
Honeycomb lattice Arron -Hofstadter butterfly :

• Lecture 5 ( Jan . 19 ) : Transport theory ( 055.6 )
Newton 's law with friction :

¥5.5 : review

in dat = - e E - E Ix i3 - MEI
where mt -

- effective mass and t -- momentum relaxation

time . Current density : J -- -net . With 5=0 , in

steady state ,
- e E - E mtv -- o ⇒ I = - let Im *IE the

drift velocity .
The current density is

j -- - net = nem¥E = o E



Thus we obtain the Drude conductivity 0 = he71M¥ .
AC fields :

Mt dat = - e Ew , e- iwt -
'

z
m tf

oh = Ihle
-
it
⇒ ow = - ¥

Drude result becomes

old = nhw- = o
'

tuttio
'

Yul

Add uniform magnetic field :

( ft - in! Sap t ¥ Eap,BY UP = -mE*E4w)

so again with ya = - new
,

ETwine ( I 'z - iw ) Sap t¥ C-
apr
Br) g Blu)
-

resistivity paplw )

Read on in 85.5 of the lecture notes . Some issues with

the simple D. rude treatment :

- what do we mean by n ?
- how to treat multiple bands ? Fermi surfaces ?
- almost filled bands and "holes

" ?

- how do we obtain t ?



• Boltzmann Equation
semiclassical dynamics of Bloch wavepackets ( § 4.5) :

Ift -- th "jfI - gth÷×rµf
geometric curvature

dat = - E- Ekiti - E Ift x BE.tl
with

Ann th = isuntil I# tunnel >

Nike ) = EM
" FATHI

Caveats : see Equis . 5.150 and 5.151 (orbital moments ) .
Phase space distribution :

d3rd 3h # of electrons in band n and spin on
f-
no
(F
,
hi
,
t )- = within d

'

r of F and within d3k of te
(2h13 at time t

Note that the distribution function is dimensionless .

The electrical current density is (for Enlil = 0 only ! )

jk.tt = - e§, I fnoik.k.tt inlet
" ⇐-te integral is over Brillouin zonethe heat current density is

Jale.tl = - e§, Ifnoik.at/knIkIyuIinlk1-r
Our goal is to compute the linear response coefficients



which relate the currents to forces E and JT
, e.g .

E -- pj t Q TT , Jg -- MJ - KET

where E -- E t e- '

Tpe = - J To with To = ¢ - e-
'

gu the
"electrochemical potential

"

. The matrix coefficients p , Q
,
n
,
K

have names :

p = electrical resistivity (o =p
-'
= conductivity )

Q = thermo power
n = Peltier coefficient

K = thermal conductivity
To accomplish this , we need to know how the distribution

functions f-north, t ) evolve in time, and what their fixed

point distributions are . To simplify matters , we'll assume
that only one band is partially filled, and we'll consider

only one spin polarization .
You should know that filled and

empty bands carry no current ( in the absence of curvature ) :

Jane, = - se!¥÷, in = -⇒¥÷ag¥ =p
integrate total

spin degenteracy [
f- In =L (filled band) derivative over

closed domain

so how does ft
, t.tl, evolve ? If each quantum state

or wavepacket were to evolve according to the semiclassical



Equations of motion , we would have

It t Fr . lift t ¥ . (if I = o

where i -
- ti

'

theth and I = - tie Eli. H - firxBK.tl . This is
the continuity equation . Here we 've assumed zero geometric
curvature

,
i. e . stalk ) -- O .

When the geometric curvature is
finite

,
we have I -- ti

'

theth - Ex sick I and we must
replace fuk, hi , t ) with pink, hi ,t) = Dnliihttfnk, ta , t ) , where

Dntrih ,
t ) = It ¥ Btr.tt . Truth )

The reason is that the phase flow ,
defined by the dynamical system

data = it lie ) ;
I = ( th ) c- 6 - component vector

is not incompressible when Intel to .
Rather (see § 4.5.21

,

J . ui = fit 3dg = -
dlnDe
dt

This means that phase space volumes vary in time ! To cancel this
effect

,
we redefine the phase space probability density

as pntrik.tl . One then has

jnlritl-fdctfppnlr.h.tl I- eEl



However
,
it is no longer girten by Elk ) . Rather

,
from

id t Eapjkrn = van

hit tf C-apr x. BB
'
= - ez E

"

we invert to obtain

in = ( it EB . Int
'

( VI t Elon . In ) B't f- taps EBR}
ii. = - fit # B .

'

( E 't EctE . Btr: tf taps U?B
'}

and we see that the prefactor is DI
'

Ii
.
hi
,
t )
, hence

jntr.tt -- - e.LI?YTfJnlkttfzIiin.rnhihi3E.tItEcEtrittx-rnlkDtnlrIit
warepacket occupation J

which reduces to the familiar expression when silk ) = 0 .
Dote that with B -

- O
,
and taking fn -- I (i.e .

a filled band)
,

Jn -- - II Ex!ftp.rnlhl
Thus

,
when there is nonzero geometric curvature , a filled

band may carry finite current. Henceforth , we will

assume Ethel = O .

The collision less Boltzmann equation is then (T.ie = o )

ft tr . It tie . If = O



What we are missing are collisions , where the wave vector K
of the wave packet suddenly changes due to scattering by
an impurity , a phonon , or another electron . This introduces

a collision integral , viz .
←

' '
collision integral

"

7¥ =

'It t ii. It + ii. Ee -- K¥1." - IHH
+ because LHS is

simplest model : relaxation time approximation off fir, hi , t)

(Itt!
"

= -
HH.tl-fo.ci#

Elk )

where fotr
,
Kl describes a static local equilibrium at i .

The relaxation time is the l -- IfeltIt .

. Local equilibrium
collisions act locally in space and on short time scales they
establish a local equilibrium distribution

tokik .tl -- lexpl"tIjfIt II
"

← Fermi function

We assume pili ,ti ant Ttr,H vary only on time scales

much longer than the microscopic collision time . Thus

zfo⇐ I
."

-

- o



The local equilibrium distribution however is not annihilated

by the
"

streaming terms
" E . ai t in 2¥ ,

and to obtain

a solution to the Boltzmann equation we write

f-hi
,
hi
,
t) = f%

,
hi
,
t) t SfK

,
k
,
H

This amounts to solving for the function 8th, k ,t ) . The equation
for Sf is

(# t it . ¥ tie . Fh ) Hot Sf ) = Iz Hot Sf)
so now we need to roll up our sleeves and calculate :

dfo = host 0¥ dCjtf)
= hist 3¥ f- IF, - kI÷ + d÷ )
= - off {IF .dit II. di - 3*1 .dk )

Here we have assumed gu
-

- petrol and T -- Thi ) are both
time - independent. We now read off the partial derivatives

3¥ +

' It III
NB : I-II) = 8k-MIII. Eh 3¥ -

- ki II t
so

Thus
,
with it -- I and I = - ez E - FEI x B ,

"



3¥ t i. Jsf - ELE t fixB) .

I
ate

+ i. let t 8TH- III) -- Ietf 't Sf )

where E -

-
E t e- ' Tp = -Jlol - e

- '

µ ) = -JI is minus
the gradient of

'

the "electrochemical potential
" I = ¢ - e

-

Yu .
The inhomogeneous term , in purple , is proportional to the

notionally small quantities I = - Tf and JT. This means

that Sf is of this order in smallness
,
so we may drop

the terms containing Jsf (extra spatial derivative ) and
E . 28ftTh . We also have

'II -- - II Ft - ¥ It
However

,
we will assume that the uniform (ti -- o ) components

of pili,t) and Eli , H are constant. We then obtain the

linearized Boltzmann equation ,
'

3It-EIxBi0¥ti.feEtoTHFI)=LSTh
where L is the linearized collision integral . Note that
we have not assumed that B is small here . Now let us

apply this formalism to something useful.



• Conductivity of normal metals
Assume I = JT = 0 to begin . Then

2ft - II et . E -- Lst
In the relaxation time approximation , L = - ¥ .

When I -- O
,
then

,
SHH = Sflol e

- HT relaxes to zero
,

and we recover the equilibrium Fermi distribution .
With EITI = E e- int

,
we obtain

84k
,
t) =

EE . IHel Ith )

EIII e-int

Typically ith) -- t letht) gets its k - dependence through the

dispersion Elk ) . The current density is

j4r, t ) = - 2e§9?÷, St 04h
-

- one:S91%491711%792 faff) ere
- int

-

oaplw ) = conductivity
For host a Er , we have -3¥ = - 8K - Ef ) and we can
express oaplw) as an integral over the Fermi surface

:

opk = dEdSe_ =
died ⑧ Se for three

1248kt thot values of c



Thus
,
for TLLTF ,

9pm = a÷a Ids, HHMI
lockIt

For ballistic electrons with Ethel =htk42mt
,
find

oaplwt-nn.TT#,n--JdegletfYc1
Thus we recover the Drude result. But note that in general
our expression for oaplw) does depend on details of
the Fermi surface .

• Optical conductivity
When we >> I

, assuming cubic symmetry so oaplwl = old Sap ,

ohh = f.def- fi ) SdSelim =
ind

12h35w Moptw

where mopt is the optical mass ,

÷ =

⇒
'Enifdel- II) false limit

Note that olw > s t
- ' l is purely imaginary , which means

that the current response is soo out of phase with the
electric field .

Thus the power dissipated averaged over
one cycle is sjHI , EH > = o .



When Tk Tf ,
we have

m÷pt=¥hn false tucks 1

The Dos is (exercise ! )

glee I = ftp.fdsfltlklt
'

and the low - T specific heat is given by

cult ) = KITgleet = mtmthencultl
where my is the thermal mass ,

Mtth = ¥¥n,yT fdsf ITHell
"

and

Croft ) =
Me 13514143
¥

hist

is the low -T specific heat of the free electron gas .

• Calculation of the scattering time
let's endeavor to do better than the phenomenological
relaxation time approximation and use Fermi 's Golden Rule

to model the collision integral :

Idf ) = II §: Kk
'

tutti T Ha - fail 86151 -Skai 'll
-

ffi - fft Sfu - 8th



Here UH
"

Ujlr - Ij ) is a sum over the impurity ion
scatterers

,
where Rj is the location of the jth impurity ion .

We then have
, assuming Uj KI -- UH , i - e .

identical impurities,

late ' tutte > T = # tutti-till
'

feiH- ti'tai f
we assume the impurities are randomly distributed in space,
and we replace late ' tutte > I

'

by its average :

I ←
from diagonal terms in double sum

average !e ith
- te 't - Bj 12

c- from off-diagonal terms

over fpijf
= Nim

p
t Nim

p
(Nim

p
- t) £

,
#

Thus
,

= FE! Feith -title; - Iet

ICHIKI = Niff tutti - till ' t NimPWP 10101128*1
NB : we have assumed 4mi IN = V

-"
explik.nl, approximating

the true Bloch functions
.
The Shul term will cancel out from

our calculation since it describes purely forward scattering
with no change in wave vector. Thus ,

Isf -- I* Hot sH=2Tf§%Y÷, tutti-till 8924ha -hII118¥ . - Sth )
where him

p
-

- NimplV is the density of impurities. We now make
the Ansatz

8th = thehe E. tail 344
Eth)



Skipping the details (see Eqns . 5. 208 - 209 ) , we obtain

÷ = MIIEIYP-fdiyulhr.ie -hit 'll ' Ii - ink 't
at T -- O

,
with chit -- titty2Mt

. Recalling the expression for

differential scattering cross section in the Born approximation ,

Olaf 127¥12 Tutti - t 'll '

we have

¥ = 21Thimpop{Ill of IU) (I- cosD) sinD

where up.
-

- theImt. Note how the H - cosD) factor kills

forward scattering . The LBE defines a hierarchy of relaxation
times , viz . (E -- o )

WIFI = himpuffdie '

ology ) (Hq - Sth )

where Ajay = co5
' th - I ' ) . Spherical harmonic expansion :

oldnil, = ototq.nu. Yun Hel YI II 't
where

otot = 2Tof"dU Sind old = total cross section

Then writing



SHH ) = Em Aam Itt Yim Tk)
we obtain

Mjf t l l - thinimp Ufotot Air = O

and

ti
'
= l l - Vil nimpveotot

Note I
transport

= It -1 and Tsingle particle
= Tho .

Th - s
,

A- Lmk I = Aim lol e
-Hii




