
coordinate each such torus
. Invariance of the

tori means that

Io = - gtfo = O ⇒ H --HII)

Each coordinate too describes the projected motion
around Co

,
and" is normalized so that

fooddo = 2T (once around co )

the dynamics of the angle variables are given by

Too -- gtfo -

- volt I

thus Gott ) = do lol t Vol J t t .
The n frequencies

{ volt II describe the rates at which the circles co
T

are traversed .

Lecture 17
. (Nov . 301 (topologically ! )
-

• Canonical transformation to action - angle variables

These AA Vs sound great ! Very intuitive ! But how do
we find them ? Since the Ito ) determine the l Col
and since each fo determines a point (two points ,
in the case of libration s ) on Co

,
this suggests a type -I



CT with generator Efg ,
Fl :

Po =
OI
Ho

i
do =

2Jo

Now

2T --food do =§dlF I --fooda-oI¥Tq= footedotopo
we are led to define

Jo = ¥§ doto Pr

Procedure :

( il Separate and solve the HIE for WII , It = { Wolfoil .
121 Find the orbits Colt ) , ice . the level sets satisfying
the conditions Holger , point -- Ao -

131 Invert the relation Jo IN = food go Po to obtain ENT
(invertf

(4) The type -I generator to AA Vs is the,

EKITI = Io Wo lato , TED

Let 's now work through some examples .



Harmonicosclla-to.ro
ur Hamiltonian is H = II t tzmwog ' , so the HJE
equation is

ImfIII 't '

z
mwig ' = n

we have
-

p = 3¥ = I 12mA - m2wig

simplify by defining

of = 1k¥ sin O ⇒ p = 12mF cos O

and so

J = ¥ §dqp = 2¥ . 1%0 cos20 = two
we still must solve the HJE :

Itf = dawg . fat = 12mF cosO - III cos O = 2Jco50

Integrate to get

W 10
,
J) = TO t ITS in 20 t const .

to = cos
-

' ( 9- / smut) → W lot , J )



Then

of = 8¥ I
g.

= Ot { sin 20 t J(It cos2018¥ Ig
Now of = 1251mF Sino so

dot -- f;"÷pdT + III cos Odo ⇒ III ;
-# tano

Plugging into our expression for ¢ ,
we obtain 4=0 . (Not

much of a surprise . ) Thus , the full CT is

q=/m2÷ ) sink , p=I2mwoT cos ¢

and the Hamiltonian is H ( of ,J) -- WoJ.
The

equations of motion are
I call it H = IF

it -- ITI -- no ,
I = - 2¥ -- o

with solution

loft I = lolol t wot
J Itt -- J lol

and of course VIJ ) = Wo ( independent of J ) .

• Please read § 15.5 .

5 (AAV for particle in a box )



• Integrability and motion on invariant fori

Recall that a completely integrable system may be solved

by separation of variables , and that

Hot ,pl → III. It = HIEI
T

Jo = - 31g
.

= O ⇒ Jo Itt -- Jo lol

too = 't = VolEl ⇒ dolt -- look) tookIt

Thus
, the angle variables wind around the invariant torus

at constant rates V. IFI . While each tooth winds around
its own circle

,
the motion of the system as a whole will

not be periodic unless the frequencies HEI are commensurate,
which means that there exists a time T (ice . the period)
such that not = 2h ko with ko C- 27 to Eli , . . .

,
n ) .

Thus

Vfp = HIP E '

Q t a ,p Ell , .
. .

,
n }

T is the smallest suck period if l h . . . . .,
kn ) have no

common factors . On a given torus , either all orbits

are periodic or none is periodic .

In terms of the original (oh , . . .

,
Gul coordinates ,



Scratch

n - torus : Th = S
'

x S
'
x . - - x S

'

→times

T -

- Ox ④ 0×0 x - - .

= ④ x x ① x :O x Q. x .
- -

4TH = lol, Itt
,
oldH

,
¢
,
HI

,
belts

, olsttl , - . - I



there are two possibilities :

lil libration :qoltl-yqjn.to?...e.eilil9ltl...eiilnl0nlttliil
rotation : go Itt = qyofoftit-fqnB.fi?eneilihH!..eilndnltt

where a complete rotation results in Doto = It qoo .

• Liouville - Arno l 'd Theorem
This is another statement of what it means for a Hamiltonian

system to be integrable . Suppose a Hamiltonian HIE,p)
has a first integrals In Ifip ) , where he 11 , . .

.

,
n } .

This means
←

Poisson bracket

DEI -- I.PE?dIi.f.t3phrdfeI--lIn.ttl--o
If the l Id are independent functions , meaning that
III.ht form a set of n linearly independent vectors at
almost every point in phase space M ,

and if all the first

integrals commute with respect to the Poisson bracket, i. e.

{ In ,
I e) = O for all k , l (⇒ In and Ie in involution) , then :

←
dim (Mel = n p dim IMI = 2h

till The space MI = I II. It EM II http ) = Ck tf k C- lb . . ..nl)
is diffeomorphic to an n - torus Th -- S

'

x S
'
x . . . xS

'

,
on

which one can introduce action - angle variables on a set



of overlapping patches whose union contains MI , where
the angle variables are coordinates on Me and the action
variables are the first integrals .

liil The transformed Hamiltonian is Ft -- Tt III
,
hence

In = -
OTI

= O

Hou

ith -

- t often = until ⇒ dutt ) -- fulol tWIIt

Note this does not require It = NE IihfIn ) .

• Adiabatic invariants

Adiabatic processes in thermodynamics are ones in which
no heat is exchanged between a system and its environment.
In mechanics , adiabatic perturbations are slow , smooth

changes to a Hamiltonian system 's parameters . A typical
example : slowly changing the length Htt of a pendulum .

General setting : H -
- Htqp ; Htt) .

All explicit time dependence
in H is through Htt . If Wo is a characteristic frequency
of the motion when I is constant , then -

c- = will
. m.bg, Tillet
dit

provides a dimensionless measure of the rate of change



of Htt . We require Ecc l for adiabatic ity .

Under such conditions , the action variables are preserved
to exponential accuracy .

(we will see just what this means . )
For the SHO , the energy , action , and oscillation frequency
are related according to J = Elv . During an adiabatic

process , E Itt and htt may vary appreciably, but Jlt)
remains very nearly constant . Thus, if Oo is the oscillation

amplitude , then assuming. small oscillations ,
E -

- tzmgl Of = VJ = IIIJ
⇒ Oo le ) =

21

Mjg 1512

Adiabatic invariance then says Doll ) al
-312

.

Consider now an n -- l system , and suppose that for

fixed t the type -I generator to action - angle variables
is slot ,J ; ill . Now let X -- Htt , in which case

tho it
,
t ) = HIT ; Ht ¥t

where ↳ to - dependence through Slqld ,J;H ,
J
;
X )

HIT; H = HIAt&t; H , plot ,Jill ; H

Note that HIT ; x ) is independent of lo , because for
fixed it the function Slq ,

J; X ) generates the AAV.



Hamilton 's equations are now

it -- II -- noint :* dat
i - fi -- - Iif dat

where VIJ ; ill = OH IT; H1 2J and where

slot , J ; X ) = slotHit; H ,
J
;
ill = ME.

.

.snHi Heim
&

Fourier analyzing the equation for J , we have
N

J =
- il Em 3¥ ein ol

m -

-
- N

N""

so = JIN - JI- o ) =
.

!It I

= - im.E.m.la?dtdSmgbIitLddIeim0/lm=o termis cancelled )

Now lolt ) -- ut t lolol to good accuracy , since I is small.
So we must evaluate expressions such as

m -to : Im -
-Idt dat) eimute.im diol
-

f- It:)

The b. racketed term is a smooth function of time ¥ which

by assumption varies slowly on the scale V
- t
. Call it Htt

.



We assume ftt I may be analytically continued off the
real t axis

,
and that its closest singularities in the

complex t plane lie at Imt. = ± t
,
where htt s> 1

.

Then I, e
- lMutt

= e-HYE
,
which is exponentially small in htt ⇐ ¥

( hence only m = II need be considered ) . Thus, AJ may
be kept arbitrarily small if Htt is varied sufficiently slowly .

• Examples
Htt = In t¥ ⇒!It title

'

'

Muti e - ImuIta e-
'II

Mechanical : A point particle bounces between two
X
't

curves y
-

- ± Dlxl
,
with IDK"" " Y '

-
t

× ,

The bounce time is I+120y , and we - - - - - - - - -

assume I cc LIV× where L -- length .-
--

So there are many bounces , during which the particle samples DCx ) .

The adiabatic invariant is the action ,

J -

-

- La § dy py = I, mug Dlxl

The energy is

E -

- tzmluxtujl = tzmvxt 'I!µj
Thus

,

↳ = 2E - III
which means the particle turns around when ④txt = FIT .

A pair of such mirror55 (when Dlxl = Dl-x )) confines the particle .



Similar physics is present in the magnetic mirror , or
"

magnetic bottle
"

,
discussed in Ej 15.7 .

3
.
There the adiabatic

y
.

invariant is the magnetic moment, '

z#

A = - = ÷cz It -#
magnetic field lines
(azimuthally symmetricwhere J -

- action and I -- magnetic flux . about the middle line)

• Resonances

what happens when n > 1 ? We then have

Ja = - ii. [, ma
0Saki H

MT 22h
# e

im . §

and -

DJ
'
= - ing,m!It %jI date

im .
iteim.rs

When in . JIJI = O
,
we have a resonance

,

and the

integral grows linearly in the time limits , which is a violation
of adiabatic invariance .

Resonances
may
result in the

breakdown of invariant tori
,
and provide a route to chaos .

Resonances can thus only occur when two or more frequencies
Vat I have a ratio which is a rational number . But

even if the frequency ratios are all irrational , any
such irrational number may be approximated to arbitrary
accuracy by some choice of rational number . To understand
how to deal with resonances

, we need
' canonical perturbation theory .


