
Lecture 10 (Nov - 4)
-

Recall we were discussing the dynamics of a

string (mass density gu , tension t) with an
attached point mass m at x -- o . We wrote

incident reflected

ylx.tl = Hot - x ) tgkttx) (xso )

= hkt - x ) (x > o )
transmitted

At x = o , we have F -- ma for the mass point, i.e .

mijlo.tl -- Ty
' lot.tl - ty

'lo ; t )

as well as continuity y lo
-

it ) --ylot, t ) . Expressed
in terms of the functions f.g , and h , we have

f-
"

151 +g
" (5) = - 2mi. g

'

15 )

H5- Itget = h 151

which we solved by going to Fourier space :

f- test III. Ilk ) eik 's ,

IIn :{Is Hs) e- ins

etc . Note It- KI -- ICH
*

since FB) E IR
. We found

51kt -- irlhlflkl ,

"

hlkl -- Elks tht



where
,
with Q = LET = ¥

,
IQ) -- E '

il let = - k÷g ,
Ethel = - IE

k- iQ

are
, respectively , the reflection and transmission

amplitudes . Note that Elk ) = It ith ) , which follows
directly from the continuity relation h -- ftg .

Another

result is that
m
-

-
a

tr 1h11
'
t l 'tth ) P = l Im -

- O

we call Rlkl = ITIhl 12 and TIKI = l 't 1h14 the
reflection and transmission coefficients . These

are the modulus squared , respectively , of the
reflection and transmission amplitudes . By the

way , note
that El- ht = Flat and El-ht = EIKE.

Lriergy
The energy in the string is

E
string.lt/=.f!dxltzpiy2t'ziy12)

Ct.

-

- if:3 #
'Isb? + 'IIdes ( Ig '15117443112 )

The total energy of
the system is E = Earing t Emass ,

with
- Emassltl =

'
z
mi (h ' let IT



Scratch

Estaing Itt =
.

§°dx Ifµ let
'

Ict - x) tog
'lcttxIf

+ { tf- f
'

let - x) +g
'htt xD

'

}
+! Ix

'ztudttllh '

let IT
But gud -- T ! Thus

Estmgltl -- tf!dx Iff
'

lot - xD 't ( g
' lett xD

-

f
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'
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,
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Let's evaluate the total energy in the limits t → ± a .

For Itt → a
, Emas, → 0 because we assume the

mass starts from rest , and by late times it has
shaken off all the energy

it acquired into vibrations
of the string . So we have

2

Esr
. ng
l-al -- I If 'IsD= FIT

,
k
'#tell

'

Estring
too ) = t.LI/lgY3l5tlhY5DY--tIdI.kHglhlftthlhlI)

= I
-

=

.

17¥, Which l 't Html ') tf hell
'

= Essington )

In fact , we can show with a bit more work
that

Elt I = Estaing l- o ) for all
times te IR

,
including the

contribution from Emas, It 1 . I.e .
total energy is conserved

.

• Back to real space !
We have

htt :{II. Ith HH ein II:B
'11.1¥, 'these ills- s 'll tis,

=foods
'

tis- z
'If 13

')

where tf's - z 's =%d÷
'

the , eik 15-3 't



is the transmission kernel in real space . For our case,

Elk ) -- Iif ⇒ -45 - s 't -- Qe
- QB- S

' '
Is- s 't

Note that for a 8 - function pulse AS I = C 815) we

have that t

HH = C 8151 ⇒ HIS ) = CEB )
¥
° 5 - S

'

gist -- C 18131 - t 151 )
So for our example ,

Hot - x ) = CQ e
- Q (Ct - × ) ① let - ×,

so the late time shape of ylx.tl looks like this

T Hao )
a y ft > O )

µ f- - et
t "

→

- . . .-¥f¥¥← x

• S - matrix

consider a more general state of affairs :
in flat - x ) •m h (et - x ) out

I. →

- e-#
← I ←

ou 'T glcttx ) x -- o l (ett x ) in



Continuity at x -- o says ft5) tg 131=4151+115) .
Newton 's law F-ma for the mass point is now

mijlo.tl = Ily ' lot
,
t) -y

'

lo
-

it] - Ky lo, t )

which says

malt " (5) tg
"

(3D = Ill 't ) - h' 131 -g 't5) tf
'

151)

Now take the FT :

- K Ifl31 t g BD

Ilkltglk ) =
"

hlkltllk )

-mikfflkltglkl ) -- itkftlkl - Ilk ) -51kt TIKI )
- kftlkltglkl)

Divide now by Imd , with
units :

Q = f÷ ,

P' = M¥2 Cay -- Ep] =L
' '

to obtain (suppressing k in Ilk ) etc . )

- k't Itg Ih th ) -

- iQkli - I -g -tf ) - P'
'

IItgttite)

The S -matrix relates outgoing states (
"

hand g)
to the incoming ones (I and 'll. . We have

lil E - I =
'

h -g.



and Nhl Mlk )
- -

Iii ) (k
'
tiQk - P

' ) (It It = - (k '- ich - P4th tg )

In matrix form
,

in I :L -

- t:* It :L
where Nh) = k 't i Qk - P? Thus

list. . I :# ill :
-

ill 'd
It:L

Stk ) =

"

scattering matrix
"

Hence

514 = ( Elk )
in 've ,

TIM E'hell
with

TIKI = i' IN = -
¥2 →I
ti- iQk -PI P-so k - iQ

'

tht -- E'IN -

-
- Iii I

Here in -
- I ' and I = 't

'
due to time -reversal symmetry .



Note : lil Ilk ) = I tr Ik )

Iii ) tr th ) l 't It IMP =L

The first of these again comes from continuity of

ylx.tl at x -- o, which says

f- Ist t gls ) = h 131 tels ) ⇒ Itkltglhl -- I Ihl tech 1
But

since
I -
- titre and g -- if + If we have

t tr - E) I = It - f ' .- I ' II

since the inputs I and I are arbitrary , we

must have

Ilk ) -- l 't Ilk )
,
E'IN -

- I tr 'Ik )

for all values of k . The reflection and transmission
7

coefficients are

Rlkl = tryHl
'
=

1k€42 ¥2
(hi-PY

' toilet
→

'"" ' him
. www..in#ni

Note that setting P-so recovers our previous results .



Also note that maximizing Tik ) with respect
to k yields k2 =P '

,
and that Tfk -- IP) = 1 .

• Finite strings : Bernoulli 's method
Let X

,
= O and Xr

-

- L
,
with y lo , t

I =y
lLitt -- O

(fixed ends ) . Again we write

ylx.tl = f- (x- ctltglxtctl

Invoking the BC at x
-

- O yields f-(5) = - gl- 5) ,
hence we have

ylx.tl -- glcttx ) - g Ict - x )

We next demand' y lLitt
= 0
,
which yields

glatt L) -- gut -L) ⇒ g (5+24=915)
which says that gls ) is periodic with period 2L .

Any such periodic function may be expressed as
a Fourier series , viz .

gls) = n¥{ In cos TTT ) -t In sin (FIL)?
The full

,
time - dependent solution is

then given by



←
In HHT

Bn

ylx.tl = glcttx ) -g (et - x ) 3n=. -put An
t

= (FL )
"
sin HEIMAN cost " It Bns .tn/ntIt-/)
-

we define I Cn cos ton )

kn - NIL , wn=n ,
4. Ix ) (F)

"

sin(n/

for NE 11,2 , . . . , a } . Thus , 41×1=121µL)
"'
sin thnx )

has (htt ) nodes, located at Xj,n=j4n , for je lo, . . .,n} .

We further define the inner product,

< lol x > =µ!:e×¢c×, × ,×,
5¥:

" '

where ¢ and X are real functions of xElo, L] that

satisfy 4101=414 -

- Not = X 14=0 .
Our basis functions

4N (x) are orthonormal with respect to this IP :

ahhh > = I §dxsmlm ) sin In Hsm .
Furthermore

,
this basis is complete , i - e .

µ 41×14
.
Ix 't = SIX - x 's



We may express the constants {An , Bn ) in terms

of our initial conditions , viz .

ylx , o ) --§. An 41×1 , ytx, o) --I
,

wnB.tn/x)

Multiplying by µ4'mlx ) and integrating over fo.LI ,
L

Am --µ!dxylx, oltmlx ) , Bm=µw; xujlx,014mW

Example : ylx, o, = (
2b Hh if xe Lo , 'zL )

2b (L- XYL if x E [ IL , L)

and iglx, o ) = O (release string from rest) . End
'k 4$ THE

'

An -

- (2µL ) ⇒ sinltznt ) if

i. e
. Aah -- O and Aarti = (2µL )

'"
. 4¥ . fju÷ .

Also Bn -- O f n . Note that 42hLx ) = - Kuk -X)
is odd under reflection about the midpoint x -- E ,
whereas our initial conditionylx, o) =y1L -x. o) was

even . Here's a set of

images of the evolution :
This is the d 'Alembert

solution
, extending glx )

to the entire real line
,

with glxt-glxtl.LI = -g f- X) .


