Chapter 1

Boltzmann Transport

1.1 References

H. Smith and H. H. Jensen, Transport Phenomena

e N. W. Ashcroft and N. D. Mermin, Solid State Physics, chapter 13.

P. L. Taylor and O. Heinonen, Condensed Matter Physics, chapter 8.

e J. M. Ziman, Principles of the Theory of Solids, chapter 7.

1.2 Introduction

Transport is the phenomenon of currents flowing in response to applied fields. By ‘current’
we generally mean an electrical current j, or thermal current j,. By ‘applied field” we
generally mean an electric field € or a temperature gradient V T'. The currents and fields
are linearly related, and it will be our goal to calculate the coefficients (known as transport
coefficients) of these linear relations. Implicit in our discussion is the assumption that we
are always dealing with systems near equilibrium.
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1.3 Boltzmann Equation in Solids

1.3.1 Semiclassical Dynamics and Distribution Functions

The semiclassical dynamics of a wavepacket in a solid are described by the equations

dr _ - 1 85n(k)

P v (k) = h Ok (1.1)
dk e e

= = —pE(rt) — (k) x B(r,1). (1.2)

Here, n is the band index and €, (k) is the dispersion relation for band n. The wavevector
is k (hk is the ‘crystal momentum’), and e, (k) is periodic under k — k + G, where G is
any reciprocal lattice vector. These formulae are valid only at sufficiently weak fields. They
neglect, for example, Zener tunneling processes in which an electron may change its band
index as it traverses the Brillouin zone. We also neglect the spin-orbit interaction in our
discussion.

We are of course interested in more than just a single electron, hence to that end let us
consider the distribution function f,(r, k,t), defined such that!

d¥ d%  # of electrons of spin ¢ in band n with positions within

no I k? t . . .
fro (. k. t) (2m)3 d% of r and wavevectors within d% of k at time .

(1.3)

Note that the distribution function is dimensionless. By performing integrals over the
distribution function, we can obtain various physical quantities. For example, the current
density at r is given by

3
i t) = —ez/(if)g Fro (7K, 1) v () - (1.4)
no &

The symbol Q) in the above formula is to remind us that the wavevector integral is performed
only over the first Brillouin zone.

We now ask how the distribution functions f,,(7, k,t) evolve in time. To simplify matters,
we will consider a single band and drop the indices no. It is clear that in the absence of
collisions, the distribution function must satisfy the continuity equation,

of

ot
This is just the condition of number conservation for electrons. Take care to note that V
and w are siz-dimensional phase space vectors:

+V.(uf)=0. (1.5)

u = ('i'ag'/a'éakQZ?kyakz) (16)
o o0 o0 o0 o0 0
_ (2 9 9 A I 1.
v <6x’8y’6z’8kx’8ky’8kz> (17)

"We will assume three space dimensions. The discussion may be generalized to quasi-two dimensional
and quasi-one dimensional systems as well.
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Now note that as a consequence of the dynamics (1.1,1.2) that V - u = 0, i.e. phase space
flow is incompressible, provided that (k) is a function of k alone, and not of r. Thus, in
the absence of collisions, we have

of B

The differential operator D; = 0; + u - V is sometimes called the ‘convective derivative’.
EXERCISE: Show that V -u = 0.

Next we must consider the effect of collisions, which are not accounted for by the semi-
classical dynamics. In a collision process, an electron with wavevector k and one with
wavevector k' can instantaneously convert into a pair with wavevectors k + g and k' — q
(modulo a reciprocal lattice vector G), where q is the wavevector transfer. Note that the
total wavevector is preserved (mod G). This means that D;f # 0. Rather, we should write

of . of . of [(Of _
a—i_r‘ g_kk % B (0t>coll :Ik{f} (19)

where the right side is known as the collision integral. The collision integral is in general
a function of r, k, and t and a functional of the distribution f. As the k-dependence is
the most important for our concerns, we will write Z; in order to make this dependence
explicit. Some examples should help clarify the situation.

First, let’s consider a very simple model of the collision integral,

f(’l", k? t) — fo(r7 k)
7(e(k))

L{f}y = - : (1.10)

This model is known as the relaxation time approximation. Here, fO(r, k) is a static dis-
tribution function which describes a local equilibrium at r. The quantity 7(e(k)) is the
relazation time, which we allow to be energy-dependent. Note that the collision integral in-
deed depends on the variables (r, k, t), and has a particularly simple functional dependence
on the distribution f.

A more sophisticated model might invoke Fermi’s golden rule, Consider elastic scattering
from a static potential ¢(r) which induces transitions between different momentum states.
We can then write

Tif) = DK ULRYE (e~ fi) Do — en) (111)
k'eQ
T N
- = (;l:)g Uk — )2 (fi — fi) 3ok — en0) (1.12)
Q

where we abbreviate fi = f(r, k,t). In deriving the last line we’ve used plane wave wave-
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functions? g (r) = exp(ik - r)/V/V, as well as the result

3
> Ak)=V / (57:;3 A(k) (1.13)

for smooth functions A(k). Note the factor of V! in front of the integral in eqn. 1.12.
What this tells us is that for a bounded localized potential (r), the contribution to the
collision integral is inversely proportional to the size of the system. This makes sense
because the number of electrons scales as V' but the potential is only appreciable over a
region of volume o« V9. Later on, we shall consider a finite density of scatterers, writing
U(r) = ZZV:’TP (r — R;), where the impurity density n;,,, = Ny,
VO, In this case U (k — k') apparently scales as V, which would mean Z, {f} scales as V/,
which is unphysical. As we shall see, the random positioning of the impurities means that
the O(V2) contribution to |/ (k—k')|? is incoherent and averages out to zero. The coherent
piece scales as V', canceling the V' in the denominator of eqn. 1.12, resulting in a finite value
for the collision integral in the thermodynamic limit (i.e. neither infinite nor infinitesimal).

/V is finite, scaling as

Later on we will discuss electron-phonon scattering, which is inelastic. An electron with
wavevector k' can scatter into a state with wavevector k = k' — ¢ mod G by absorption of
a phonon of wavevector g or emission of a phonon of wavevector —q. Similarly, an electron
of wavevector k can scatter into the state k' by emission of a phonon of wavevector —q or
absorption of a phonon of wavevector gq. The matrix element for these processes depends
on k, k', and the polarization index of the phonon. Overall, energy is conserved. These
considerations lead us to the following collision integral:

Telfiny = 2 S loyUs KR (L= fi) fie (1 mq,0) (e + s — )
koA
+(1 — fk;) Srr N_gx 5(€k — hw,q,\ — Ek/)
—fe (1= fir) (14 n_qr) 6(ex — hw_qx — €xr)
—fr (1 — fk/) Mg 5(Ek + hbdq)\ - 5k:’)} 5q,k’fk mod G > (1'14)

which is a functional of both the electron distribution f), as well as the phonon distribution

Mgy The four terms inside the curly brackets correspond, respectively, to cases (a) through
(d) in fig. 1.1.

While collisions will violate crystal momentum conservation, they do not violate conserva-
tion of particle number. Hence we should have?

3
/d3 /(%3 T/} =0. (1.15)

e
Q

*Rather than plane waves, we should use Bloch waves v, (T) = exp(ik - 7) u, 1 (T), where cell function
u, 1 (T) satisfies u, (7 + R) = u,1(T), where R is any direct lattice vector. Plane waves do not contain
the cell functions, although they do exhibit Bloch periodicity v, (7 + R) = exp(ik - R) 1,1 (7).

31f collisions are purely local, then f% T {f} = 0 at every point 7 in space.

o]
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Figure 1.1: Electron-phonon vertices.

The total particle number,

N /d3/ @ f(r k,t) (1.16)
= r r .
(27_[_)3 ) )
Q
is a collisional invariant - a quantity which is preserved in the collision process. Other
collisional invariants include energy (when all sources are accounted for), spin (total spin),

and crystal momentum (if there is no breaking of lattice translation symmetry)*. Consider
a function F'(r, k) of position and wavevector. Its average value is

3
F(t) = /d%/(i:;g F(r,k) f(r,k,t) . (1.17)

Q

Taking the time derivative,

dF OF a3k 0 ) 0 .
= = - /d?’r/@ﬂ)?) F(r, k) {_(‘37' (rf) — % (kf) +Ik{f}}

Q

= /dgT/(;iiI;3

Q

OF dr OF dk
{[m.cﬁJrak.(ﬁ]erFIk{f}} . (1.18)

“Note that the relaxation time approximation violates all such conservation laws. Within the relaxation
time approximation, there are no collisional invariants.
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Hence, if F' is preserved by the dynamics between collisions, then

n 3
% = /d%/(jf)g FTu{f}, (1.19)

Q

which says that F(t) changes only as a result of collisions. If F is a collisional invariant,

then F' = 0. This is the case WheniF =1, in which case F is the total number of particles,
or when F' = ¢(k), in which case F is the total energy.

1.3.2 Local Equilibrium

The equilibrium Fermi distribution,

k) = {exp (E(’Z;“) + 1}_1 (1.20)

is a space-independent and time-independent solution to the Boltzmann equation. Since
collisions act locally in space, they act on short time scales to establish a local equilibrium
described by a distribution function

fO(r k,t) = {exp <W> + 1}_1 (1.21)

This is, however, not a solution to the full Boltzmann equation due to the ‘streaming terms’
7 - Op + k - O in the convective derivative. These, though, act on longer time scales than
those responsible for the establishment of local equilibrium. To obtain a solution, we write

flr k. t) = fO>r, k,t) + of (r, k, t) (1.22)

and solve for the deviation df (7, k,t). We will assume p = p(r) and 7' = T(r) are time-
independent. We first compute the differential of f°,

af° E—pu
0 _
i = kT Oe d( k:BT>

:kBTafO{ dp (e —p)dT ds}

9e | kT BT kT
af° | op e—pu 0T Oe
from which we read off
afo B o e—pu dT of0
o = {aﬁ T or [\ o (24
afo o190

RN
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We thereby obtain

oof
ot

_ 0
iva] -%—l—v- {eg—i-g ’uVT] <—88J;> :Ik{f0+5f}

+v-V5f—;[E+

T
(1.26)
where £ = —V(¢ — p/e) is the gradient of the ‘electrochemical potential’; we’ll henceforth
refer to € as the electric field. Eqn (1.26) is a nonlinear integrodifferential equation in df,
with the nonlinearity coming from the collision integral. (In some cases, such as impurity
scattering, the collision integral may be a linear functional.) We will solve a linearized
version of this equation, assuming the system is always close to a state of local equilibrium.

Note that the inhomogeneous term in (1.26) involves the electric field and the temperature
gradient V T'. This means that Jf is proportional to these quantities, and if they are small
then d0f is small. The gradient of Jf is then of second order in smallness, since the external
fields ¢ — /e and T are assumed to be slowly varying in space. To lowest order in smallness,
then, we obtain the following linearized Boltzmann equation:

af

e v 0of
ot ke

_ ofo
xB-ak—i—v-[eé’—i—gT'uVT} <—af€>:£5f (1.27)

where £ df is the linearized collision integral; L is a linear operator acting on df (we suppress
denoting the k dependence of £). Note that we have not assumed that B is small. Indeed
later on we will derive expressions for high B transport coefficients.

1.4 Conductivity of Normal Metals

1.4.1 Relaxation Time Approximation

Consider a normal metal in the presence of an electric field £. We’ll assume B =0, VT = 0,
and also that & is spatially uniform as well. This in turn guarantees that Jf itself is spatially
uniform. The Boltzmann equation then reduces to

0
aa(j;f—%];ev'ngk{fo—i-(sf}- (1.28)

We'll solve this by adopting the relaxation time approximation for Zx{ f}:

-0

T T

L{fy=— (1.29)
where 7, which may be k-dependent, is the relazation time. In the absence of any fields
or temperature and electrochemical potential gradients, the Boltzmann equation becomes
0f = —6f /7, with the solution Jf () = 9f(0) exp(—t/7). The distribution thereby relaxes to
the equilibrium one on the scale of 7.
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Writing £(t) = € e, we solve

aéf(kv t) —iwt 8f0 _ 5f(k7 t)
8 —ev(k)-Ee D T (e (R) (1.30)
and obtain .
ey — CE VR TER) O iy w1)

1 —iwt(e(k)) Oe

The equilibrium distribution fY(k) results in zero current, since f°(—k) = f°(k). Thus,
the current density is given by the expression
o %k o
j¥(r,t) = —2€/<2ﬂ_>3(5f’0
Q
i A% T(e(k))v(k)vP (k) [ Of°
= 2e2¢° m/ - . 1.32
cec @3 1—iwr(e(k)) de (1:32)

Q

In the above calculation, the factor of two arises from summing over spin polarizations. The
conductivity tensor is defined by the linear relation j%(w) = o,p(w) E*(w). We have thus
derived an expression for the conductivity tensor,

B d% T(e(k)v*(k)vP(k) [ Of°
“aﬁ(“’)_2€2/ 2P 1— iwr(e(k)) ( 85) (1:33)

Q

Note that the conductivity is a property of the Fermi surface. For kT < ep, we have
—0f%/0e ~ §(ep — e(k)) and the above integral is over the Fermi surface alone. Explicitly,
we change variables to energy ¢ and coordinates along a constant energy surface, writing

dedS.  dedS.
0e/0k| — Hlv|

%k = (1.34)

where dS; is the differential area on the constant energy surface e(k) = ¢, and v(k) =
h_lvk (k) is the velocity. For T' <« Ty, then,

2 () 07 () 0% (k)
"aﬂ(”)‘zxwﬂ»hl_wT(eF)/‘lSF k)] (1.35)

For free electrons in a parabolic band, we write (k) = h%2k?/2m*, so v*(k) = hk®/m*. To
further simplify matters, let us assume that 7 is constant, or at least very slowly varying in
the vicinity of the Fermi surface. We find

2 e af°
Toplie) = bup 3oz i [ dEale) e (‘ai:) , (1.36)

— WwT

where g(e) is the density of states,

3
g(e) = 2 / (;";35(5—5(@) . (1.37)
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The (three-dimensional) parabolic band density of states is found to be

m*)3/2
oe) = P e (1.38)

where O(x) is the step function. In fact, integrating (1.36) by parts, we only need to know
about the 1/ dependence in g(¢), and not the details of its prefactor:

/dssg (8(;;0) = /dsfo(e)gg(sg(s))
— 1§ [a00 10 = i, (1.39)

where n = N/V is the electron number density for the conduction band. The final result
for the conductivity tensor is

ne2r dap

Gap(w) = (1.40)

m* 1 —wr

This is called the Drude model of electrical conduction in metals. The dissipative part of
the conductivity is Reo. Writing 0,3 = 0d,g and separating into real and imaginary parts
o =o' +1i0”, we have

ne’r 1

m* 1+ w?r?’
The peak at w = 0 is known as the Drude peak.

o' (w) = (1.41)

Here’s an elementary derivation of this result. Let p(¢) be the momentum of an electron,
and solve the equation of motion

dp P i
—=-=—eEe W 1.42
dt T cec ( )
to obtain e .
er . er
t) = ————e Wt 0 A 1.43
p(0) =~ o)+ T (1.43)
The second term above is a transient solution to the homogeneous equation p + p/7 = 0.
At long times, then, the current j = —nep/m*
2
jt) = — 0T gemiet (1.44)

m*(1 — iwT)

In the Boltzmann equation approach, however, we understand that n is the conduction
electron density, which does not include contributions from filled bands.

In solids the effective mass m* typically varies over a small range: m* ~ (0.1 — 1) me. The
two factors which principally determine the conductivity are then the carrier density n and
the scattering time 7. The mobility u, defined as the ratio o(w = 0)/ne, is thus (roughly)
independent of carrier density®. Since j = —nev = o€, where v is an average carrier
velocity, we have v = —p&, and the mobility p = er/m* measures the ratio of the carrier
velocity to the applied electric field.

SInasmuch as both 7 and m* can depend on the Fermi energy, x is not completely independent of carrier
density.
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Figure 1.2: Frequency-dependent conductivity of liquid sodium by T. Inagaki et al, Phys.
Rev. B 13, 5610 (1976).

1.4.2 Optical Reflectivity of Metals and Semiconductors

What happens when an electromagnetic wave is incident on a metal? Inside the metal we
have Maxwell’s equations,

4 19D 4 :

vxH =", 10D — ika:(”-“")E (1.45)
c c Ot c c

vxg-_198 = ikxE="B (1.46)
c Ot c

V. E=V-B=0 — ik-E=ik-B=0, (1.47)

where we've assumed p = € = 1 inside the metal, ignoring polarization due to virtual
interband transitions (i.e. from core electrons). Hence,

w?  Ariw

2 _

= e(w) UCJ2 , (1.49)

where wp, = \/4mne?/m* is the plasma frequency for the conduction band. The dielectric

function,

(1.50)
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determines the complex refractive index, N(w) = /€(w), leading to the electromagnetic
dispersion relation k = N(w)w/c.

Consider a wave normally incident upon a metallic surface normal to 2. In the vacuum
(z < 0), we write

E(r,t) = By & e™*/¢e™ ™t 4 By g e~ w?/cemiwt (1.51)
B(rt) = =V x E = By § @/t _ [y g emiws/comivt (1.52)
iw
while in the metal (z > 0),
E(r,t) = B3 & eNw?/cemivt (1.53)
B(r,t) = —V x E = N B3 g eNwz/cemivt (1.54)
iw
Continuity of E x n gives F1+ Fs = E3. Continuity of H x n gives By — Fo = N E3. Thus,
E 1-N E 2
2= B_o__ (1.55)
Ey 14N Ey, 1+N
and the reflection and transmission coefficients are
Ey|? 1= N(w)|?
Rw)=|=| =|——= 1.56
@ =g ’ 1+ Nw) (1.56)
B3| 4
Tw) = |2 = —3. (1.57)
Ey |1+ N(w)|

We’ve now solved the electromagnetic boundary value problem.

Typical values — For a metal with n = 10?2 cm® and m* = m., the plasma frequency is
wp = 5.7TX 10'°s7!. The scattering time varies considerably as a function of temperature. In
high purity copper at T = 4K, 7 ~ 2x 107" s and WpT ~ 107. At T =300K, 7 ~ 2x 107145
and wpT ~ 100. In either case, w7 > 1. There are then three regimes to consider.

o W K1 KwpT:

We may approximate 1 — iwT = 1, hence

2 2

LWET TWET
Ni(w)=1+ L ~—2
w(l —iwT) w
i (w2r) 22
Nwy~—" 2] — Ra1- YT (1.58)
\/5 w WpT
Hence R ~ 1 and the metal reflects.
o 1 K wr K wpT:
In this regime,
2 .9
2 N Wp | Wy
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o4l
r -
=
§ l! h balt
cp col
2 o2t [/ -
<1 ’ / — Elc
/ e
00 L - !
0 | 2 3 a

Photon Energy (eV)

Figure 1.3: Frequency-dependent absorption of hcp cobalt by J. Weaver et al., Phys. Rev.
B 19, 3850 (1979).

which is almost purely real and negative. Hence N is almost purely imaginary and
R ~ 1. (To lowest nontrivial order, R = 1 — 2/w,7.) Still high reflectivity.

o 1 K wpT K wr:

D) I 2 — I.

and R < 1 — the metal is transparent at frequencies large compared to wyp.

1.4.3 Optical Conductivity of Semiconductors

In our analysis of the electrodynamics of metals, we assumed that the dielectric constant
due to all the filled bands was simply € = 1. This is not quite right. We should instead

have written

2 .
w®  Amiwo(w)

w? 1 —dwr

w2 jwr
e(w) = ey {1 + -2 } : (1.62)
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hcp cobalt

— Elc

o0
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Figure 1.4: Frequency-dependent conductivity of hcp cobalt by J. Weaver et al., Phys.
Rev. B 19, 3850 (1979). This curve is derived from the data of fig. 1.3 using a Kramers-
Kronig transformation. A Drude peak is observed at low frequencies. At higher frequencies,
interband effects dominate.

where € is the dielectric constant due to virtual transitions to fully occupied (i.e. core)
and fully unoccupied bands, at a frequency small compared to the interband frequency. The
plasma frequency is now defined as

4 2\ 1/2
wp = < e ) (1.63)

m* €0

where n is the conduction electron density. Note that e(w — 00) = €, although again this
is only true for w smaller than the gap to neighboring bands. It turns out that for insulators

one can write
2

w
€ =1+ 2 (1.64)
w
g
where wp, = V4mnye? /me, with n, the number density of valence electrons, and wg s
the energy gap between valence and conduction bands. In semiconductors such as Si and
Ge, wg ~ 4eV, while w,, ~ 16eV, hence €x ~ 17, which is in rough agreement with the
experimental values of ~ 12 for Si and ~ 16 for Ge. In metals, the band gaps generally are
considerably larger.

There are some important differences to consider in comparing semiconductors and metals:
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e The carrier density n typically is much smaller in semiconductors than in metals,
ranging from n ~ 10'cm™2 in intrinsic (i.e. undoped, thermally excited at room
temperature) materials to n ~ 1012 cm™3 in doped materials.

e o ~ 10— 20 and m*/me ~ 0.1. The product esxocm™ thus differs only slightly from its
free electron value.

Since N < 104 N otal ONE has
semi . —2  metal —14
wp ™ A 10T W A 107 s (1.65)

In high purity semiconductors the mobility u = er/m* 2 10% cm? /vs the low temperature
scattering time is typically 7 ~ 10~ ''s. Thus, for w >3 x 10°s~! in the optical range, we
have wt > wpT > 1, in which case N(w) ~ /€x and the reflectivity is

2
(1.66)

Taking €sc = 10, one obtains R = 0.27, which is high enough so that polished Si wafers
appear shiny.

1.4.4 Optical Conductivity and the Fermi Surface

At high frequencies, when w7 > 1, our expression for the conductivity, eqn. (1.33), yields

of°
o(w) = 127T3hw < ) /dS lv(k)

where we have presumed sufficient crystalline symmetry to guarantee that o,5 = 0 dng is
diagonal. In the isotropic case, and at temperatures low compared with 7%, the integral
over the Fermi surface gives 47k2 v, = 1273hn/m*, whence 0 = ine?/m*w, which is the
large frequency limit of our previous result. For a general Fermi surface, we can define

, (1.67)

o2
(w7l = ine

(1.68)

Mt W
where the optical mass m is given by

I of°
—~ _127T3hn/d€( 8€>/ds lv(k)| - (1.69)

opt

Note that at high frequencies o(w) is purely imaginary. What does this mean? If

E(t) = Ecos(wt) = 3 € (e_m + e+i“’t) (1.70)
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then
jt) = %5 {U(w) et 4 o(—w) e+m}
ne?

= & sin(wt) , (1.71)

MW

where we have invoked o(—w) = 0*(w). The current is therefore 90° out of phase with the
voltage, and the average over a cycle (j(t) - £(t)) = 0. Recall that we found metals to be
transparent for w > wy, > L

At zero temperature, the optical mass is given by

1 1
~ = T35 /dSF lv(k)| - (1.72)

The density of states, g(ey), is

g(er) = 4733}1/dSF (k)| ", (1.73)

from which one can define the thermodynamic effective mass m;;, appealing to the low
temperature form of the specific heat,

m
v =5 E2T g(er) = mteh A (1.74)
where )
ki T
& = e % (3m%n)1/3 (1.75)

is the specific heat for a free electron gas of density n. Thus,

Se [o(k)| ™

(1.76)

* J—
My =

h /d
47 (3m2n)L/3

1.5 Calculation of the Scattering Time

1.5.1 Potential Scattering and Fermi’s Golden Rule

Let us go beyond the relaxation time approximation and calculate the scattering time 7
from first principles. We will concern ourselves with scattering of electrons from crystalline
impurities. We begin with Fermi’s Golden Rule®,

et} = 25T IOK (U R)I? ie — i Se() — e(K)) (1.77)
.

SWe'll treat the scattering of each spin species separately. We assume no spin-flip scattering takes place.
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mzpt/me mrh/me

Metal || thy ‘ expt | thy ‘ expt
Li 1.45 | 1.57 | 1.64 | 2.23
Na 1.00 | 1.13 | 1.00 | 1.27
K 1.02 | 1.16 | 1.07 | 1.26
Rb 1.08 | 1.16 | 1.18 | 1.36
Cs 1.29 | 1.19 | 1.75 | 1.79

Cu - ~ | 1.46 | 1.38
Ag - ~ | 1.00 | 1.00
Au - ~ [ 1.09 | 1.08

Table 1.1: Optical and thermodynamic effective masses of monovalent metals. (Taken from
Smith and Jensen).

where U(r) is a sum over individual impurity ion potentials,

Nimp
Ur)=> U(r—Ry) (1.78)
j=1
Nimp 2
(KU | k) =V 2Tk — k)] | Y eikkDR, (1.79)
j=1
where V is the volume of the solid and
0(q) = / B U (r) e=ier (1.80)

is the Fourier transform of the impurity potential. Note that we are assuming a single species
of impurities; the method can be generalized to account for different impurity species.

To make progress, we assume the impurity positions are random and uncorrelated, and we
average over them. Using

Nimp 2
Z el = Nimp + Nimp(NiInp — 1) (5,170 , (181)
j=1
we obtain
2 Nim o Nim (Nim - 1) o
|(k'|U|E)|]" = V2p U(k — K')|? + —22 Vgp |U(0))? eper - (1.82)

EXERCISE: Verify eqn. (1.81).

We will neglect the second term in eqn. 1.82 arising from the spatial average (g = 0
Fourier component) of the potential. As we will see, in the end it will cancel out. Writing
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f = f9+df, we have

Nimp [ d% e s k2 K2k
Ie{f} = 5 . /( o |U(k — k)| <2m* R w— )((ifk/ ofk) 5 (1.83)
Q

where nimp = Nimp /V is the number density of impurities. Note that we are assuming a
parabolic band. We next make the Ansatz

of°

i = T(e(k)) e € - v(k)

(1.84)

e(k)

and solve for 7(e(k)). The (time-independent) Boltzmann equation is

af’  om &K - o o 2K R2K
—ee-v(k)_nimpeg./(mg Ok~ KPS TE

Oe h m* 2m*

) . (1.85)
e(k)

Due to the isotropy of the problem, we must have 7(e(k)) is a function only of the magnitude
of k. We then obtain”

of°

0
x (T(e(k’)) () 9L o

— r(=(k) v(k) -

e(k")

hk 1rnp / /2/ / / 25(k k) /
k (k—K) | 1.
e T, /dk v [k (- RO e k) (150)
whence
1 m*animp 7./ 7 7.\ |2 Tt
o) — 1273 dk" U (kpyk — kpk')|* (1 — k- K') . (1.87)
F

If the impurity potential U(r) itself is isotropic, then its Fourier transform U(q) is a function
of ¢ = 4k2 sin? 119 where cosd = k- k' and q = k' — k is the transfer wavevector. Recalling
the Born approx1mat10n for differential scattering cross section,

* 2
o (9) = (2’:712) Uk — k)2, (1.88)

we may finally write

= 2N,V /dﬂ or(9) (1 — cos¥) sinv (1.89)
0

1

where v, = hky/m* is the Fermi velocity®. The mean free path is defined by £ = v,T.

"We assume that the Fermi surface is contained within the first Brillouin zone.
8The subscript on oy (¥9) is to remind us that the cross section depends on kg as well as 9.



18 CHAPTER 1. BOLTZMANN TRANSPORT

Notice the factor (1 —cos) in the integrand of (1.89). This tells us that forward scattering
(¥ = 0) doesn’t contribute to the scattering rate, which justifies our neglect of the second
term in eqn. (1.82). Why should 7 be utterly insensitive to forward scattering? Because
T(er) is the transport lifetime, and forward scattering does not degrade the current. There-
fore, (19 = 0) does not contribute to the ‘transport scattering rate’ 7-!(ey). Oftentimes
one sees reference in the literature to a ‘single particle lifetime’ as well, which is given by
the same expression but without this factor:

7'_1 7 1
0y =2 i 1.
{Ttl } ﬂnlmpvp/dl(} op () { (1 - cos) } sin ¥ (1.90)

r 0

Note that 75, = (nimp Up amot)*l, where o 1ot is the total scattering cross section at energy
€p, a formula familiar from elementary kinetic theory.
To derive the single particle lifetime, one can examine the linearized time-dependent Boltz-
mann equation with € = 0,

0 Of «

W = nimp Vg /dk?, O'(’ﬂkk,) (6fk’ - 5fk:) y (191)

where v = hk/m* is the velocity, and where the kernel is 9,,, = cos™'(k - k). We now
expand in spherical harmonics, writing

0 (Vgps) = Oro Z VL YLM(I;:) YL*M(’;’/) ’ (1.92)
LM
where as before i
Otot = 27r/d19 sind o () . (1.93)
0
Expanding
ofk(t) = Z Apn () Y (k) (1.94)
LM
the linearized Boltzmann equation simplifies to
0A
# + (1= ) Ny U Ogop Arar = 0 (1.95)

whence one obtains a hierarchy of relaxation rates,
-1
- =10-v,) MimpVr Ttot » (1.96)
which depend only on the total angular momentum quantum number L. These rates de-
scribe the relaxation of nonuniform distributions, when d0fx(t = 0) is proportional to some
spherical harmonic Y7 ,,(k). Note that 7,1, = 0, which reflects the fact that the total
particle number is a collisional invariant. The single particle lifetime is identified as

-1 _— __—1 o
7—sp =TI 00 — nimva Otot > (197)

corresponding to a point distortion of the uniform distribution.
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1.5.2 Screening and the Transport Lifetime

For a Coulomb impurity, with U(r) = —Ze?/r we have U(q) = —4nZe?/¢?. Consequently,

Ze? ?
op(¥) = (2119> , (1.98)

deg sin” 5

and there is a strong divergence as ¥ — 0, with o.(9) oc ¥4 The transport lifetime
diverges logarithmically! What went wrong?

What went wrong is that we have failed to account for screening. Free charges will rearrange
themselves so as to screen an impurity potential. At long range, the effective (screened)
potential decays exponentally, rather than as 1/r. The screened potential is of the Yukawa
form, and its increase at low ¢ is cut off on the scale of the inverse screening length A~!.
There are two types of screening to consider:

e Thomas-Fermi Screening : This is the typical screening mechanism in metals. A weak
local electrostatic potential ¢(7) will induce a change in the local electronic density

according to dn(r) = ep(r)g(er), where g(ep) is the density of states at the Fermi
level. This charge imbalance is again related to ¢(r) through the Poisson equation.
The result is a self-consistent equation for ¢(r),

V2¢ = 4rme on
=dre’g(ep) d=A1p @ - (1.99)

The Thomas-Fermi screening length is App = (4%629(5F))_1/ 2,

e Debye-Hiickel Screening : This mechanism is typical of ionic solutions, although it may
also be of relevance in solids with ultra-low Fermi energies. From classical statistical
mechanics, the local variation in electron number density induced by a potential ¢(r)
is

on(r) = ne® kT _p ~ neg(r) , (1.100)
kT
where we assume the potential is weak on the scale of k,T/e. Poisson’s equation now
gives us

V24 = 4redn
4rne?

=—— 9= Aph ¢ . 1.101

0= Ao (1.101)

A screened test charge Ze at the origin obeys

Vi =\"2¢—4dnZed(r) , (1.102)
the solution of which is
Ze? . AR
U(r) = —eg(r) = _Te TN = U(q) = 2 (1.103)
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The differential scattering cross section is now

9 2
o) = [ 25 ! (1.104)
dep  sin® 39 + (2kp)) 2

and the divergence at small angle is cut off. The transport lifetime for screened Coulomb
scattering is therefore given by

2
1 2\?
= 27y, Up <Z€> /dﬁ sin® (1 — cos ) ( T ! )
7(ep) dey / sin® 50 + (2kpA) 2

Ze2\? e
= 27TnimpUF <2EF) {h’l(l—Fﬂ'C) — 1—|—7TC} y (1105)
with
4 5.9 h2kp .
(= ;kF/\ = ) = kpag . (1.106)

Here a% = e h?/m*e? is the effective Bohr radius (restoring the e factor). The resistivity
is therefore given by

m* 2 h‘ * nim *
p=—g = Z 5 np F(kga}) , (1.107)
where
1 ¢

With h/e? = 25,813Q and af, =~ ap = 0.529 A, we have

n.
p=137x10"1Q -em x 722 22 F(kpal) . (1.109)
n

Impurity | Ap per % || Impurity | Ap per %
Ton (u€2-cm) Ton (u€2-cm)
Be 0.64 Si 3.2
Mg 0.60 | Ge 3.7
B 1.4 Sn 2.8
Al 1.2 As 6.5
In 1.2 Sb 54

Table 1.2: Residual resistivity of copper per percent impurity.
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p/7? (uQl—cm/%—impurity)

Figure 1.5: Residual resistivity per percent impurity.
1.6 Boltzmann Equation for Holes

1.6.1 Properties of Holes

Since filled bands carry no current, we have that the current density from band n is

3 3
Jn(r,t) = —26/(57:;3 fu(r k,t)v, (k) = +2€/(;l7:;3 folr k t)v, (k) , (1.110)
O O

where f = 1 — f. Thus, we can regard the current to be carried by fictitious particles of
charge +e with a distribution f(r,k,t). These fictitious particles are called holes.

1. Under the influence of an applied electromagnetic field, the unoccupied levels of a
band evolve as if they were occupied by real electrons of charge —e. That is, whether
or not a state is occupied is irrelevant to the time evolution of that state, which is
described by the semiclassical dynamics of egs. (1.1, 1.2).

2. The current density due to a hole of wavevector k is +-e vy, (k)/V.
3. The crystal momentum of a hole of wavevector k is P = —hk.

4. Any band can be described in terms of electrons or in terms of holes, but not both
simultaneously. A “mixed” description is redundant at best, wrong at worst, and
confusing always. However, it is often convenient to treat some bands within the
electron picture and others within the hole picture.
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conduction band
(electron description)
1
-k
valence band
(hole description)

¥, [¥y)

Figure 1.6: Two states: }\I/A> = eL hL| 0> and ‘\I/B> = eL hT_k‘ 0>. Which state carries
more current? What is the crystal momentum of each state?

It is instructive to consider the exercise of fig. 1.6. The two states to be analyzed are

| y) :¢I,k¢v,k|‘1’0> =€Zh210> (1.111)
| Ug) :¢I,k¢v,fk‘qjo> =e£hik}0> , (1.112)

where eL = 1/)Z,k is the creation operator for electrons in the conduction band, and hlt = ¢v,k
is the creation operator for holes (and hence the destruction operator for electrons) in the
valence band. The state ‘ \IIO> has all states below the top of the valence band filled, and
all states above the bottom of the conduction band empty. The state ‘ 0> is the same state,
but represented now as a vacuum for conduction electrons and valence holes. The current
density in each state is given by j = e(v,, —ve)/V, where V' is the volume (i.e. length) of the
system. The dispersions resemble ¢, ~ :l:%Eg + h2k?/2m*, where E, is the energy gap.

e State ‘ LN >:
The electron velocity is ve = hk/m*; the hole velocity is v, = —hk/m*. Hence,
the total current density is j ~ —2ehk/m*V and the total crystal momentum is
P =pe+p, =hk—hk=0.

e State ‘ Vs >:
The electron velocity is ve = hk/m*; the hole velocity is v, = —h(—k)/m*. The
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total current density is j ~ 0, and the total crystal momentum is P = po + p, =
hk — h(—k) = 2hk.

Consider next the dynamics of electrons near the bottom of the conduction band and holes
near the top of the valence band. (We’'ll assume a ‘direct gap’, i.e. the conduction band
minimum is located directly above the valence band maximum, which we take to be at the
Brillouin zone center k = 0, otherwise known as the I' point.) Expanding the dispersions
about their extrema,

eo(k) = ey — sh°mys " K kP (1.113)
ec(k) =e§+ shPmSy kK (1.114)
The velocity is
o 1 Oe 1.3

where the + sign is used in conjunction with m® and the — sign with m¥. We compute the
acceleration a = 7 via the chain rule,

o O d°
- Ok dt
_ 1
= Fem, )} [Eﬂ + - (v x B)ﬂ] (1.116)
1
F*=mgza’ = e {Eﬁ + - (v % B)B] . (1.117)

Thus, the hole wavepacket accelerates as if it has charge 4+e but a positive effective mass.

Finally, what form does the Boltzmann equation take for holes? Starting with the Boltz-
mann equation for electrons,

0 0 .0
a—{+1’~-a—£+k-a—£:%{f}, (1.118)

we recast this in terms of the hole distribution f =1 — f, and obtain

of . of . of 3
%Jrr.a%%.a%:_zk{l_f} (1.119)

This then is the Boltzmann equation for the hole distribution f. Recall that we can expand
the collision integral functional as

Te{fO+ofy = L0f+ ... (1.120)

where £ is a linear operator, and the higher order terms are formally of order (Jf)2. Note
that the zeroth order term Zj{ _fo} vanishes due to the fact that f° represents a local
equilibrium. Thus, writing f = fY 4 6f

Tl - fl=—-Tp {1 - fO —of} =L6f + ... (1.121)
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and the linearized collisionless Boltzmann equation for holes is

u ofr -
VT} S =Ld (1.122)

£ —

af e a6f
Bk~ T

— — —UX

ot he ok

v-[e£+

which is of precisely the same form as the electron case in eqn. (1.27). Note that the local
equilibrium distribution for holes is given by

fOo(r k,t) = {exp (W) + 1}_1 (1.123)

1.7 Magnetoresistance and Hall Effect

1.7.1 Boltzmann Theory for p,3(w, B)

In the presence of an external magnetic field B, the linearized Boltzmann equation takes
the form?

oof af° e aof
We will obtain an explicit solution within the relaxation time approximation £ Jf = —df /7

and the effective mass approximation,
(k) =3 P m kK —  v*=+hm K, (1.125)

where the top sign applies for electrons and the bottom sign for holes. With £(t) = £ e~
we try a solution of the form

6f (k,t) = k- A(e) e ™t = §f (k) e ! (1.126)

where A(e) is a vector function of £ to be determined. Each component A, is a function of
k through its dependence on € = ¢(k). We now have

9
ok

(kFAH) =ev - E a—fo , (1.127)

-1 . € a pp
(777 —iw) kM AF — 7o Capy ¥ B %%

where ¢ By is the Levi-Civita tensor. Note that

€

9 An
gy V' B° oy (KA = e, v BP <A7 + K+ 8)

ok~

AH
= €43, VB (A” + k! oY aae >

= €5, V"B AT, (1.128)

9For holes, we replace f© — f° and §f — Jf.
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owing to the asymmetry of the Levi-Civita tensor: e aBy v*vY = 0. Now invoke hk® =

+m,s v?, and match the coefficients of v® in each term of the Boltzmann equation. This
yields,

af
1 .
|:(T —iw)m ﬂigeaﬂ,yB”] Aﬁ:ihegﬁa. (1.129)
Defining

Tap = (17! —iw)m,+ Zeaﬂv B (1.130)
we obtain the solution

of°
of =ev” maﬁlﬂﬁy &= e (1.131)

From this, we can compute the current density and the conductivity tensor. The electrical

3
jo‘——Qe/(dk v* of

current density is

2m)3
Q
&L 010
:+26257/(2F)3 oo’ m, s T (e) ( ag> : (1.132)
Q

where we allow for an energy-dependent relaxation time 7(g). Note that I'ng(e) is energy-
dependent due to its dependence on 7. The conductivity is then

3 0
Oop(w, B) = 2522 m;ﬁ{ /(;17:;3 kH kY <_68J;> FV[}(e)} (1.133)
Q
= j:% eQ/dssg(s) I‘;é(e) < 88‘];()) , (1.134)

where the chemical potential is measured with respect to the band edge. Thus,

ap(w, B) =ne? (T 3) (1.135)
where averages denoted by angular brackets are defined by

T af° -1

Jdecg(e) (~5F) A

(Top) = —= - . (1.136)
7fd6€g(£) ( aaé )

The quantity n is the carrier density,

£) (electrons)
n = /dsg {{1 “ @)} (holes) (1.137)
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EXERCISE: Verify eqn. (1.134).

For the sake of simplicity, let us assume an energy-independent scattering time, or that the
temperature is sufficiently low that only 7(ep) matters, and we denote this scattering time
simply by 7. Putting this all together, then, we obtain

Tog =T o5 (1.138)
1 1 -1 . e v
Pop = @Faﬂ = @ (7— — zw)maﬁ + E 6aﬂ’yB ] . (1.139)

We will assume that B is directed along one of the principal axes of the effective mass
tensor m,, 3, which we define to be &, g, and 2, in which case

1 (77t —dw)m} +eB/c 0
Pop(ws B) = — FeB/c (771 —iw) my 0 (1.140)
0 0 (77t —iw)m?

where mY . are the eigenvalues of m op and B lies along the eigenvector Z.

x7y7z
Note that .
m .
Pyz(w, B) = TLG;T (1 —iwT) (1.141)
is independent of B. Hence, the magnetoresistance,

vanishes: Apg,(B) = 0. While this is true for a single parabolic band, deviations from
parabolicity and contributions from other bands can lead to a nonzero magnetoresistance.

The conductivity tensor o ap 18 the matrix inverse of p o Using the familiar equality

-1
a b 1 d b
(c d) ~ ad—be (—c a ) ’ (1.143)

we obtain
(1—iwT)/mk weT/y/m my 0
(1—iwT)2+(weT)?2 (1—iwT)2+(weT)?2
Oop(w, B) = ne’r | | wer/y/mimj (1—iwr)/my 0 (1.144)
(1—iwT)2+(weT)? (1—iwT)?+(weT)?
1
0 0 ()
where B
We=— | (1.145)
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with m’) = /mj my, is the cyclotron frequency. Thus,

2 .
ne‘r 1 —wr
B) = 1.146
Tu0(w, B) mi 1+ (w2 —w?)7r2 — 2wt ( )
2
ne-r 1
0,,(w,B) = — . (1.147)
ZZ m¥ 1 —iwr

Note that 044,y are field-dependent, unlike the corresponding components of the resistivity
tensor.

1.7.2 Cyclotron Resonance in Semiconductors

A typical value for the effective mass in semiconductors is m* ~ 0.1 me. From

175 % 10" Hz/G | (1.148)

Me C

we find that eB/m*c = 1.75 x 101 Hz in a field of B = 1kG. In metals, the disorder is
such that even at low temperatures w.7 typically is small. In semiconductors, however, the
smallness of m* and the relatively high purity (sometimes spectacularly so) mean that w.r
can get as large as 10® at modest fields. This allows for a measurement of the effective mass
tensor using the technique of cyclotron resonance.

The absorption of electromagnetic radiation is proportional to the dissipative (i.e. real) part

of the diagonal elements of o 5(w), which is given by

, ne’r 1+ (A2 +1)s2
14+2(A2+1)s2+ (A2 —1)2s* 7

= 1.149
= (1.149)
where A = B/B,,, with B, = m’ cw/e, and s = wr. For fixed w, the conductivity o7, ,(B)
is then peaked at B B*. When wr > 1 and w.m > 1, B* approaches B,,, where
o (w,By) = ne*r/2m}. By measuring B, one can extract the quantity m% = eB,/wc.

Varying the direction of the magnetic field, the entire effective mass tensor may be deter-
mined.

*

For finite w7, we can differentiate the above expression to obtain the location of the cyclotron
resonance peak. One finds B = (1 + a)'/? B,,, with

—(2s2 4+ 1 252+ 1)2 -1
N G D R AVAC b)) (1.150)

As depicted in fig. 1.7, the resonance peak shifts to the left of B, for finite values of wr.
The peak collapses to B = 0 when wr < 1/\/3 = 0.577.
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| L1 | I 1

| I 11 1

|

Figure 1.7: Theoretical cyclotron resonance peaks as a function of B/B,, for different values
of wr.

1.7.3 Magnetoresistance: Two-Band Model

For a semiconductor with both electrons and holes present — a situation not uncommon to
metals either (e.g. Aluminum) — each band contributes to the conductivity. The individual
band conductivities are additive because the electron and hole conduction processes occur
in parallel, exactly as we would deduce from eqn. (1.4). Thus,

Opp(W) = Zagg(w) , (1.151)

(n)

where Onp 18 the conductivity tensor for band n, which may be computed in either the
electron or hole picture (whichever is more convenient). We assume here that the two
distributions df. and Jf, evolve according to independent linearized Boltzmann equations,

i.e. there is no interband scattering to account for.
gg exhibits no magnetoresistance, as we have found.

However, if two bands are present, the total resistivity tensor p is obtained from p~! =

pet +pyt, and

The resistivity tensor of each band, p

_ 1y -1
p=(p" +p") (1.152)
will in general exhibit the phenomenon of magnetoresistance.

Explicitly, then, let us consider a model with isotropic and nondegenerate conduction band
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minimum and valence band maximum. Taking B = B2, we have

. 0 1 0 ae e 0
1-— B
. (1 — iwTe)me I+ 10 0)=]-8 a o (1.153)
Ne€?7, nec\ g 0 0 0 0 a
. 0 1 0 Oy _Bv 0
1— v B
p = (1 —dwr)my 1 00]=(8 a 0], (1.154)
nyve2ry nvec \ o 0 0 0 0 o
where
1—i B
o, = LT HTe)me [ (1.155)
Ne€27, neec
1 —wry)my B
o, = Lo dwn)m R (1.156)
Nye2Ty nyec

we obtain for the upper left 2 x 2 block of p:

-1

« o 2 0 G 2
pL:<2v2+2C2>+<2v2+2C2)
oy + 07 ai+ 5 g+ 07 ai+ 5
Hmtadm  amt i
x , (1.157)
_ ﬁv . ﬁc Oy + Q¢
ag+fy aiHBE ogHSY T adHhE
from which we compute the magnetoresistance
(o o 2 2
pa;a:(B) — pﬂ?ﬂ?(o) _ T Ov (ncec B E) B 1.158
0 = 5 (1.158)
paz(0) (0c +04)% + (0c 0v)? ( Ly #) B2
neec Ny ec
where
2
1
go=at="cCTe 2 (1.159)
Me 1 —twre
2
1
oo=agt="0T — (1.160)
My 1 — 1wty

Note that the magnetoresistance is positive within the two band model, and that it saturates
in the high field limit:

2
Oc __ Ov
paa(B — ) = pa(0) _ 7V (n n) _ (1.161)

prel0) oo (L)’
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The longitudinal resistivity is found to be

pee = (0c+0,)7" (1.162)
and is independent of B.
In an intrinsic semiconductor, ne = ny o exp(—FEg/2k,T), and Apze(B)/pz«(0) is finite
even as T'— 0. In the extrinsic (i.e. doped) case, one of the densities (say, n. in a p-type

material) vanishes much more rapidly than the other, and the magnetoresistance vanishes
with the ratio n¢/ny.

1.7.4 Hall Effect in High Fields

In the high field limit, one may neglect the collision integral entirely, and write (at w = 0)

a0 e aof
—€ev - gg—% vX B- dk

We’ll consider the case of electrons, and take &€ = £y and B = B2, in which case the
solution is

=0. (1.163)

he€ . Of°
Oof = — ky — .
/ B " 0e

Note that k, is not a smooth single-valued function over the Brillouin-zone due to Bloch

periodicity. This treatment, then, will make sense only if the derivative 9f°/0¢ confines k

to a closed orbit within the first Brillouin zone. In this case, we have

(1.164)

d% 85 af°
266/ E ky —— T 0e (1.165)
d% afo
B/ 5k o (1.166)

Now we may integrate by parts, if we assume that fO vanishes on the boundary of the
Brillouin zone. We obtain

2ecE [ d%k o _nec
. aeco - _Te. 1.167
Q
We conclude that nec
Oy = — 00 = - (1.168)

independent of the details of the band structure. “Open orbits” — trajectories along Fermi
surfaces which cross Brillouin zone boundaries and return in another zone — post a subtler
problem, and generally lead to a finite, non-saturating magnetoresistance.

For holes, we have f =1 — f% and

. _2605 d* (37]?0 nec
Je =77 (2m)3 " Ok,
)

=€ (1.169)
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Figure 1.8: Nobel Prize winning magnetotransport data in a clean two-dimensional electron
gas at a GaAs-AlGaAs inversion layer, from D. C. Tsui, H. L. Stérmer, and A. C. Gossard,
Phys. Rev. Lett. 48, 1559 (1982). ps, and ps, are shown versus magnetic field for a set of
four temperatures. The Landau level filling factor is v = nhe/eB. At T = 4.2 K, the Hall
resistivity obeys pzy = B/nec (n = 1.3 x 10" em™2). At lower temperatures, quantized
plateaus appear in pg,(B) in units of h/e%.

and o,y = +nec/B, where n is the hole density.

We define the Hall coefficient Ry = —pzy/B and the Hall number

1
p=—m—, (1.170)
n;,,eclRy
where n, is the ion density. For high fields, the off-diagonal elements of both Pogs and
0,5 are negligible, and pyy = —04y. Hence Ry = F1/nec, and zy = +n/n, . The high

field Hall coefficient is used to determine both the carrier density as well as the sign of the
charge carriers; zy is a measure of valency.

In Al, the high field Hall coefficient saturates at z;; = —1. Why is z; negative? As it turns
out, aluminum has both electron and hole bands. Its valence is 3; two electrons go into a
filled band, leaving one valence electron to split between the electron and hole bands. Thus
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Figure 1.9: Energy bands in aluminum.
n = 3n,,, The Hall conductivity is
Opy = (N, — 1) ec/B . (1.171)

The difference ny, — ne is determined by the following argument. The electron density in

the hole band is n;, = 2n,,, —n,, i.e. the total density of levels in the band (two states per

unit cell) minus the number of empty levels in which there are holes. Thus,

ny, — N = 20, — (N + 1) =n (1.172)

ion ?

where we’ve invoked ne 4+ n), = njon, since precisely one electron from each ion is shared
between the two partially filled bands. Thus, o4y = 1, ec/B = nec/3B and z;; = —1. At

lower fields, zy; = +3 is observed, which is what one would expect from the free electron
model. Interband scattering, which is suppressed at high fields, leads to this result.

1.8 Thermal Transport

1.8.1 Boltzmann Theory
Consider a small region of solid with a fixed volume AV. The first law of thermodynamics
applied to this region gives TAS = AFE — pAN. Dividing by AV gives

dg=Tds =de— pdn , (1.173)

where s is the entropy density, € is energy density, and n the number density. This can be
directly recast as the following relation among current densities:

dy =Ty = J. — 1 (1.174)
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Figure 1.10: Fermi surfaces for electron (pink) and hole (gold) bands in Aluminum.

where j, = j/(—e) is the number current density, j. is the energy current density,

. d%
JE:Q/W €’U(Sf, (1175)
Q
and j, is the entropy current density. Accordingly, the thermal (heat) current density jq is
defined as

j,=Ti, = j. + gj (1.176)
a3
= 2/(27r)3 (e —p)vif . (1.177)
a

In the presence of a time-independent temperature gradient and electric field, linearized
Boltzmann equation in the relaxation time approximation has the solution

5f = —7(c) v - (68 + %VT) (—%—Jj) . (1.178)

We now consider both the electrical current j as well as the thermal current density jg.
One readily obtains

d*
j= —QG/W ’Udf ELllg—[qQVT (1179)
Q
) d%
Jq=2 W (E—M)U5fEL218—L22VT (1.180)

Q
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where the transport coefficients L' etc. are matrices:

2 0 a B
a3 € _8f / v* v
LY = s /dET(S) < e ) dSe o]
Ly’

of _ e B af(] / & ,8
o1 = T'Lyy = 47T3h/d€7—(€)(€ M)( 85) dSe Bl

o 1 af° v vf
L225:W/d57(8)(€—ﬂ)2( ag)\/ds&‘ ’ ’ .

If we define the hierarchy of integral expressions

1 of° v* P
af — _ ~ o 2 v
J,0 = gy de7(e) (e — p) ( e ) /dSE

then we may write

1
Iy = L =TLY =g 1= 15

T

The linear relations in eqn. (1.180) may be recast in the following form:

E=pj+QVT
Jg=NJ3—-sVT,

where the matrices p, @, M, and x are given by

-1 -1
p= Ly Q= Ly Ly

-1 -1
M= Ly Ly k= Loy — Loy L1y Ly,

_ 1
p=—=T5" Q=-—%5J

_ 1 _
I_I:—gjljol H:T<u72—u71~701~71) )

(1.181)
(1.182)

(1.183)

(1.184)

(1.185)

(1.186)
(1.187)

(1.188)
(1.189)

(1.190)

(1.191)

The names and physical interpretation of these four transport coeflicients is as follows:

e pisthe resistivity: £ = pj under the condition of zero thermal gradient (i.e. VT = 0).

e ( is the thermopower: € = QV T under the condition of zero electrical current (i.e.

7 =0). Q is also called the Seebeck coefficient.
e M is the Peltier coefficient: j; = Mg when VT = 0.

e r is the thermal conductivity: jo = —kV T when 7 =0 .
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T=T

Vo= (QBiQA)(TliTO)

Figure 1.11: A thermocouple is a junction formed of two dissimilar metals. With no electri-
cal current passing, an electric field is generated in the presence of a temperature gradient,
resulting in a voltage V =V — Vp.

One practical way to measure the thermopower is to form a junction between two dissimilar
metals, A and B. The junction is held at temperature 77 and the other ends of the metals
are held at temperature 7Tp. One then measures a voltage difference between the free ends
of the metals — this is known as the Seebeck effect. Integrating the electric field from the
free end of A to the free end of B gives

B

Va- Vo=~ [€d1=(@a-Qu)Ti - T0) (1.192)
A

What one measures here is really the difference in thermopowers of the two metals. For an
absolute measurement of @, replace B by a superconductor (@ = 0 for a superconductor).
A device which converts a temperature gradient into an emf is known as a thermocouple.

The Peltier effect has practical applications in refrigeration technology. Suppose an electrical
current [ is passed through a junction between two dissimilar metals, A and B. Due to
the difference in Peltier coefficients, there will be a net heat current into the junction of
W = (Ma — M) I. Note that this is proportional to I, rather than the familiar I? result
from Joule heating. The sign of W depends on the direction of the current. If a second
junction is added, to make an ABA configuration, then heat absorbed at the first junction
will be liberated at the second. °

10Ty create a refrigerator, stick the cold junction inside a thermally insulated box and the hot junction
outside the box.
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L

I, = (TIg—1I1,) 1

Figure 1.12: A sketch of a Peltier effect refrigerator. An electrical current I is passed through
a junction between two dissimilar metals. If the dotted line represents the boundary of a
thermally well-insulated body, then the body cools when Mg > My, in order to maintain a
heat current balance at the junction.

1.8.2 The Heat Equation

We begin with the continuity equations for charge density p and energy density e:

dp

5+ V=0 (1.193)
Oe . .

where E is the electric field'!. Now we invoke local thermodynamic equilibrium and write

Oe Oe On  Os OT

o " onot T oT ot

w dp oT
=== — 1.195
e ot Vo (1.195)
where n is the electron number density (n = —p/e) and ¢, is the specific heat. We may

now write
oT 0e pudp
Cyp— = — + — —
Vot ot e ot

=j-E-V j,. (1.196)

1 Note that it is F - J and not £ - J which is the source term in the energy continuity equation.
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Invoking j, = Mj — kV T, we see that if there is no electrical current (7 = 0), we obtain
the heat equation

or o

This results in a time scale 7, for temperature diffusion 7, = CL2CV /K, where L is a typical
length scale and C is a numerical constant. For a cube of size L subjected to a sudden
external temperature change, L is the side length and C = 1/37? (solve by separation of
variables).

1.8.3 Calculation of Transport Coefficients

We will henceforth assume that sufficient crystalline symmetry exists (e.g. cubic symme-
try) to render all the transport coefficients multiples of the identity matrix. Under such
conditions, we may write J L ap With

Tn= togr /deT(s) (e — )" <-%§) /ng o] . (1.198)

The low-temperature behavior is extracted using the Sommerfeld expansion,

7= ?deH(e) <—88J;0> = 7D csc(nD) H(e)

— 00

(1.199)
e=p

= H(p)+ T:UfBT)QH”(u) ... (1.200)

where D = kT % is a dimensionless differential operator.!?

To quickly derive the Sommerfeld expansion, note that

of° 1 1
— = 1.201
( Oe ) k,T [e(ﬁ—u)/kBT + 1] [e(u—a)/k’BT + 1] ’ (1.201)
hence, changing variables to = (¢ — p)/kT,

B T H(p+xk,T) r eP
1= /d”” +)ertl) /d”“" R e

—00 — 00

oo
=271 Z Res

n=0

e=p
ezD

@+ (e +1)

: (1.202)

z=(2n+1)im

12Remember that physically the fixed quantities are temperature and total carrier number density (or
charge density, in the case of electron and hole bands), and not temperature and chemical potential. An
equation of state relating n, p, and T is then inverted to obtain u(n,T’), so that all results ultimately may
be expressed in terms of n and T
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where we treat D as if it were c-number even though it is a differential operator. We have
also closed the integration contour along a half-circle of infinite radius, enclosing poles in
the upper half plane at x = (2n + 1)im for all nonnegative integers n. To compute the
residue, set x = (2n 4 1)iw + €, and examine

e(2n+1)inD D 14 €D+ %621)2 N

_ . e(2n+1)'L'7r’D
(1—e€)(1—e) 4+ Let4 ...
1 D 1 172 (2n+1)inD
— _672—?4-(@—52))—4—(9(6) e . (1.203)

We conclude that the residue is —D e(27+1iD Therefore,

T =-2miDY e TP H(e)

n=0

= D csc(nD) H(e)

e=p

: (1.204)
e=p

which is what we set out to show.

Let us now perform some explicit calculations in the case of a parabolic band with an
energy-independent scattering time 7. In this case, one readily finds

Tn = %) 32 rDescaDed? (e — )" : (1.205)
€ E=1
where o, = ne?r/m*. Thus,
2 2
o 7w (kgT)
=—|14+— 1.206
Jo - + 5 2 + ( )
2 2
Og ™ (kBT)
= —— . 1.207
jl 62 2 L + ( )
2
_0oT 2
Jy= g5 TP+ (1.208)
from which we obtain the low-T" results p = o L
2 27 2
o=-""8 p=""Tp2p (1.209)
2 €cp 3 m*
and of course M = T'Q. The predicted universal ratio
K 2 2 —8172 1c—2
o

is known as the Wiedemann-Franz law. Note also that our result for the thermopower
is unambiguously negative. In actuality, several nearly free electron metals have positive
low-temperature thermopowers (Cs and Li, for example). What went wrong? We have
neglected electron-phonon scattering!



1.8. THERMAL TRANSPORT 39

0.35
0.30 '=L~T
—T
/r.o/’—/ o
0.25 " N
’0/_// = [«
—
0.20 \
-
2\
0.15 3‘\
w 010 -
5 \
S sosl 4 \
1
é P-TYPE GERMANIUM \q
G o —T 1 N3
w N-TYPE GERMANIUM \ \
w
z =-0.05 n \\\
-
o -040
—_ i il INTRINSIC \\
-t L S ~a
-045 L IR
F/V -
-0.20 -
-~ A L)
-0.25 T~ ] /
‘ .\ I ~— /’
L]
-0.30 - Y A S '//
-t | o~ E ,y
-=0,35

190 200 210 220 230 240 250 260 270 280 290 300 310 320 330 340 350 360 370 380 39
TEMPERATURE IN DEGREES KELVIN

Figure 1.13: QT product for p-type and n-type Ge, from T. H. Geballe and J. W. Hull,
Phys. Rev. 94, 1134 (1954). Samples 7, 9, E; and F are distinguished by different doping
properties, or by their resistivities at 7 = 300K: 21.5Q-cm (7), 34.5Q-cm (9), 18.5Q-cm
(E), and 46.0 Q-cm (F).

1.8.4 Onsager Relations

Transport phenomena are described in general by a set of linear relations,
Ji = L, Fy, (1.211)

where the {F}} are generalized forces and the {J;} are generalized currents. Moreover,
to each force F; corresponds a unique conjugate current J;, such that the rate of internal
entropy production is

S:ZFJ = Fizgi. (1.212)
The Onsager relations (also known as Onsager reciprocity) states that
Liyx(B) =mn;ni Lg;(—B) (1.213)
where 7; describes the parity of J; under time reversal:
TJi=mnJi. (1.214)

We shall not prove the Onsager relations.
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The Onsager relations have some remarkable consequences. For example, they require, for
B = 0, that the thermal conductivity tensor j of any crystal must be symmetric, indepen-
dent of the crystal structure. In general,this result does not follow from considerations of
crystalline symmetry. It also requires that for every ‘off-diagonal’ transport phenomenon,
e.g. the Seebeck effect, there exists a distinct corresponding phenomenon, e.g. the Peltier
effect.

For the transport coefficients studied, Onsager reciprocity means that in the presence of an
external magnetic field,

Pas(B) = p50(~B) (1.215)
Kog(B) = K5, (—B) (1.216)
Mag(B) =T Qu(~B) . (1.217)

Let’s consider an isotropic system in a weak magnetic field, and expand the transport
coefficients to first order in B:

Pop(B) =pd,5+ve,s B (1.218)
Koag(B) =K0,5+ we,5 BT (1.219)
Qup(B)=Q6,5+C€,5, B (1.220)
Mas(B) =Md,5+0€,5 B . (1.221)

Onsager reciprocity requires M =T @ and 0 =T (. We can now write
E=pj+vixB+QVT+(VITxB (1.222)
j,=Nj+0jxB—-kVT-wVTXB. (1.223)

There are several new phenomena lurking!

o Hall Bffect (4% = 9T = j, = 0)

An electrical current j = j; & and a field B = B, 2 yield an electric field €. The Hall
coefficient is Ry = &y/j. B, = —v.

e Ettingshausen Effect (— = Jy = Jgy =0)

An electrical current j = j, € and a ﬁeld B = B, z yield a temperature gradient %'

The Ettingshausen coefficient is P = ay / Jz B. = —0/k.

e Nernst Effect (j, = jy, = ay =0)
A temperature gradient VT = g—g « and a field B = B, 2 yield an electric field €.
The Nernst coefficient is A = &,/ % B, = —C.

e Righi-Leduc Effect (j, = jy, = Sy =0)
A temperature gradient V1T = :c and a field B = B, 2 yield an orthogonal tem-
perature gradient ?)Z' The nghl Leduc coefficient is £ = 2L / B = /Q.
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1.9 Electron-Phonon Scattering

1.9.1 Introductory Remarks

We begin our discussion by recalling some elementary facts about phonons in solids:

e In a crystal with r atoms per unit cell, there are 3(r — 1) optical modes and 3 acoustic
modes, the latter guaranteed by the breaking of the three generators of space transla-
tions. We write the phonon dispersion as w = w,(q), where A € {1,...,3r} labels the
phonon branch, and g € Q. If j labels an acoustic mode, wj(q) =¢j(q)qas g — 0.

e Phonons are bosonic particles with zero chemical potential. The equilibrium phonon

distribution is
O 1

" xp(hwy (@) /kaT) — 1

(1.224)

e The maximum phonon frequency is roughly given by the Debye frequency wp. The
Debye temperature ©p = Awp ~ 100 K — 1000 K in most solids.

At high temperatures, equipartition gives ((0R;)?) o< kT, hence the effective scattering
cross-section oy, increases as T, and 72 1/n, vpo,y o< T71. From p = m*/ne’r, then,
we deduce that the high temperature resistivity should be linear in temperature due to
phonon scattering: p(T) o T. Of course, when the mean free path ¢ = vp7 becomes as
small as the Fermi wavelength A, the entire notion of coherent quasiparticle transport
becomes problematic, and rather than continuing to grow we expect that the resistivity
should saturate: p(T — o) =~ h/kge?, known as the Ioffe-Regel limit. For ky = 10%cm™}

this takes the value 260 pf2 cm.

1.9.2 Electron-Phonon Interaction

Let R, = R) + §R; denote the position of the i*" ion, and let U(r) = —Ze? exp(—r/App) /T
be the electron-ion interaction. Expanding in terms of the ionic displacements § R;,

Helion = »_U(r —R)) =Y R, VU(r—RY), (1.225)

where i runs from 1 to Nion'3. The deviation 6 R; may be expanded in terms of the vibra-
tional normal modes of the lattice, i.e. the phonons, as

1/2

1 h PO

SRS = S & (q) e (a,, +al ). (1.226)
Nion a\ <2w/\(q)> 1 1

13We assume a Bravais lattice, for simplicity.
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Figure 1.14: Transverse and longitudinal phonon polarizations. Transverse phonons do
not result in charge accumulation. Longitudinal phonons create local charge buildup and
therefore couple to electronic excitations via the Coulomb interaction.

The phonon polarization vectors satisfy €, (q) = €3(—q) as well as the generalized orthonor-
mality relations

Z q) & (—q) = M4, (1.227)

Ze/\ q) e>\ —q) :M_15aﬁ , (1.228)
A

where M is the ionic mass. The number of unit cells in the crystal is Njo, = V/Q, where
Q is the Wigner-Seitz cell volume. Again, we approximate Bloch states by plane waves
¢r(r) = exp(ik - 7)/v/V, in which case

i e wgo AnZe? (k— K
U ith—k')RY AmZe” ( )

(K'|VU(@r-R))|k)=—— o (1.229)
4 (k—K')? + Arp
The sum over lattice sites gives
Nion
Z i(k—k'tq) R = Nion O/ ,k+q mod G » (1.230)
i=1
so that
Hel-ph = \F > gk k) (aly +a_ ) Ul Yo O kiarc (1.231)
kKo
q\G
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with

1/2
h A
Gk k+qg+G)=—1i — (g + G) -é5(q) . 1.232
Al ) (29w)\(q)> (@G22 ( )-éx(q) ( )

In an isotropic solid'* (‘jellium’), the phonon polarization at wavevector q either is parallel
to g (longitudinal waves), or perpendicular to g (transverse waves). We see that only
longitudinal waves couple to the electrons. This is because transverse waves do not result
in any local accumulation of charge density, and it is to the charge density that electrons
couple, via the Coulomb interaction.

Restricting our attention to the longitudinal phonon, we have é;(q) = ¢/v M and hence,
for small ¢ = k' — k,

BO\Y? anze?
> c 1/2 q1/2 :

— i 1.2
g.(k.k+q) Z(QMQ Za2 (1.233)

where ¢; is the longitudinal phonon velocity. Thus, for small ¢ we that the electron-
longitudinal phonon coupling g, (k, k + q) = g4 satisfies

19q]° = X1 ph - : (1.234)

where g(ep) is the electronic density of states, and where the dimensionless electron-phonon
coupling constant is

2
Z? 27 m* Ep
Aeloph = ———— = — , 1.235
S e g 3 M <k395> (1.235)

with Og = hepkp/k,. Table 1.3 lists O, the Debye temperature Oy, and the electron-phonon
coupling Aej_pn for various metals.

EXERCISE: Derive eqn. (1.235).

[ Metal | O [ Op [ Aa—pn || Metal [ ©5 | ©Op [ Aai—pn ||

Na 220 | 150 0.47 || Au 310 | 170 0.08
K 150 | 100 0.25 || Be 1940 | 1000 0.59
Cu 490 | 315 0.16 || Al 910 | 394 0.90
Ag 340 | 215 0.12 || In 300 | 129 1.05

Table 1.3: Electron-phonon interaction parameters for some metals. Temperatures are in
Kelvins.

Y The jellium model ignores G # 0 Umklapp processes.
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1.9.3 Boltzmann Equation for Electron-Phonon Scattering

Earlier we had quoted the result for the electron-phonon collision integral,
27
Tdfin} = 223" lg3Ue K)P{ (1= fi) fio (L4 ) Oler + huogs = e)
k'

+(1 = fi) for n—grd(ck — hw_gx — €x/)
—fie (L= frr) (1 +n_g) §(ex — hw_gx — ex)
—fie (1 — frr) ngr 6(ex + hwgn — 5k’)}5q,k’—k mod G -
(1.236)

The four terms inside the curly brackets correspond, respectively, to cases (a) through (d)
in fig. 1.1. The (1 4+ n) factors in the phonon emission terms arise from both spontaneous
as well as stimulated emission processes. There is no spontaneous absorption.

EXERCISE: Verify that in equilibrium Z3{f°,n°} = 0.

In principle we should also write down a Boltzmann equation for the phonon distribution
Mg and solve the two coupled sets of equations. The electronic contribution to the phonon
collision integral is written as jq,\{ fyn}, with

on,
Todtn = (%2) = i laal” {0+ mg0) g 1= £

ke

Mg fk (1 - fk:+q)} X 6(5k+q — €&k — hwq)\) . (1.237)

Here, we will assume that the phonons are always in equilibrium, and take n > = ng)\.
Phonon equilibrium can be achieved via anharmonic effects (i.e. phonon-phonon scattering),
or by scattering of phonons from impurities or crystalline defects. At low temperatures,

Aw? impurity scattering
—— = (¢ Bw?T? anharmonic phonon scattering (1.238)

7(w
) C/L boundary scattering (L = crystal size)

where A, B, and C are constants.

We now linearize Zp{ f}, and obtain

2
Lof =20 Y }qu\Q{ (U= 2+ 180 = (Fig + )0 | (e — 0 = hiogn)
qA

[0 B+ ) = 08 ey 2 o) - (1239)

This integral operator must be inverted in order to solve for Jfy in

Lf=ev- s( agf) . (1.240)
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Unfortunately, the inversion is analytically intractable — there is no simple solution of the
form Ofy, = eryv, - £ (0f°/0e) as there was in the case of isotropic impurity scattering.
However, we can still identify the coefficient of —dfy in LJf as the scattering rate 7, L As

before, 7, in fact is a function of the energy e(k):

r 1 / |9 1| 0/ 0 /
o~ g [ 4 a5 Bt 100 ] 86 -~ )

+ [+ o) + np_p] 6(e" —e+ h:wkfk,)} (1.241)

In an isotropic system, 7(e(k)) is independent of k. This means we can take k = \/2m*e/h2 2
in performing the above integral.

It is convenient to define the dimensionless function

1 91—l
2 _ k' —k

For parabolic bands, one obtains

1 Aa—phfw m* . .
2 el—ph 2 / I
F(w) = — ki [dE 6(w — cpkp|K —
CH) = S m*kp/m2h2 Ry F/ (= cukel' = 2)
hw Y
= )\elfph <> @(QkB@S — hw) . (1.243)
k5 Os
The scattering rate is given in terms of a?F(w) as
1 o0
) =27 /dw o’ F(w) {fo(s + hw) — fO(e — hw) 4+ 2n°(w) + 1} . (1.244)
0

At T = 0 we have f0(¢) = O(e — ¢) and n°(w) = 0, whence
S 27r7odwoz2F(w) {@(6 —e—hw)—O(ep — e+ Tw) + 1}
7(e) ’ "
0

)‘el—ph 2 |575F|3 :
12 R (kgOs)? if ’5 - EF‘ < QkBGS

(1.245)

Poer 22 (k,0,) it [e — e0| > 2k, 0, .

Note that 7(erp) = 00, unlike the case of impurity scattering. This is because at T" = 0 there
are no phonons! For T # 0, the divergence is cut off, and one obtains

1 27 Nel—ph kpT™ 204
e o) (1.246)
y 2 %C(?)) if y=o00
G(y) = /dm Ssinhs (1.247)

0 1y iy,
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and so

3
, e e N if T < O,

— = (1.248)
2T |y T Ael—ph if T>> 0,

This calculation predicts that 7 oc 773 at low temperatures. This is correct if 7 is the
thermal lifetime. However, a more sophisticated calculation shows that the transport lifetime
behaves as 7, o T~° at low T. The origin of the discrepancy is our neglect of the (1 —cos ¥)
factor present in the average of the momentum relaxation time. At low T, there is only
small angle scattering from the phonons, and (9?) oc (g?/k2) o< T?. The Wiedemann-Franz
law, 7, = 74, is valid for k;T 2 hc kg, as well as at low 1" in isotropic systems, where
impurity scattering is the dominant mechanism. It fails at intermediate temperatures.



