
- Proof Hamiltonian evolution generates a CT

We consider an infinitesimal evolution :
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Lecture 15 (November 23 )
-

• Generating functions for canonical transformations
For. a transformation to be canonical

,
we require

sfatdtlpo.io - Hui , p.tt) -- o -- S!Itt fp.io- Itoi,EH ]
This is satisfied for all motions provided

Pogo - Hkt , Pitt = tlpooio - II tap.tl toff II. Et t)

where X is a constant . We can always rescale coordinates



and momenta to achieve 1=-1
,
which we henceforth assume.

Therefore , dt
tho

, Pitt -- HII , E.Ht Prior - pigot fFzQot ftp.oio.tt#
To eliminate the terms proportional to bio and go , demand

FF

Ja,
= - Po , IET = tpo

We then have

THE
,
I
,
t I = HCE , p ,t , +

OFII.I.tl
at

This is called a
"

type I canonical transformation
"
.

By making Legendre transformations , we can extend this
to a family of four types of CTS :
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zlpiqtltpoqo with go = - Ept , Po = - IFI
ftp.P.tttpoqo-PQr with go = - 377 ,

QE FIT
In each case

,
we have
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,
t
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Example 5 of Cts from generating functions-
. Consider the type -I transformation generated by

Fz ( E ,
F) = Aol El Po

where AolEl is an arbitrary function of {on , . . .

, of } .

Then

Qo = ftp. = AolEl , Po
-

- EE -

- Mjf. Pa = 2Qg÷ Pa
which is equivalent to : Qo -- Ao III ,

Po -

- 397oz Pa
This is in fact the general point transformation discussed

previously . For linear point transformations ,

Qa = Mao go , Pp
-

-

poi
M
-

top
{Qa , Pp } = Mao tip {o' ) = Sap

Soo '

Note that Fatty , 51 = q , Pz + of , P , exchanges
the labels 1 and 3 : Q

,

-

- 251213=9-3 , p, = 21429-1=132

Qs = 213/213 = of , I 13=25-2/29-3 = Pi
. Next

,
consider the type - I transformation generated by

F
, lot , It = Aol Et ) Qo .

We then have

Po
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- offer a , Po -- - II. = - Arlott



Thus
,
F
, II. Oil = go Qo , for which Art I = Go ,

generates
Po = Qo ,

Po = - go

-

E- til → II I -- =

• A mixed generator :

FIE. It = of , Q , t lots- Q2) Pat (oh- Qs ) Ps

which is type - I wrt index o -

- I and type II Wrt 0=2,3 .
This generates
Q
, =p , , Q2 = 9-3 , 013=9-2 , P, = - 9- , i B

-

- Pz , Pz = Pa

(swaps p , g for label 1 , swaps labels 2,3)
• d

'

-

- I simple harmonic oscillator : Hlq , p ) = II t
'

zkq
'

If we could find a CT for which.

p=f2mffpT cos Q
, q=f2flPIsinQk

then we'd have IT to , p ) = f (P ) , which is cyclic in Q .

The eauctions of motion are then D= - TH 1010=0
and

"

Oi -- O IHOP = f-
'

( P ) . Taking the ratio gives

p
-
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This suggests a type - I transformation

F. lot, Q1 = tzvmkq ' Ctn Q

for which
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p
-
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= link qctn Q

P = - 3¥ =
Vmk
2 sin 2Q

Thi us
,

g-
= sin Q ⇒ HA -

- IFT P = wp

where w -

- (Hml
"
is the oscillation. frequency . We also

have THQ ,
P ) = WP = E

,
the conserved energy , i. e .

P - E
W

-

The equations of motion are 15=0 and I = f " Ip) = w,
so the motion is Q Itt = wt too ,

Pitt =P = Etw ⇒

g.HI =
sin Q = III sin lwtt do ) E

• Hamilton - Jacobi theory
General form of CT :

Eloi
, 5.tl = HIE , p, t ) t

OHI.i.tl
at

with

Eg =p. . f÷= - Po , III -- 3¥ -

- o



Let's be audacious and demand HYE
,
I
,
H -

- O !
This entails

OS

IFI = - H , fgIo =p,
Tai Po

' Et -- - H

The remaining functional dependence of F may either be
on OT (type It or on B (type I) . It turns out that

the function we seek is none other than the action , S,

expressed as a function of its endpoint values .

• Action as a function of coordinates and time

consider a path iylsl interpolating between Tgi , t ; )
and II , t ) which satisfies

¥. . :÷l¥i=o
Now consider a new path Fylsl starting at lati , ti ) but
e
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= LETH , FIH ,
Holt + ftp.fnoltt-yolttl
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sight I
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and therefore
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Thus
,
we have
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- Totti dqo t LL ITH ,

'

THI , t) - Ttoltligoltt)dt

= podgo - Holt

we then conclude
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What about the lower limit at ti ? Clearly there are
(htt ) constants associated with this limit

,
v.it

.

{9. , Hit , . . .

, Antti l ; ti )

we'll call these constants {hi , . . .

,
Anti ) and write

S = S (G , , . . . , Gn ; hi , . . . , A n ; t ) t Anti

we may regard each do as either Qo or Po , i - e .

that S is in general a mixed type I - type# generator.
That is to say , for OE El , . . . , n } ,

to Into = f- Po
it to = Qo

+ Qo if no = Po

The last constant Ant , will be associated with time translation .

• Hamilton - Jacobi equation
since Stg , t.tl generates a CT for which HIE,Pitt -- O ,
we must have aFlat = - H ⇒
-5

Hloti , . . . , 9-n ,¥ , . . . . Ign , 't l t ¥ = O

which is known as the Hamilton - Jacobi equation IHJE) .

The HJE is a PDE in Intl ) variables lot . . .
. .

, oh , t ) .



Since It (Oi
,

5
,
t ! = O ,

the equations of motion are

utterly trivial. :

Qo Itt -- const. , Po Itt -- const.
'fo !

How can this yield any nontrivial dynamics ? Well what

we really want is the motion lqoltt } , and to obtain
this we must invert the relation

To =

ME ,T.tl
-

Mo

in order to arrive at folio , I , t ) .

This is possible

only it
deff e) ± 0

known as the Hessian condition .

Example

consider H = LIM ,
i - e. a free particle in d-- T dimension .

The HJE is

fat It 3ft = 0

One solution is

stat , htt = Mazzie
e ¥
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