
A paramagnetic so I ' with m -- O always exists , in which

case ② no longer applies .

Mean field phase diagrams at T -- o :

In fact , FM is quite difficult to obtain in reality
and seems to require UH 7100 on the square lattice .

Lecture 21 (March 111

Heisenberg model : interacting local moments
Electrons have a magnetic dipole moment in = -MBE .
How strong is the dipole - dipole interaction in solids ?

Ea. =mimi-÷÷÷Y"=ni÷=÷
.

. that . I
'

13
..

6 eV 5.3×10-5 10-2
= 7pre V



if we assume 12=2.5 It .
This is tiny ! Overwhelmingly ,

magnetism in solids is due to the Coulomb interact 'm .

For example , with s- orbitals ,

✓ =t¥§÷¥÷iriR4 tears > die ,reticence,
Ii
,
o

T2
2
,

I

corresponding to the processes § - - - - Fy ,
with

Tano is
,
o

'

trial try Is > =fd3rfd3r ' cette - E ,
)#fiery

x ,f÷,
4K '

- ri
, ) Ni - Ra )

where c f II > = 41T -E ) is an S- band Nannie- function,
for which TRIE ' ) = SEE ' . Due to the overlap factors, the

Coulomb matrix element will be small unless I
,
=I

,
and I

,
-

- RI
,

which yields the direct Coulomb interaction ,

VIE - I
'

I = LEI ' I LEE 's

= foprfdsr ' 14k- Ill
'

1,41in
'
- iz'll?i ¥1 ¥.

This decays as IE -B't
' at long distances . If we were to

neglect all but the direct matrix elements , we'd have



← Etr I

✓
direct

= V lol fi her hit t tf !
'VIE - E '

) n pink ,

where he = § neo -- her this , . The first term is the

Hubbard interaction
,
with U -

- Vlol .

A second class of matri elements is given by the case

is = 'RE I and By = I I ' , with It I '. We define

JIE -
'

R' I = LIE
' I IE ' I >

= fd3rfd3r ' 946141FIR - I ') ,f÷,
4'Tt 'tI - Fil 4K ' )

Note JIE - iz 't EIR .
We define ctprcp, Ctr , Cay

Exchange = - tz.fr ! (E -E 't otro CEo , Ctia Geo

= - I
, §q, JIE - E

') (EE . EE , t nEnE ' )

We may lump the hen pit piece with the corresponding term
in V'direct , leaving

Vite is = - ¥1. JIE -E
'

) 5£ . 5£ ,

which is the Heisenberg interaction . Usually JIE -E
'

) so
,

in which case this term promotes ferromagnetism .

Under conditions of spin rotation invariance lie. 5014

symmetry ) and lattice translation symmetry, the most general
spin Hamiltonian is of the form



It = §
,
Fijlsi . Sj ) tfg.nGijhlsi.sj.5j.sk ) t . . .

where Ej , Gijh , Hijhe , etc . are finite order polynomials in
their arguments . The local spin operators satisfy the algebraic
relations

(Si , Sj ] = i C-
apr
S
'

th = it

with 8! = Sits; ti) .
Thus

,
Si is the total spin

quantum number at site i . Typically , the dominant
terms in the spin Hamiltonian are of the Heisenberg form,
in which case

H = -§
,
Jijsi . Sj - V ? Hi .I

with Jij =JIE ; -Bj l ) . We have included the Zeeman

term in the presence of finite local fields f H' i } . When Jj. so ,
the interaction between the spins 5 ; and Jj is ferromagnetic .
When Jij so , the interaction is antiferromagnetic .

Mean field theory of magnetic order :
Do the mean field thang :

Si = in it 85; with in
; =L5 ; >

Then (floatsf→ drop it

Ji j-mi.mg tmi . 85J tmj . 85 i t 85; -88J



= - Thi . Fujimi . Sj trig is it 85,854L
and we obtain the mean field Hamiltonian

itMF = t§; Jijrniomj
- § (THit F. Jijnij ) . I

= Eo - y § tiett. 5;

where I
applied Addy internal field

'

Heft = it it t ' f.Jijnj

and E
o
= §
,

Jij
Thi . nij . Self - consistency now requires

in
; = sSi , =

Tre Si exp (Vtiett. I. I↳T )
-

Tr exp (Vttiett. 5 it↳T )
-

sum onjthe mean field free energy is then f

FK ni it
,
lit it

,
T ) = t.ch; Jijmi . rig

- kBT § In Tr exp µtHitJiim)KBT 1

This formalism may now be applied to various models , both classical
and quantum .

Magnetic order occurs below a critical temperature Tc ,
where the solution to the MF eogns which minimizes the

free energy is of the form



nii = ing eid - Ri

where the sum is over a finite number of ordering
wavevectors I

,
and where ing are the order parameters .

As an example , consider spin - S quantum Heisenberg
anti ferromagnet on a BCC lattice . Recall the elementary Dws
and Rws :

I
,
=

'
za (T l l l

, Ez --
'

za l l T l l , a
,
= { all I T )

-

b
,
=

'Ia ( o l l )
,

-

bi- Ea Ll O l l
,
I
,
= Eat (l l o )

which satisfy Ii is j = 2h Sij .
Dws are all of the form

I = Nia , t ninth383

and sites with n
, that h , even are on the A sublattice

,

while those with n.tn, ten , odd are on the B sub lattice
.

Note that with I = '

z (5 , +Bath, I = 2ft l l l l ) we have

exp life . T2 ) = f- ith't"th3 . Thus TO is the ordering wavevector
,

and thus in
i
= ni e

" TO . Ri
,
so ma

,
B
= tem and for Ft -- O

the internal field is Flint, = - 2- V
- '

Jms
,#
= I 2- V

- '
Jin

.

We then obtain the equations (see § 14.7. 2)

MA -- SBSHJSMBIKBT )

MB
-

- S BsAJSMalkBT)



where 2- = 8 for BCC , and Bs (x ) is the Brillouin function .

Since Ma -- mpg
-

- m (Tha = - in, --ma ) , we obtain the Noel

temperature T.v = SlSH ) 2-J13kg . ( when It to , there is

a spin flop for weak fields . )

Magnetic susceptibility : when T > To
,
the system is

paramagnetic and

x:;=%i÷t÷: Iii : - IH÷a¥↳
. .

= t.us?s:s-ssMin5iB#=o
The MF Hamiltonian is again H'

MF
= - y? Itiett. 5; , with

it eitt = IF i t V
- '

Jijrij , which is a sum of local (single
site ) Hamiltonians . The response is then

local
,
i. e .

it ; = Xo ft = Xo Flit V
- Z

Xo Jijttj
where

xi=I÷ .tt?.YnI--xosm
Thus Xo = N

- '
Tr (5) /Tr l , where N is the number of

components of SM . For the Ising model, N =/ and Xo
"' "'

= 87kBT.
For the spin - S quantum Heisenberg model, Xotk

"

= SlsHIV 43hot.
We now have

(sij - V
- "

Xo Jij )Nj = Xo Iti



and thus

X!Y = fxi ' - r -255!
;
8M

In Fourier space ,

HII = p.fr#ojyq, i JTEH ,{ That e-
if 't

Note that III ) will in general diverge at a lotof) special
wavevector (s ) as T is decreased from T -

- o
,
since Xo x T

' '

.

The first such divergence corresponds to T -- Ta .

In cases where there is single ion anisotropy , e.g .

it
.

-

- D? Is? I

such that Dco ⇒ easy axis and D > o ⇒ easy plane, then

Xo → XY has a matrix structure in internal space , with

%m=f÷, is"sus
and the average is wrt the local (single site) Hamiltonian . Then

IMEI = Xo"
"
Itt - V

- 25141%5!
.

Just below T -- Tc : Recall

it
.

it = t.IO#FIgI



This first diverges at the wavevector TO which maximizes
the function Jtg ) , and at temperature I , where

V
- 2

X. III Ital = 1

NB : It
may be that Jtg) is maximized on a set

{Q
. .
Oh

,
. . .) of symmetry - related wavevectors . Let 's

expand Jtg ) about one such maximum and write

Etat Eloil H - ta - oil
'

R'
*
t

. . - I
Then

I

III. Tl =- -

Hi ' ITI - r
-'ItoiFritoED

e-
.
-

=

r
- ' IIoil Hirono 'in -t¥RE
Xo (THRE

= -

5-
'

CTI t II- II

where

} -2ft ) = H - V -2 Eliot XdTl) . RIZ
= - JfE¥ X'oltdlt- Td > °

. ".

is the correlation length . Note that SITI a (T- Td just
above Tc .



• ferromagnet : here we have I = O .
For a hypercubic lattice ,

II ) = 2J ( Costa , a ) t . .
.

t costgo, al ) = £ JIE ) e
- iE- it

and Ital -- Jlol = 2DJ . For the spin - S Heisenberg model,
find Tc = 2dS(Stl ) 513k is , the Curie temperature , and

XIE -

- o
,
T ) =
72¥
3kBIT- Ic )

• anti ferromagnet : just like FM above , but with JC O
(assuming bipartite lattice) . On d -dint hypercubic lattice ,
we have To = Itta Fa . . . .

,
Ia ) , and JT = - 24J = tLd ITI

.

The staggered susceptibility K(E -- I , T ) then diverges at
the N e

-el temperature Tn = 2d SCS til IT 1/3 kB .
However

the uniform susceptibility Itg -- o,t) remains finite through
the transition :

iitoro ,
ti -- 31717¥; , into it I = }¥fI#i

Thus
,
one ex

.

? EM

#
T

- TN o To



Spin wave theory : behavior near to

Heisenberg model (spins) : It = - J§j,5i - Jj (NN only )

For Ising magnets ,

FM ground state : FM excited state :

I 1. I. I I. I 1. I t !

I l l l
. I b b ! I t

'
.

I l l l l l l . . . ?- - - I l
l
.
I b b l

.
I b ti b l

l l
, I b b l l l l b

E. link = - JS
'

E+of=EI+t2ZJSZ
Etot -- - 'ZNZJS

'

we×c=2zJS
'

H'if
"
-

-

- Jf 's stisjtfs-ijtts.SI ) single spin flip

AFM ground state : AFM excited state :

I t b t ! I T I T I

T b t ! T T b T l
,

T

i t b t l l T t . - I
.

-
- I

T I T b T T b t
'

b t

i t ! T b I t ! T b

E. link = -TH E,o+=EI+t2zI$
'

Etat -- - { NHJIS
'

Wen -

- 24515

single spin flip



For the Heisenberg model , must obey QM :

Isi
, Sj) -- isms! gig. ⇒ 1st

, sty -

-
test

,
1st

,
s
-

3=25

On a single site , can describe by bosonic ladderpo orators
A and at with fa , at ) =L (Holstein - Prima Koff transformation) :

St = at 12s.at stem : - S -Stl - - - t Sgt unphys
→ -

S
-

= j2S-ata a ⇐ ata - n : O l - - i 25 I ZSH . .

,

-

St = ata - S n = S tm phys
"
s
-

NONE SHALL PASS !

To take the square root of the operator 25 - ata , simply
evaluate in the eigen basis of ata :

St 1st-- m ) = at I2T-ata In = Stm )

= 125-1517 at In -- Stm >

= 1ST /StmI In = StMtl )

= /s(SH)-m/m 1st -- Mtl ) ✓

Thus
,
we obtain the correct matrix elements . To make further

progress , assume S >it and that we are at low T . Expand

Ks - atal
"
: iss ft - HEI) - 'zfaztsa) 't . . .)

as a power series
in ata/2S .

Then find

I. Sj -

-

'zstisjttzsistjt Stis;



= S't Slatiajtatja ; - atia ; -atjaj )
I

0151 fatiaiatjaj - 'qatiatiaiaj - tyatiatjajaj
OKI

f

ago,
- tyatjatiaiai - tyatjatjajai ) +015

')

Thus
,

It = - 5§jJijtS§jJij(atiait-atjaj-atiaj-atjq.lt 015)
---

classical ground 'Hsw= spin - wave Hamiltonian spin - wave
state energy Ofs ,

interactions

0154

On a Brava's lattice , FT :

ai -- ftp.Ee-itt#iag..aq--fqgfetiE-Iia..
Note (ai

,
at;D -

- Sii , and lag , dig ] -- Sqq . . Using

t.qeilE-EI.li = Sqq '

we have

H'sw=s§. lol - Jtgllatgag
Thus

,

Kwai -- SIEN - Flat) -_ IS # E'JIRTE
-

total



Correlations : '8at? ; ,
h
)

< s ? I = - S t cat: ai )
I

= - S t r f91¥.- (site - independent)
en

etwhtkBT
- 1

This expression corresponds to a
"

poor man 's
"
version of

the HMW theorem .

At finite T
,
we have as k → o

Ei -

- III . I.
And we see that CSI > diverges if d s 2 . This means
that we've expanded about the wrong density matrix and there
is no long - ranged spin order.

The transverse spin correlations are given by

eiti . Iii -Ej )
estis; s -

- 2sniff!÷a-e-hwh.lkBT - 1

For d > 2
,
these correlations fall off as Tri -Ej 12

-d

.

Note that our vacuum state here is to > = IF >
,
the

ferromagnet in which at. - ai lo ) = O ⇒ Sti = - S .


