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Nonlinear 8eneralized Langevin 
Equations 
Ro be rt Zwa nz ig  1 

R e ce ive d June  l,  1973 

Exact genera lized Langevin equa tions  a re  derived for a rbitra rily nonlinear 
sys tems  inte racting with specia lly chosen hea t ba ths . An example  is  displayed 
in which the  Langevin equa tion is  nonlinear but approximate ly Markovian. 

KEY W O R D S : Brownian motion; noise; nonlinear; nonequilibrium; 
generalized dynamics. 

Th e  p u rp o s e  o f th is  p a p e r is  the  d e riva tio n  o f a  c la s s  o f ge ne ra lize d  La n g e vin  
e q u a tio n s  de s c rib ing  the  m o tio n  o f a  s ys te m in te ra c ting  with  a  h e a t ba th .  
No  re s tric tio n  is  p la c e d  o n  the  p ro p e rtie s  o f the  s ys te m: in  pa rticu la r,  its  
e q u a tio n s  o f m o tio n  m a y be  a rb itra rily non line a r.  Th e  h e a t b a th  is  a  co lle c tion  
o f h a rm o n ic  os c illa to rs ,  a n d  the  in te ra c tio n  h a s  a  s pe cia l fo rm .  

Th e  pos s ib ility o f a  d e riva tio n  o f th is  s o rt wa s  s ugge s te d  b y wo rk o f 
F o rd  e t a /. (1) on  the  s ta tis tica l m e c h a n ic a l th e o ry o f Bro wn ia n  m o tio n .  

Mo ri (~) h a s  s h o wn  h o w to  de rive  line a rize d  ge ne ra lize d  La n g e vin  
e q u a tio n s  fo r a rb itra ry s ys te ms  c los e  to  th e rm a l e qu ilib rium. Little  is  kn o wn ,  
howe ve r,  a b o u t Bro wn ia n  m o tio n  in  n o n lin e a r s ys te ms , s o  th a t e xplic it 
e xa m p le s  o f the  typ e  tre a te d  he re  m a y be  us e fu l a s  illus tra tions  o f wh a t m a y 
b e  e xpe c te d . 

Alth o u g h  o u r d e riva tio n  c a n  be  ca rrie d  o u t with in  the  fra m e wo rk o f 
c o n ve n tio n a l Ha m ilto n ia n  d yn a m ic s ,  we  us e  in s te a d  a  fo rm  o f "g e n e ra liz e d  
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d yn a m ic s " which  doe s  n o t e xplic itly d is tinguis h  be twe e n  ca non ica l c o o rd in a te s  
a n d  m o m e n ta .  Th is  ne w fo rm  ha s  the  a d va n ta g e  o f c o m p a c tn e s s  o f n o ta tio n  
a n d  g re a te r ge ne ra lity th a n  Ha m ilto n ia n  d yn a mic s .  It wa s  us e d, e .g., b y 
Ke rn e r (~1 in  his  d e ve lo p m e n t o f the  s ta tis tica l me c h a n ic s  o f in te ra c tin g  
b io log ica l s pe cie s . 

At the  e n d  o f the  p a p e r we  give  a  s pe cific  e xa m p le  o f o u r ge ne ra l re s u lts  
in  the  c o n ve n tio n a l Ha m ilto n ia n  fo rm .  

Th e  s ta te  o f the  s ys te m  is  d e te rm in e d  b y a  s e t o f s ys te m va ria b le s ,  
d e n o te d  co lle c tive ly b y the  ve c to r X. S imila rly, the  s ta te  o f the  b a th  is  
d e te rm in e d  b y the  ve c to r Y. At tim e  t the s e  ve c to rs  b e c o m e  Xt a n d  Yr. 

We  wa n t to  find  a n  e q u a tio n  o f m o tio n  fo r the  s ys te m  ve c to r Xt wh e n  
the  in itia l b a th  ve c to r Y0 h a s  a  c e rta in  s ta tis tica l d is tribu tion . 

Th e  e q u a tio n s  o f m o tio n  o f Xt a n d  Y~ a re  s pe cifie d a s  fo llows . We  
in tro d u c e  a  fu n c tio n  H(X, Y) which  is  a n a lo g o u s  to  the  Ha m ilto n ia n  func tion .  
Th is  is  s e p a ra te d  in to  a  s ys te m p a rt  H~(X) which  de pe nds  o n ly o n  the  s ta te  
o f the  s ys te m, a n d  a  b a th  p a rt  HffX, Y) which  de pe nds  on  the  s ta te  o f b o th  
s ys te m  a n d  b a th : 

H(x ,  r)  = Hs (X ) + H~(X, r)  O) 

Ne xt we  in tro d u c e  two  antisymmetric ma trice s  A (in the  s ys te m s pa ce ) 
a n d  B (in the  b a th  s pa ce ). Th e n  the  e q u a tio n s  o f m o tio n  a re  g ive n  b y 

d X /d t = A  9 V~(Hs  + Ho) (2) 

d Y /a t = B  9 V~H~ (3) 

It  is  e a s y to  ve rify th a t H(X, Y) is  a  c o n s ta n t o f m o tio n ; th is  is  a  con - 
s e que nce  o f the  a n tis ym m e try o f A a n d  B. 

Th e  m a trix A m a y be  a n  a rb itra ry fu n c tio n  o f X, b u t B is  a  c o n s ta n t 
ma trix.  

We  n o te  th a t Ha m ilto n ' s  e q u a tio n  m a y be  writte n  in  this  fo rm .  S u p p o s e ,  
e .g ., th a t the  s ys te m va ria b le s  a re  X = (Q, P ),  whe re  Q a n d  P  a re  a  c o o rd in a te  
a n d  its  c o n ju g a te  m o m e n tu m .  Th e n  if H is  a  Ha m ilto n ia n  func tion ,  A is  the  
m a trix 

Wh e n  the re  a re  m a n y pa irs  o f c o o rd in a te s  a n d  m o m e n ta ,  th e n  A c a n  be  
re p re s e n te d  a s  the  d ire c t p ro d u c t o f s uch  ma trice s .  

Th e  s ys te m fu n c tio n  Hs  is  a n  a rb itra ry fu n c tio n  o f X. F o r the  b a th  
fu n c tio n  Hb we  ta ke  a  q u a d ra tic  fo rm .  Le t K be  a  s ym m e tric  n o n s in g u la r 
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m a trix in  the  b a th  s pa ce . Le t a ( X )  be  a n  a rb itra ry ve c to r fu n c tio n  o f X in the  
b a th  s pa ce . Th e n  we  de fine  the  b a th  fu n c tio n  a s  

H b ( X ,  Y) = l[y _  a (X)]r . K" [Y-  a (X)] (5) 

Th e  tra n s p o s e  o f a  ve c to r o r m a trix is  d e n o te d  b y the  s u p e rs c rip t T. 
Th e  e q u a tio n  o f m o tio n  o f the  b a th  va ria b le s  is  n o w 

d Y / d t  = B  9 K " [Y  - -  a (X)l (6) 

S u p p o s e  th a t we  kn o w the  time  d e p e n d e n c e  o f X t   9 Th e n  this  m a y be  s o lve d  
a s  a  line a r in h o m o g e n e o u s  d iffe re ntia l e q u a tio n : 

f.  

Y t  = e xp (tB  9 K )  . Y o  - -  Jo d t '  e xp (t 'B  9 K ) .  B . K .  a (X t_ ~ , )  (7) 

An  in te g ra tio n  b y p a rts  le a ds  to  a n o th e r fo rm ,  

Y t  - -  a ( X t )  = e xp (tB.  K)" [Y0 --  a (X0)] 

q - fo  d t '  e xp (t 'B  9 K )  " ( d / d t ' )  a (X t_ ~ ')  (8) 

No w we  tu rn  to  the  e q u a tio n  o f m o tio n  o f the  s ys te m. F o r conve n ie nce  
o f n o ta tio n  we  de fine  

V ( X )  ~ A  9 VxHs (X) (9) 

a n d  we  in tro d u c e  the  m a trix W ( X ) ,  de fine d  b y 

W ( X )  = V~.ar(X) (10) 

Th e  e q u a tio n  o f m o tio n  o f X b e c o m e s  

d X / d t  = V ( X )  - -  A . W ( X )   9 K .  [Y  - -  a (X)] (1 I) 

By us ing  the  m a trix W, we  m a y a ls o  write  

( d / d t ' ) a ( X t _ t , )  = - -  W r( X t _ ~  ")  9 2 t_ ~ " (12) 

To  p roce e d ,  we  re cogn ize  th a t X is  a  fu n c tio n  o f t. In  the  rig h t-h a n d  
s ide  o f Eq . (11) we  s u b s titu te  Eq . (8). Th is  le a ds  to  

t 

d X ~ / d t  --- V ( X t )  q -  fo  d t '  A  9 W ( X t )   9 K " e xp ( t 'B .  K ) .  w r( x ~ _ ~ , )   9 X t -~ " 

- -  A  9 W ( X t )  " K " e xp (tB - K) '  [Y0 --  a (X0)] (13) 

Th is  is  e s s e n tia lly o u r fina l re s ult. Th e  m o tio n  o f X, is  e xp re s s e d  in  te rm s  o f 
its  o wn  h is to ry fro m  ze ro  to  t, a n d  the  b a th  va ria b le s  e n te r o n ly th ro u g h  
the ir in itia l va lue s . 
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Ho we ve r,  a  fu rth e r c h a n g e  in n o ta tio n  will p u t o u r re s u lt in to  a  m o re  
tra n s p a re n t fo rm .  We  de fine  a  "n o is e " s ou rce  b y 

F( t )  = - - K " e xp(tB  9 K) " [Yo --  a (Xo)] (14) 

Th e  s ta tis tica l p ro p e rtie s  o f the  no is e  a re  d e te rm in e d  a s  fo llows . We  cons ide r 
a n  e n s e m b le  o f in itia l s ta te s , in  wh ic h  )Co is  he ld  fixe d b u t the  in itia l b a th  
va ria b le s  I10 a re  d ra wn  a t ra n d o m  fro m  a  c a n o n ic a l d is trib u tio n  c h a ra c te riz e d  
b y a  te m p e ra tu re  T: 

P rob(Y0/give nX0) ~ e xp (--  Hb /k  T )  05) 

In  th is  e n s e m b le  the  m e a n  a n d  d is pe rs ion  o f Y0 a re  

( Y o ) = a (X o ) 

([Yo - -  a (X o )][Y o  - -  a (Xo)] r )  = k T K  -~ 
(16) 

No te  th a t F( t )  is  a  line a r c o m b in a tio n  o f va ria b le s  th a t h a ve  a  G a u s s ia n  
d is tribu tion ,  s o  th a t F (t)  h a s  its e lf a  G a u s s ia n  d is tribu tion . Th e  m e a n  a n d  
d is p e rs io n  o f the  no is e  a re  

( F ( t ) )  = 0 

( F ( t ) F r( t ' ) )  = k T L ( t  - -  t ') (17) 

L( t )  = K .  e xp(tB  9 K) 

Th is  de fine s  the  "fric tio n  coe ffic ie n t" L( t ) .  
In  de riving  th is  e xp re s s ion  fo r L( t ) ,  we  u s e d  the  ide n tity 

K - 1   9 [e xp(tB  9 K)] r = e xp (-- tB  9 K) .  K -1 (18) 

wh ich  c a n  be  ve rifie d, e .g., b y s e rie s  e xp a n s io n  o f b o th  s ide s . 
Th e  re s u lting  ge ne ra lize d  La n g e vin  e q u a tio n  is  

d X ~/d t = V (X O  + fo  d t ' A  9 W (X O  " L ( t ' )  . W r(X ~ _ c )   9 ]Q_~, 

-}- A  9 W (X O  " F( t )  (19) 

E q u a tio n  (17) is  the  flu c tu a tio n -d is s ip a tio n  th e o re m  re la ting  the  no is e  
in te ns ity to  the  tra n s p o rt  coe ffic ie nt. 

Th e  p re c e d in g  d e riva tio n  h a s  le d to  the  de s ire d  re s ult, b u t it is  s o m e wh a t 
fo rm a l a n d  a b s tra c t.  As  a n  illu s tra tio n  o f the  s tru c tu re  o f the  ge ne ra lize d  
La n g e vin  e q u a tio n ,  we  cons ide r n e xt a  s pe cia l ca s e . 
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Th e  s ys te m is  a  pa rtic le  in a  po te n tia l.  Th e  c o o rd in a te  a nd  con juga te  
m o m e n tu m  a re  Q a n d  P ,  the  ma s s  is  M, a nd  the  po te n tia l is  U(Q).  Th e  
s ys te m fu n c t io n --o r  Ha m ilto n ia n --is  

Hs  = ( p 2 / 2 M ) - ~  U(Q ) (20) 

Th e  b a th  os c illa tors  ha ve  coo rd ina te s  a nd  m o m e n ta  qj a nd  P s ,  whe re  j = 
1, 2 , . ,  N. Th e  os c illa tors  ha ve  un it ma s s , a nd  th e jth  os c illa to r ha s  a  fre q u e n c y 
~oj. Th e n  the  b a th  fu n c t io n --o r  Ha m ilto n ia n --is  

H~ ~- Z  89 + Z  89 --  Y JQ/'wg) 2 (21) 

With  s ome  e ffort, this  Ha m ilto n ia n  s ys te m ca n  be  re writte n  in  the  ge ne ra lize d  
dyna mics  n o ta tio n  us e d in the  p re ce d ing  de riva tion .  In pa rticu la r,  the  ve c to r 
a (X ),  which  de s cribe s  the  c o u p lin g  o f s ys te m to  ba th ,  is  line a r in  the  s ys te m 
coo rd ina te .  Be ca us e  o f the  s implic ity o f the  e xa mple , howe ve r, it is  p ro b a b ly 
e a s ie r to  re pe a t the  e n tire  de riva tion  e xplic itly in  Ha m ilto n ia n  fo rm. 

E ith e r wa y, one  ob ta ins  the  ge ne ra lize d  La nge vin  e q u a tio n  

M dQ~/dt = P t 
P t 

d e ~/d t = --  u ' ( o o  - Jo dr' ~ (t')P ~_ t. /M -? Y ( t )  (22) 

As  be fore , the  nois e  ~ ( t )  is  a  line a r c o m b in a tio n  o f a ll os c illa to r coo rd ina te s  
a nd  m o m e n ta .  Th e  fric tion  coe ffic ie nt ~(t) is  

~(t) = ~, (yj/~oj) 2 cos  ~ojt (23) 

TJhe  fluc tua tion -d is s ipa tion  th e o re m  ta ke s  the  fo rm  

(~-(t)> ~ 0, <o~(t)-Y(t')> = k T ~ ( t  --  t') (24) 

T]he  fric tion  is  line a r in  the  s ys te m m o m e n tu m ,  a nd  the  fric tion  coe ffic ie nt 
is  a  s imple  fu n c tio n  o f the  fre que nc ie s  wj a n d  the  coup ling  cons ta n ts  y j.  

Th is  ge ne ra lize d  La nge vin  e q u a tio n  is  e xa ct. It diffe rs  fro m  the  type  
o b ta in e d  by Mo ri's  s che me  ~2) in  the  p re s e nce  o f a n  a rb itra ry n o n lin e a r fo rce  
--U"(Q).  F u rth e r,  its  va lid ity is  n o t re s tric te d  to  s ma ll de pa rtu re s  fro m  
the rma l e quilib rium. 

O u r La nge vin  e q u a tio n  is  n o n -Ma rko via n ; the  fric tiona l te rm  con ta in s  
a  m e m o ry fu n c tio n  ~(t). As  no tic e d  b y F o rd  e t al. ~11 in  a  s imila r conne c tion ,  
a  s pe cia l cho ice  o f fre que nc ie s  a n d  c o u p lin g  cons ta n ts  ca n  le a d  to  a n  e q u a tio n  
th a t is  a p p ro xim a te ly Ma rko via n .  (in  d is tinc tion  to  the ir work, we  d o  n o t 
re s tric t ours e lve s  to  a  m o d e l o f the  la ttice  dyna mics  type .) 

Firs t, we  s uppos e  th a t the re  a re  ve ry m a n y os cilla tors  in  the  h e a t ba th , 
with  a  d is tribu tion  o f fre que ncie s . The n ,  we  tre a t the  fre q u e n c y d is tribu tion  
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a s  con tinuous .  (The  on ly s e rious  e ffe ct he re  is  the  e lim in a tio n  o f P o inca r6  
re cu rre nce s  a t ve ry lo n g  time s .) We  us e  a  fre q u e n c y d is trib u tio n  o f the  De b ye  
type ,  

t3co2/coa 2, co < coa (25) 
g(co) = 10, co > cod 

whe re  coa is  a  c u to ff fre que ncy.  S u m s  o ve r os c illa to r fre que nc ie s  a re  re p la ce d  
b y in te g ra ls  a c c o rd in g  to  

Z --+ N f dco g(co) (26) 

F u rth e r,  we  s u p p o s e  th a t a ll c o u p lin g  c o n s ta n ts  a re  e qua l,  

~,~ = y / N  ~/2 (27) 

In  th is  a p p ro xim a tio n  the  fric tion  coe ffic ie nt b e c o m e s  

~(t) = (372/co~2)(s in c o e t)/t (28) 

If the  s ys te m m o m e n tu m  va rie s  s uffic ie ntly s lowly o ve r time s  o f the  o rd e r 
o f 1 /c o e ,  th e n  a  d e lta -fu n c tio n  a p p ro xim a tio n  m a y be  u s e d  fo r ~(t), 

~(t) ~'~ 2~o S (t); ~0 = 37r?'2/Zcoa ~ (29) 

Th is  le a ds  to  the  Ma rko via n  a p p ro xim a tio n  

d P J d t  = - -  U'(Q t)  - ~ o P t /M -k  . ~ ( t )  (30) 

Th e  p re c e d in g  e xa m p le  s hows  th a t it is  pos s ib le  to  o b ta in  a n  a p p ro xi- 
m a te ly Ma rko via n ,  b u t non line a r,  La n g e vin  e q u a tio n  fro m  a  Ha m ilto n ia n  
mo d e l.  

Th e  fu rth e r s pe c ia l ca s e  whe re  U = 1Q2 + ~/3Q4 wa s  s tud ie d  re ce n tly 
b y Bixon  a n d  Zwa n z ig  (~) a s  a n  e xa m p le  o f flu c tu a tio n -re n o rm a liz a tio n  o f a  
tra n s p o rt  e q u a tio n .  
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