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1/ 41/ 4 1/ 4

02a km mA ω
π π π

    = = =    
     

 

 
where the final result uses 2

0 /k mω = . 
 

23. (a)  21 1
0 0 0 0 02 2 so /E kx x kω ω= = =   

 
 (b) 23 1

1 0 0 0 02 2 so 3 /E kx x kω ω= = =    
 

25 1
2 0 0 0 02 2 so 5 /E kx x kω ω= = =   

 

24.   
22 2 2

av | ( ) | 0axx x x dx A e x dxψ
∞ ∞ −

−∞ −∞
= = =∫ ∫  

 
because the integrand is an odd function of x (the integral from −∞ to 0 exactly cancels 
the integral from 0 to +∞). 
 

 
2 2 2

2
2 2 2 2 2 2 2 2 2 2

av 30 0

2( ) | ( ) | 2
8

ax ax uAx x x dx A e x dx A e x dx e u du
a

ψ
∞ ∞ ∞ ∞− − −

−∞ −∞
= = = =∫ ∫ ∫ ∫  

 
with the substitution 2u x a= .  The integral is a standard form found in tables and is 
equal to /4π .  Substituting 1/4

0( / )A mω π=   and 0/2 /2a km mω= =  , we find 
 

  
3/ 21/ 2

2 0
av

0 0

1 2( ) 2
4 22 2

mx
m m

ω π
π ω ω

  = =  
   

 



 

 
  2 2

av av 0( ) ( ) / 2x x x mω∆ = − =   
 

25. (a)  Because the oscillating particle moves with equal probability in the positive and 
negative x directions, av 0p = .   

 (b)   2 2
av av 0 02

0 0

1 1 1 1( )
2 2 2 2 2 4

U k x k m
m m

ω ω
ω ω

= = = =
 

  

 
  1 1 1

av av 0 0 02 4 4K E U ω ω ω= − = − =    
 

  2 0
av av 0

1( ) 2 2
4 2

mp mK m ωω = = = 
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 (c) 2 2
av av 0( ) ( ) /2p p p mω∆ = − =   

 
26. 1

0 0 021.24 eV so 2.48 eVE ω ω= = =   
 
  To n = 2 state:  5 1

2 0 0 0 02 2 2 2(2.48 eV) 4.96 eVE E E ω ω ω∆ = − = − = = =    
  To n = 4 state:  9 1

4 0 0 0 02 2 4 4(2.48 eV) 9.92 eVE E E ω ω ω∆ = − = − = = =    
 
27. 

22 2 2 2( ) | ( ) | so at 0 (0)axP x dx x dx A e dx x P dx A dxψ −= = = =  
 
  At the classical turning points 0x x= ± , K = 0 so 21 1

0 02 2orE U kxω= =  
 
  02( / 2 )( / )2 2 1 1

0( ) (0) 0.368 (0)km kP x dx A e dx A e dx e P dx P dxω− − −± = = = =   
 
28. (a) If E = 0, then p = 0 and we would know the momentum exactly. Thus ∆p = 0, which 

means ∆x = ∞. But that would be inconsistent with a particle that is bound to a finite 
region of space.  
(b)  

 
3 2

1 1 1
02 2 2 2 3

3.5 10 eV/nm0.5(197 eV nm) 0.19 eV
938 10 eV

k kE c
m mc

ω ×
= = = = ⋅ =

×
     

 
This is less than the binding energy, so this motion is not sufficient to dissociate the 
molecule. 
(c) At the turning point of the motion, 21

02E kx= , so 
 

 0 3 2

2 2(0.19 eV) 0.010 nm
3.5 10 eV/nm

Ex
k

= = =
×

  

  
This motion is not negligible at the atomic level.  

 
29.  

 
22 2 2 2( ) | ( ) | (2 1) axP x x A ax eψ −= = −   

 
2 2 22 2 2 2 2 2 2 22 (2 1)(4 ) (2 1) ( 2 ) 2 (2 1)(5 2 ) 0ax ax axdP A ax ax e A ax ax e aA xe ax ax

dx
− − −= − + − − = − − =

  
The locations of the extrema are 0, ±(1/2a)1/2, ±(5/2a)1/2, and ±∞. Clearly the values at 
±∞ are minima. Working inward from there, the next largest values, ±(5/2a)1/2, must 
locate maxima, then minima at ±(1/2a)1/2, and finally a maximum at 0. Compare these 
values with the plot of the n = 2 probability density in Figure 5.22. 
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30.  
1/ 2 1/ 21

2
2

0 0 0

( ) 1 2 2 0
2 2 ( )

d x d K K K
dK dK m U E K m U E K U E K

−   ∆
= = − =   − + − + − +  

   

   

     
1/ 2

1/ 2
0

0

1 or
2

KK K U E
U E K

− = = −
− +

 

 

  0
max

0 0

1 2( ) 1( )
2 2( ) 2 2 ( )

U Ex
m U E m U E
−

∆ = =
− −
   

 

31. 0 0 0 0 2

20 : sin cos with mEx A k x B k x kψ< = + =


 

 

1 1 0
1 1 2

2 ( )0 : ( ) withk x k x m U Ex x Ce De kψ − −
> = + =



 

 
We set C = 0 to keep 1ψ  finite as x → ∞.  We then apply the continuity conditions on ψ  
and /d dxψ  at x = 0: 
 

0 1(0) (0) : B Dψ ψ= =  
 

0 1
0 1

0 0

:
x x

d d k A k D
dx dx
ψ ψ

= =

   = = −   
   

 

 
Thus 0 1 0( / ) /( )D B A k k A E U E= = − = − − . 
 

32. 0 0
0 0 2

20 : withik x ik x mEx A e B e kψ −′ ′< = + =


 

1 1 0
1 1 2

2 ( )0 : ( ) withik x ik x m E Ux x C e D e kψ − −′ ′> = + =


 

 
If the particles are incident from them negative x direction, then D′ (which is the 
coefficient of the term that represents a wave in the region of positive x traveling toward 
the origin) must be set to 0.  We then apply the continuity conditions on ψ  and /d dxψ  at 
x = 0: 
 

0 1(0) (0) : A B Cψ ψ ′ ′ ′= + =  
 

0 1
0 1

0 0

: ( )
x x

d d k A B k C
dx dx
ψ ψ

= =

    ′ ′ ′= − =   
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Solving these two equations, we obtain 
 

  1 0

1 0

1 0 1 0

2
1 /

1 /2
1 / 1 /

AC
k k

k kAB C A A A
k k k k

′
′ =

+

′ −′ ′ ′ ′ ′= − = − =
+ +

 

 
 The squares of the amplitude ratios give the relative probabilities for the particles to be 

reflected at x = 0 or transmitted into the x > 0 region: 
 

 Reflection probability: 
22

1 0
2

1 0

1 /| |
| | 1 /

k kB
A k k

 ′ −
=  ′ + 

 

 

 Transmission probability: 
2

2 2
1 0

| | 4
| | (1 / )
C
A k k
′

=
′ +

 

 
33. (a) 0 0 2

0 00 : ( ) with 2 /ik x ik xx x Ae Be k mEψ −< = + =   
 
  1 1 2

1 1 00 : ( ) with 2 ( )/k x k xx L x Ce De k m U Eψ −< < = + = −   
 
  2 2

2 2 0: ( ) withik x ik xx L x Fe Ge k kψ −> = + =  
 
 (b) The continuity conditions on ψ  and /d dxψ at x = 0 are 
 

  
0 1

0 1
0 1

0 0

(0) (0) :

: ( ) ( )
x x

A B C D

d d ik A B k C D
dx dx

ψ ψ

ψ ψ

= =

= + = +

   = − = −   
   

 

 
 and at x = L  
 

  

0 01 1

0 01 1

1 2

1 2
1 0

( ) ( ) :

: ( ) ( )

ik L ik Lk L k L

ik L ik Lk L k L

x L x L

L L Ce De Fe Ge

d d k Ce De ik Fe Ge
dx dx

ψ ψ

ψ ψ

−

−−

= =

= + = +

   = − = −   
   

 

 
 (c) G = 0, because no wave can travel right to left in the region x > L if the particles are 

incident from x < 0. 
 
34. (a) 0 0 2

0 00 : ( ) with 2 /ik x ik xx x Ae Be k mEψ −< = + =   
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3/ 2 3/ 43

2 0 0
1/ 4

4 2 2 24 or
2

a m mA Aω ω
π ππ
   = = =   
    

 

 
41.  

2

0 0 0 0

2 2 2 2 2| ( ) | | ( ) | 2 | ( ) | 2 ax

x x x x
P x dx x dx x dx A e dxψ ψ ψ

−∞ ∞ ∞ ∞ −

−
= + = =∫ ∫ ∫ ∫  

 
2 20

1 1

1 22 0.157
2

u um e du e du
a

ω
π π

∞ ∞− −= = =∫ ∫


 

 
42. (a) The x and y motions are independent, and each contributes an energy of 1

0 2( )nω + , 
but the integer n is not necessarily the same for the two independent motions.   Thus the 
total energy is 

  
   1 1

0 0 02 2( ) ( ) ( 1)x y x yE n n n nω ω ω= + + + = + +    
 
(b) 

 
(c) The level with energy 0N ω  has N different possible sets of quantum numbers ,x yn n .  
Both nx and ny range from 0 to N−1 but with their sum fixed to N.  The number of 
possible values of nx is then N (the values are 0, 1, 2, …, N-2, N-1), and for each value of 
nx the value of ny is fixed.  The total degeneracy of each level is thus 1x yN n n= + + . 

 
43. (a) With 2 2

av av( ) ( )x x x∆ = − , clearly xav = 0 for this wave function. Then 
 

 
2

2 2 2 1 2 2 / 1
av 30

2( ) | ( ) | 2 2
(2/ ) 2

x b bx x x dx b x e dx b
b

ψ
+∞ +∞− − −

−∞
= = = =∫ ∫   

 
So / 2 0.71x b b∆ = = . 
 

04 ω  

03 ω  

02 ω  

0ω  

Energy 

4 

3 

2 

1 

(0,3), (1,2), (2,1), (3,0) 

(0,2), (1,1), (2,0) 

(0,1), (1,0) 

(0,0) 

Degeneracy         (nx, ny) 
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(b) The maximum probability density occurs at x = 0, where 2 1( ) | ( ) |P x x bψ −= = . We 
now find the location where P(x) drops to half that value, that is, where 2| |/ 0.5x be− = , or 

2 | | / ln(0.5)x b− = : 
 
 | | ( /2) ln(0.5) or 0.347x b x b= − = ±   
 
Our estimate for ∆x is then the distance between the two points where the probability is 
half its maximum value, so ∆x = 0.69b, which agrees very well with the result of the 
more rigorous calculation from part (a).   

 
44.    (a) With 

2

( ) axx Axeψ −= , we have 
22 2 2 2( ) | ( ) | axP x x A x eψ −= = , and so 

 

 
2 2 22 2 2 2 2 2 2 2(2 ) ( 4 ) 2 (1 2 ) 0ax ax axdP A x e A x ax e xA e ax

dx
− − −= + − = − =   

 
The two maxima are located where 21 2 0ax− = , or 1/ 2x a= . 
(b) The probability density at the maximum is 2 1( /2 )P A a e−= . To find where the 
probability density drops to half this value, we set 
 
 

22 2 2 2 11
2 ( / 2 )axA x e A a e− −=   

 
and solve for x. A trial and error method converges quickly to the values x1 = 0.34a-1/2 
and x2 = 1.16a-1/2. 
(c) We can take the width of the distribution between the 2 half-height points as a 
measure of the most probably location of the particle, so ∆x = x2 − x1 = 0.82a-1/2. 

(d) Using 2 2
av av( ) ( )x x x∆ = −  with xav = 0 by symmetry, we then have 

 

 
22 2 2 2 4 2 2

av 20

3( ) | ( ) | 2 2
8(2 )

axx x x dx A x e dx A
a a

πψ
+∞ +∞ −

−∞
= = =∫ ∫   

 
With 2 3/2 1/24A a π −= from the normalization, this becomes (x2)av = 3/4a and thus ∆x = 
0.87a-1/2, in very good agreement with the estimate from the width of the distribution.     
  

 




