
there are 12Sh ) x (Htt ) =4lt2 degenerate States labeled

by m and o; this group of
orbitals is called a shell .

Filling lower ntl states first in the periodic table is

Filled shell atoms :

Is 2
He 5g

38Sr

2. s 4Be 4d 48Cd

2 p
"Ne Ep

54Xe

35
"

Mg 6.s 5613a

3p
''
Ar 4f 70 Yb

4S
"Ca Sd 80

Hg
3d Both Gp

86 Rn

4p
36
Kr 7s

88
Ra

5ft6d '"No

known as the Aufbau principle (Aufbau (Ger. ) = ' 'construction ")
.

Lecture 8 (Jan .
28) : HF theory of the electron gas

The jellium model of the electron gas describes N electrons

moving in a uniform neutralizing smeared ionic background .

Since the system is translationally invariant, the HF

single particle States must be plane waves : Gtx) -- V
- 'Keith

.

The HF energies are tiklzm

an -

- II - this i:: ⑦ in.-iii. din
'

't'E'iii''
"

[
Hartree term cancelled by neutralizing background



The electron self - energy is computed to be

an s¥÷Hz÷Hkth÷l - 4
Expanding about k -- ke ,

we write te = 1k¥ t of) ri , whence

Ehret of = Eet time of tea g.
In 129¥ It 0194

where er. = tzhm - date is the Fermi energy within
HF theory . The velocity in the vicinity of ke is

vlql =
'

z 0444792 = thy + (In 12¥ I - i )

which is logarithmically divergent as g-so .
The reason for

this is that the HF many-body WF does not incorporate
electron screening .

More on this latter ! The total kinetic

energy per particle is

I = tnx2.EU?oH=nH9I#shIhIolhr.-H--3IohmE
The total potential energy comes from four contributions :
lil self - interaction of the neutralizing background, Cii) the
interaction energy of the neutralizing background with the
electron gas, liiil the Hartree energy of the electron gas,



and liv ) the exchange (Fock) energy of the electron gas .
The first three terms sum to zero

, leaving

EI = In × 2

, if tht
= In f¥¥ ElkI ①her. -H = - 3411

It's convenient to define the dimensionless length r, by

Iz 'T (r, aB) 3n I t

where a
B
-

- tilme ' = 0.529 Ao is the Bohr radius . Note

rs -- I#
'

Baiz ' n - 'b , he -19¥)
"'

ai
'

ri
'

Then we have

In = I IIF)
"'

II
.

. Is. = 2¥ Ryd

Ene = - I. YI, I
"

Ia
.

. Is = - off 12yd

We see that interaction contributions to the total energy
dominate when Rs is large ,

where the density n is small .
This is because the kinetic energy term involves two gradients ,
scaling as ti

'

,
while the Coulomb interaction scales as L

- !

Short- ranged interactions dominate at large densities .



Density functional theory
Recall that the many - electron Hamiltonian is It = It- V' to .
For any two systems of electrons , the F and I terms are
the same

, respectively .
What distinguishes the electronic

energy spectra in La
,
Cu 04 from that of Pb or

even styrofoam is the V term .
Recall

i = ? uextlril-f.cat 've
*

Ip > 414ps

= fopxuextfxs E. 4th ) to txt
0

It's the ionic potential ve
't
tr ) which distinguishes one

material from another
.

The one - body number density of
Electrons of spin polarization o is given by

no txt = it Htolxltolxltiti >

= N E;
- - -§; fd

'

xz - - -fd'xntttoq . .
.online .

. . .

.
In IT

we call inolxl -- 4th14151 the one- body density operator
for electrons of spin polarization o. Then in txt = [ iolx )
is the total one - body density operator . We call nIII -- criolxh
and n txt = in txt > the corresponding expectation values
in a particular ground state or thermal ensemble .
Remarkably , it turns out that the entire ground

state wavefunction Ito
,
. . . on

(Ii
, . . . . In ) is in fact a functional



of the one- body density ntxl . This seems completely crazy !
The many

-body WF is a function of N = 0110231 positions ,
while n txt is a function of just one . Still, it is true !

Hohenberg - Kohn theorems :

1) The ground state energy of a many - electron system is

a functional of the total electron density nail .

2) The ground state energy may be expressed as a functional
of the density , ElnHD ,

such that minimizing tfnlxt]
with respect to nail yields the true ground state density .

Proofs :

1) This is a statement that n 151 uniquely determines HE > .

The proofs is quite simple . Let II. 7 and I#
'

s be the ground
States corresponding to 4×+151 and Next txt . The respective

Hamiltonians are ft -- Ttv to and it ' -- F t V' ' t O
. Regarding

Itf ) as a variationalground state for H
'

, we have

cut
'

IH
' Itt's c Litt H ' lit > -

- c # htt # It Lott IV '
- HWI >

where V -

- folk in txt next txt and V
'

=fd3x Atx) 4×+1*4
So we conclude that E

'
c E t c# IN '

-VITE s
.

But

exactly the same reasoning may be deployed, mutate 's



mutand is
,
to show E CE

'

t it ' IIv - v 't HE
'

> (i.e . switch

primed and unprimed quantities . Adding these inequalities ,

o c i'it'll v '-htt s - c
'

Il v '-Vitti 's

= fd'x (next - n'kill V'extlxl - Next txt )

Thus if n txt = n'txt we arrive at a contradiction : O c O
.

We conclude that if uextlxl # V'extlxl
,
then Nxt t n'txt .

2) The second
'

HK theorem establishes a variational

principle . Define the functional

Eln ) = c#WI 'Ttu I #In ] > t folk Uextlxlnlx)
-

Eje , In ]

Here Eje , In] is the energy functional for jeIlium , for
which next = O .

Note I # In ] > here is the ground
state WF of the electron gas with density ntxt , corresponding
to some Vex+ txt . The presumption nKI → HIGH , Vettel

is highly nontrivial , and indeed it is false for non interacting
electrons (e -- o ) : no density n txt which vanishes at any

given location can correspond to an exact ground state in

any external potential uextlrl due to the Perron - Frobenius
"

no nodes theorem
"

. Functions n txt which do correspond
to the ground state density for an interacting electron



system in an external potential Vextlrl are called
V- representable .

But this is just giving a fancy name
to what we don't really understand. What is the domain
of V - representable functions next ? Nobody knows !
We redefine the two - body interaction 0 as

I = 'zfddxfddx ' tis ha - no ) (n'hit- no )

where there is a uniform neutralizing background of
charge density punk -- te no .

Total charge neutrality
then requires

ailing
.

In fddixlnlxl - no) = 0

If this condition is violated , the energy per particle
diverges . Finally , it n'txt t nKI , then

Eth ' ] -

- c #In 'll Et t#Ln ' ) ) > Elin]

which follows from treating tutti ) ) as a variational gs WF
for a Hamiltonian whose gs density is nix) . So we
conclude Eln ) is minimized when a txt corresponds to
the true ground state density for external potential vextcxt .

Kohn - Sham equations :

For the electron gas , Eje , In ] is a universal functional,



given by

Eje , In ] = min s In.] ITto tutti ) )
HI > → ntxl

where minimization is wrt all totally antisymmetric
N - body Wfs which yield a one - body density n 151 .

For non interacting systems , the ground state is a Slater
determinant lit; Ln ) ) .

Define the functional

Ts In ] = min its l 'T l#s )
titis ) -mix )

where titis > is an N - particle Slater determinant , with

ix. o, , . . .

,
In on titis > = ftp.det/4a..lxj,ojI )

we can write

ntxl -- E. § na 1%15,0112

with na t fo ,
i ) and N -

- Ena .
Then

Tsui -- - III. nasal lie. > = him { n. 84.159. >
We now define the exchange - correlation functional Exc Cn ) :

Ejelln ) I Ts In ] t Erin ] t Exc (n ]



where Etifn ) is the Hartree functional,

E-
*
Cn ) -- f folk folk ' In txt - not Ink 't - no )

Note that :

- Eje , In] is universal
,
but unknown

- T
, In ) is defined above

- E-Hln ) is defined above

Thus our ignorance of Eje , In] has been transferred to

the exchange - correlation functional Exc Int .

We may
extramile by varying wrt the 19515

,

ol ) with na -- l .
This results in the Kohn - Sham equations :

( Im J ' t Uexthlt Until the txt ) 4.15 ,ol = E, 9×15, o)
where na =/ arid text IE → 01=0

until = sgEIL = folk ' at, Innit - not
and where

Uxc 151 =
8 Exc In ]
-

Snit

Note we have set SF -- O where

F- In ) = Ts In ) t c#still Vtttsln ) ) t Erin ] t Each ]



and we've used the chain rule ,

s¥¥E¥i%¥i=YI¥, e. aim in. -- n

Important difference vis-a-vis HF theory : Kc H1 is

local
,
unlike UFII

,
Y 'l . Some caveats :

- the KS orbitals leaks , o) themselves have no obvious

physical significance
- still they are often interpreted as WE for Bloch bands
- the KS eigenvalues Ea do not in general correspond
to physical excitation energies of the system
- the Slater determinant det 14.

.

. txj , oil ) is not in

general a good approximation to the actual gs WE ;
the HF WF is often better !

- As N→ a
,
for gap less systems , the

'

highest eigenvalue
En corresponds to the Fermi energy .

The problem now focuses on finding the bestapproximationto the unknown functional Exc In ] .



Local density approximation (LDA ) :

write Exe In ] = folk next Exo (nhill .

Then

U×dx7=Mxc In hill = s¥%! = Exctncxhtnlxl I
n (5)

In the HF approximation for d =3 , If = -?n ke an 413
and thus

µxcln ) = Is Excln I = - he In 1

where kiln I = 13h41
"

.

Gradient expansions :

Expanding about the jellium density no , we have

E
A

thot 8h ) -- '

z fdix (Alno ) (8h txt ) 't Bho ) (08h51) 't .
. . )

GEA = Gradient Expansion Approximation
SGE A = Spin Gradient Expansion Approximation

E IA f nor t Snp , no , +8ns ) =
'

z folk ( Aro . Inor , not ) Sho Sho '

+ Boo , Chor , not ) JSho .
88 no ,

t - - - }
In real materials applications , LDA is often better than GEA .



Applications of DFT (see Girvin and Yang ) :

• structural determination : the external potential is

Next txt = - {
2¥
II -Eel

The total energy
is

Eto+Kiel , n ) = Eje , In ] tfdknlxluexthlte.EE , ftp.tekpe?
Given { Eel , extremize Eto+ Kiel , next] wrtnlx) to
obtain an energy toll Rel ) .

Then minimize wrt nuclear

positions like } . Typically use pbc , large xtal unit cell .

• cohesive energy : E ooh = Ecrystal - Eatomic is the

crystalline binding energy (when Eco h s o )

• elastic constants : Vary Ill Eel ) wrt nuclear positions

• phase diagram under pressure : At T
'

- O
,
G -- H = Etp V

Including pv term ,
obtain G at finite pressure .

Lecture 9 (Feb .
I ) : Linear response theory

Response functions of jell ium system to an external

potential : expand Eje , Inot8h ) about uniform density no :


