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• Lecture 1 (Jan
.
5 ) : Energy bands in solids

- describe energy levels
of non interacting electrons

in a periodic potential :

H -

- II t VIII
where VII + E) = VII) for R'EL = Brava is lattice

- Bravais lattices : in d. space dimensions , L is defined

by d linearly independent basis vectors dj (jells . . .,dl )
which span a unit cell of volume

R = Em . . . µ,
at ' . . . at! " > 0

For d -- 2
,
r = ai ai' - ai' a'i = E. oixo ,

For d =3 , R
-

- Eapy at af at = I , . dax Is



The direct lattice L is the collection

L -

- { I -4njI; I nie 27 ti )
NB : the set { Ij ) is not unique . For example , on the

square lattice ,
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all three choices generate the same L
.

- Reciprocal lattice (E ) : define the elementary reciprocal
lattice vectors (Rws) ,

bi -- Em . . .mn/un+....,u.,aY'...a9iiaiiihti...a.Yd
So that di - Ij = 2ns,j . This also entails
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For d. =L
,
I
,
= Fruit

, -bz=zIxI ,
For d- =3

,

I
,
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To
,
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I
,
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The reciprocal lattice £=fE=!.mu?bj/mi.e27V- i )



is also a Brava is lattice . The reciprocal lattice of the

reciprocal lattice is the direct lattice : I =L
.

The unit cell volume of £ is

A = Em .
. . .µ BY '

. . . bfd =

GTI
A

- The collections of points ,

I = ;¥
,

ujoij ,
I = ;¥

,
Oj Bj

with each uj , Uj E lo , t ) , constitutes a unit cell for

L and £
, respectively . The spatial symmetries of

the direct and reciprocal lattices are more fully elicited

by shifting each such point I or I by a DLV E
or a RLV I so that it is as close as possible to

the origin . Equivalently , sketch all the nonzero shortest
DLVSIR.ws emanating from the origin and bisect each
such vector with a perpendicular hyperplane . The collection

of all such points bounded by these hyperplanes are unit cells
of L and I

,
known as the first Wigner - Seitz cell

lot ti ) and the first Brillouin zone (of £ ) .

Example : triangular lattice
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- In d -- 2 there are five distinct Brava's lattices
,

arranged in four families ( "lattice systems
" ) :

SQUARE OBLIQUE HEXAGONAL RECTANGULAR

l l

simple centered

In d=3
,
there are 14 distinct Brava's lattices

, arranged
in seven families :

CUBIC 131 TETRAGONAL 121 ORTHORHOMBIC 14 ) MONOCLINIC 12 )

simple simple simple simple
body - centered body - centered base - centered base - centered

face - centered body - centered
face - centered

TRICLINIUM TRIGONAL ( t ) HEXAGONAL ( t )



- crystalline lattices (BL with a basis { Jj ) )
The unit cell of a Brava is lattice is akin to an empty
canvas (with special symmetries ) . A crystalline vent- cell
consists of r atoms or ions at positions Jj relative
to any DLV

II
,
with all Jj (je fi , . . ., r ) ) lie within

a single direct lattice unit cell. Examples : cuprate

superconductors . The underlying BL is orthorhombic .

Cu Oz planes :

If we model the density of the crystal as
r

ptr )
= §, [ Cj Str - I - Jj ) (T-- o )
ji

then the scattering intensity at wave vector I is proportional to

Ilha
'
- tplkll

'

= Ethel :[ Eik
't
=

'

r Ea, FIE ) Ship - El→N t
# of unit cells Poisson

summation Bragg peakFormula



where the unit cell form factor is #

Fiat = IE: g. e - ii.If
The form factor modifies the intensity of each Bragg peak
and can lead to systematic extinctions of certain RL Vs .
(Example : problem # 2 on Hw # t

. )

• Tight - binding models M¥7
overlap

- ingredients : set of orthonormal orbitals ( lapis )
where BEL and at l l , . . . , Norb ) where Norb is the

total number of orbitals associated with a crystalline unit
cell . Each atomlion can support multiple such orbitals

.

Note that atomic orbitals , which we denote by link ) , i.e.
with rounded brackets

,
are not mutually orthogonal, viz .

(nil n'I) = Said x tenth - E) chili -
'

R' I = Sun , IE -I
'

I
→ San , lol = 8mi

the overlap matrix . In principle we can build a basis

of orthonormal orbitals tar )
,
for which

< an air's = SER ' Saal

from the various atomic orbitals . Henceforth we will

work in this orthonormal basis .



The most general tight- binding Hamiltonian we write as

H -

- Eg, afa, Haa . II -I
' ) la Es ca ' R'

'

l

where

Haa , IR -I 't = HI,atE '-E) = sat IH la'T
'

>

Aside : the orbital label a can also denote spin polarization .

We partially diagonalize by defining the orbitals

late > =ftp.fglakieitiR.laizs-fz.fi late > e- it#
tiesI ← sum on EEL

"
sum on K E B

Then
, using the results list Brillouin zone )

¥ § e
- ite ' IE -R ' '

= Seize
, In §, eilk

-K " - I
= Sq ,

we can write the Hamiltonian as

H -

- Ef Ea .
'

Haa ,
HI late > ca ' til

where

Haulk ) -- E. Haa , e

-
it . I

T.h.us
,
for each wavevector I

,
we must diagonalize the

matrix
'

Haa , Hel , which is of size Norbx Norb . Plotting
the Norb eigenvalues En th ) versus k yields the band structure .



The cell eigenfunctions una Hel satisfy

§; it aa , Hel una . HI = En Hal Unami )

where n is the band index . The full Bloch state is then

←
internal wavefunction

Hut ) = It > ④ lung ) within each unit cell

[ unit cell plane wave envelope
so that

IntelE
,
at = feel ④ call /He > ④ hints )
= silk > sat until = fzeik.tt una th )

- Second quantized notation :

H =

,,r%. aga, Haa , lE- I 't ctarca.ir '

= §, aga , tlaailhlctah Cath
where

{ capital pill = Saa . SEE '

,
Kai

,
Cair ' ) = liar

,
Cta 3=0

{ A , B ) = ABTBA = anticommutator

second quantization becomes essential when we start to consider

interacting systems .



- notation : we will write

Ea = Haa lo ) , taa.lk/=--Haai/Rl
Con -site energy) (hopping matrix element;

either at al or Eto )

• Examples : triangular and honeycomb lattices

K
⑧ ⑧

in .
K ⑧ a.

M
'

K • ⑨ O

M
" K

'

1st 137

The honeycomb lattice is a triangular Bravais lattice with a
two element basis IA and B ) . The first BZ for the

corresponding reciprocal lattice (also triangular) is shown .
Let 's first consider nearest - neighbor s - orbital hopping on

the triangular lattice .
-ai
. •ai ai -- al 's I - Ey ) ,

in -- al's It Eid
- ai-

'

a.• ④ int 'm tht
-

- t SE.aittsriazttsr.a.tt.

-
I :O •
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,
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+ TSE
,
- ai t TSE, -ai. - ai



Thus
,

Ith ) = §. tlrle-it.ir Is =
-

a.+ Iz
t

=

2tcoslh.ci/t2tcos/k.-azlt2tcoslk?a3)--2tcosO,t2tcosOzt2tcoslQtO)

There is a single band, with dispersion Eth ) = - t th ) .
Note we have written

* E. bit # I. ⇒ ÷. . .

One finds Elt ) = - ft
,
Elk) =3 t , and ECM) = 2T ,

where

ter -- O , Kk -- tzlbiibz ) Tim = II ,
if -- 10,01

,
8
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Now
, graphene . Assuming nearest - neighbor hopping ,
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eigenvalues : Ethel = t t 't Htt
-

= It 13+2050 ,
t2 cos 021-2005/01+021



The triangular and honeycomb lattice tight binding spectra are :

Also shown is the density of States per unit cell ,

g IE )
= nI§9I÷d SIE - Enhill

the grey ed areas show filled States of either spin

polarization when there is one electron per site .
The highest

occupied state defines the Fermi level . For the triangular
lattice , there is a logarithmic singularity ,

known as a

van Hove singularity , at E -- t 2T . For the honeycomb
lattice , the spectrum is symmetric, g IE ) = g f- El , and



there are ran Hove singularities at E = it .
Note

that for the honeycomb lattice

E± IT ) = I 3T , t.lk ) -- O , E±fM) = It

In the vicinity of either of the two in equivalent
2-one corners K and K

'

,
if we write E- Itg or

K -- I
'

tot , we have E = ±
-hurt -41 with. up = Ez talk .

This is a 3D Dirac spectrum , and K and K
'

are the

locations of Dirac points .

'

Lecture 2 (Jan . 7 ) : How to go flux yourself
Simple model : spin less s- orbitals in a 2B crystal
The Hamiltonian is

H = -¥, .lt
ctrcritttreictrcr )

= - §÷ .

Item Ii > si 't t ta tr 's art )

The notation Fair
'
means that each pair It , t 't is included

only once in the sum .
We may write

try ,
-

- trip = ftp.rileiA-rr ' (A i defined mod 2h )

where Airi is a gauge field living on the link hi, I ') .
Note trip = -Air . . The tight- b. inding Hamiltonian
exhibits a gauge invariance ,


