Lecture 10 Notes: 07/ 14
Reflections and thin-film interference

Instead of sending light through slits to interfeii¢h itself, we can get interference
between a source of light and its reflection, oo thfferent reflections. First, we must
understand how the phase of electromagnetic waasyes when they are reflected
from an interface.

Recall that for waves on a string, when a wave ngfiscted from an interface with a
string that had a slower wave speed, the amplithidee reflected wave was inverted.
This corresponds to a phase chang& o#When the incident wave encountered an
interface with a string that had a higher wave dp#ee amplitude of the reflected wave
had the same sign as that of the incident waves ddrresponds to no phase change.

Electromagnetic waves behave the same way. Wiegrréflect from a material with a
higher index of refraction (lower wave speed) tHh@amedium the wave is traveling in,
they change phase lay but when they reflect from a material with a lowedex of
refraction, they do not change phase. The patteofvave that is transmitted into the
new material never changes phase.

Phase
change
No phase
change

Example: A plane wave is incident on a thin film of magdnvith n = 1.36, with air on
both sides of the film. The film is 1.2t thick. The direction of travel of the plane
wave is normal to the film. For what wavelengthshe plane wave is the reflection
enhanced by constructive interference? For whaelgagths is the reflection
suppressed? Which of these wavelengths are viggbie

Let the thickness of the film k= 1.0Qum. Light that is reflected off the front surface
of the film undergoes a phase changerot.ight that is reflected off the back surface of
the film undergoes no phase change, but it hasldii@nal distance of 2.Q@n to

travel. Over this distance, the light accumula@ig@hase at a rate Bfrper wavelength,
except the wavelength in the materiallig n, whereA, is the wavelength of the incident
wave in air. This because the wave numiker w/ v is inversely proportional to the



wave speed, and thus proportional to the inderfoaction (sincew is the same on
both sides).A = 277/ kis inversely proportional th, and therefore is inversely
proportional to the index of refraction.

Thus the additional phase accumulated by the weateréflects off the back surface,
due to its greater traveling distance4rsl/ A =4/md/ A,.

This is a schematic diagram of the situation. ddlénear rays have been separated a
bit to show which one is which.

AB=m

AB =4nnd/ 2,

The difference in phase between the two rayigasl / A,- 77 For constructive
interference, we must have the difference in plegs®l to an even multiple @f while
for destructive interference, it must be an oddtipla of 7z
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Simplifying and solving for,, we obtain
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Running through a few values jpiwe get constructive interference for wavelengths
544(hm, 1813w, 1086 m, 77Hhm, 605'm, 494m, 418 m, 362m, 320m, etc. The
first four values are near infrared, while the k&g and the following ones are
ultraviolet; the visible wavelengths for which weesconstructive interference are 605,
494 and 418m. We see destructive interference for 2720, 196@, 680, 554, 453,
389 and 346 m; of those, 680, 554, 453 and possibly @8%re visible.




If white light, which is a mixture of all wavelerwg, is incident on this film, the

reflection will be bright in the 605, 494 and 4b8visible bands, and dark in the
intermediate parts of the spectrum. The combinatidight with these three
wavelengths will produce a specific color. The elangths for which there is
constructive interference will depend on the thesdsud of the film, and so will the color
of the reflected light. This explains the multima@d appearance of soap bubbles and oil
slicks on the surface of the water: the thickraddbe film making up the wall of the
soap bubble or the oil floating on the water vafies point to point, and so does the
color of the reflected light.

In case you want to know, the color reflected fittis particular thickness of film
would look approximately like this. This was ddmegenerating the spectrum of the
reflection (intensity as a function of wavelengiimd then using a spectrum to RGB
converter.

If the thickness of the film was instead 58 the color would look like this:

Example: Light of wavelengtil, = 500nm s reflected off a film of oil on water. The
oil has an index of refraction of 1.20, while thater has an index of refraction of 1.33.
If the thickness of the oil layer is 60@n, at what angles of reflection is there
constructive interference?

Now there is a phase changermihen the light reflects off both interfaces, satth

phase change will be the same for both rays ariccanicel. However, there will be
additional path differences to take into accourd ttuthe geometry:
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The beam reflected off the top of the oil film teds an additional distance through the

air, compared to the other beam. However, the lreflected off the oil-water interface
travels an additional distangethrough the oil. To determineg, look at a close-up of a

part of the diagram and draw some additional lines:

B X,

From this diagramy, = 2asin 8. ais given bya/d= tan &, ora= dtan .
Thereforex, = 2d sin & tan &.

Next, we determing. This is just the total path length of the ragttanters the oil and
is reflected by the surface of the water. If waeleone side of the path hgsee diagram
above), therx; = 2h. his related ta byd = hcos &, soh= d/cosé&. Therefore,

X, = 2d/ cosé.

The phase accumulated by the first raés = 27%, / A,. The phase accumulated by the
second ray ig16 = 27,/ A = 2mx. | Ao, wheren is the index of refraction of the oil

(the factor oin appears because the wavelength is decreasedbioa df the index of
refraction). Therefore the difference in phase is
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Now we use Snell's law. This tells us thattsim sin & / n. Writing the cosine in terms
of sine as well, we obtain
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To get constructive interference, the phase diffeeanust be an even multiple xaf
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Simplifying and solving for the angle gives
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Choosing = 0 orj = 1 gives the sine as greater than one, while chggsir3 or higher
gives a negative number under the square rooty JGnk works. Thus, the only angle
for which we get constructive interference is

sinf; = v 1.440 — 0.174 x 4 = (.863
A, = 59.7°

Thus, with this thickness of film and wavelengtHight, we only get total constructive
interference if the incident angle is approxima&lydegrees to the surface normal.

Single-dit diffraction

Diffraction is the spreading of light as it past@®ugh a small opening or around a
small obstacle. It is not possible for a beamletteomagnetic waves to have a very
sharp edge (sharp compared to the scale of thelevagth) as such a wave configuration
would not be a solution to the wave equation.

We will first consider the spreading of light emiagythrough an opening. For the
double-slit experiment, we assumed that the lighpl/ went from the opening in all
directions; this is true if the opening is very dm&or larger openings, the spreading
will not be so drastic.

Consider an opening of sizerunning fromy = -a/2toy = a/ 2. Consider the light
coming from pointy in the opening at an angé from the normal to the screen:
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The path length difference between this beam, Ataadeam B, which emerges from
the center of the opening,ysin 6. The phase difference compared to the centrahbea
Is thus 277y sin 8/A. The total value the wave on the screen is propwatito the sum

of the contributions for all different valuesyffrom-a/2toa/ 2:
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The electric field at anglé thus oscillates with an amplitude proportional to
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The intensity of light is proportional to the sgaiaf the amplitude:
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Since this is a proportionality relationship, lstdefine the intensity such that the
intensity at the center is zero. The limit of thiaction at sind= 0 is 77 a?/ A%, so we
will simply divide the function by this quantityVe'll call this the relative intensity
(intensity relative to the intensity directly opgeshe center of the hole).

For a hole the size of the wavelengils A, the intensity as a function of sthlooks
like this:

sin 6

The light is peaked to the front of the hole, bldtaof it goes out sideways, as we
expect, since the size of the opening is compataltlee wavelength.



Now we will try a hole 3 wavelengths across. Thapd now looks like this:
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There is now a sharp forward peak, and additidiffdaction peaks have developed to
the sides of the forward peak. Finally, try a hiblat is 10 wavelengths across:

10f

-1.0 —0.3 0.0 0.5 1.0

The central peak is now even sharper. The difsagieaks are smaller and closer
together. In the limit that the hole becomes macger than the wavelength, the peak
becomes infinitely sharp, and all the light goescpgely forward through the hole. This
Is why we can't see around the corner of a doerdtor is much, much larger than the
wavelength of light, so all light that enters tledgoes straight through, without
diffracting off to the side by any measurable antou®ound, however, has a wavelength
comparable to the size of the door, so it quitéirealiffracts off to the side. We can
thus hear sounds behind an open door even if waotaee the source of the sound.

The intensity is exactly zero when
e sin

A

=ni

Note thatn = 0 doesn't count since that's the location of thtraépeak, and the limit of
the intensity there is finite. Simplifying thisgnession a bit,

asinfd = nl



Example: Alaser withA = 620nm produces a beammin across. The beam is
projected on a wall 20 meters away. The beam dpreéae to diffraction. What is the
diameter of the beam's central peak when it hesatll?

Treat the laser beam as light going through a hala across. The beam will thus have
a central peak, and some diffraction rings arotithey are rings because the beam is
symmetric about the central axis). The centrakpgalelineated by the first diffraction
minimum, which occurs wheasin 8= A. LetD be the diameter of the beam at the
wall. Then,

) A 6.20 x 107 "m 4
sinfd = — = =620 = 10" = #
i 10—*m
D a2 R = 20m x 6.20 x 107 = 0.0124m = 12.4mmn

In just 20 meters, the laser beam has spread te than 12 times its original diameter.
This illustrates the impossibility of sending anoav beam over a long distance without
the beam spreading out due to diffraction.

It turns out that coherent light encountering alkpizstacle (such as a hair) will diffract
around it, producing much the same diffractiongratas with light going through a
small opening.

Example: Suppose we illuminate a hair with laser lightingva wavelength of 626m.
The diffraction pattern is projected onto a scr2eneters away. The difference between
the first diffraction minimum on the left of therdeal peak and the first diffraction
minimum on the right is measured to bedn5 What is the diameter of the hair?

The distance from the center to the nearest diftmeninimum is 0.5/ 2 = 0.2/m.
This corresponds to= 1. The angle is
0.25¢m

2000m

(since the angle is very small, it is almost exaetjual to the distance between the two
points divided by the distance from the screeméosource, and the sine of the angle is
almost exactly equal to the angle itself.)

Now we solve fol;
nA  1x6.2x 107

sinf 0.00125

= = 4.96 x 10" 4 &= 0.50mm

The hair is thus half a millimeter across.



Diffraction grating

A diffraction grating is a commonly used device sigting of a large number of evenly-
spaced interference slits. The individual slies marrow compared to the separation.
The diffraction grating acts much like the doublietsterference apparatus, with
constructive interference arising when the patlytlelistances from all the slits are
different from each other by a multiple of the wiaveyth:

The rays shown illustrate points of constructiierference. It can be demonstrated that
for small diffraction angles and a screen suffidiefar away, the conditions for
constructive and destructive interference are pedgithe same as for the double-slit
experiment:

dsinf = nA Constructive

1
dsinf = (ri'. + ;) A Destructive

Here,d is the slit separation.

Example: 450m light is sent through a diffraction grating toaeen 5 meters away.
The separation between the diffraction peaks ost¢heen is 6&n. How many slits
per centimeter does the diffraction grating have?

h.00m
2O 0.013

sinf &= f

H00em
A 4.20 % 10" "m

— = =323 % 107%m = 3.23 x 10 %em
sin A mo13 ' o
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The grating thus hasth / d = 310 slits per centimeter.



In reality, the slits in the diffraction grating\ea finite size, so we get both diffraction
between the slits and single-slit diffraction freach individual slit. The resulting
pattern looks something like this:

This is a negative, with black representing brigitit and white representing darkness.
There is a bright, wide central cluster of difffaotpeaks. The individual diffraction
peaks within the clusters are caused by diffradbetween the different slits, while the
clusters themselves are peaks resulting from sildldiffraction. Because the
separation of diffraction peaks is inversely prdjmal to the size of the feature on the
screen they correspond to, and the slits are fafitbw each other than they are wide,
the multiple-slit pattern is closer spaced thansihgle-slit pattern.

Example: 450m light is sent through a diffraction grating toaeen 5cm away. The
separation between the diffraction fringes on ttreen is 0.4€m. The separation
between the middle of the large central clustertardirst spot where the diffraction
peaks vanish is 5¢ih. How far apart are the slits separated? How nsétsyper
centimeter is that? What is the width of eachvitlial slit?

Let Ax; be the separation between the diffraction fringeshe screen anik, be the
separation between the center of the pattern anfirit spot where the fringes
disappear:
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We use manye-slit diffraction to determine the sapan between the slits:
A AR 450 x 10 %em % 50cm - o
d = — = = = (LO0503cm = 56,5
sinff Aay 0.40cm

The slits are separated by 56.3 microns. Thatatab/8 slits per centimeter.

Use single-slit diffraction to determine the widtheach slit:
A AR 450 x 10%em x S0cm

F ot _ -
s11 o Axs o.Uem

0 = = 4.5 x 107 %em = 4.5um

The slits are 4.5 microns across.



We have seen that diffraction is quite useful f@asuring the size of small objects. The
smaller the wavelength of electromagnetic radiatised, the smaller the size of objects
that can be usefully measured. Since x-rays haxelengths suitable to the size of
moleculesx-ray diffraction is often used to determine the structure of clysta

If the crystal is made of complicated things suslpetein molecules, the resulting
pattern will be complicated as well, but the equadidescribing the interference that
produces the pattern can be reversed, and thdedes&iucture of the molecule can be
calculated from the pattern. This process is dgtuat that different from what we did
above to calculate the slit separation and thehnafleach slit.



