
Lecture 12 (Nov - Il )
-

• Inhomogeneous Sturm - Liouville equation 159.7 ) :

µlxlf¥i -#ftlxl ? It ulxly =µlx, Refflxle
- '

'

wt]

Here the string is forced at frequency w .

We write the solution as

ylx.tl -- Re fylx, e-
'
'

wtf
could redefine as If* I but itwhere
- is convenient if

( K - w'µ Ix ) ) ylxl = yulxlffx ) we include mix)

with
↳ ylx.tl -- yhomlxitltyinhix.tl

I = - off
,

this¥
,
t Vlxl

"

the Sturm - Liouville operator . Recall d

'

k 4. txt = wipilxluulxl
ahhh > = fix gulxltmlxhklxl -- Smn

*

Nxt { 41×14. Cx't = 81x - x
' )

Taking the inverse of K - w2µlx ) , we have
that the inhomogeneous solution is
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Imw
④

Unforced
, damped SHO : # Rew

'

x' +281 two × = o
- T- -•- -

•

- ooo
- - raw

.

Soth : x = A e
-
int

⇒ - w
?
-
zirw two -0

w't 2i8w -wi -- o ⇒ w= - i8±/wf_T
±

e- iwtt → o as t → a due to 8 > O

Vi w! ⇒ underdamped ,
r 's word ⇒ overdamped

Harmonic forcing :

←
Htt --

fdz.FI/elEirtiit2ritwox--Itrlq-irtxcrye-irtSoln-:xltt--
Xhomltltxinhltl
[
Ate

- iwtt
+ A
-

e
-
i w
-

t
→ O

(wi - zirr - d) Ilm = f- IN

single frequency : xinhltl = Alr ) cos [Rtt Slr
))

amplitude : Air ) -- (Iwo ' - sitter'd)
- Y'

phase shift : Slr ) = tan
- ' (k¥4)



XR

yinhlx ) = fdx ' yuh 't Gwlx, x'I flx 't
XL

where Gwlx , x'l is the Green 's function , satisfying

(K - w'gum) Gwlx , x'I = SIX -x 't

I. e . G.wlx , x' l -- IK - w 'm
,
×
. . We may write

ulnlxitnlx 't Law ) -

-

I
Gwlx , x' I = § -FEIT "

M

You can read about how to obtain Gwlx,x 't without

having to do the infinite sum over all the eigenfunctions
in 59.7 .

I
. For now

,
I just quote the result for

the case where yulxl --µ , tlxl
-

- t
,
VIX ) = 0 ,

and

[XL , Xia ) = to , L ) . Then

s.in/wXs/clsinlwlL-xi/c)Gwlx,x'l---lwtklsin/wL/c)

where Xa
-

- min Ix ,x'l and X , = max(* , X
'

)
,
c -- III

Example : Let flxl = fo Slx - Xo ) . Then

yinhlxl = µ to Gw (x , Xo )

Note that there are no constants of integration .



The full Soth isthen
homogeneous Sol

" (e.g .

Bernoulli)

← inhomogeneous so I 7

ylxit ) = yhomlx , t) tyinhlx.tl

The initial conditions enter in ywmlx.tl as we have

learned from the Bernoulli solution . If there is some

small damping , then at long times we have
,

cusp

¥7.

ylx , th V
- "

I = yinhlx.tl o 42 L

= µ to Gwlx . Xo ) cos (wt ,
* fixed )

where V is the damping rate (i.e . rate of energy
loss for unforced system) . If Xo = tzh ,

then

sin(WHC ) if X L 42

Gwlxitzh ) =⇒scute) " ↳ inHL -Hk) if x > 42
Note that yi.nlx.tt is continuous at x --

'

z L but its

spatial derivative y
'inhlx , t ) is discontinuous at x -- { L .

• Continua in higher dimensions : HII ,t ) displacement
Generalization of wave operator : e.g . drum. head :

←
•qK = -¥ to.pk/#ptVlxl

kettledrum



This arises from

2h 2h

L -

- tzlulxl T - I tap Kl GIB
- tzulxlh

'

The wave equation is
*K HII

,
t ) = -pilxghlx .tl

Since ( is
, 2+1=0 , solutions may be written as

hk.tl = Re [hey , e
- int )

where

(K - wyu.la/htxl-- 0
This is again an eigenvalue equation ,

with solutions

4. txt ⇒ K 4151 -- wiµ1514.151

The eigenfunctions and eigenvalues satisfy
<Wks fddxpilxltmfxhhlxl -- Smn

pihl { 41514*154=815 - I
'

)

where the medium is confined to a region RCLRD .

We must also apply boundary conditions of
the form



Ii ) h ( Ill
or
= 0

,
where 2h = boundary of R

Iii ) t III in .Jhlgr= O
,
where is is normal to ar

( iii ) PBC s
, e.g .

in a box of dim# L
,
x Lzx - - - x Ld

link that pin .tt/xDgr-- 0
The Green 's function is

Gwtx , I
' ! = E 4nlxT4n*IWf - W

2

with

(K - while1) Gwtxix ' ) = SIE -I ' )
the variational approach generalizes as well, with

WWIID= Nl4
Dl4151 ] n

and K

-

N14151) -

-nfddx that#at.ph#.otulxY4lxTDl4lxD--fddxgulxl44xl
Demanding. Sw

'
= O yields the wave equation

K 4km = W'µhit 4151



• Membranes : Z -

- hlx , y l

The equation of a surface is Flx ,y , z ) = Z - hlx,y ) =D .

Let the differential surface area be DS .
The

projection onto the lxiy ) plane is then

DA -- dx dy -- in - Ids = ntds

The unit normal is

in = ?g÷, = I-th (note I. 8h -- O )

✓ I +18412

Thus
'

as = dxnn.de?e=/ltIFhTdxdy
We consider a model where before : ds =IlthTdx

U lhlx.y.tl/--fdlSo=UottzJd2xolxll8h5-t . . .

with o the surface tension .
Other

energy functions

are possible . The kinetic energy is

Tfhlx, y, tD= tzfdxplxllfht.pe
Thus

S = fdtfdlx L (h , Ah , Oh , 't , I )

L -

- I pilxlldthl
'
- ¥0151 ht



The equations of motion are then

Fh - ft Ift - Jiffy = o
÷
o - tuna 3¥.I - taohH=o

Thus

F. (ok I THIA) = d2hlDt2

which is a generalization of the Helmholtz equation .

When µ and o are constants , we get Helmholtz
:

F - to ¥4 HIM = 0

Note Gu ] = ML
- Z
and [o) -- E L

'

= MT
- 2

,
thus

with. c = lolµ )
"
we have Ic ] = LT

"

as before .

d 'Alembert solution :

h txt ) -- fTk - I - et )

where
"

k is a fixed direction in space . These are

plane waves (really
"line waves

" )
. The locus of

points of constant h II. t ) satisfies

fix.tl = I . I - et = constant



and setting dot = 0 then yields
"

k . doit = C
,
i.e .

the velocity along
'

k is C
. The component of I lying

perpendicular to
"

k is arbitrary , so constant 0/15 it )

corresponds to lines orthogonal to t .

NIH
'

← of -- const

Due to linearity of the wave egn , we can superpose
plane wave solutions to arrive at thegeneral solution,

HI
,
t ) = 1,91%1AIKI ei Hix - ctftt+ Biz , eilt.xtckt.lt

+ ti mover k -- Hel
- I move

i.
Rectangles : R -

- lo , a] × lo , b) bigSeparation of variables solves PDE :

hlx
, y , t )

-

- Xlxl Yly ) Ttt )

Helmholtz can th ( aka *Ey. - tuff ) h -- O yields

III. + ¥354 -- ti 's 3¥
T T t

depends depends depends
only on x only °" Y only on t



So we conclude

43¥ =
- hi

, ÷
, 3¥ -

-

- hi , I, 3¥ -

-
-or

with

text KE = YI
thus

,
w
-

- CHI
.

Most general so I
'

:

XIX ) -

- Asin ( kxx t al

Ylyl = Bsinlkyyt- B ) ,
hlxiy.tl -- XKIYIYITIH

THI = C sein (wt tr )

but imposing boundary conditions htx.tl/gr-- 0
then requires

b.
×

-

-
MITla

a =p -- O ,
sin lkxa ) = sin thy

'

b) -- O ⇒ ( ky = nub
The most general soth consistent with the Bcs is then

hlx
,y , t )

-

- I; Amnsinlmtttlsinfntbflsinlwmnttrmnl
where -

wmn -- LIMIT't FIT
and the constants ( Amn

,
8mi) are determined by the

initial conditions .



* Circles : r = ( (x , y l l x'tyl s a21
It is convenient to work in 2d polar coordinates (r, 4) .
The Helmholtz equation takes the form

7h = frfr fr Filth 3¥ -- fifth.
Separation of variables :

hlr
,
4
,
t ) -- R Irl 't let THI

Again we have

*treat # It # t.EE -- It3¥
with

Ethel -- costme * pl
THI = cos Iwt t V!

and

d 'R tr DI + ( E. - WI) B -- Oda
t d r

.

Since Hr , 4 t 2T , t ) = hlril, t ) , we must have ME 27 .

This is Bessel 's equation , with solutions

RH -

- A Jm (WI ) t B Nm (F)
with Jml H and NmlH the Bessel and Neumann functions



of order m
, respectively .

Since Nm ht diverges
as 2- → 0 for all m , we must have 13=0 . (For an
annulus

,
we may have B- to

. ) The boundary condition
at r -- a yields

Jm (WI ) = O ⇒ w -

- Wm e = Xme
- Ea

where Jmlx me 1=0 , i. e . Xme is the lth zero
11=1,2 , . . . , o ) of Jml x) .

Thus
, Jm¥+n*×

hlr.cl, t ) -- Ii Ia , Ame Jmlxmerlalcoslmlftfsme) costumeTt Vme)
The constants A-me , pone ,

and Vme are set by the
initial conditions . Note h Ir -

-ail
,
t ) = O for all 4

and for all t .

.

• Read § 9. 3.6 (sound in fluids ) and 059.4 (dispersion )

• Classical Field Theory
Independent variables : Ix ' , . . . , xn ) E r c 112

"

Real fields : I do , , . . .

, for )
or 1×0

,
x 's . . . , xd}

Lagrangian density : L =L Idea , quota , xn )
n -- dtt

Action : S -

- fd " x L

Let's compute the variation of S :



ss --foix III. Hat ftp.i, 39¥ )

µ
glitteratial

-

-f.an 13¥ - ÷nlf÷% ) ) sofa mace area

;§dEn":*, sola
The surface term vanishes if we demand

solatxllzro or n
" f÷¢aj¥o

Then we have

%÷×, -- 4¥. - E.B÷i÷;D
,
←
evaluate atx

Thus 85=0 entails the Euler-Lagrange equations,

3¥
.

-¥.lk#oat=o
When L is independent of the independent variables *9
the stress - energy tensor is conserved :

Tut
"

v
-

- O with Tar =§%÷¢a; Ha - 89L
This is analogous to dd¥ -- O in particle mechanics .



Maxwellthe.org

The Lagrangian density , with sources, is

LIE , 2µA
'

) = -⇒ Far FM- I AM

where 2
,
= ¥, with xt = Ict

,
x
, y, z I = (x ; x

'
,
x
'

,
x3)

and

Fav -- QuAr - an Ap ; Au -- guy
At

, g
-

- diag It , - , -, -- )

FM = YAU - 5AM = gluing
"P Aap ; gµ=gMu

The EL equations are

tf - ¥µµJffp¥= O ⇒ 2µF"
u

= 4h Ju

conservedcurrentsinfieldthe.org#

In particle mechanics , a one -parameter family of transformations
g-olg ,

3) which leaves Llg , I , t ) invariant results in a
conserved "

charge
"

A -- { ftp.dftf/s=.oiEol9-iS=ot--9-o
with dhldt = O . We generalize to field

"

theory



by taking Gotti → do
.
HMI

.
Then

÷ !! mania . x.I -- 3*354*+3*4, 3¥!
=¥tI÷*3¥H .

3=0

where we have invoked the EL egas,

:*
.

.

. I:*.it
Thus we have

2µJ
"
= 0 with J" -- { %÷qj 3¥ I

3=0

Let us write XM -

- 1×0
,
X

'

, . . .

,
Xd } with n = d ti

.

Then

with Xo -= Ct and Qr I c-
' fold x Jo , we have

diff =!ddx JoJo = -1*3×5 . I = -donde n' I = 0

provided in - Ilya = O . Thus
,
the rate of change

of Qr is minus the integrated flux exiting the region r .

Example :

214,442×4,44*1=2142×4*112144 - UH * 41



The Lagrangian density is invariant under

4 → I = ei 34
,
y
*
→ I *e- is 4

We regard 4 and 4th as independent fields . Thus,
H

351 = ie
" t

, off = - ie
-is It

and thus

J" = 3¥14 . till tf¥µ*, fifty
= 14*0144 - 42" 4*1 = k Im 14*2441

Note that utility) -- U 14*41 is independent of S .

• Gross - Pitaevskii model

This is a model of nonrelativistic interacting bosons, with

L -- it 4*347 - II Ttt. Ft - g (Ht -no 12
Details in § 9.53 of the notes. The EL equations are

its 3¥ = - TIM 024 t 2g 1141 '- no 14
and its complex conjugate .

This is called' the nonlinear

Schrodinger equation (NLSE l . The one -parameter
invariance of L is again



415
,
H → III.HI e- is 415 ,t)

4*15 .tt → Ith
,
tt-eti34tyx.tl

The conserved current is

Jiu -- fifer III, E÷*TI¥h⇒
with. components

Jo -

- ti 141
'
= tip

I = film 14*54-484*1=5
Thus

,

¥ to -J = O (continuity egn - I

In this example , xn=Xµ and there is no difference

between raised and lowered indices
.


