on the
frequency of light, and is given by

E=hf—¢

The graph of the electron energy vs. the frequehaycident light looks like this:
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The slope of this graph is found to be the sanaliphotoelectric effect experiments,
and is given byPlanck's constanh = 6.63 x 10* m? kg/s = 4.14 x 1&% eV s. The
guantity @is known as tha&vork function, and depends on the particular kind of metal
used in the experiment.



The photoelectric effect is readily explained gitit consists of particles call@thotons
These particles are associated with electromagweties, and have an energy equal to
Planck's constant times the frequency of the wave:

E="hf

When a photon strikes an electron, it can be alesbrlihe electron in the metal is
bound to the metal by a binding potengalf the energy of the photon is sufficient, it
can liberate the electron from the metal. Theoledt kinetic energy of the electron is
equal toE = hf - ¢ wherehf is the energy of the photon (which has nothingaavith
the kind of metal or experimental apparatus usesd,the frequency of light) anglis the
binding energy of the electrons in the metal. Timesconstanh is expected to be
independent of the metal used, whiles expected to depend on the metal, just as
observed.

The relationship between the energy and the fre;yuean be rewritten in terms of the
angular frequency:

E:hf:hw
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—hw h=—=1055%x10""m%g/s =6.59x10" %V s
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The momentum is similarly related to the wave numbe
p = hk

Photons have zero mass, and thus move at the epbglit, as discussed in the
previous lecture.

Example: What photon energies (in eV) does the visiblgearorrespond to?

Light in the visible range has wavelengths fromwtl890 to about 750n. The
frequency is related to the wavelength as:

i

f:E

ThereforeE = hc/ A. For a wavelength of 38, this givesE = 3.18 eV. For a
wavelength of 750m, this givesE = 1.66eV. Thus the visible range corresponds to
photon energies between 1.66 eV and 3.18 eV. ddhéght corresponds to lower-
energy photons, while the blue and violet lightresponds to higher-energy photons.



Example: Ultraviolet light with a wavelength of 256 is incident on a metal. The
electrons ejected from the metal have a kineticggnef 2.4@V. What is the work
function of the metal?

The work function is

b=hf—FE = %’ _ E=497eV — 2.40eV = 257V

Example: A 100W light bulb emits light with an average waargth of 60@m.
(a) How many photons per second does the bull?emit

(b) If an astronaut looks at this light bulb frein@ International Space Station,
approximately 30km away, how many photons from the bulb enter eaetpey
second? Assume a pupil diameter w4

The number of photons per second is the power elivity the energy of each photon:
P _PX (L00W)(6 = 107 "m)

B - — = 3.02 x 10%
E e (6.63 x 107 m2kg/s)(3 x 10%m/s)
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Thus the light bulb emits about 3 x*4photons per second. At a distance ofk80
away, the photon flux per area is
Dy By 3 x 10%s7!

= - = = 2.65 x 10%m 287!
A dr = 4mw(3 % 10°m)=

The number of photons entering @ pupil is the area of the pupil times the flux per

area:
{I}N. 2 ; - B =2 —14 / -3 3 -1
—(mr?) = (2,65 x 10%m %) (1 x (2 x 107°m)?) = 33305

A

Thus about 3000 photons from the light bulb enséeheof the astronaut's eyes per
second. If there were no competing light sourttes,would be enough to be able to see
the light bulb.



Wave natur e of matter

If we direct a beam of electrons onto a crystalsee a diffraction pattern similar to that
when we shine a light on a diffraction grating.eTgresence of diffraction indicates that
electrons are not just particles, but are assatiattth waves, just as photons are
associated with electromagnetic waves. These wareeknown asle Broglie wavesr
matter wavesand have a frequency and wave number that aatedelo the energy and
momentum of the electrons just like they are fastphs:

E = hw p = hk

It turns out that all kinds of particles are asatenl with these de Broglie waves. The
relationship between the energy and momentum ornand and the frequency and
wave number on the other is always the same.

Example:
Find the de Broglie wavelength for an electron veitkinetic energy of 1.0 eV.

The electron's kinetic energy is much smaller tkarest energy of 0.511MeV, so we
can use nonrelativistic expressions for the entygyvery good approximation. The
kinetic energy in the nonrelativistic limit is givdy

1 2
o IJ'
Ey = —mv = —
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We now calculate the wave number and finally theetength:
p V2ZmE  \/2(0.511 x 105V /e2)(1.0eV)  1011eV
— E — ﬁ P— ﬁ — ﬁr, _
B 1010eV
C{6.59 x 107 %V 8)(3 x 10%m /)
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=5.11 x 10%mn~!

1.229 x 10 %m = 1.229nm

A=

You can see that the de Broglie wavelengths otmeles are quite small compared to
wavelengths of visible light. Electron beams carfdrused by electromagnetic fields
just as light can be focused by lenses, and streftebeams can be usedealectron
microscopes An electron microscope illuminates the objedtve beam of electrons,
rather than a beam of light; the electrons are theunsed to form a magnified image,
just as light is in an optical microscope. Sirfee Wwavelengths are so short, and
resolution of a microscope is limited by the wawnelin, electron microscopes have
much higher resolution than optical ones.



Example:
Electrons with a kinetic energy of 1 keV are scatleoff a crystal with an interatomic
separation of 0.Bm. What is the angle between two nearby diffracpeaks?

First we find the de Broglie wavelength of the &les:
L).' 2.’ 2.’
A= T mh = h = 3.80 x 107 "m
k P V2mE

Second, for diffraction, we hawksin &= n A. The first peak is separated from the
second by an angle given by €l A/d=3.89 x 10'm / 2 x 10"%m = 0.1945.
Therefore,&= 11.2.

The frequency-wave number 4-vector

The relationship
E=h  p=nhk

can be written in terms of the energy-momentum etereas follows:
P =hK

P= (?.ﬁ) K = (T—JFT)

SinceK is proportional to the 4-vecté¥ it is also a 4-vector (known as the frequency-
wave number 4-vector). A sine wave can be wrigefollows:

Asin (wa‘. k- ;F) = Asin (K - X}

K = (i IT) X = (et. ¥)

The phase of the wave is
=K X

This is a 4-scalar, as it should be, since if twifedent observers look at the same part of
the wave, they should agree on whether it is aréhmm or a maximum or somewhere
in between.



The Doppler effect

The angular frequency of a photon, or any othetigdey is a component of a 4-vector.
Thus it will take on different values relative tfferent observers, according to the
Lorentz transformation. The dependence on theu&gegy of light on the motion of the
observer is the relativistic analog of the Dop@fiect with sound waves. We will
derive an expression for the relativistic Doppliéed.

Suppose a souréeproduces light with frequendy. The light goes in the positive
direction. An observeB is approachind with velocityv from thex direction; thuB is
moving with speed in the x direction:
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First, we will write down an expression for theguency - wave number 4-vector of the
light in A's frame. Find the angular frequency and the vmneber, and plug into the
expression foK:

wa =2mfa ka= — =

i 2mfa 27f.
Ixﬂ:( Ja 2mja u.n)
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Now Lorentz transform this to B's frame. NoticattB moves in the negative
direction, so we should use the transformation Wthpositive sign in front of.
=[] - - . Eﬂ— K. Eﬂ_
Ky =~ (K}, _|__,:th{1) =~ (1+/3) ,.fi = r.fB
: 2w f, 2
Ky =v(Ki+pK}) =~(1+7) Ja = Js
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Both components of the 4-vector are the sameagsiA's frame. Solving fofi yields
1+ 1+
’ CVvieEt Vaeaa-pt

14+ 8
fe= fnv'lﬁ



The frequency foB is increased iB moves towards the source of light, as expectéd. |
B was moving away instead, the signfiould be reversed, which would cause the
numerator and the denominator under the squardodi exchanged, and the
frequency would decrease instead. Note that umitiee case of sound, the equation
doesn't change depending on whether the sourde ambiserver moves, because the
situation is symmetric: each moves relative todtier. In the case of air, either the
source or the observer could be stationary relatitbe air, but with light, there is no air
to serve as a background reference frame.

Example: Consider a slightly more complicated case, whigedight is moving in the
positivey direction in A's frame, anB is approaching from the right with a speed of
0.5c. The light has a wavelength of 680in A's frame. What wavelength doBsee,
and what direction is the light traveling relatioeB?

First, we construct the frequency-wave number 4eran A's frame. The angular
frequency issh = 27t/ A= 3.142 x 10°s*. The wave number is
ka= cn/c=1.047 x 10m™. This points in thg direction, sK is equal to

K, = ({”“"1.!.-;) — (1.047.0.1.047.0) % 107m "
y

Now we transform this t8's frame. The Lorentz transformation gives

" " , 1 -
Kjy =5 (K +K)}) = ———= (1.047T+ 3 x 0) x 107m ™"

v 1— 0.52

= 1.200 % 107m !

Ky =~ (Ky+(K]) =~ (0+pK}) =6.320 x 10°m ™

Ki = K3 =1.047 x 107m™! Kj=K,=0

Kp = (1.209.0.6329.1.047.0) x 107m ™"

The direction of the light according Bois the direction of the wave number 3-vector.
Its x component is 0.6329, while tljecomponent is 1.047 (times a common factor of
10'm™). The tangent of the angle from the axis is th&7 / 0.6329, and the angle is
equal to atan(1.047 / 0.6329) = 58.8bserver B thus sees the rays of light poiatnat
angle of 58.8above the - axis:




The wavelength is Zdivided by the magnitude of the wave number 3-aect

2T 2
}I,B = — = — = Hldnm
kg 1.0472 £ 0.63292 x 107!

Observer B thus sees light with a wavelength oini4

Compton scattering

Now that we know that a photon is a particle obzsiass, we can consider the problem
of a photon scattering of an electron. It was olegthat when photons scatter off
electrons, they experience a frequency shift tepedds on the scattering angle. This
can only be explained if light consists of partctbat follow the energy-frequency
relationship. The dependence on the angle isahectly predicted if relativity is used
to derive it. Thus, Compton scattering verifieshbguantum mechanics and relativity.
Consider a photon (traditionally labeled by théelep) moving in the positive

direction. The photon strikes a stationary elettenmd is deflected by an andle The
electron is similarly deflected.

We can write the expression for conservation ofgghand momentum in this process.
The initial 4-momentum of the photon is

Er. E. E}.
Pr. = (L-IH) = ( L . L. (). [l) since ¢ = pe for m =10

{ ' {

The initial 4-momentum of the electron is
E r N — ]
Py, = (L (). 1), [l) = (me . 0.0.0) since U7, =0 and E; . = me”

{



The final 4-momentum of the photon and the electnen
Pp., = (E‘L-'Fr . h{'{JH f. Er, sinf. [I)

<
i i '

Ep., . .
-Pr.’r = ( — 'f’.:‘-'.r'f’j-'.r'“>
"

We have chosen our coordinates so that the parsclatter in th&y plane, and
therefore we don't have to worry about #eis.

Conservation of 4-momentum yields three equations:
Er+ me” = Er., + EFg,

Ef-’r = Ef-'_rr{'{Jr-i 7+ f’fr;'_r"

0= Ep.,sinfl + ph c

We are going to solve for the final energy of thetoen as a function of the initial
energy and the scattering angle. If the initisdrgy and the scattering angle are given,
there remain four unknowns: the final energy efphoton, the final energy of the
electron, and the two components of the electioisientum after the collision. We
thus need another equation. This is provided byntass-energy-momentum
relationship for the electron:

]

T -y ] o
B}, = Ppe +mict

Solving these equations is a straightforward bdibtes algebra exercise, which we
won't repeat here. The solution of a particulanygple case (where the photon bounces
straight back, so everything always moves inxtdeection) is left as homework
problem #17. The final result is usually givertanms of the change in the photon
wavelength (which is of course related to the eyjerg

/
Ap— A = - (1 —cost)
T

This result, which follows from both the energyefoency relationship and from
relativity, describes the actual experimental firgdi, and was historically one of the key
pieces of evidence for relativity and for quantumchmanics.



