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Superconductivity phenomenology
Superconductivity : a phase of matter , like metal,
insulator

, ferromagnet, etc . Basic features of SC phase :

• vanishing electrical resistance :

The DC resistivity vanishes in zero external magnetic field .

Verified in some cases to 10-15 of pnormal . The AC

resistivity plw ,T, H -- O ) vanishes for Tc Tc below
a frequency we -- 2bth , where I is the gap in the

electronic energy spectrum . The superconducting state is
a condensate of electron pairs , and breaking a pair
results in two fermionic quasiparticles, each. with

energy t b .

• flux expulsion :
Magnetic fields can penetrate only within a distance X

of the surface of a bulk superconductor , where k is the
London penetration depth .

Note that a perfect conductor,
in which o -- o

,
must have E -- o lest j -- oE diverge ,

but then TIE = - c-
' 2+15=0 ⇒ 2+5=0

,
so the field

lines are toten .
But in a superconductor the field lines

are expelled . If the superconductor is not simply connected,



flux quantized in units of oh -- hope = 2.07×10-7G cm ?

can thread the holes .

• critical fields :

Flux expulsion , known as the Meissner effect, pertains
only for Tc Tc and for Hc Hdt) , where

Normal

Hitt = #doll i - II)
"

0

He ITI is called the critical field .

For most elemental

type - I materials leg .

, Hg , Sn , Nb , Pb ) one has Helots 1k G .

In type - I materials there are two critical fields , with
H L He , the Meissner phase and Hc , c H C Hoz the mixed

phase where quantized vortices with flux ch penetrate the

system .

For Hs Hca there is uniform

flux penetration and the system is normal .
The upper critical field Hu is set by the
condition that the vortex cores

,
whose

width is given by the coherence length 5,
start to overlap .

Thus Haz -- oh 12515. vortex lattice in NbSea

Vortex lines can be pinned by disorder,
HHT

,
T-18k

and themselves may exist in
different phases (solid, glass ,

liquid = normal) . Typically the ratio Health ,
is given by

Hu = T2 K Ha



where K -- X13
. Type -I materials require Hoz > Hci ,

i - e . K > II
,
and typically pertains in alloys like Nb - Sn .

• Specific heat jump :
The specific heat in metals isgiven
by CVN = Cv = KITgleet . In a

superconductor , after subtracting
off the phonon contribution AT

3
,

one finds cud" a e-HkBT. There is
also a jump in a right at F- Tc , Cp in Al at H -- O and

the magnitude of which is about 3× 1-1=300 G . He = 100 G .

as large as a Hat) . Consistent with a second order

phase transition and a = o . As we shall see , this behavior

is explained by a simple Landau theory .



• Persistent currents :

consider a metallic ring in its Meissner state with quantized

trapped flux nd, In c- 27 ) . When the field H is lowered to

H -- O
,
the trapped flux remains , and there is a persistent

current which flows in the ring . In thick rings, such currents

have been demonstrated to exist undiminished for years . They
decay via tunneling , and their lifetimes astronomically long .

• Tunneling and Josephson effect :
The SC energy gap can be measured using electron

tunneling between a SC and a normal metal
,
or between

Wo SCs . In the case of a weak link between two Scs ,

current can flow at zero bias
,
i.e
.
the Josephson effect .

- Thermodynamics of Superconductors
Lett -- Helmholtz free energy density .

Then

df = - Sd'T t⇐ It . dB
which says f

= f ft, B ) . Here B is the magnetic field ,
but what is under direct experimental control is the

magnetizing field II , since Tx Tt -- 4¥ It to 3¥ and
8. 5=4Tip where p and j are the free charge and
current densities

. Note

s = - PIT )§ ,

it -- 4M¥31
,



Recall B -- It t4Th =pit where Fr is the magnetization
density . Since we have no direct control over B

,
we make

a Legendre transformation to the Gibbs free energy
density g ft, Ftl , viz .

gk, th -- f-IT, B) - ⇐Bit

dog = - Sdt - Is .dit

and thus s -- - oglatte, and B = - 4T 2gHit It .
If

our sample is isotropic , then H

g IT, IN = g l't, o) - ai fDH
'

BIH ')
0

In a normal metal
, µ

-

- l and B = H
, hence

gn IT, H )
-

-gn IT, H = o)
-

HI
81T

But in the Meissner phase of a superconductor, B -- O ,
and we then have

gs IT, HI = gs IT, O )

For a type -I material , the free energies cross at H -- Ha , i.e .

gs (T, ol = g. IT, o) -
HI
81T

and we identify - HE1st as Tae condensation energy



density . We now have

gs IT,Hl -g. IT, H) = (H2- HftTl )
from which we conclude that the SC state is the

thermodynamically stable one for HcHolt) .
Differentiate

Wrt T to now obtain
dHolt)

Ss. It, H ) - Sn IT, H ) = IT, Hetty C 0

since Holt) is a decreasing function . The entropy
difference is independent of the magnetizing field t.
The latent heat l -- Tbs vanishes at the transition

because Ss -- O , but the specific heat is discontinuous :

CslTc
,
H -- o ) - Cn IT

,
H -- O ) = T.fr/doYfI/! > 0

Phenomenologically, we had HitTc ) = - 2Helo)/Tc , hence

Dc = Cs II
,
O) - Cn IT

,
O) = Hc÷

For general TL Tc , then
2

be ft, it ) = d3fI¥ f wrong near T
-

- o

= 'IIIt HEI- it
from which we identify V = HIlol12Mt , with Cn ITI = VT.



Note also BCCI
,
O ) / Cn (Tc , O ) = 2 . Within the

microscopicBCS theory , one finds

Holt) = Hc lol ft - a 1¥17 Ole- shot ! )
with a = 1.07 . Thus HE"lol = Kartik )

"?

- London Theory
this is a two fluid model of superconductors . We write

n = hn t Ns

j = jntjs = - e Inninths Is )

the normal fluid is dissipative, hence Jn = on E .

The

superfluid is ballistic , with

m dots = - et
, GoIf = msn.IE

Add magnetic field :

dis
It

= - eatEt Ix B)
= Off this 5) Is
= FIT tothis) - is x toxins )

we conclude

FF t eat toHis 't = is x (Tx is - ELI )



Now take the curl and use TIE = - E ' f-tB to find

off = J x his x Q )
where

TO = Tx Js - EI
MC

Thus if I = 0 it must remain so . We assume that

I -- O holds in equilibrium , whence

Fx is = chic ⇒ TxIs = - Ami B
The latter equation entails the Meissner effect, since

taking the curl gives

PB = - Tx 18×51 = - 4¥ Tx j = 4Tmn B = Ii Be
Here X

,
= (me2/4tinsel

"'
is the London penetration

depth . Since B -

-
J xI

,
we may write

Js = - g÷p
,

I

provided an appropriate choice of gauge for I is made .

Since 8 -j s -- O holds in steady state , we are led to conclude
that J -

'

A -- O is the proper gauge (a.k.a .

Coulomb gauge ) .

Still this allows for a " little gauge transformation
" A →AtFX

provided TX -- O .
For a simply connected body , js.in/j-n0



along its boundaries , hence in - JXIof O on. the boundaries,

which says X is determined everywhere up to a global
constant . If the SC is multiply connected , then the
condition in . Oxton = O allows for non - constant solutions . Let

D be a hole in the SC . Then

j§dt . It =Sods in .

'

B = It
,

= flux through D

Inside the SC
,
we may write I

-
-
TX (with or without a

super current l , hence OI, = ,§dX = DX
.

F
.
London argued

that if the gauge transformation I → At FX were then

associated with a charge e object, then ID= nolo where

too = hole = Dirac flux quantum . Onsager corrected this

to ID = not, where ch -- he let = he/2e = London flux

quantum on the basis that the condensate is composeof of

electron pairs . This has been confirmed by experiment.

DeGeneres argued thusly : the free energy is

F -

- Jds x fo t Ekinetic t Efield
-

"" d
Exine , = fd3x Imnsis?txt = fd3x Inset jssxl
Efield = Sd3×5752

8T

In steady state , Tx B -

- 4hC- 'Js , hence



F -- Fo t fd3xlB + tg÷HxBP )
whence

g¥¥, -- o ⇒ B - Ktx 5=0

field operator (bosonic)
- Ginzburg - Landau theory f
In 4He

,
the order parameter is #tx ) -- L 4151 > .

¥ to ⇒ Bose-Einstein condensation . Fermions cannot condense !

Rather
,
the order parameter of an s -wave superconductor is

#txt = it kill,Kh
-

composite operator
with BE statistics


