o?OOA LPC‘/'U«‘@ 1

Y= =
Snell’s o ; b PR )
b ( @)
(X.)\/,)
X=0
IRy A Iy g 2 12
Tly) = o JaElyg0 + o Kie (h-)
CONNRERNES ) [ Yd 1Y = 0
i S - T —
% "k Ly, V2 Sxtr [y,-9)?
= 5/h9l - Siv B =
1 V/ Vo =

Thos  wrth UJ- = C/VIJ' (JE have V)(SI‘WQ, =Mzﬂ'49z
l\/aw Lonsider o 56’!3,,(149\/'&8 07L J‘/ll:é.f uiﬂ /iﬁlﬂr/‘rcpj z/J
We must+ have

Sinb; 'nO: Siv OB(x)
m9J _ .S'IHBJJ-I ﬁ\ ;//x) = ,D = [,h;ﬁ,,%
RN R 3

WC"” see *han— P COr/L"S/(M//I 7‘0 cumservec/ /nam&mﬁ/m n
mechanics, MNote fhet

: Y'(x)
S|w9/x) = =1 |5 P ylx\
[1elyra)*®

which I'elolf X )
7[ jI: __P_V,___ = /X) :j/X°)+/€/5 PV/i :
S1-P v+ J X, [1=Pv)




A —-\71 :_lL T ‘711‘7'/ —fw'q/
il ol vl 0
4

|
" vy {3'1 "V “”772)5'} T

71405)
ﬂ“ _(Iny)’ [l+/y’)ljg’ =0

Of touwse Hhis My be /m’-ﬁjm}«?of mce 7‘»(7/3/0/

'Ix)
A e
’H— [j'/x)]

Func-\w'mwl CMCUIUB

* Fuachons © el numbers, excrede Numbers
(_f’j 76-'”?"’7,@ }-}/x):—_%xz4—z:x4
exemizaha, ;@ demand o\-f‘:O 4o Iswest— oo In dx

Fldx) = 6K+ £ (X dx o+ 5 F B dx) £
-
df

/
Thosy df=0 in dx— 0 Jimit Sa4s 7[//><*)=O, joe. £ FIx=0
'H’\@V\ X* (5 O E)C‘I'ﬂ"wvwx . To .Sﬁco\aol oro‘{/\/)
7["{)(*) > 0 -:> MiV);MUVV) y 7C {K*)< O =) V"MX{‘MUW' y
LlyY =0 = inflechon




S J:R"> R

Mul‘h'Va,r;a,bLe q[uwb’hmnﬂf 7[/)(.) Xn )n o 274

fr2%azg) = fredy e 3 20\ dxg o L 2 Z S ek o
2 aKJ Lo 2"}:1 =1 07k x'.*
X
E xegmom = 93[ =0 ’\7‘\)‘—_—],._./14
axd v* 2
H : . L _Q—-jf. ( i e
e55ian MAT < ; H‘/‘/, F ())5_9,% )_()* real “fj‘”‘

E\‘jev\v&lueg 03(' H - >)‘ p A, ) .- > A,
A” /\j >0 = ;(\* [ocal minimum
Al A <o = X locad  maximum

Sowe aSl.%-vF Some ah e BIA &nvalUEJ =) j(A /}\fé@é’dh 7’_
P ) i J P

° Func-l-n'onds . ﬁwoﬁ'ma; cm" ﬁﬂdms excrede numbe~s
T/F,CN// )74\40%(/\40»/{ art //|>L€9Vﬂ/5 £:9-

tj/y) jdx{» (AJ(J +»a34 é‘j }
Consides a class o% fonchonels oFf e form
F['j/xl] fdx L/j,j’, x)

whece Llyy' x) is a spec:ﬁed ﬁmc%m of et vaviables £9.
L =L elyP+fayzly’
Note This CIMS mw be t’va&mJ(ol

Glyte1) = [dx Ligy,y" )

Etc.



WE Now Comfwk ’ﬂll 74/;4&1‘»@,[./ l/ﬁ/’7/\-7z"0'4 bj ['avvy]dil“"j
= /:[WX) hfj/*)] F{j/x/]

A {LL4+ 841, g8y, x) = L0gh9,%) |
fotx{—— Fordyr - 8= 4 89
f’iixgdx/” Jo[2- /M
@)ij/xﬂ)»%éj/)()/[ ~lay )]

juppoje j/X) 15 74')(90/ o7 7”4(’ f/w{/(/m?‘f} /i w/ncy/» cASE
5j/xL) E Sj/)(k) =0

Thex Smce j/x) c/{ful:erf on [XL, XRJ 15 a/LD(m/jj
e Cmnc/c/oiz 1hat

oL
2N irmilinly -0 ¥ «xe¢ X, , X

Since L = Z_/y’,y/ x) , The above equwhw: iS a
second  oviler ODE , kngwn a5 Fha Eu/e/,Laﬁmmje

(?f}uochcm NB : It UIKLR are not n[;xPﬁ/ Then we
0\.\50 f(’g{u 1 e

=0 &s wc” RS 5560(%{2‘7'):0

a‘j' X
//\ Ofoler ’n\aj" 5}:—; O



Graphial vepreseatanm : Flya) = F
y Fl gl #8900 = F+SF

Y M#&/x}ﬂ(x) % (x,2) =0
R~ =
NS

{

=1

(
[

= [ [T

[he Vﬂufl.ﬁu‘/WV\ (9/)4} VESBMEZL’,( 17%2 74»//00/,125

$
\ﬂ:,\/,;/'\i

e ;R

\’

SF[yk)] = Flybde8yisl] - F [919]



e now cuvm'ol&lf Fai0 /m/dffﬂﬂf S/ofﬁ,kz/ SeS

@ % = 0O ) /- 0. 2_/7/‘7//)() /|/)d€/7ﬂn/{ﬂpu7Ld]f/
Thew EL eg. .Sajj ;?g < _d_ Q-é-./ -

phish may be intesrated once Fo //B/o/ ?% =P
whece P> cothents This is fror o Frst orte

ODE /wj/xJ . Example L - JZ«T ’I+[j . They

I oL 1 J \ 1 Mo mgniu m
- = ;T i = = - Con §@v Vahon
J vm 7 ‘n MmeChanicS
S _i/_z (=) .
] f;oz'wzfg with| 1= Y7

@ -—— 30 ;- € L/j)jl)x) /‘/lﬂ@Pngﬁék\DLﬂf/(

Defve H = j’ 3L —[LE [ qu (Q”C’f]j C‘Mf@f‘vo\ﬂl’”‘?)
n mechanics
AH {j/ dL L
a

X
y J
PRI N
,\7 [AX [;JLJ %J -0 if EL 50\7'7'-574'@0/

Ths, S—L;-o»f(‘f-o = H 5 (wmshanf

oL
o =l H a9ain a $r57 ovde~ ODE
J



® I1f L{g,j’,x) = Loly,y’,xﬂﬁi Nly,x) , then
KR
Flyx)] = [ax Lylyqhx) + 89050, xe) - Dly )
XL
If Sylx.,s) = O (Fred endpoin?s), Then fhe A
term makes pg comtabsha. v e EL £5a s, Jhich
avl then

aLo ,QI_. _a,L.—O-.J -0
oY ~ dx &j’

© Fuachomal Tﬂy/mf series
XQ
F[Ufgy:, = F[y] 4—/0(/6, Kr/x')Jj/K,)
K Xr Xr
T ;1_\ fdx,jdxz Kz/)(uxz)f&/x:) Jy/xz)

Tl ox,
1 [XR ke (KR
+ 3—/ dx) 0‘/(;,/0{)(3 '(J/X;)XL,XJ)(Sy/K,JJ}[)‘z}%A{;J
“ X,
X1 Xe "f"O/éJU
/Illufl
n
K,,,/)(.).../ %) = 5 i = Vl% 74‘/»»\6730%4//

ng/x:) = é_'y (%) Aer iveh've

: E_XWN\PZBS . §3,3 in The 13675//‘8 ha%ﬁi } }
READ

e More on 7€In0‘f'\'w\/\/{5 ’ éBLf



M lectvre 2 [oct 2)

HﬁM}HOV\‘J Princ[,{)]? 1 65 =D wl\ere
t,
Slam] = [d L(g,4 ) = aghm Anohon
t

set 07[&6&’78/6/!'%0’ caoro{fnm[ej

()

[,JI‘HA Q}': {Q—IJ")@“E

The fvmchm L/Q., é]‘,i’) i5s The LAjI"ﬁlV(l/cjl\ﬁ")/ and s
Givea by L =T-U, vhoe T:kineht entrgy and

U ’POMV)%U‘/ CM@j 7‘:717/0\/0 T=T/ﬁ,f” /5 Q
wmm form in The 55%&//2@/ veloci#7es {ﬁa.f/
Le. T104,9) = T.(9) 4,4, For excamp /e

le—/m fl T i—m[kz+§/z+éz) _Cﬁ/_ﬁ:‘ﬁ"« (%7,2)
/ c & =
= Z’_M /f’ZJ- F 20t rinie b ) 72",/5\

(- 8,d)
The /0046”7‘3&// eneryy U is most ofden a Fomcho of 2,
bot )= U/ﬁ,g’) aﬂo//m/ £:9- ) i 044960/ /Da/OSpZZ.( /4
A migrete held , whore - Sealar podent o
U(%,%) = 946) - 2 A i
'\CL\ﬁf‘je }\vet;‘h}/‘ Fcnle”lﬁa(
Free Pwo\e > L=imp* | §3.6.3)

-~

«NB + Tn jeV'Vﬁvl L:iTn'(gmH ‘ﬁ,o’ao” - U(ar'é)’t)



= 2L | onerddind
Ee‘}uW‘Hor\S O'JC moh'ow /*{:’{\_ aﬂd’ ) 3&/‘&{%{ ~ _74,—\/;5_2;

- (aL ) B T e Lot 1 2 e

At L OG + o =
¢! n e ,j 9,
= =— jcnw ;2ed mo g fim
ae}y
Thos ,  Pe=Fyr, i-er Newhnls secmd Jaw.

o Constrvohm laws
Most general sefJ—P.‘yé . o be diccussed [Noethe~'s Hagoen )
For now , rt call vesults y[r'aw; oV :

@ é@;—’—; =0 = Po, =~ sg——o—- = CinsdanT [/Dao._ = 0)
Momgutvm Po ['s conserved becavse 7he Aee fr- =0
EXaW\Ple BHIE iw[k%—)’/?d—éz) =#‘432

= F, = _()—l: = O | F}’ = éa—L— =0
2 X V4

Px = my => x/t)=xlo

”m
pp=my P ylt = yl) + 24
au

=M H = S AERY
- IR SR, J :
bavviér Ml = _mj D 2/{') = 200\ +2(0)t — "jYL

b \/ EXaM‘ole | = L//o 0 c/) - U/[O /ZD/’u/ar)
tl/,szl Pc}» :% L M/02¢ i m(ju/;/ MomCrTom = )

/OPTA'. vv\/o-m/afL’U/f “’/‘)"U//O)'Q#/IO/
Ufﬁ/ﬁ) ’2'“/0 +U[/°)




rSwa‘(‘CLl

L= L[5 p4) - ulp)
oL t

Pg =55 “mP P oL :

INPOW—UT v Cam _S',JLS?"I‘U".I"Z cf)_-; ;M/oz v

67—”5 0+ /uo‘l\'on L‘Jfﬂ /1 Z—O\j/’ﬁ(xgl‘ah 156/7: ‘/

WROIUQ M L:—LVM/O‘Z-{— émpL¢2—L§[P)
| ;
2

Zm/o (( |

i[ﬂ-) = M :%—L— = @ ——U//D/
At L 9p T
L ron S n’

e gy

Y , |
3 +,1-T/0—3' iy U//Dj = ’-U(_"H/ﬁ)
L@Afﬂjn/



k (‘./V\F/'@d SUanqﬂ'/'}(;\/, oV
See it ﬁja:’n ] reﬂt’mﬁ‘.’p/ rndrces

. 2 gL
U e Bl _oLg 2L
%—W*?ﬂ"r a%ﬁa‘ %4“ o1

B (L o-44s , OL 4.

dd __ IL r LT ] Taal- T
v ) 2 ~ - +,9/‘L—
L:Z:z— MJ XJ' — U/xf)“'/ X,\/)
)= N .
- 2 o —
N have foot H = % éﬂ?/ >f/ + U/X,)...} X,J)

J..
IS & Gnstt of e mohon.

- In 36V\0\f0~l, H - ?«o’,PO’— L/g,g’,f) /S A Lﬁj&mol"@
‘J‘r‘pm!jﬁu(w) U]L L:

LT oL JIL L3t
D L T T T T e L T

and hence H = H/ﬁl,P}'H with
OH al oH - oH 9H _ _dL

— e

09, = 95T T o DA AT T oS
e Hhen have Hami [Hons ehuahms of modion :

. oH , OH s 9H
ﬁv'apo— ) PO'"aﬁa_ =X %“J;‘ﬁ—a?p

T={%%) r-(7)



?f‘o ceJ.urL

(c’) Choose « 534— of— jewem/r';teo/ caarplfnm[ef
(ii) Find KE T(4,9,4) aud PE U(4,+) o Ul4,5,t)
and thus fhe Lﬁjmnﬁmm L/gﬁ {:) = 7T-U.
['“) FIM{ +he (hVIUVl Cﬁ,/ MovgyTs Por __——,—— and 7t 3@%/ . 264

7[\'5@; Fo— aic \-4 Por = Fu-[a—a—) )
(i\/) io’&m*}"'ﬂ% am(j conserved j,um/dv?[’@S [/a‘l'er: Nocther s ﬂm)

[l/) Eva(u/a:l-f. P [CarCﬂcvuy a,vw’ u/rlﬁ ”.)d- F;—
[vi) Tuteqrate fhe equabims of mohan Fo get (9o (t)],

7L1"€ mohion of he fyn‘em 2n constauwts oF /nﬁ’jm%”"l
{a,/00), a,lo]
$3.8 : Cardesian, Cj[:‘notwicaj’ and polar coacdinotes

§3.l0 y EX&MF’Cj

%3 0.4 . wa Um 4#&6/,80/ 7‘3 MeCS on Q /r,g

C8n+6v
0-f' L |uC

COOW{I‘M,J&J 0‘[‘ MASS M (X.,)’\
X,z a+X 4‘!51-;19 - >/, = -20059
[ 1o
T:;sz-}im(}(,zt?’ll) '
= 3 (Mem) i zmQ 0" +m{cosh X O

( ;\/l) U = _l_k 2
= V’\5+f€+0l\t’0{ lemsﬂ\ 335 +M3y'

O)C 5,3/”\9 = .lzL)(l—Mijofg



La‘j ram(j lah
=T U
1 ; 2 ¥
= Q[/")H“')Xl-ﬁ émﬁ O #mlcosB %0 —z/le:Z*mjﬂa’éE

C)Cﬂ&/a/u‘%EA mm&m‘ﬁ:

. _ oL . .
])x F ;‘)‘(‘ E (Mrm)x + mlcos BB

: ?9— _3£ = M/Co.sﬁ)é + M,Zzﬂ‘

b

Gjewgra//f 26// 7£ur-(‘é’§ :
P = 2L o

Fx x| £x
R | P B Y '

5 - Y = —pm{Siind X -—szgflnﬁ
Eq'uc&/wvxs of mobon
° Px = x =5 [M+m)x4-m/£b599—mf5‘/wﬁﬁ :’—éx

/99 = /:9 = mlosh X +md (9 Mﬁ

= - Wﬂ Mjf T4
Conserved guanhhes -

O =
"ﬂ H xPx+3F9’L |
[(M-HM)X +m) ccSGkBJ {mfrasGE(ﬂ rm[zéz‘]
L (Mem) oL 6w 0050 26 # L K ol
_.’Ji[MJ-m\x *,2""[ ‘9% ¢ mlcos® %0 + 'ka,_,»g[[w@
= T+U = E



Small oscilloFions . [ingarize The @u&z‘fms ot motiom
o {M-I—m) .>; 4 m/&:S@Bq = M/.S‘Aﬂﬁéz = »—,é)(
o mloosh X +mﬂ](§ = -Mj/ Siu &

{M+M)')é+m/(-é = =KX E;cpavw{ abovt-x=8=0

— ) -)24_1‘9':—(7(9 ASSuWd xexes‘maﬂ)

The a(;'ve ,pamma% /M,mlj)k,ﬁ) Mﬁ(j Le rfdl/M%ﬂ“’{Z:

¥ _m 2k 319
M:"[ ;N:M " NO—-M ) NI=(_
Then we have

(1) U+ £ Wi =0
U+ 9 + 1,\)2 O =0
This Jinlav 575}5,1,, Mj «Lé’— 5‘0/\/60{ b\j N/l%/)g.

W(t) o\ _jwl /-l —> —wt
o) ] " B/ € at

L [ we-liegw® - aw® | [ o
1 R e
- W W, — W o
A V\om'}'fu'Vfa‘ 30“‘4’ VGE}U(VE’S *H/\o\‘l'ﬂ’)e o‘@‘l@fm{*"ﬁn'/_ V&wllsly :

w4/~[w§+((+o<\w,2]w1 PRI W = O

9 \
wl = j;[wozﬂL(IM)N,l] £ _-é \f[TJ:*(H-o()N,ZJ RN




Theve ave Two Bl'gemvd./es fo - NZ/ f""ﬂ"' ‘/?y

9

2
wli z %(WOIWL(IM)Ml] E3 ‘T; j[,w—f-mo()w,zj R CON

+ 1 U, ._I'N,__t
e(l;;)e “*)E+((90_)e )

nav-mal | modes
2
W= (1ret)w? oty | U
) 2 i Bt = O

(“oi)e—iw_ﬂt
g 2 u, |
TI"U 74')(6’5 1he rehosS _u_‘l_ - (”’ i 1)6 [R /“z \ M;/|14

"—
o,
+ L :
B, o
o U v A /M’

e
Tl[u/j) we art -)C'ﬂé +o Ghoose Qi ) LJL;I‘(/Q are Jwo

(o)

Cow\elé’% ConStants = 7€’Uf veal Pamm&v‘@»’i.
We Hx ’ﬂlfm via The jnitrel C:/\nﬂ//ﬁ‘aw_c)

/;;:}) 0‘””{ /;{{:))) = 7[on Vf’ﬁ/ /D/-ewl 07[ ‘b al data

Here we have used the Jact fhat /# /5:,") SRR RGTES g
Thew So 1§ {"é‘;)th, T this Sense , we migl’"J‘ 5,000\1( of-

_oiog: eijeu{rcg]yemc{es {w+ y Wo ) =y »w,k of which
’hdo Av e POSI"J\'VE awﬂ{ "JWO ar@ Vl@(jowt'n/e ]







l\/l\f ¢0\.( T‘/\&Nﬂm

un ﬁrmu/o. p/g_;cr:',b/,;:j leyﬁe Me_{ mohm of~ A

méchanico fyﬁlﬁm
De')csm, e vicial G(ﬁlp) = Z-?—D’ }30- A 74:r W/H'&é

f’[fl; = ;lﬁ‘f}j@‘f—}pd'a—d'): %{é}—o’%{r"‘gﬂr S{;’;}
50,9/)05(7 VNE éT‘W’ [ﬁ) é}—o’éd" IS }'lomojéméou/ﬁ o7
A@jm%.)(‘«z in +he 36Mra/,'%4 velocites , quol Thal
0U/24, = 0. Then

AR AL
Now cosigr The Mamé’ OJL ﬁ Ovev- [o,‘c] :
L O

g_f_zc= %j’d{:%{% il G[TJ—L-G/>
If QG s bounolezl, f2es, we have (é?f —> 0 AS 7 oo,
This (s The case Hor- By bouvoled Mmoo, svoh oS
P‘mn{ﬁ'@g ovbits. In such casts

ol;mh/oac Sface

IM = - <2 g, E > L)

N
Ll |3 j 4
- <JZ_‘ Rjrog Ul %) 7 = e cUD

- U

i U[%,,., %) himogeneous oocdeﬁlfeek i § 551



Sarateh

E(/[EV’S ‘7Ll’ln4 760\/ LWijQV)FDuj 74//\(/74-0“’61
ﬁ/)(‘)-“/ X,,‘) I’)OMOWVS o*}L A{Zz}nse ke 770
LlAx, SEETEAE I AR ,\l( )E/x,)_../ X, )

Gxaw\ﬂzﬁ 6
flxy)= xrarty p bl ks
X

ot = o T e e

of 3
59;\ L()\X);"‘/)‘X.«,) = X, 5;(, + "'+Xr\a/_\ih
le
M - g;\ )\ 7[/)5,) 7)@,/
D=l
e -
- /{/\ {jl/)(\) ,XH))
d Jf L
;X/a’)} - bt
VEL J é
. P R R
Check (Xj—x +y%\(*b+ﬁxy%la x )..

6 s
x-5xt H<-4’A)<3/v _x- b ZX-{ +7'0/-)/'ﬁx4+/'6£ Z;

AT RIPR AP AT AT AN R iy B
O AKY .5_5_;(_ f/)( ﬂx)/%é—)-(-)



51’nc€ T+ = E s ConSer V(’a(/ Wl Lmve

k E 2F
Ty e . RE
) / <E bt 2

App/{cmL»mA : /(f//é’rr'ah a\réfﬂ'/ b =-1

<T> = £, JUS =28 [E€XP
Note Hhon %a% a &»‘e////e of/nj c‘?n@gg, Ave 7<'f,of7$mm/
/05565 as it Cntrs ﬂé aﬁwo:/ﬁerﬁ muff /ncrz"nse s

k'ﬂﬁt)C EWﬂryj) (l. (4 Mmoves 7éy7lgr‘/ /774/”/( also
aboxﬂ" &Mju/ﬁr mOMnfvm conservahm. )

NOC%\G"’5 Thevrem lectvre 3 /0(,'}' I‘E}_

)

o Coordinede Fnnstrmahmns which leave [ tavariant
7%8»‘5 CorrESfdelf Gn a(sw,‘wslea/ angem/@/ cb,ﬁme ,”
[Z. act | we on/& need ft?;lvmf S 7¢ /n l/ﬁ\—//ﬁM7L. See
§3]24oa"%@ notes. )
Proof ¢ let g, — qw[qu) be ouvr ong-paameto—
fum:) o Mn;ﬁmm‘{w\g with (nPavous povame fer s,
W\d w’ﬂq Q}o,(q,f o) @O- el vaa/;am(;(’ of L =

“To each i/lo’epawol-&w'f' Covﬂ’\'nuaui O'V)E——Parp\w//vl@/ 7/51,,,,,‘/0,1

3 .q = DL a(j—b' (Cov\ s/al
i-(oo—)— 0# 5 - 08 5 o5 \ aq,_o- 25 = of_i\__\scé,f,je’)
_;4[2_.) o%| , oL ol [aaa) _ o//al é’ﬁ) L

t % J<0 307[«0“5 Ol't aaraj A




1 oL 045 " 99,
/\ Z a@ @g ZPo’ a /'S Cmser\/ﬂll!
30 5-‘- 5-0
E_XaM!)La
cL=tmZ iUl e let
_)Z[X,ng):x+§ ; & ‘=><
7” 7/5> F 7/ ?'7
Cleaely & 1(%,5,5%5) = O, aud 7he
&lSSOGlmLed cmnS@r'l/Cp/ ob\arjE /S
Aok oy 2k 2X| =Zn-ps
ox A5 |,_, 37 dJ lg=0
i€ Px=/l’l)? is o "ConsFanT of fhe mhm "
L—Té’”‘%)*z"’"l:/z——l)[\/)fﬂ)/’—) Y U =cosT,

= Lm(p2p?d’) - Ulp) f/{)\\/ x
Defne  plp,$,5) =P &J

Flo,$,3) = p+3
Ajmm dL[d§ =0 aud we have

oL op 3L 2¢
A “op 95 o 2% 23 5o

- P4 = 'Mﬁz?l /ngv/ﬁfmowemfum (omseved)



In Cﬁfv‘f.flﬁln Coorpl/l’lﬁh[o?ﬁ Th's ‘Tavariamce (< C)‘,OV{JS@( as

x(3) = xcos§ — 75145 X Nl Y L Ly
Y(5) = xs1m3 +yces S } 3 5
_ oLk 9x| . ot oy
aX@55037&550

= myu (- y) g (+x) =mlxg-yx)
“2pr(mp) = e = e
The Hamilfmian
Readl Hlgp,t) = Z pyiy L. We shoued eorlir fhot

. . L
dH = %;_ /g,o’p,,—prolg(,) = 53? gc
and —/’Lgrﬁ%&‘/@

) oH . f_é_/‘_/ i /

D5 5}70- ;) Por™ " 34, (7 bl 4759
as well as

dH af% _ L

At - ot

2
+ For L=£M>?1~U[’<) P:W\Q andl H;§M~+U[X)

)

. Read §Q3.124  3.15.2
I’F m!-\-lwl'i'f’-s\mﬁl"}'\fﬁ.uﬁca"wﬂ#'lm 5": A/ﬂ; 55 gq_‘r B(ﬁ,, )(55

leaves achon . o\’C L(3, q,t] mvaviant Fhen
N = '-H{ﬁ,,]?,ﬂ A %,‘H + Fof BO./Q/ ) 1S conserved.
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74)(?0{ o 198 A . 7huj

T = M/r B Fr szggﬁ J
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mg
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Hl= B/'J a2
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NB: H#+ T+0U becavse T not homusantovs of
dtgree 2 in O

Now ie eepress H[ﬁl])g) :

2
/_/ - PG 1 ,I_MQZLJ?JMzQ f—Mjﬁ//" CoS 9)

Imar 7
T 'ZID;: + Ug,_,&.ﬁ [9)

where T = ma? = moment of Merho ) andl

Uy (6) = ~‘|5 ma'wsin*f +r9a [1-Gs B
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—

Eg,ui}fbr[um s achieved when u'(8) =0

w(B) = L) smb — 51490 cos B

With s:/./y’wwi ! . L
0=0 , o - , o - +Cos-'/£°—~) b = —6$ ['L.TL)
=20, (ifw?> )
To assess J’?LR«LIY,%) write b= 2 -I—-59 ) aww{

56 = — u"167) §6
0" shkble = u'(9*)> 0
B* Unshb‘e => u”[&*) <0
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Na wl af 19 ~D _ stable for <]

- ot od‘ ¥ =77 - a‘wnﬂj onsfable
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’%rﬁed 'Pﬁf%).(l[g n EM 74@/&/'( ftlﬁ".ﬁc

PoJ‘ﬁmﬂwal emﬁrjj : U/)?,)—(’) Q¢/>< t) - 2 A/X Zt/
Krneh'e energy - T[x) = zmx as u,ﬂm/
EM Po}fvm‘m/s . Stalar ¢/x/f ard vector 4/;/'['}

M Fefds i
E:~§¢"gfg_t ) Er%xg
Thus the Lajromﬁ/'o«n i<
L/xx t) jmx = ¢/>< t) ;2/;,75) X
O = mke FAL5 )
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= 8
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o M -
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:/m}(’ZﬂLgA)? Sm% “7*95* A%)
:‘2—/m524—3_¢ .
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2 _ oA _ dH ok _

I,ﬁ %it)—-—o (RA—“ ')‘,LIGI/I At a-t—"o
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and e L\WC A ax
o
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Al pa
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Hopumi l4on s eyoc/ww; o mofion :
L [ s — L
H[X,P,JE):%—/PFC«?A) +'9f4’

e PP xh%Ax)
'o(,,_aa’f{d M1/P{s icﬁ a_&’Aﬁ), ﬁé
P= —)}Z:‘E/P—E“A )("c—&xd %axf"
%US/ M)?/b
it = pt- EA

my® = ]Sdfidi‘o(

_@Xﬁd_f\ﬁ_~ ?ﬁg__?—aﬂfxp—%
I I W s R
8
a8 1oAY, 2 -rb(?ﬁ-_a/‘
-4 axo‘_ca—é}+ L oxe oxP

Ajox;n, (NP OH’O\;V\ ﬂ'\@ L0/6M+?' 74)"‘(,4 /ﬁlw.



_EQSJ' P@H‘vrlopd)‘ows . Rﬁpl'g{}:? OSci//m;'&c, ﬁ‘a/o/_(A

Cavm'ﬂ&r An osc/.//wl"rg ﬁwce F/—é'/ :/’;S/hw’l'. /l/emémlj ZMI
oo e Sy mg = Fsinut | the solition o7 which s
?/79) = &ié_’é‘ "W 4
A lt) q;(t) Fn 3

/hOmojemch) [/mLom053w£auS)

NoFe F o= e}l-/i) X W F s \/eg smcl] as W —> co.
/\/()LJ Com.(/o’t&/' 7716 7‘7‘/148—04’//814%&1/;2‘ /*/ﬁmi/‘JLon/p,n

Hla,pt) = H la,p,t) + Vi) costt)

The exttrnal foee is Then Flg,T) = - V//ﬁ) tos (wt ) .

We now SGPA/‘MLQ ’H"L" mohum {qﬁ)} 79/‘2’//() rnto slow

Comrﬂomamh {@/i’)) P/’H} avd fost Com,aon@n’fj {5/’1‘), 77/-[-))]:
qt) = Q1)+ Sit)
P/H = PIt) + 7nl#)

We Fvther assume that S and 771 4 J'I/V)ﬁ//} Avd
We ¢ XP@V\A 'n These qu&mﬁ%fes:

H = 10043 Py ) + Vo #3) costrt)

ANF N1 NN (azﬂ_t azH")
CERRIETRRNE L apz“*ag?an
L [PH 2, 92 o 9_2"‘12)4..,
3 (aP3 i *29@%’25“ %@9?5
0 o OH° OH® Q% 2
£ 5] Pl ) = — — -
H{Q ) /T) H {_aQ 5"‘0.}) Tr+2d@1j-f~
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;,_Qﬂ:’akl"ﬁ(a?/—/; dH ﬂ)’_/BHSL
P+1l = 20 —,&@ 507 4’9@)}9 2| 393
0 3.0 ~ 717

We an pick ot fum fhese eguaboas fhe (1~ Aynamics

//.( = *ngf—y@opﬂ ——%co;/wi’) 5N

6 d%H° o  OH°
where Hoy = 255 1 Mar = 5pap -

crc.

I/JC lfm\/g /jnoré’d +erms 050/'//0»#\’9 u;ﬂa 7&840&:/10/'@5
new 0, 2v , 3w, ete. The slow dﬂnam/cs areé

ob fained )’J a\/&mgi%ﬂ,, over The Hust 5/ywﬁm/(,5) i

~ b 1 y0 2 o) ] .,0 3
PELNER T MRLSE D) G S 7 X VAT RIS
2

: o} ] 0 0 ] , 0 2
P=-Hg -3 Hgpe ¢3 )——H@@P:fﬁ> ~ 7 Hppp <772
—-\/Cw(jtlos/w‘t}> -
~ ~ -t
We solve the fast dynamics by weiting V coslut) =Re Ve
L ST Rle ©
St) = Re 3,¢™" | 7/t) = Re 77,7 awd iny 6 i g

”;P”” Hep i) -{E
"H?@Q "HQOP'#I‘N Tro &



We obtin
Slt) = v e p\/QCO.wt + Olw™")

T(t) = —w"2H;P \7Q005w73 W 'VQJ/MNZLH?/w 3)

/\/01,) weé ﬁV@/ﬁje ) U-S-/"l(j {Cus N’b)-’-‘ <§/hzb~/f> == —)Z—
04/\0{ 4 COSth S"Im Nﬂk) = O- L\}E abhiﬂ

o ~2

il - 2
Sy = Lt HO ) + o it = s H T

4’0@
7 ~ +-
ity szhzl/(gz *%“—Q(H@P ag)zf-...
<SM) coswlt? = pr I/q, |
F,Ujjmfj ja7o The S/ou ej’uoﬁtwms 7‘;, @ pLW/P (e have
P ~
Q = H; W Hpp B

5N 0 l - || 22 ] ~
PE e a1 H@PPV@’JNH % Vao
Which Moy Le wriHen as

_ 9K 52 L 9K
> 5p TP 30
where the efechve Humiltonion is

2 0

IE
K(Q,P) = He,P) + ﬂzapz{@) - Olw™)



£Xmmple R ]'Dewa{u)uw» with OSCI'//mL)'vg Suffowf
Coordingles of moss m -

X = 15’/};5 | 'LO\{‘l:)‘—‘-ﬂlaﬁ‘/'nut
y = alt) — L rosB (N (
The LO\jb’a?ﬁfam i< i M\L x4
/ 2 r2 o 6{ n 3
=5M€ [ J—M(ﬁ')‘ﬁ)l&)s& +6EG/(9) )wcmaj

~~ r novP ﬂp,’
From ﬁl'S, we oé%‘ﬁ;n %A? Ham:'/ILan/hm < ’

,Pz
Hi=E 22 - Lcos® —mlacoslB
2m

With alt) = Q, Sin Nt) 7%3 P&’?Ll/fét'?ﬂ PO)IB/VS""/ /S

V() = mla,w’cost

e weite B=@+5 , py=L+70 and compute Kl@,L) :
L? .
K{@,L) = ﬂ_—-mjlch{@v" 2//- Mﬂg'wzé’m]@
Thus, The efective Pofevdv'al (s
Veg (®) = malv(®)

{,.}(7‘14 y = w’aﬁ/,?gﬁ .
rel: ®:=0 shable , ® =T vnsible




Lecture 4 [of 14)

%daj’: lectot is oboutT ccmfy’w-uu‘,fr?tf_:~ EXﬂM//BJ,'
(4 \} BZ

1‘.,\ [
) 5] X
| m (X/y) ! |

R

Conspaint: =4 — —)

NG %W\ [*?4-1*“"9&) "no sl;f)" Cond How R9,=0\/<92~19,)

B L >, (1r£)8,

TIn hese coses the comshowint equodhovs Py easib be
Solved EX“C'Hj anﬂ{ ’Haf nmber o]r' ﬁ@wmlfi'ed
oo inedle S %w_by redveed - {r, 9}—9{9}, {0, 0,5 —={8]
Tw othe cases the CUMHL"D\;"?L eg_./m')&v,j avt. noy\/,'neau/‘
Ov A;JC,CC,-@,\%}J &Ml Jhe cm\\f‘ %j é‘o/./@f % @/;'mima‘f'e

redundant degrees of Freodons.

Conshwined extremizafion of fomghons - Lgaimvg@ multpliers

Toask :  exdemize F{XUH.,)(.,\} Sub(jem” Fo k CovgPmints
of the Form GIJ [X‘,...,)(h) = 0 -l:li}'l, J'e{l,.-., Y. We wan?
Yo find Soluhovis X* such that VF(X™) is //"(’af/a
dependent on The k  vechrs {665/)?*)}.



Thet s, L
0] VF + )~ AJ VCL = 0 (n Eiuﬁﬁ'ms)
9=l

NL\Cre The {/\ } are olf reﬁ/ This reans that
any A.gplwmamf dz relabve Ho X* Liovld result
in a Viglaton of one ov move of The congrving
8ﬁ,Uh7L’W‘5- E_a,n. (D prvvmlé’S N C"Q_um"wu For The

(nrk) q_uamLiﬁ'eS {X,,...,XM, ) YRS ug The ""3’”“’”"’9
1% Q}ukﬁ'WJ are The CWSM”‘h C (xu -y X n) =
Eg‘,u;valeu\‘]’l\g) Cov§hrvet 7‘1’18 7LUVI(/7L)'M

F* (x.,. o Xug A, /\u) Fix,,. )x,,)-J—Z)\ /x, %)
aud %ree/j exdcemize FTovew af 7’-5 mrmb(es

art- I (Z Z%;;J—)dx Zc 4A; = 0
This n?Ju/?S‘ in the (ntk) equstions

k
_a_.F_,;.:}\_a—éL = O /6-”)~~-/”)

()fua”j we set OF =0 2
\ Cq,v\s r'/\ n umkmou/\«g {X|J"'J )(“‘;

JF along but in genecal These sol® Lol
fhisveckor  Qlxy) =0 ot ,Smsé G:(2)=0 ¥ j



Example

Extremize the velome of a cJ/:‘nJ['r of- he?ﬂ/o‘ h
and radivs a Sul:(]QOf"f'D ﬁezcms}fh/‘m"
G[ﬁjl")—: 0’277@'1"’—/1' '_[;-O /L/E%"@l)

Thos, e Aefine b
\/*(C«,L,v\) To*h + )\[m”"”“l) &
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oo A
¥
O at e 2Nk =
@ R f—bAIq—O mmu
T =0 Ve
B <l 2Tra + [

Thos © gives N=-ah, vhente @ yields

Jrs -—Lz-a['tZ;D =2 =-‘k
rlr\a/j) O j,\,eﬁ

lq f~>14f—

and ‘ﬂ'\efc-f'wﬁ Qa .:"'2‘£ and A= — b'/2£3/2

53/2
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\/* - Tl - A'/ZZS/Z
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Constraints and Varighme( CU\ICU’US‘

Consider the 74‘//09./,',‘\_9 c[ﬁ(é 0#74/4/\67‘?'%61./{ }
X
Ff'g/X)] *:fd; L/g,é’/ x)
X

Heve 3/x) My Shvd S 6 vecko of Fmohons { 5,,.[x)f,
We Cowsider oo classes of comspmin/s

® Jm#ﬁm/ Lons fnints . Fhese are of The Fovrm
X
FE 0 € et

@ /——{o/onomic sz\;h?wds : 4%8!6 7Lak€ ﬂu? 74.4«\
G;lG,x) =0 on xelx x]

Inf-tjra[ cons it nts
Here we latroduce o 56/ﬁm~/€ mv/v‘»',o/,‘a/ A

for eaclh Tr\{-%m, consfeminT. That is, we
exbremize the extended Funchmal

(o ry ‘_/XR Y k fjx ~N
F [564,' M ] ’xL d x L/ﬁ,g}x) +JZ=——'AJ;<L X A/J[J/j’) <)

X I
= JAX L (3,5 %; )
Xy

#7508 2 LEF A+ XA N (9,55



This resvl+s /n fhe «750//01»/:7 Set ma e;auoq‘wws

%—0.—&(&30-) Z 3 {930. a{x(g;lr)} il

! O‘G{I;---,nj
jaw/gg;x) - ¢
SEL1) k]

Mote That n of these ave secovd ovrde~ ODEs .
We have assumpd it j/"c) and ;[X/z) ave bxed.

Holonomic. comsprnint=
Now extremire

F[U[A] = folx L[y j/ x) , g{x):{g,lx),...ljn/x)}

5‘/19‘)‘30]"75 “he k L'mr\a[/?")amj
@'/jIX) =0 , jell,. k]

Agin , Congtruct the C’K‘I—evwleﬂ/ fonctional L(5,5',%3)
F[ﬂ{x\}\(xJ J { ij)é-Z)sG{yx}

and Freely ex%ewﬁ% Wik the lnrk] fouchoms
(560, e gulo); M), <) Ml



This resuts in n secomol ocder ODES plus k
alﬁelorosc condﬁlw\'*j

_0L{2L> oL _2:)\ s o o€ f,.n]

X L 9yl 9&0— i jr
G; = O , /'f{l,...,k}
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Examples
0, hﬂmj/‘»:j rope of Hxed /enjﬂ, 1 \_/‘
The potenbal enersy Amobmal /s x %
U[g/x)]:/og 5’(2135  ds= (A7
The /anﬂ, s de
C(EI{"’] fd\x [t 1y
Thos we.  Sorm i /\j{y i)

X2 1
U*[j/x))X] = fdx [Fﬁj-w\) \}H[j’)z
XL

Since al*/ax: 0, fhe Hami [Hoainn" 15 comserved :
*
l aL ] L* = /Dj‘7+/\“ = [oufﬁw%

T g
:jav‘ /H/j,)z




TL:US)

44 =z 3 Jipgyr )

in"fjfﬁk o j@?L
H 3
ylx) - ,E;_ ) cosh (52 (x=2))
phere o (S o constant oF [ntOgradim.

The constants )\, H, ovd a are Axed Lj the
Conditions ylxX.) = Yo , Ylrg) =Ye, ool Lj

’f'l/u(’ hred /e,:\ﬁﬂ) c(ms%ra/‘nfx/;i W: C .

CMS?LY‘AM% In Laﬁr‘amqu\ Meobﬂhfa.(

\/Je er;/’e ovr 5‘j5-]-erv; 07[' Cor\s*'p\fnJ; /‘\n AI#B"?’\VL"‘"/ 7’;014‘.
A
ey de kb llde =g o
6%; \9.)0' % Yo T % ) je {1)“."1}
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50\3'75 7%@ Cond [ Fon§

ag(_jr _ 93[)0.1 ijl‘. | 2—}‘1
ag’@' 3’:‘]-0- ) 9"& aﬁo’
‘H’lem +he k olfo%remlfa.[s Maj Le /'m’-tjm%ed +o 7/'6/0/

k holowomic Conﬁlfé‘\/'nfs G,j /ﬁ,’t):o ; N!%
. . oGy 3G
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09 s ot



Owne M%BV’ be zble fv elimncle redvadans
D[le’ ets o Freedom 4/7‘(.007[‘7/},

The achow Fom o*]x'w\a[t IS
S[Q/HJ :fd%i/g,é,t) ] a‘go_/t,,)c(s%/z;)-ea

(/]

T#+s v iocon IS

s~ J% £ (2 - 4l 5.t

Since Hhe { 69 4 {+) } are no lvge, all independnT,

We camot— infe~ That e +erm In Cufﬁ b racksls
vanishes 7£W‘ eath o . IA}}IML avt e CW,S;(/W'NQ

on The {5% /—H} 2 Stoce -ﬂrej oClur In ’%ﬂjﬁg

we Call fhepn “viedvil d/’;/o/aamgny‘s" ) and .5'97%/25

St=0 we have e coditions q+9 ﬂf’:)

4
o= |

Now e may relpy the cmshornt bj /‘n#od’uc/‘?j
k L&\jmmﬁe Mulﬁ;o/fgr_( A[’If’) m’* (90\5/1 'JQWLQ amd W,‘Je

Z{§§ Sii(aa) .2.3““_7 (3.)] 89,ft)= 0
Z

We may set cach of the boacketed fevms $ zero.



Tous, we obfain & Set of Intk) @uedinmg
_0,__/_3_5) gt Z A,/t)%o_/g,‘}:) , cefty..,ni

730’ F o Qo_ = 740%6 aﬁ CMlefal'ﬂ‘f‘
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0§ ch[q,t) a'o_ + J’)J/Q-,’L'> =0 ] j'E[/)“'/}‘}

- Please vead 33.16.8 on coushuints and omservahion Javs |

Exwvlp& . Tewo oq}n‘walﬂfj, onel ‘&@0/
4 JU 7

COWSJmfn‘]‘} '
() Covtnct @ r=R+o
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| O O | < COVULNL?L' (j:/J
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T
Y 9' 02
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n= 3 eg_am‘)'mnS o Moh'ow ¢
0( {3L aL

dt (57 ar = M- Feb *Mj“’g/ = A = Q.
. d [aL)_
9, ; d‘t (ael ) }—’: = M 19 ""»2NVV‘9 Mjrﬁmﬁ A (R-}G) a) ‘

2 ad (geL) 55,7 L6 =~ ko = g, %
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CoVnLM;F : };2 0 } { [[,,. )
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Now we have 5 %VM")'WJ in 5 Uﬂkm’“"‘-‘ {(‘// ‘9')9)-) ’\UA?-}
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An(tr )b+ 2L oty = L2 costl
Where we oSsymd the wper Cy/l'mﬂ/ﬂr /s velessed
from et (i.e. 8°=0) on B,=6". F/‘/m/é, we
/"laj vse This 4o express 9,l /n Frms of B, and
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-
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r | + ot
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_ [R+a |V Gk —> (n Ye A B, (t)
d’{: 1 ( ) s B ~cas B, fejm
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Two boﬂlj CCV)?LY?L/ 7£or£,e Pmé/ﬁm ]

) 2 ) B
L=T-D = 3”"’,’7 1‘—3/'42@ — U(’/."”zl)

0 Cl"“"’jf—’ +o ‘M aV\D{ re an/e Coo\falln&q[es :
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ﬁ =TT T i ) F=r_v
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basi {GI” with "é’SPf’CT’}O NI’H‘OL) I’ (s 5/1'015014&/. Pfo/—)/p/:;j
’Hq,g PfiMQS) wWe l'lowﬁ 'ﬂ"b‘\”’ }y\ R’ d{aaomaj bp\_;{;)

I:A;D\jtil, Iz;I;) , L 2/1—/4'/'112“’2’13“5)

2 2
| f T
T:,}!“qu/sNﬂ:z'/I’w’ F Lyl JMJ)



How o d:‘ajow&l"zf j“[b /0f AnY rm/ ﬁmmé/ffc /MN(f/x}:

/) F/‘M/ The dfajw%/ elernevits of ,T// p//) ich are Fte
51'3614 Va/ufj DIL:L_/ bj J‘o/v/V;j P/)\)Eole’f‘{/\*ﬂ—I): O,
If Ia/b 15 07[ vank /’)} /D//\) /5 & fo/]wvm"ﬁ/ /n A
of ovder n.

2) Fov eacl 63814&/@/1/5 )\a [&l =My .. n) ) solve The v
E?,um’w‘wg

M=

’I/w/ lZLV :)la [?L/A

whe\re ‘wL/i IS 7(746’ /Aﬂ" com/)owamf 07£ fhe aﬂeijen vector ¢a‘
Since (Aaﬂ——I) (S a’e:ﬁ&wgrcn[f/ 1he above E_ﬂfua./)-rmj
ave }iV’FW’/ depetﬂo!em?"/ aym{ 724 /‘Mj $0/c/€ 7£or Ffhe

-1) vatios {4’?/5‘?,)4:/%}
?) Since 1,(/5 is real ond ﬁjmme%h‘c ) /7 8/361474/“&75?"5

4

1

—_—

correspmd/wj +o dishnct @enva/uef ave mecesmn/;

Of’ﬂn ojowa/ . E/jen Vec%orf Car/z?jpam//y;, +» JEjéW&"ﬁﬂLe
Ebﬁwm/dﬁ Mmay be chosen o be DVﬂo(? onal vie fhe Gram—
Sth midf proc(a/(/fe. f:ina/{j/ Hhe €ijemv€ca‘vf5 are norMA//'zea{,

‘H/\US Ta |3 b N a b ab
<4/ jl’J’ D :/AZ:ISL/M 5L/" = 5

Vb,
;.6’-’“/\6 aH’ row 0][ /2 /'5 7%6 837814:/(’(:7‘0:’ $§f/ U/A/'CA

(s 7%@ Q-H‘ Colomn of ;QT'

a‘l’ri M ' v / L = 2
4) The m ¥ ele €m!’507£2ae7‘14mnj~/8'/)j/20# e



5) The e}jenvc’cfvfs Are [amlﬂ/h[ﬁ ad o tbwn srmod.
cowAf;le\L&hFSS : ;tﬁi ¢:' = /Qa/ﬁﬁm/ =/RTR)/A,/: g/,,/

| am? EVSEREE
OWMoﬂoma/l@: /2; L}/f %A = /2%/?10/, - /2/2 Sab = Onl

oee gs.q E%WS. 9.32 —§.38 o an €X01M/>/€

o Fulerls egrumlfowé
We choose pur Coordivate pxes suoh fhat Lo <
dingonad,  Such a choice {6, are called principal
axes of imerPha. We forthe— choost fhe dr/"j/}?
o be Jocaled ot the CM. Thos

s N' I’ ,0 o - B
w:{wz) I: O-—LZ_P_ | [_‘:-_Lbdz I;NL
3 4 O O Lj I3N3

The e?,uo\:h?t\ns o mobo, art 7%('5:4 L /n .boo\l] —fixed Lome

~ext Dlt :{f{,L-) J-.JKZ
N B /g{;—},‘nem"fa[ oAt éov!j (i

in inerhal #nmt/ = Ll + :)x(I[J)

Here e have used the important relotion
S

]
A% Lneckol ~ A [pg " P10

velid for any Vecho - A Letls dovive pis jmpocFant osulf.



~ Tuferlvde : acceltvattd wordinste Sy shems (8 2.1)
Consider an ingrdal Frome with Feed coordinate
A% €S c’:,, yavd a rofating Fame viTh ayxes Z’\/; ,
wWhere ME {/,-.-,a’/. The Fwo Fwmes shire o
COn M0 oriﬁ)}r) wbu'c% /s %‘xr/ wiThin %E éo{y.

A’wj vecta A /Mj He LJ"/I#EV) AS

Thos i the ineral ffame

(JSJ 3
At lerhal

This s [dZ/OH‘)bW{j
L\//?W/‘ (s AE;/&H’ 7 Since The brsis {g’;j /5 [ar7p/€7L€/
e My ek/oo\m/
dé/,,\ 3 2;0'5')/“,/ élu &= DIQ/,V il Ulé/:,q 'é,/

Bot d(Byéy) = ey )+ B, dE, - AR, #0522 O

—

i
Thus, A, is a real, antisqmmelvic, o5 ¥esimad dyol madriX.



A dxd r(’a/ amﬁ'sgm/wﬂ%n'c MAFrix hos fc//a’-/)
nde P&Vlﬂ/ﬂp,f entries. For d=3 , we /‘1@7 pirife

dQ/W = gé/wo-dﬂo

ond we dehne w = AU [dt . This //Z’/ﬂ/!

S | Gl
Ond e have
1 A A -
%,4 ),‘nerﬁ'a/ :)/;l?}éo@f— wx A
is valid Fo- any vecto A. e may then woite
d 3|
At (e dE[L dj’“ al

So /mfﬁ as v a/)/o/y fhis 1o vectors on/j, A/p/o/l'ea/ fo
the vector §v itself, #mis yields Dol E Bbodj~
Apph'eof twice }

ot

+cl—wxzx\+,22x Fox(wxh)

%0{3 olt bool\tj

This 7£0|KMV'0\ CDM?Lm"uS fhe alefC//'P?'?'dM 07[ Cen?g’/bﬁt?a[
aV\O( Corvolis -7[0*’665, WLH’CL' yau Caw /(:’0\0{ aéouf‘im c/mpfelf;
of the notes. BuFAfor now, back Jv /Q//O/ bodj alj/mmfcf...

it
olt

—_—

Q1S
d—))_>\,

in @f‘h'o-|



Euvler!'s fg»mv‘v'aw a/avﬁ ba@—ﬁ'xeo/ P""V\CI://L/ 2XpS

dz) i -?[’EJ a9 > 2 - -
(OH: wiern (DH; boo-{;wxl— :iw T'V"X[_Iw)sz /\/GX‘/'

Co Mfc)/l@ﬂ-lL 5‘7 Campom&n7[')

I | +

W= (T,-T,) v, v, + )
L.JZ = (13"1-1)”3 l")l il /\/Zex+

3 Wy = (I/_IZ) W, W, + Ny

These Hivee C‘%UWHW’S orfl Cauplt"ﬁl aym{ Vlom/t'wEﬁV,' ﬁqe

Componenﬁ A/:X+ mvst ée (fva/umleé/ ot/ocnj The é”,/f"
7'4‘X€ﬂ, Fw'nc:‘/ﬂm/ AXES . TA@ S'plmP/€57L case i's phen fhere
/1S nNo nf‘/' C’X?L(‘,’//’M/ 7L0rg},ue) N/'H'ch IS he Case w/leﬂ

Z 500;2 MovEeS /7 Free pace 6u7“ also /n a wn o m
ﬂmvi ohovial Feld -

VT R lmiG) = [ w2 ) x5

Im A boof7 7£7'k(’0/ ‘F“mm@ LJI% 7Zl€ 0/:'71'4 Q7L ﬂ!é’ [M)

the +erm | ' Y,
In Paren’ﬂuffé’j \/am/séesj Leace A/eXTzoj and

AT It
0, 1) === (R [
LA Nz’( 7, )“3“/ / “)3"[ £zl )N/Wz




il 'To.rq,ue»—)eree {7MM@74’7C +/35
5uppose I,-T #I 71;@,/, NJ—O hewce NJ"Cah.ﬂL
77')6 VC’M&IV‘I?? 7Luo @gugjjm,,! are

I -1, . T =3
W ( ! )N,_BL\/Z / sz( II )NJN{

hence ), ——le, W, =+ 524, , wifh )= =3 ) 3
Thus,

W) =, Cos[2E+8) , w1t = sin(E+E) | Wy 4] = 1,
wWhere and § are constants of /‘mLEﬁV“mL)'W)-
7;)€V€7L”fe/ /n The $afly —ﬂxw/ 74/%;448/ ["J_L [t) prfzzsscs
abouf ( “i 3) with #ﬁiuemg 52 at au ﬂmj/f

= fan” /w [Ws). For the earth, this is called fhe
Cl«ano“&/' wobble , and )\ = 6xlo‘*md meaiing
’/14&‘|‘ ’ﬂ'\e Vloﬂ’l'; Po}e Moves %ﬂ abou’f +fou— meﬁrﬁ
dur@ +he wobble Ajﬂuh fo earth (J'.S l-()/,l 305 I
hence fhe prfce;,fmn period /s /Dr("ﬂ{/clea/ F» be
about 308 olay.s. Ty fact, fhe period of fhe Chavdle
wobble is about 14 mopths  which 1's & sobstontral
AUC/EPW\C )aﬁlr;!swl’eol 7LD ’/148 Mechmca/ /ofo/perf?'es
o4 fhe eavth (elos%cntx/ av o(‘fu:aff—/}/) fhe earth ;514'7[}0/,'0”




= Asnjmmc’%f/c 7L6F5
T Frinc"/%/ , We May invoke engrgy and angdlor
Mom énfum comsorvahon,
2
E=5TwiriT, o+ 21,0,

-7

i L 2 L
ARSED NN N A AN
and obtoin W, avd w, in Fems of w, . Then

| L =T,
NJ'( Ti
3

beComeﬁ A ﬂdV)//')’l&/' 7Q‘r5+ arﬁl&/‘ 0 DE . U!(;Z?
Lajmwgeg rv'fﬂ\oal and eﬁrcm/‘z—r‘@ Fhe Cﬂﬁfﬁj at
7[/)((’&{ Ll/ we DLJ%I‘V\ e 74//ou//'r;ﬂ !

>V|”2.

] .
. / ’.][). P ,‘<I'<._Z_
| Cond P energy E extremom clussinabm J; J Tk
| 23 [ 23 [ 122 [ 32| 23] [ 321
2
Uy=1y=0 | TWbe = [MAX [SP[MAK| SP M | pin
(
T Wta N | MIN
W=Wy=0 | 210K N SP | MAX | MIN TMIN | MpAX | 5P
| 2
Wo=w,=0|5T u2- L MAX}P MAX
| L 1-+3H, -ZI_;LM\N MIN | SP o IA»,

|/Je Cawn 'H"GV\ O—V\a‘a'l’e ’H"e ﬂOVl/t'r’@a.(/ ODE L‘}B‘ _;_70/“-3)‘
71\?5 B Somewhpd' uwflmsom-k



We can hawcdc/ easl'g /Mfﬂf'/%e 1he ej,upfw'w_& ﬂC
Motion abovT a known solubon. Fr examry/e )

W, =w,=0 and Wy = W, /s o o /on of Euvler's
ef}vod’ioms. Let us then write Z)—’-‘No f‘%‘}'éﬂj Thew

Pom (12 - I ) o, Sety + O 5y Sua )

—

55{2 = O IF G/EN, 5N;_)
Thos , we have Sw, = —IZZSM, and 5, = —Qéﬁwz with

2 — (I3 "'_T‘)(Ia'—.l-_z) NZ
T, ’

The solvhion is jw [t) = € CoS(Q‘tM?)/ fn whith case

Lyl

2

-;w"'_,’z—_’—_g' - Il(’jf
O,y lt] = u, e W, = (

It € IR} éw'(‘c/ and &JL['H ave hov moniC funchins
With peried 27/, This is The ese when T,>T, ,
0r Iﬁéf,)z , Bur if I3 is in the middle , J.e.
4 L,47, ov I, <I.34I' | Then %<0 , f2& ZK)
ond the behaviov i expowewﬁ'n/, /€. LIt =w,,33 /s vnstable,



- Read § 8.5.1 /c’mm/;/e P/‘oé/@m for Euler's Ejum‘)'ms)

e Eules's angles
The dimension of The ofﬂ'vjaun/jrw/ Oln) s

dim Ol1) = L pfn-;)

Thvs 1n Aim@ngion n=2, A4 rofahim s 5/8&/]‘5'?% éj
Qa £)n5/@ pavameter /. e. The planar a%/é. ITh
n=3 dimensions, we regvive e Pranesess in
oroder Fo 5/996779/ A jemﬁm[ /‘o#ﬂ")ow) 1.0 O
36V\eral orientahon of an 0%)'@.///— 1,J/714 /19{/0,”6/-7‘0
Some 7%\06!‘0&’ oriepfetion. These e Pﬁfﬁm&%
are ofHen fuken +o be Evlers a.m&/ej {9{"9/4’}-

-— G@w@rﬁ»' (0‘]7\‘})-0\4 Mpqér‘f)( R/¢/9}¢)@50[3) .
Start with av o-thonormol Hod [é/\:} e prst

A

Cotockel Lol b allbott g |AI0] ARy
j J ? . C054> 5m¢ 9
é/‘" - R,W/‘lg;é\fé) e, ] R/QIS,E‘S’) = [-smd ces@ 0

O O J

The next ﬁlep is 4o rdafk loj O abid é,’ :

[ O O
A A A L ‘
e,u - }2/4\/(9/81)9’,/ ; K/B/e,') = {0 CO..H9 s

0 -smb cos0



Co nsfruch'rﬁ o

Seneml rofah o
(‘n 50/.3) V.S"Vg
Evler's amglal

(6,6,4}

Franll , rofate b }Laéou/— 2!

. lm/‘\j” j 3 ] Co_s‘/’ 5/M¢ O

B2t =R (BE)EY  RUE)= st ot o)
O O 1

Mu/ﬁ//j ﬂ;e '/’l.;«ge Mer}czj 7‘0 ‘78’/' é\/u: R/JV [95,9,4’) éz Au/f'é

CoS%Cosd)'Sin‘/’cosQSmg{) Cos*//ﬂn¢+5m‘/w$9wsq§ Sin s \
R/¢;9,Sl’) = —.ﬂh‘/£o!9—005‘~/’0059ffwc,{' —Sl'n‘f51u4$+£‘a$¢co!90054> cosy sim @

5[149 S:MSZ() - swmb COS¢ cos B J

Jeg +he szw/'@ M' He 4-0/ oy[ 7‘“/1:'; ]MJB.



MQK?L p:/(f fflmle e Co/MPDVIEV\?lTS ﬁf 5_3 +o “he aléfl'«/aﬁt/fﬁ
{lf/é/ ‘7"; This s D\CCOM/)/I'SAM 1917 er‘;l?’r\ﬁ

Vj 7 éé;[)'l—éé\g -I-‘:bg";
LJL('Z./C [(OV\SUH' IDI’@VI'OVS ﬁ’jlﬂfﬁ)

g

e = sinBsinbé +subashé, +cosd &5 = €°

¢ = SInDSIn 511—5/«4 ws C’Z-/—(‘OS 3 3
8 - Cos‘-l’é‘, —Siv\(/’é\z ("//'né of nodes”
€ = €5

e MAU Now veod 0#

ﬁ'é, = éSmBSMSLf-éCoS)[

LJZ: ﬁéz ?¢5}'49C05k/"‘8- S“"SL
03-§3=${90059+5b

MO‘}'Q ’H/m:f"i

4)4—") P(‘C’C{?szo\n ) é > nu+m‘7'oln J ¢é—> O\Xfa/ r‘a?lZﬂz)'ar)

T spianing Jops | axial rofahion is suffcieatly fast fhot
vt O\PPEﬁ\ff +o vS a5 I Jo/u:ﬂ e Con lnowelfet/} discern
FfCCESSJ'om and nufahon. The rofubioal kinetie Crevgy
s ﬂlevx

T . =11, (Bsmbsind + écas“}’)L

ot =37 | .
¥ QLIL(c}s:'V)@wssb—és[m‘P)lﬂt 21, [beos®+4)



The mnow;ca/ Momlnde are —hew
s _oT oT
P4’ aa) / PB Y ) Py “’é"s-z—

oand fhe awjl//ﬂl/ Moméniom vector /s

- ) A A
L =Ps€s +PsCo Py €y

Note Fhot we don't need Fo 5/086/'7tj Mo /zaylffﬁm&é?
frame whein W Fin L - 0”{5 %r ﬁmé—dﬁw'wﬁt/ef
of vectors must 4 5/605 merhal 07 boo_ly ~Fxed Jeone..

. %fq_uﬁ —1(-}1% ,Sjmwr@‘n'c 7Lz>/> ; A7ex+=o
Le+ .I,;IZ . Then

T = L1, (6% st $*) + L7, (es0 )"

The Po*l-eml;'a/ s D=0 90 e Lajmnjfﬁ“ js L=T.
5Mce C}Q aual 4’ avl Cyc//c /n /_) ﬂ;e/'f Mamenﬁl art W{BNGJ=

’Pé) —_—ag;f_ = Ils;\ang;S #l} Cos O L‘oS@éﬁ—l—}L)
. T
P o = Iy (eso e d)

Stnce P4, = 13 W3 , We have W3 = Cons#, y Qs we jmu/e
o-l'feadj 0[6/:‘\/(.’0( 7C’om Evles's eguo‘ﬁ'dws.



LeF's solve o The mobon. WNete ot Z /S
COVISGfI/Cd " %(’_ /ncrﬁm/ 74"0(;44@/ /. €, (L)maf‘fm/ =0.
e choose

= n

=g5£ = /L. From € 4)-3.7;":&)549) €
1’)0\\/@ /’.)51, = 2,74 = [ ¢osB@ Am&( Conger[/pag\aw 0—]£‘/’D}é
7%1\/5 8147‘3\//5 9 0 F;"om

7') :I|(-9. = gg (Icsé’qﬁ I'D,L)jzwé’gé

2
aud é$0 y wWE€ concluole Qg =P¢ /I, cos b . /\/ow/ 74’014»;
fhe eguohim £ Py, we have

L, _ Py ' 4 L I,-I
(#:T,-0059¢:(I )ﬂ/, /jél)h/j

A4S we had derived From Edlerls equalS..

es
7

- 5ymm84ﬂc 'f'op WHH/) ont 'pomf' 74X€a/
N ow jr‘av@ exers o fogue. The Lagrangion (s

L:;?-_Il (9 4—51142995 )4— 21_3(@59;15 '7L) "Mj[&os@

NI’)@VC f ) S %8 0("5'/7\1/](,@ ﬂl;’om fhe 74',(@0/ /DOU/)?L
4 fhe CM. Let vs now nmalcaj%e fhe mohon of
this 5y5+6n4.



The dreid| (Yid. 5373,
Heb. I(l' A0 = sp'nver)
s a Sywme‘/'*""c fop.
Four/a‘/a/ r‘#aﬁ'am/ fjmw@fvy
'S ‘9000/ emaugt) + juo\.fm/rl'@e

I, =1 avd I, =0,

We have Mat (/)Md Y ave 5/7// Cyc//c/ S0

W,‘-% = Ils;\nzé’g;‘) 4—I3 Cos O 00599}54-%)

L q :
P¢ = i— =1, (cos6 + ¥ )
e Ggain covserved . Thus,

i . Pg-Py ot L.P: P /qu—ﬂ,&a);@)cosg
i N 1, 1 T,5/n*6

Il Sin’0

Ener&j E=T+U is Cowmserved :

2

s (qu—F}LCOSB)Z Py
LI, sin?06 Q,L_?
g ,

Hffechve Pa?‘?m‘)h/ Uetl-(6)

— 1
’:‘A.Q




Uetf (6)

Again : —
EEERAE (pT,:,,m@f Py |
B =71, 6]+ 2T 51278 ¢ :’ZT; +Mjfc°>l9

Stoightfonincd anslysic (see leckee notes, ch-8,p.18)

reveil S fhat Uptr (6] has o single \ 1

minimom at O, [0,1], and hat Smm 1

UGH (9) di\/(&rjej as -0 and H-T, i U

771&/5) The Cﬂ,ua’/’)mn o‘/: Ma/s'aw, o4t '.‘L
e / 6, 6, g O, 7
I8 = — U@,&ﬂc/@)

yields two Foming points, which we label b, ad 8, ,
50rh57f‘7fyj E = Ug#‘/lga,b)- Mow e /)a,v€ a/r‘fﬁﬂlﬂ
derivved ~the result

4'5 ] Pé — Py Cos0

iy sin %9

Thys we Conclude thot F Py CosBy < Py < Py osB, then

b will chmje $igh when O reaches 6% = cos™ {Fgé /py) -
This leads 4 +wo fypgj 07[- Moﬁbn/ a5 Mown be ow
Note fhat (/‘,;3 =sinBsind £° — Sin 196'05# é‘oz + (oSO é\% .

45 : Fwecesx»'on
O : nyfotion

56 s axigl A‘:rj/e



Lecture 7 (Oct. 24

We now dven 4» the )‘Jé\)’w{’ of srnll otcillabions We assome
’H’Wd’ ﬂ\f k“’)e?L)C @”f"-jy (S hﬂ""”j&/)&o#f 07(' ;{?jre(g Hoo IN The
jenﬁra.lc%ea[ velocibes . T = < 7;_0_,[9“, ) % ) q,a_qa_. , andl

fhet 1he pmlﬁn%'a U/ﬁ,)_ )g) s dgr&e 2ero /n 1€ {44}
The £§,dfvf1m45 o Mmoo are 1hen obtained as follows :

pe = o = T (44,

L=T-L = P
F oot _ 1 Teen(d) g, - oU(a)
4 a?}o' Z a?o‘ ﬂ—o- i &07“3'

Teri G + (—“‘aqy.. -7 T Jarde =2,
This Mﬂy be writlon as
(T T O o
VL\'\UH'\P,? Q’O‘Ol qu u -2( aq,,/ aq,./\ &?‘O’>%Mq’d = o o
Y T I

N :
q_>+r/4v Q,,va =A>\ ) W"ﬂ"

o7, 27 O T v Chrstofde]
X IR ) A A A i
s 12Tw( Dy O4p 9%> T symbols

L
A>\ = _—T)\o' 94‘},;



- 5+'a.*f)'c 3@Ul-//'blff‘um ! ﬁ-f = 0 ‘174 o & {ll"‘/ M} =

53_(_)_ = 0O ’VLO' ; N gguw?‘\'mv! in ) vn Knowns {ilz‘“/g«n}
-

68#}&/‘1‘6@/\/7 %1'5 hﬁf IDOI"ﬂ"/:kf .ﬁi/l/ﬁ‘/h)’) {ql‘___lqﬂ} ,

Let's write Qs = 60_4 1r awnol e»zPomo[ he /-A‘jrunj:hh

7La ﬁuo‘d'/“"h'c Ord@r )N ﬂ\g g—a— amp/ ﬁ'a' .
L=3T Ve -5V, A
—2 a’o-"?o-vla—’ 2 0’0"70”70" =

he
LWNlvé T ( ) azﬁ T and ViAcE
i i aﬁo.D@,,,— constant, real,
_ a U 57mmeﬂwc
\/0'0" 5?0_340_, Nnxn mahrices

So to C_;,uw{rmL)c om’@r} —"—:2{ 'Qt’l‘q' ~ % q'tl/fY

o Method of svwal| oscillations
The idea here is fo express e y, in deoms of
norma,/rwoo/es, ., whicl p/l‘ﬂ:ﬁannll'-z-é’ “1he g?,,mé'm_;
of moton, |
T e let = 7 Verf]o
This beug & lingav ]:r‘o!oleM We wWrite rl A % ond
domand )
AtTA =1 nxn r@_A/
AVA = diog (W', wr) P



The vectvr 7£UVM o The [necrized EL g?,,;_( rs

so S -

=
e
3
“‘\
&
: )
§>
~~
ﬂ\
$
Qc“-
N

Thus we have p 42/600(//0/86/ /€£avw/ om/ﬂr ODE s :

APk
N T TS
with solvhans 1

$(t) = (' ¢os(u; ) + D[, )

Jith o Cmn(ﬁm?"s mffjr'a'/\om [C Dj i /e{/,-..

MNote vz A% yields $=A V) At"—"’,ﬁzuf

Vlr['H I Z Ao*i [C, Cw’/u;‘f)f- D,-S’\"/A/,"[‘J]

Mt//—fi,o/j/‘nj on The }6# A\y AtT) e obta in

C, Cosliw;t ) + b,’ Sin[w;t) = A?o'T;'o" Vltr’[ﬂ

and Thus :
C'“ A'o'——o"a‘ Vlo—llo)

;= b\)ﬁ' A,d_ 5! Vlo"(o) (Vla Sum ow i)

1y



At s poiit, we have fhe complete solvhon fo fhe
Pmlal(zw\ ’7£or- a/'lﬂ(“j‘(‘ﬁ"_fa, /'»4/‘7’3'0»/ Cond rh ong {70-/0)/ iz'a_ /o)jZ
The I’Man'K Ao’f 1S cf«//(’ﬂ/ The /M()/ﬁu/ mh/f/')(, TF Vi
the 56/){?@‘»[,-,;30/ coorddinades have dimpngars [Qr"} =L,

E
[To-o"} =M [Vo'o"J = F 2%

(Aei)= M [5]) = ML

r L/ha can we dgmpad ATA =1 pod AfVA =dih(7/w,2)-..,w3,) ?
Foof bj Consrvetronn ¢ ’
(i) Siace 7},, Is ;ymwe‘/*ffc) Mere exists O,e O(n)

such that OT O, = Ty, wheee Ty is olf\algona/‘
AAAH"OV»&I/‘?, the entrils of Tz art ] Pa;/vé‘ve
becavse The Kinehc gnergy is in ﬁ@m&/ﬂ/ par/%‘ve
(oly 2o #F g =0 ¢ 5).

(Il) 7:{ Lefmé Pos;‘J'o\x/e. dgy@‘m‘J-e) we /"\Aa wm/vvo?L r‘?LS
Sg\lﬁvff f‘oo‘l— _J;yl :ﬂmﬁé_ @ ﬁkﬂ? ﬁ\e &Umuf‘f V007L
of CALN Gll"agomfv/ Em%y. Note fhen That

-1 y A ~1fy -2 —_— |
TOTO T - T A

i) e netvix TOVOT, is gmmetic, and
hewce of?ﬂ;omlézled by Some 0, € Ofa) . Thes,



we //)AVZ 7’7/0 mofrices & o nd &2 sveh ﬂ/\/‘iz’

|
4 ’-'/L t -2 L
O e T 0, =1 h
@ZLJ;J/lﬁlt \/OIF/;—’/LﬁL = d(ag/wf) ...}wj)
Therttore fhe wmodad ot x s
A= 6|Td—'/lﬁ7_ (NB: A nof orﬂwjot/\fv('/J

We can §€ fhat o 5 M j@lﬂﬂr—a«( not= /05{:'b/€ +o
simotaneossly diagoned e fymmﬂj/l‘c_ mahces. Thio s
’ﬂl@ /I\W\i/}—!

- How +2 -ﬁmo/ The MOII“/ Mm‘rix
(i) Assome (1) = Re 5;; I S S
EL con TH = -VE we have (WT-v) ¢t =0,
Lo ot Fo hawe vondavial Soluﬁ'ahx) we demand

This 7:’61015 an 7™ ordty Pojmom;‘w( Egrum‘?'m A

2

l’]‘f N roofs are the ymmﬁj Mode Mguc«nc/'@s;wb-,
/7)
(ii) NC)C‘i’, 71;»'\0{ fhe Blbemvecﬁrf SLJ. @ ﬂlemamd/}rj

(¢

J
Z (WzTo’b” _V()—O">¢a-l = O

( (



Sice W T-\ [s defechve | fhese eguahovs ace
[n-1) inhaMOJam Covs //_'neéuf‘ 14 uo»éa)mj({j‘;\f {‘/’f),..ﬁﬁ
yr'&ldl‘né The vahos {sz(l)/%&i obg Sbv, /)L, } T+ 7%en
Fllows [see §533) that $77,,, 45 =0 F 4.
Lo fact, This is only jmm,\ggc/ F Wttt bt
ﬁ\f ok"/]anamfe 873&«/%/&5 &J;_':b\(//'z/ Wl m&y Sﬁz//
choose fhe eiﬁen veliors fo Le orﬁuﬁand lwrf T ) via
the Guart — Schmidt Process. F,'M//y} Wl may choose
+o normalite eack Elgpnvecor , so That

AW = 4T, 99 -5,

6’//) The moafm{ Marix (S Then j/l/ﬂm %7 Ao'i = SLU.[_I.).
(i) Since 7=AT gud ATA=1 ) K'=AT aud $=AT7.

o Exowmp/:.” . the dooble P@w\du/um |
(Foc smplicity | choose 4zby=l,m=my=m) |5\ m
X = fsm@ , vy, =4 cosB
X2 = LsmOtleinb, | v, = R

'./
| 6,
T= b mliiefi eigoys) = 3mt (28] Zos16,-8) 6,6, 6]

V:,Wﬁ[/Q[oSQ,—}—Co;@Z) ; E,aru:'/[Ln'u.m@ B':Bzzo

T(ﬂe ;fej ) V"‘/zr;ﬂﬁ;f)



Let+ u;' 53/@ Then
) | ,24)?—-21/,,1 LJL
W T’—\/ = /"ll NL Nz"ﬂ,)z
A@HuszVJ = /MZL)Z_ {Z/NZFNOL)Z—D//E

5@7‘/’:‘/}& det(w' T~ V) =0 Jhew 7/‘9/51! Ni = /ZI/Z:)LJOZ,

}:/ﬂ&l =+ | = — |
gl a2 LT

1 I S .
A—@ Lﬂ;’)‘zm N ool el A

/\/o‘f-t‘.’ fhat S'Z[Ho( /—}iJ aond 2/-)4 /\/’;)
Normad Mmool e SAAID&(:

In the low 7@'@5}1/@'4 novnal moo{(’) The fuo Mmasses
oscllate i) pha!e) while [, fhe 14{314 #pguwy viorme. |
Mo de fhey ace 7 ouf avL/ohase.



® ferw mm//s

Rf[ﬂ,// ﬁﬁ{ 7l3 (fﬂfé COY\?LJ"WUUS 0”8—/9&|rmmg>49/-
76”“’“!'/; of wor dinmlz Mwyyfa//m%‘an:

qo”‘> é’o‘(?/-f) ; gr/ﬁlf=0)= ?a-
/eﬂl/l‘/)j L /hVﬂr{'mﬂL Corr‘f’;/go,.d; a foﬂSﬁV‘Vﬁp{ lb/lﬂr‘f,f'/)

z A
A:E%?ﬁﬂ /'57_{_::0
N 2,

Let vs Jabel e veaviovs one - fﬁmm@%fr NV GnLlS
with a label k. For small 050/}//4174'0145,

G ; 6_7’— T
“hich a Clzr - Z, o gjo- 1 So that
1 £15-0

IS 4@ 2evo MM/L’, Jaﬁ'sﬁ/‘nﬁ g)‘:O. (/45 wei Hen

it s Unna/rm/fa-eol. ﬂws) n .{757[644/7.( with condnyeus
5jmme+rf85) aS‘foC('o‘cLQOf WIIM’\ eaol/\ 500/\ .yw-m(i?[fy /S &
2evo modde of fhe Cowes}aomd/ifnj small oscillatons /7/‘06/&)1,

Exanple 10 L= Jm X"+ bmx; -

( 2
JMpxz 5/(/)(2—)(1—-&)

o> =iMXs Lak’-dhix-a)" = X (cm) is a ZM

[
7ZF/C7LI'0/I/8557 X = '2[><|+>(,_) , X = Xy-X,



Ex mmlp/ﬁﬁz

Considow Fhe fy/;‘m o e f’r'j‘ﬂL;

7£ow- L./LH(/LI
T E 2" RL[M,%L&—MZ_&):-#MS 5532)
and

U=t ke? [ ($-8,- %) + (- 4,-1) s (16, 4, - %)

where 453 - 2T < d>. 4 c)@Z < 555 < ¢>, -I-Z7T) avd w/lere
RX z0 s 1he wnstretched /&77% of eactr '90”,'2?
The eq,w'//bn‘um Canﬁj./fa#m /<

=5 , H=5+5 , 5T
where S 75 anm aré:'%my onhnvovs Pﬁ%?lﬁ/‘,
Corres/)ond/'g +o The. emhhvos #Aws/m’ﬁma/ ,;/mmeﬁy
that is present. Frnd

mt o5 O 26" )R ’LR);
Nl 2 BT 2 _Lp

HE o m,R° o \/ - kR* kR
0 02 m312LJ ! _kR* —kR™ 2kR*
and ﬂ;—l 1 | 1z
) | 4 wh U ==
w*T-V = kR (e[| T
fx Nl J

{ ] — -2
V&



The Chm&}fﬂ'&ﬁ‘c }’Do/jnami&v/ S

Pll) = deb(W'T-V) = (k&) Plu?)

6 1
= L) { ’ 4
P/LJ = VLV;[/‘; —Z{V{LI/)’L + VZVZ t 21/2) L
+ 3 (—« + — + ) T

77/;/'5 /S C‘uéfc /" LJL/ éu?" SmCe 7%6;/‘8 /'S N0 (N2)D
7%/""4/ Nl a//‘vfﬂlff ﬁ/NL>) /- &, P/NL) N74)/M2)/
where QL*) is & ?{/ﬁﬁ{fﬁflc Fchon of /75
a/jum£n+ Thus the normal modle #e@ruemc/es ove

w, = O

e ‘UfVJ—V*‘ f[y y 4—/u 2)4-/1/;

To Fnd 7%6 modo| mode! x }'67" / =17y SLO/

/

()
-4 l ' ¢1J
L .
7% z1 ‘7&1[/) = 0
2 W
| —- -7 (j)
Il/}z (ILJ/
w%
which yie(ds | CJ-/(3-E‘%), where
1




Note 7or the 26r0 mookt //':/J we have
(1) C -Y2
A= A= —3L :[’"f*’"ﬂ"'@) f Vo€ (12,3]

Thus,
§1 = Ay Ts6 N5
= (myemyrms) 12 R, 0+ M M5 Y;5)
s the normaliztd 2erv mode. This is amsistent
With Mpether's theorem, which 6.1

A = Zi a,L §¢r 2//’7,554-/14 ¢Zf-}’l43¢

N/‘ﬂ) /‘ D . /V07LC ﬂm‘ /l =0 a_/uayj/ ﬂnﬂ/ﬂﬂf‘alqc/j
[‘?’l 474@ /I‘/M:?L D?C :5"‘49—// A/@WML)'UMS 7GDW\ .S?L'ajs'c Ef}uf//'érr'um,

o lemu'w 07[‘ l/ﬂmlfwv/ maéses nna{ J’/Or‘r'f?j_f 7L5'mf/'0m

78
L:z, i I/(Z/ I__Xo_a,;-LZ/XH,— o.)

mr{7 /D,- T = mx, . Tf The chain is Fhite,
NH‘/]’\ 7 f‘,/ny”n& 7£rvM / o /\/ %gﬂ
EEE
FE ey (X,-X,-a) - T
L
F,J :5% “‘L/X,\;‘*XIJ ,"ﬂ)fz-



The [last f;t/aﬂlﬁ/\/\ 5‘475 hot /:;—;0 +f 0’5/’/,‘--//1/} A
XV?(—XD':A / 0’5(/)“‘//‘/’/;

wheve b is a constant. P/ujj/hj This ;nfo The
ﬁ‘r.f/‘ é’r?uml\bn! 7hew //'6/0/5 19: a + ,é"'z‘,

IF the Cém‘n /S A /verf'udfc ﬁ"cj ﬂ/%; XA/”E)(H-C,
then b =C/N s the On{j solvBon. We'll solve #4e
pf‘OL/EIM /n Thi's case of pcr‘t'adl‘c Jﬂoumdaﬁ condrP'omS
(PBCs) . T, The hmit N> o0, e bolk bebayior
th'/' a’#ﬁr beﬂlz\/%m The hio cASES . ln/r‘/'%?'ﬂﬂ

X,=ocbru,+3 oefl,.. N
wl have

Uurr = UL,
= < fhz—lbflmg)z—klé )C -1 wi :
T TR el T B 24 (b-a)
The Jasl o ferms arise when b ta dve—» o Loct
fhat the S'o/:‘njj are all /€4V“19) shetebed it the shhc
C’q,uf/ibfium l‘ﬂwyf:'ju.fa%'ow- These 4erms ave botn Constants
[/Jl/l;bla We h@néﬂhf‘ﬂl 0/*’0/0. The EL €gymlv'0h! avc then

m‘l/'t,,—= i/QL—'):——Z—L

at ) ~ ouy klugy rhs = 2]

With Uye = U, . These N covpled ODEs ma faﬂ/ be solved
I P Vi o

JL(M0.+, ~Uy,) = k(s ~Uyo))

T—> «—b5 C



by #ﬂws%afmr"(\j 7La Fovrier Space foofﬂ//wm‘ﬁj

QTTt'jo"//\/ﬁ r\.: L
Z’;f T PTIA T

O"

o —?77/ 0’//\/
) e J
o=l

J
Nott hat h\,). /5 [’0/’1/0/5)4) yith
1 o 1) o/
y L. ~ :Z EZF,J /

MNJ

d_I= th
Let's count dejrfej 07L 74-&2/0»44. The set ;H,)...,MN}
conshiries N real alejh%j of Sreedim. Fo N even,
LA{,\/ and ﬁA,/,_ ave rf’n,/ while 5!— fofjé}'l, S N- ljare
Cow\f)/e,c and SmLSjk[y /28 Uy J = Ke MJ and JMMA/J*—-T/M hJ.
746 m/mber of me( 0(@ rees of #teo/om /s Then

DoF = 2+ lx{ir\f"’)—/\/ v
If /\/ Xy 00/0/, ﬂ@w Q/\/ [S ajm/‘n rca,/) bt/'/‘ et
{‘5 n mo[/e ;{J L‘//'ﬂ) ‘/ = -f/\/ We Ajm‘n have ;tN’_J‘ = ;j‘,
%579/*1? 7£Uf '/6{ '[/\/ I)} The ﬂVMBVafffa,/

alc§r&€s of Freedon /‘5

DofF = 1+,?x12[;u-/) NN

We now have
N : N =
| ~2miy 6N f 2o/
ML ek G L8 gy e -2



'—Avﬁ N4 Mﬂy ,‘,/nylc ZtJ- —NM N/%

=2 & (B

//he ,_{'o/J?l"mﬂ 7[0«' each )’)0"'/"0‘//}700{3 1S

&J‘/’H = e"'N'ZL 4
where C"/J :C‘ and &, e "‘5 $o.- a//Jéf; ,N}

a.V\Ol 5,\; = S =0. 7’%@ { j o€ a// I’fh (omf]LahfS

/hé’ moda! wmitvix is fhea A . = — € Tl ) w[/’&,@

o
J
we have now inclvded the m™1* htor. Node

Trrl - Mé‘o’a”

\/rr' = Ak Sa'o" - kgo—',m-/ ~ ’éoﬂf’, r-1
7%@ Kronecker  gle [4as art Uﬂolﬂ'f'.h/'ﬂod 4 be MDJ/V/O N
r 1 f o= mod N
oot [ O ofherwise
ﬂ\US, ‘H\ﬁ MOt~/ x 7[wm5 of T and V ave

Mm 0O 20 -k O --- O -k
om O L I

T: 1. | \/I O"kzlflf
- O

O ™ D 0 '—kZQ—k
O m ~k O - O -k 2k



27T (J'\/’)U/A/ “I Wl (awn
JJ

U.Smj the Eeruaﬁm MZ
prove At ATA =1 aud ATVA - disglu?, ., ul3).

[on‘h"lUVM I/‘MI")L . ,/J()/ _/%Ke
ult) —» ulx=sb,t)

and
ou
Ulxrb) —nlx) = b 5% T2 b OxZ

aad  we Mng write

S =f0/i' L/[”o’} ) {‘:fv};
where

2 21700 i

L, 8,n 0, t) = 2p(2) - L1z (22]

with P m/b = mass al&msHy
1S The Lajranjmv\ Aensdy 5v/p/aose +/4€ L@jfam(jmw 15 oac

the form = Y

t) =f0”cf”'/‘ [/“;9>(”/ A4, t)

Gnd T = kb = ,;Lfnffon”

un. ‘t )

L= ZL (bt,,—,



\/\/6 /’)“‘/3 = u!

L /-N—«_’-\
Z: L (b(,,—) o‘) ur*gur/ 't)
The EL equs are fhes
_d[aL oL _ by 4 dlp, 1 2L
at Lou, on, Uy b ou, L oul
Mo
(oL, foul)~(Olgfous) & Ols
b S Ox ouly
and  wrihn
’ (Sl 1K
y Ma‘»}-l"”a' = 1 . /M
La-(“o-,“a', 5 ,‘t): E’Z(M"')uo’) Ueri ~%e 5L ’t)
b / /
_ 1
B EUZ/M’ atu) 9XM/ X/'i—)
We have

N =f//zf/dx Llu, du deu, x,t)
and fhe eglmfiamf oF motron

2 [, 2[%K) - 2
5t Loau| T ax(ooml — ou

More ghout this c/fna/pﬁ’y 9 ot e lectwre notes.




Lectvre § [oct. 73]

o \f/"lﬂ-// ﬂfc///ané'a\n; 5,_/,1,,‘.,,“/‘7 : Mﬁy be Ml//7l'l e

fb/U/‘tanS
. : , ol
(o) /,',,,garc%-f_ asouf‘ gﬂt,w/‘,érmm 7 / O 6"_7 aaf_vo_
I ﬁa’ sefly,n}
(+) obtain T and V moteices
EEEREi) L 2 bot s
Io’o—l f &ﬁrafio,, . ) ov! - 95—0'&?“" 5 fym»@)‘nb
Lajm«\jmh is f%em ’ ’ .
L= ’,2 %' ] V)lrvrr’ Dov '7)}

(2) SDIVE P/N) = O[E’/’ /bJ T - \/J = O 7£ﬁr‘ no/m/\,/ Mzw/e
freguencies . Pl) =a, N MM NE V-0

(3) Fn encl, LJ 5'olve (w — )50(” O . The
OVBMJ/ )anﬂl 07[ ¢ 51 M/é?" um/ﬂ%&/mmf’ol

(4) A/ﬂe{sﬁrc/ it W, .,i.u , Then

AP W T 0 (Wi

J
:D@jehefov‘w Ejf}hwvlues t vSe Gram - Schwid+, T‘]
Now r’\drmullﬂ’ (‘-PHIQ’[JJ> = 5 k
U) A t ™M
(5) Model matriy is “/’ F&ﬂA T 43Iz
lz\ofm\ modes 1), A,,_J 5,5 %52 J,,qm 5=3Zf-3-;/‘4
; | + 2+
§0 A'l-'-l—'/_\ 5 ﬂ_ / AtVA dla‘\j (W“ U f@mﬁu'n:ha



/é) L_ [n '/‘Ber 0’][ ﬂarm&// /VLM@[:
L= "j‘?tTj ! %7”/7

I g:t/Ai/-) ! t[/l V/ll
Z [5) - W 5> °) = fJ’Fw’f

)

pEAls

So ‘H'l@ mormw/ MD&(GS or € &‘/560'//‘9/&{ /
(¥) Solvh on -

f-/% 3>/0) coswt +N f[a)gmwt
\/)U/o) A ;/0 )-70_ [o) = A, f[o)

=2 53/”) 2 AJf (XL j/”)'A' ALY,
Al =LA f~/¢)

AT
>J/Z; A Cosuz‘A L) Ny /0)
1AL N‘) &nwt/] qo_,/OJ
aE CJenvf(;h)rs
l"/” Vlr' t '[_ﬂ. V]U' - V}ﬂ’ _)l/
10 4, e o (Ww-w'T+V)$ =0



P/amr friodomic _molocsle

= M 3
/\__/:L - /%1-?(3, J-}zﬁ +73)
4 DoF + 6 {080 K k
Eﬁ’u{li!ﬂn‘um " f0,0, 0,0, 0)0}
M "
be
KE is C’f\Sj [X,,/,) (ﬂlel}’z)
T = g mlRegiesisgie keit) = g Z i
IR M O
2 2
PE /s mor? cblﬁlep:j,ng/ U:ZI [{Anﬂa) +/D{&3—-C‘J
2
= (a0 x,) # Lys- /,)2 +M'3"0\J ]
z; > (~5+%- >‘)2 /1“4'73 }/z)
a’ /44-)(3 /'/3/! + Y3 7/)

2

Note . NA[’M Kl,z,3 "'7//,1,3 =0 ) al,J :ﬂt ‘VZI#\/
Expand +o Inthr order 1 gdz -

Aig = A+ Kp =X, + ... -
0{25 - A - = [)() )(Lj - [7/3 7/1
dy = & *z_[xz = X) [75 /’) h

U= lzk(xz_—)(())"‘( é‘k/kz“xg'}"m },},_\/3 /2J2
+élz/x}-;<,4— Bys=45y,) 0k



U= 4k (y-1,)" 3“‘/'73”15”575 ’/?7‘/J2
*él’/75"7: - ‘/3_75 - /3 7L) +j/7;)

5/4
o “
\/ﬁf’ - &%_aw_: Vj

= b

b X6
See §5.9.3 fo com/)/ef-e SoluFon .



9
Lecvre 9 (Mn.2) — —Sed—ee
\_4 *;l’x" X
Sﬂg}emz SJW“nﬁ of Mass d@wSlé /A/X) andl
’f‘CWS"W\ T(X) . lwg?"‘ﬁh‘f‘ﬂwﬁ()us S‘Aa‘pé /s j/x,‘lf').

Differenthal KE -
2
dT = ‘_L_‘,M{x) éﬂ%) A x
Differential PE (relo»h'«e +o L7/x +) = comst ) -
dl = T(x) dl = z[x){/dy +—ﬂly ——a/xj

ZAj"Manm aI@ﬂS‘l‘}7 5 A/

oZ ‘—}/A/X)(j—fg) — T(x) {\/H ’J‘) J
ASSurm'hj \%Z‘I((( | = ‘Z‘/Aj{_ - Z-y)(

EECIL// ﬂw‘/‘ 7£av'
Tpl o5
‘j[‘jb‘/t)] “tfou Io‘y OZ/j’ 7t;ﬂx ) X,’L‘)
1 7Ca

F/rST /61‘"5 Conﬂ‘pler‘ wLWﬂL /‘5 n@%;!a:/j /A 0fﬂlar ﬂrﬂv'?L



’ﬂa@ bo unolﬁuy J'&‘MS .LO‘H'; Vamiflt- The 74‘\(57" bowua/ag
tecm vanishes when 5j/")“ Syl ty)= 0. The

SCccmﬂl tform vanishes p/Aen 0(‘7 vanishes mL X=Xa, it
Sor all fimes t. For the cme - 2/"7i Lzgt,

we have 8L/8y, = - T Yy, ﬂ)u;) assuming T/Xau)#0,
the condifon ﬂx j =0 af fhe ewd pof/s‘B MLANS
8'}'{’13" (i) jx'O ov (it )5j O ot cach euvfloomf Koyh -
We “then have fhe EL egn )

w’nch\ f’or ovur (ansé 7/:’6/0/5
) 0
37[”%)5%] /A/x) "7%"
This eq,ua.huvx} F/ur ~+he Spaﬁ‘ﬂ/ éof/"'dﬁ'\’f 5””’/’%'””5>
30v(’,rm$ 4’[4@ 0/‘71"01""';65 O‘Jc the S?L:’/hj. The fz’m,o/e,sf
case (s when nlxl=pm and T(x)=T are both
COY\Sf'an'f’S/ whence we ob/’gfn the Helml)o/f?' eg,uah'm,
DrLI1dr
‘E{ 'jtt - yxx ad {5;7 L atl)j/x/f} =0
with e = (1)) 1? ) phick hos unifs of velocity
77—:'5 CQ,UQ’HWV\ may L(" J‘d/u/@é/ (OMP/€7L€/3/ aVW{ 7[0!’
afbi‘h’nw‘j bouwa/m_-y cordifions.,



DAlembert's  Solvhon

Debvie The vaviebler uz= x—ct and Vs x+cl. Then

wove operador 02 o 2

7—)’)U5

2

-a—_?— =0 = ylu,?) = F(u) +j/U)
ou oV

with Flu) and 5/#) arb[-}fm:y FunchmS af of ger. So :
5[x,t) = Flx-ct) + glxrct)

r‘fﬁlq-]-- mover  left- mover

Now I(?’/"f ﬂ.’oP/J Some 14iPal CondiFms :

Ylx,0) = £(x) + g(x)
'Y lx0) = ~f(x)+g'(x)

Tﬂvk«‘/\j The ypguj'{p\/ dar'ivw‘h\/e 03{" e 7@‘/'57" Cgl/o-/)'/”



7[6[0{5
Yx(£,0) = F1%) +4'(x)

and ’h«u; we. have

LE)= Ziyx (3,0) — —’—jt@,o/
9'6) = 3 jx/5,0}+ 26 4:(5,0)

Now oll we need 4o do is /n)‘fjrw/e j"[f "
}/§)=27(§o — foli jf[?’o)quc
q(3) = 3 y(50) +;;/d§ 4, (570) -

where (= £/) - %ﬁ/o)O) E —’j/o,o) —J[o), Thos,

XxF+ct

Ylxt) = [y/x ct o +j/x+ct 0) b fdfgt[z’o)

’ﬂr\us e /'m\/e A .Sol:/%on 7L0r A,// I/H7L’0v/ Candﬂ‘)py;:,

Hami [fonian dew 5[;%

We define fhe momenhm dousihy as g = AL/dy, .
,ﬂr\(’ Haw\}Jhm'nw p((}wg;'@ Ky -7"145‘,, H = 33{_ ,_DZ )

Typically L - -é/uﬁ —- Uly,y.) , hence G =AYy and
2
H = g;_ + ﬂ/y,yx)

EXPFESSEJ in +erms of Yy rother than g1, e hae



Scrath

H[x,d:)—— I'z[‘j/" féo 7/Xf5750 ]

xtet
foliyf[z’ 0)

)ﬁ ct

Suppese  y(x,0) = 4 xerz ) ytfm)'

J
Then /_\\(t-—-o )
Y/ Y/ |

= 1=
y/X,H (x-ct) ¥ (xrct)'+y 2 © x

Evolvbm -

AT A




e &/)efgj O[l%!ﬁé,
E(xt) = iz/ngt ¢ Uly,g; x)
The engﬁwﬁ of nw%bn are
9u 1 ENE”
/uyff 3jx) O
Nﬂl«l no‘/'e ﬂm‘/‘

oL oU U
5F = MYede ® é}"'ﬂ TP

= - 9 (9 U
P = p9ugeet 2 (5] 9,4 2 gne

D]f )
[ayxyj - Jo 2 =5y, Y

where 1, is The energy curramL a/ory The string.
For the Case M yos é‘?ﬂi ) e //)Aveji.: -\Z.\%(j‘t"

Node Aok
P [e)=EL”

Je
+~—/—~:O )
&'& C9>< g [\Jg]:ET

which is he con‘h'nuin egua'h'on For engvay. Thws,

"2 DJ' (x,t)
/C])( E(?‘ &X jz[xl) Jf(xz,‘t)
rode tn rofe OUT

——}—h—_-——-\——?—‘
Jelx,t)  xy X2 jz[*u't)



FO(' u - —'it—y)% M/‘%L) /,1/){) :/I/t and T/Kj:z— Cn‘dﬁ”f/
) = flx-ct ] + glxrct) we Fnd

Elx, t) = T[f’/X'CHJZﬁL t[g'/xﬂf)]z

jg[X,H = [CT [F’/x-ft/jz-a' [j’/w—ci'}]Z

Which are each syms ove- r,;7A7‘-~mav,',27 and Jeft -
Mvanﬁ Covd‘r/buﬁons.

Exam,,le . Kle?nvaaddw 53596&«4 V/%yx) = 2‘- Z'sz +%/5:jz
Then € = gyt + 2Tyt s 3Pyt Egns of mobirm:
O é//tj_i_ T ﬂ/j,gx) =

U o [24 ]
"y T MY T S /ay,) O
SRNER T AAEEA/ EEA S

Thus we have

az_ L L _aj) . L . ME/E
(sz crott)4="3 7 Z
This is nif fhe Helmholfe GGl [i+ is The KG egm).

,Dl/\lember+l5 Soluho does ot Perﬁu‘n. 57’7//)

U 1
S g




Momen}t/»’h ﬁ/./x d@mﬂy Aud M!S-&Mﬁfjj 7l6m_(ar !

= 2 . 1 z . < o
E- ‘é/ﬁﬂ% + zfyx => ;—)—(— = ﬁ[/lﬂyt:jX)

: "}V Cu./‘ré”‘j- |
77/)\/5) wh Mo M ENTVM /,nomenfvw' f/m d&u!ﬂb

F M s - x:ﬁ
jﬂ' ) rYeYy 2

Ov 9/, TMV =0 ) where T'MV /S The stress -Cnerjy
“T;V\SOY'. Noie ot Nva/E /_/_ano/ j :/“‘71,‘ have

the Same dimpngions, [T is the momentvm dev nﬁ along
The 57Lf‘flr\j while 9 is 1he mowgntva olémié Fransvevse

To fhe Sf\fivzﬁ. Gemgm/ vesul+ 1

m M
T,MV = ala Dyj = JVOZ

5E ﬁ NS
-1 F.(c Ux V-4 T )+ -z,;fg'(’CVXE)



57‘7-855—61/13?7 Fesov 1S
é —C‘\(S){ "C-IS} "C—’SZ

—# C""Sx O ex 0’)7, Ox2
V -
Gy e P T2
C—lfg O—zx 0_2\/ O3
o ith
1 =2 =
A = S EE L BRI ELR
) 477{ a9 B'BJ’LZ[E*B);D‘J
which is fhe Maxwell stress Fensor. Moo
roo_ _ _ /1 T
Q/AT" O ) 9/»‘{2&;‘7)

o Refection at an /';47‘75'”7[&6&
Considtr o Sevni-infinite shoing with x€ [0,00] and

kx:‘o

vl yloti =0 ¥ t, We write
y/x,t) = H{x-ct) +g[>< 7 I +/\/
and impose fhe !povno/afj condi o afx=0 :
£/-ct) tglatf =0 [ = £(3) = ~ﬂ/f§) ¥ g
Therefove , we have AR

y/xfl') = ﬁ/Cfﬂf) ‘j/cz‘—x)
~ flx-ct)




This is the 5&/1&@/[ 50/,/—}—;‘4\/;_ Now SU/)/)ose 9/5)
resembles  a Pulse locali 2¢4 provnd £=0.
TIn Ahe di stant Po»&}-) T D —o D ct-X —> -0
Hence no COV\JY‘:[O(/'}‘:'N ‘ﬂ)m r.'SH— mov ey «
MR AT
o Ed _Zﬁ

How about fhe lefd -mover ? Se+ ct+¥X %0 ~
)('Z—C‘t € [0, ao] . T.e. inCaMinj le'g‘—mw(’/

a—+ X = —C-t. FOV‘ 't—-) 4+ o2 ) C‘L_'f‘x —> o0 =)
lefd - pove- is gme. ct-x =0 S x=ct ¢ {0, 0]
T.e, 0u-}-3o“mj rfj ht mover at x o ct. Sketch :

|

|
X=0 X:—Ct »=0 : >
t - - t—=+o0
JNCidbnT wave veflected wave

Suyb'oose 7n£7L€£x0/ gxfo,-b) =0 ¥ 1.

EREEEEY;
EEBAEBRREE ThY }o

Must Vam'ﬂ‘j Q Lreo

ax/ayx = —TYx > yxlo,t)=0 ¥t

1

v



51%/96 of S7LFM3 ;

y/y.t) = Flx-ct) + glct ct)
5,([)90) = 7[’/'-(“:) J—f//C‘f)

Thos $(5) = -g'(-3) . Tdegrate + g0t
F(s) =9/-%)
So fhe mepf /s
fj/x,t) :3/c£'4;<) —/—ﬁ[ch»x)
Y lx,t) = j//(ffXFﬂ’[cz‘—x)

= D leBM X = 0O

o Mpss Pd;V\7L on  H 5‘)(//',2? ‘

X =0
W

XL0 i Lrj/):,‘L)—'— 7£/ct-x)1—j/€f7’- X)
X>0 j/X,t) = l/)/[‘{,"X)

In‘}ﬁrprﬁ-/v\,‘hm : jc = fncidpnt wave
g < vefleckd woave

/0 = %’ﬁnfmf;l’/fﬁ{ waC



Newtmn's Jaw for moss af x=0:
ng/O) t) = Zjl/f/f)—zjl/O—/’t)

ijcw\}‘muavj y/[olf) :y}c /0, ) = Al lewhon o/‘m.
Fothe-mue

fjl/o £ f/ci j//(’l’)
ylfolt) = Ict)
Cov“}’)'\qt/"fj > j/o'; t) =j/o7;71‘} =)

hict) = £ (ct) 4—j/cf)
e [ cdl [

hiz) :7&/3’)4—j/3’)

£5)14'3) = H;;C'; 9'(f)
Framthese , get g/5) and h(5) i Jeoms of £ls) .
F_OUF(GV 'I*(‘o\ug-f-afms '

- "° b
LIg]) - fd” £lk)e ks ) :Fjole/X)e J

Deptives wrt { rep lnced bj k< £lk) et
Then we have

Lt iQu)§e) = K F)



hik) = #(u)+ Gw)

with @ = 2z[me> = dp/m; (6] = L
A pim; (@) .
)= 2k Hli) ) = Hm) £ )

with
7 PRL SR 1 LA
e =S k) =i
Note ‘t‘= [+ Smce /x;:ffj.
5\%()( o Fromsmifed one :
n(f) = [k £y F(k)
- [de t(5-5") £15)
’t/f*f)) | J‘ZLZ_(;_ i_[k)eik[f’fl)
anof ‘Fo\f Bl .
RS AL
be—1Q
find

AR Qé’—@ﬁ-f{/@/{’f’J

© t(i-1)

0 3-5!




Lecturt 10 (Nov- %)

RéCﬂL// we wereé d{'SCUS§,'/, /ﬁe @MﬂM/’CS ﬂfﬁ
S%n'n(r] [mass d&mﬂ@ Y, Jensien TJ wth an
attached /Dm‘nzL mass M al x=0. We wrofe

meiolent veflected
y/x,i') = Flet-x) J—j/ci’f-x) (x<0)

2 h/(ZL—X) /X>0)
‘lL'r"AMSMIlﬁfd

A x:=p , we have F=mo for he mass Po/'nv"/ /. 6.
mjj'[o,—l;) 3 Tj I/ot t) - Ty’/o—; .

05 well as COW%‘AU;? ﬂfo_/t/ =j/o7‘,z“}. Expressed
In h’rms of the ncfions f,ﬁ, and //)} W€ Iqm/e

F'l5)# §'(3) = = 33 9'(5)
F(5) ¢ 6(2) = h(2)
which we solved by going Fo Foucier space:
£y - S by e S J - [ geye
ete. Moo £-k)= 20> onee £5)e R. We Bond
Glk) = Pl k), hik)= Bk F)



vheve, with Q = ,:?CZ; :%‘_’1 o=

k 7 /CQ
r/lz} T TCP‘ , ‘f//‘)
arv ¢, f/édvva/y) fhe nf#/fcfwm and transmission
85 Mote Thot ‘ﬁ'//t) =1+ V//t) NA/C/) Folows
dlf@c'f’/ from he fm’/‘mw re lods on lq 7£+j AnoTher

f€5UH‘ IS Mﬁ\j— r“(,____' ; b
[Pl 15+ [y = 1 "m0 |2

e coll RIS = (206017 and T = [R0)]S e
vetection ond Fransmission coetdicients . These

are the mdelvs squaced , respeervely, of #he
rff/fcﬁm/; az/m/ FroanSs /s am/;/, a[zj % e

Wiy, nofe that Fl-k) = Fe)* and El-k) = k).

Eneryy
The Ewer‘ﬂ in The 57[””5 /S
E sheing (£ = JO‘X [ 4pie Ly }
- Lfdf )] Zfdz‘ ([j(fu [63)] ‘)

The 'f‘u‘/-a} enc% 07£ he fj.fylﬁm /S

i
i ’ Emafs{'t) = Lmc? [L‘ [C'LL)J

2

E;#lh\j 7L mads 7



X <0 f'-céfxé[cf/wj
))/:C£7")(é ["OOJCQE]
X2 ! f = Ct"X c [\——00 C,Z-j

e

a Fooraimi e
~ A W
27 S k-L")



Le%’s eml(/mLe the +otal enery Y m The [mits Fotoo,
For 1£] = o0 A = D becavse we assume. The
Moss  StarTs 74%'“ l/€5+/ and bj bfe Fmes iF hes
Shﬂkﬁw Df‘p ﬁj ‘/1’18 emé’rﬂ /'7L ﬁ(g;u,'/fo/ S A7 V/%/'A%?'M
of -the smnj So we have

EJff‘nJ /d? 7"/3’ =1 kzlﬁflf)Jz

E;H,,.J/m)-rfxf/[gvs;p[uﬁ]) jdk fgaf

1
j L(lr(uJJ 130k) | )l,f/z, :gw.nj/,d,)

T Fact, we am show wilh a bit movre work F447
Elt) = Ef,v [-o0) fov al] FImes +e R /nC/w//ify 7he

(’d\"?lﬂbVJ?M 74—7,,«\ MA{{ /f) I.c. ‘7Lb7La./ ﬂmﬂryg /'S WS&"VCLO-

o Back +» real 5,94;&8!
We have

[§) = f 2% 3ue) fik) e fdf[

Jc[chf;l‘[gﬁgﬂf/;f)
jotf (- f’)%/s’)
Nl’ler‘é t(_f-§) = .51— t[[(_ E,’é{f—g’}

— N



IS ’qu ‘}'Vamym/r{im /Zc"rmo// I ;/e;v/ J/MCE. For ovr s,

%(k) = ——1;—"—’(%)— > t(5-5')= Qe“@(f“f') @/Z-—i’)

Note 1haf 7£w A §-fonchm pu/)’f 7[/3') = CXU) we

lfmuz’ ot t I\

f(s) = CS§(5) = h(5) = Ctl5) —5 P
9(3) = c{o(5) -t 3)]

50 ')caf ovry C)caM/J/E)

hict-x) = (0O €
S0 414@ /ﬁJLﬁ 7L)'/M€ Jéa/OF 07[" y/x,‘f:) /ookj ///-ff VLYES

(<o) 4 J (t>0)
i i Jﬁ

° 5’“MA7LU’/‘)<
Consider a move ‘961/1&"&.// .57Lml-€ 07[ ﬁ#ﬂf‘fj '.
i  flct-x) I hict-x) ovt
— R —
T TR
<L ) ——

ool 9lctsx) X0 {lcttx) ¢2



L\ow%'nw'% at x =0 Sayﬁ )[/3’)—}-3/3)): L)/f)?"/(f)
New%n's fow F=me 7[av- 77\(’ mass Y2 v (s Nnow

milo,t) = T [yldht) —y'lo7,2] - K ylo,t)
which Say}
me? [£405)+9"(3)) = 2 [£6)-W1s)- g15)+$ 2)]

—K|£(3) + 9(3)
Now 7ake the FT [ J J

Ftkrs e} = bl + i)
—Mczkl{ﬁ/k) +§[k)] = ITk [Z/k)'-sz) ’5“‘”’7[/”]

—k [0+ § (k)]
,D/'W.&/(’ Now bj ;?lMC’z/ p)/’H')
2 % onids !
0z % Pram @)L

to obmin /SUp,orfssfnj k. in 72//&/ efc)
')zz[;ﬂ“j +L+ZJ = 1 Qk [[—Z» —54—72] —Pljﬂ/q%jn+z+2]

The S-matrix velwtts 0(/'/3079 states /E andl 9)
To e incoming ones [72 am{i). We have

N N A

i) £ - :/’)»j’\’



and A(k) N
—

L. T ] 1ol [
i) (K2 -P*) (F48) = — (ki -P*)(h+5)
IM Mn?LfI‘X 7£0fM y

SRl
(/\ /\)(E A=A

where Alk) = k'riQk P Thos A
b { /=N () 1—1)/f)
[5)-- 57 (1 )la Al

1 [ A=A /\+/1”‘){f)
] '—24*{/\+A* Ant Lo

Vi
S/ /L) = ‘s Cﬁ.‘”’ﬂfl‘l"j motri x
Henae
(k) “r‘/k)/
St vlk) k)
L
A A kz.—PZ "k
r/‘i = Ik - | — > .
) r/J LL"I.@/(’PQ P"’D )4"1@
7 A Op I
ey AR EEL i

- igk-P> Poo k-iQ
Here 220! god 4<% dve H %me—revarsalymmav‘vy,



Mote o () £(k) = 1 + P lk)
(i) 1efe) )t s | eI =1

Te Lrst of fhese ajou'm comes From Camﬁhufvfy of
ylet) af x=0, which says

Since e irputs

Musk have
=1+ 706) , BUW-1+70)

fov ol vedves of k. The veflechon and Funsmission
Coptbicients art

7 ~2|F
(R(k) = |a))* = ® /sz/'zp );k_,_
Rﬁ—T:M . I;Q
LTk = ) E)]” = A

(k- P*)% + 2k

‘..—-{p 0 lq_ P
/\/0+C -Hm-l- 5@7‘/7145 P—>0 relovers ovr 'pref/aus f’é’fd/fs-



Alco note Hhat VVW\KI‘/"U‘il\/g T/k) with resplct
fo k yields k*=P*, and fhat T(k=2P)=1,

o Fnite Shrings Renodlli's method
et X, =20 and Xz= L., weth 4/0,t) :y{L,H =0
/%‘xed emolg). Aja/'n We e

y/x,i) ~ Llx-ct) +j/x+cH

Tavoking fhe BC af x=0 yiolds £(3) = -9/-1),
hemce Wwe have

y/x,f/:j/d’f‘x)—ﬂ/cff—x)

[/\/G next ﬂl&’hﬁnd 7/L,z"} =0 / L\/hl'CL) y/e/ﬂlj

glet+L) = glet-L) 2 3[§+2L) =4(%)

NAI'Ob Sa% %&»7L ‘7/{) )S /DBV,‘aol/'C wzﬂa /Derr‘aﬂ/ ZZ.
A"‘7 such Per-:'ao/fc Sonch o /me Ae exprfsfé’_q/ al
A Fourfcr S&ch’&) Vi2.

q(s) - me {%ﬁw [sz) + 115"“/2?)}

n=y

The Full , Pme— depondent solvfina rs
fhen jf/% kj



An 502&3/32
ﬁ[x,—t) :ﬁ[c-l——rx)——j[cf»x) BME\/”/Z/ML A

= (/ﬁ:)wé‘s/ﬂ ﬁz_@—){AwCo;/nTt )+ Bn‘sm(”zcéb

N

" nmct
We define :—CWCOS/L_ +¢H)
7 2 ‘/2. N7t x
ke tT o w, TS ¢,,/x>.=_(/—;[) ipriss
b ne {12, 00} . Thos, ol = (2ut)" sin (h)
lqé‘\s [H-H) nodw/ /ocm‘ecl ol )9/W :J‘L_/y,,rfyrjé‘-[al‘../nj.

We %Vf%&f 0‘[6][\“3 1he jfmane~ /Jfaﬂ/vofj a : n=3
<¢>lX>5/xfotx¢(x)X/x} T N

there ¢ i X owre real ﬁmc/‘l'mr of x¢/[o, L] 1haT
5&3‘)?@ 4’[0):4)[” =X(6) = X[L) =0O. ODouv basis Fonchens
(Pm[)‘) ave d\fﬂ/\ono\/‘mal with V‘UID(’07L7LD This LP:

u 7T
<S[’MM4> = %jolx Sm['m_z_)i)m {%x,):o(m”
0

FUrJ’hC/wwft’/ Ahis bagis i CM\,OIC'/'E , 1.0,

o0

rL ¢ [x) & (k') = Sx-x%")



We may crpress fhe constants {4, By in evms
of owv jnial condi P ons , iz,

yixo) = 2 A hlx) , lx0) = 2 wiB ()
Mc/%py Mj bj//tsbl)() m/w/ /nyl-eﬁf‘ﬁvbrﬁ over [0 LJ

A, =/,«/dx7/x,o¢mfx I /Aw"fo'%j/mW/X)
r /0 I {ZLX/L P xe[ou_l-]
A j/X’ °) 2b(L-x)L f xe[3L L]
&Ma/ j/XID) -0 {V‘E ense Sf*f'rjff'am fo?l'). Fond

ylo, %)
An = ZZ/AL)/Z L/zbz 5’”[1”7]-) /R

TN o X L
)'/L. qh (-1)
> [2k#1)?

Alse B, =0 #n. Note 1hst b (x) =4, /L XJ
IS ool d uy\ﬂ/ﬂr /87‘/66/)/14 a,éwﬂ"%dmlﬂf,ﬂa/nf X= 5
wherens ovr bl (:(mdﬁat"j/}‘/ 0) ‘ﬂ/L ~X,0) Lias
even- Herehs a sef of

""’“‘j” UJ[ the evolvbon :

This is fhe dlflemberF

solvhion ex}@.,\d.‘.tﬁ j/y)

fo the eahve veal [ime,

With 3(%):j[x+2[}:~j[,)(),

/- €, Azh =0 and AZL{H = (2//\'—



Lectvre || [Wov. 7)
5/%/7L Nl% ’/%tf Lﬁj‘m”j/‘aﬂ D/BV'S/%

L = ;,"/A/x)j2 —2’- r/x)y’z— é— v/><)‘72

The Jnst ferm [ofrf)’panﬂ/,( +o A havmonic /ml&h/)'&v/
aH'm(/‘bInj ’HﬂP J‘/Y‘,‘r\é_ at CAOL: X Wt/d€ 7Lb /X,jro).
y» 7%\67[’ ) [ F

//*/X) =/1/U+M5[)<) ) plx) = KS(X)

e, e retoen 1he /amé/ewz of o ﬂr% w1l an
ﬁ#ﬁé%f&l po/ﬂ?L' moss That /s Cmnf’ml@;/ L e Fd,'wf

(0,0) Lj a spring - The £L &
egum‘w‘m; art Fovnd +o be \/E\/
2
? 93) LR 1ol
___J;J’Z’/x)é,;. +U/ )y ~+ //'/ ) D42

This (’?,um’vw /S 7l7‘mé—'7trnn{/n7€-m pavar s ot éGCAUSe

‘/ﬁf [oev%'c'lawf‘s ar€ AauTeromous //'-€' Z(x), y[z))gma(///x)
010 VM'I‘ alf’})emﬂ/ on hme f) . This means ﬂaf' ﬂle
PM 7'*'(»{ dl’f-ﬁifomﬁavl oF@m*l-or / PDO)



for WL\ioLl E;Z tj/x,‘t) = O/ Comm uALs wn The
PDO Yot ¢ [Q,Y0t] = 0. This means fhat
%e So/u—h'aw; 7Lp (T)j//f/‘f) =0 Mar be u/f"vl/'cu oS

Ylxt) = ${x) e LT

Fu\ffhffmo»f?) shce L7*"[)(/7’;) /s a fa/-/%'rm) Then

e May wori9e
ylat) = tx) cos [t + &)
We ave left widh fhe egvibiom
K 1) = pix) w* $x)
where

NP i )
K = E;L/x)dx+v[x

IS an orq'/'nm:] a/z'//ﬁ/ﬁn‘ﬁ'a/ ﬂ,oerm"aw- /ozw).
The fg,uaﬁow
K¥lx) = - ;{([ ) 2 jff’] + Vlx) $x) = plx)n® Hx)

(5 /U)OWVP AS 1he 5+urm—LioUVv1le E?U&‘\'ﬁas’l.

The SiMPIES‘J' ‘-’)‘W"\f)lf ’s whean 7(x) =T and /u/x) = p
pre consFants, ond vix)=0. The, /2;_70(__2,
%



ond 1the Slvhams o T SL Caun ane of +he Sform
SL/K) ’—:Ae'l/zx

where b = pwifz = w¥ct with c=(7/p)"

= Mave 5/9.420‘.
T.e. V(A = Aet;NX/C, By j/"/ = f(ct-x) +j/(f/—><).
. Boum/ary condifons — We consider Four classes:

O fived cmpf]aainh : l,[)/x};O forr K= X R

@ /\/m"um[ : T/X)‘L’/X) =10 - X[z KL-,R 3'v g et
@ Periodic i WixrL) = \bix) where [ = x,~x,

[Also requive T(x)zT(x+L).)

@ Mix(’d howo Cnlo Vs : odL/X) +ﬁ}0l/x) =0 fof X=XL/g
[.Si\me «,p & both Bﬂﬂ(Po/n/’S.]

° EIBGV\J:W\CJ';M ?"'0?6/"}';(?5 T
/n\E S)L @f,,uﬁ'l‘\'m (S A B:'j BMV@/UE eg}uwﬁ'wi :

-2 [z th(x)) sl b(x) = WPl bix) ()
7L0r- Qa jiwdn choice of BCs. 5u/7/>DS€ We have o Secowd So/%

—-A%{T{x) %:“/XJ) t v/x)¢M/)<)= w,f[}A/X)&Lm/KJ (8)

M(/H”,olg (B) lo:j k,*/)() and [Aﬂ ky %M/X) m\o/ fu.énlfb‘wt-‘
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o HaM¢'I7Lonian mechonics

Recall that Hla,p,t) = L pody—L(g,4,2) s 4
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o 1f [MH] =0 ond 9B/t =0, #en dAldt =0,
;-6’: A(Q,,P) IS Q Car\{ﬁw#' 075 #pe /!4076'0;/).

o If {AH]=0 and {BH] =0, fhen by e Tacobs
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oll fhese imvges oce disjoint. Then

INE Z \/o)[j"lﬂ Z vol (R,) =
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-HGPP&’S LJ[/H‘C(A -P/Uo eacl Sla}h 7Cvm 1 +D\L or Prom
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ond divide Jpj sinlp v ﬁﬂ”]’

(3] -8l = o [0 4]

— ~—— — -

ole)oemalf 0”5 on @ de/oemdf ow/j on v
Same S?‘D\/‘j . We cedt

OW 4P
(%) ,‘2174“/'5@@) FBIOM g = s = conctant

We are now et with

oW, |% A
(v) _{“(ar)+A/rJ+Ti:/\l

-

A
(r')?

+/§:fd3ﬁ — Blo'] - ﬁ\@’
N =

5(3,A,t) = m,—d f/\ ~Alr') -

-\




Now diffecenhate wifh respect 4o A Ay Fo obfin

e ﬂf [~ At -l“zfl/z- ¢

r')

1
)
%)
=
0

~” Na
(2) [, = 0o —/EJSmZﬁ‘ I:A -B/6 ) .S'MZB

+ffd¢ rard]
r(t) iy,

/
s fﬁ/dr[ ,_/\J
[3) /-_; :a S )] (rl)l A A[ lr')2

G
=146’ [/\3—8/9') -

V)

—1/2

-1 Z
Na /
5-/',029/

O"W[@f 01C Solvbon
1. Tovert (1) o obfain (1),

2. Insert this vesult for vi) into [3)  then inverf
+o obTain O[1).

3. Tnser+ Ol into (2) and javet fo ob7ain ¢/‘H

NB : \/ﬂ@ir\j the lower— Limits e /nwtfﬁmlf in (1,2,3)
")Uﬁ' cedebnes the consfants /7)1}3



° Ac+|'on-—,4ng’8 Variables

In a4 Sjsfem which is "é’omP/a@g /h#ﬁrablell , The

HJE Moy be solved Lj 58,02;/&7["014 of variables.

Eaclr momentom Pe s then o fvch on of i cﬂlq/'ajm%
Coovdinate 45 /D/u; Constants : Py = a;;: =/Df[%/ A).
This Sabshes /’/,[gro,,p(,) = /\0_, The level sets oF eacl
HU(q,U,P,,) ave Cuvves C,(/)\)7 which oescnbe projechon
of dhe ful| mition o The (44, Pr) plane. We will pssume
n 30‘4(50»/ %ML 7%6 Mohon 15 koumﬂ/ea/, whigh means

onjg Fuo 7’3/965 of ,DroJ'@chec/ wmoh'on ow® Pof:iéle :

l;bror]\‘ows - Par:‘ad/c oSCr//ml)'aws about an eg,w'/i!?rfwv

fo‘thOVIS . M u/l’h'cln an @an u/af coarp[/'nmle o\dl/awéef
bJ T In pach Cjc/f

2
Example Simple Pev\du/t/m H/@ﬂ):% +;?/—I;,)2//,50543)

vofations . E> Tw? Pd

Il'blm‘HOViS.' D(E(Iwz /\\
SCFMA'IY!'X : E=Tw? | / i
Gem&fr'ca//j, each Cylh) -3 \ﬁ/ T e
is eithey @ lbrobion or \_/

a rotution

)

A

/
\







%pO/ojf'Cm“j) ,_1907% /f'!m/m’?'om( amp/ roﬁﬁ‘omg ave

hOWImLo//‘C to /: (/Cﬂw ée Cow?lfnum/f(/j p//‘g%r%&?/fo”)

4 5/%[/5 ) S'. Nofe %o(/j/v %ML 7%%7 cannot be

C(Mf)'/wo'/S/j 0/1’571?%7‘19}( /"’)7L0 cath 07%//’«/) Sm 2 /zét/mébm

can Com{{nuousb be 0/37[()(-:/1/’8&/ +o the /Doﬂ/ﬁL 0F Slahe

€flr(/i[1'19r2um/ MLH‘[(Z f‘o‘fa‘}*)'ar\f CﬁVMO?L, For A fjﬂ{em

with n Freedomss ) e mobon (s faus confoned 4o n -Fors

L 7 C, (A

=S xS'x - xS
/; I

~

cl(/’\) n Hmes

TheS@ ave m//ga/ ;nVarian‘/' fbr/'} bemu;e %;r a 3,\/814
sef- of inihol COV\de'amf, Hie mshon s Condined Jo one
coth n-Fovvs, Invaviant Hori never infersect!
Note i PL\&SQ SpaCe s of dimension ,,?y;/ p\//)/‘/e e
invar, ant Fori , which A1 Plaase spaLe ) are of olimension n.
[Think abost fhe phuse space fo fhe simple poadvlom,
w‘n(clfl B hpolojim/{j Q Ey/:‘no/er, Coveved ,bj Jbradrons
O\,V\A / ofd o v/llliok f’l«eme/ves ave -JDPUIOjfca”j c/'rcles.)

AC"';OV!-anJ’E variables ( b VT ave a sof of coordinades
[gzj ond  mioments [[f) which cover phase Space wWith
invariant n—tori. The n achms {J,,.“)j.,,i Stpe&/'z[y

A Fﬁu’"f{cd]ﬁf Vl/7('0\fUS) ond e n a.y/ef {qﬁl)m)qﬁ(ﬂ}



COOFU{MWHQ—(’_ eoach such Forus, Tnvavriance of fhe
tori means that

jJ: = o S T
Ob

Eaah Coorol/'na“ﬁ’ Qﬁo_ olescr«'loes 7%6 Pr?}‘ac*/fof moﬁ‘am
afouwol Co—) amd IS VJOfM&L/l\%O{ So 7%05/‘

édé}go’ = ATT /(mw, oo o] Ca—>
Co

Tl'l& Oljmamid D]L ﬂ,@ Q,mﬂ/@ \/o“/fﬁélé’j o e ﬁ/lVDM Lj

_OH -
¢0”5’f(; :Vo-(‘j)

Tho s %/f) =@ o)+ U A(T)E. The n %;uana‘es
f%—(ffﬂ describe fhe rades of whidh fhe cireles Cy

ot Hhmversed., ) .
-}\m Lechwe |7 //\/01/, 30) (']_of”’l"ﬁ'c"“llj”

- Canonical Hransformetion 4o am‘fan*anj/e Variables

TI’\@S@ AA\/5 .fOUV\(J jlﬂf&‘}"} V&C? /(47LU,'/7'\/€! BWL /40bJ 0/0
Ne 7€vm{ 7{’1’I€,Wl? Stace the {J}f Aetermine e },(’o,f
ond sz each 9 determines o Pa/'nj‘ (Fwr0 Po,‘m‘s)

(N ’ﬂ'lf e 03[‘ ]:'lomdiomS) on CJ) ﬂAiS J’z{ﬁj@ﬂ? Q 7%/@/1[




CT with 3&4&/0\?/‘0r /i/é,jij

_oh _hH
Pf’g”% % aJ;
/\/DN ;
3 I 3
,m:éolé}go_ :ﬁgf’(/%;)‘§°{ " 53 % Féfgg 4 P
Cs Cs Co T

ProceolUre 2
(1) Separnte and sove he HIE for W(3, A) = ZN /fjro—J ).

(3 Find e orbits C, e £ the level sets safisHy g
fhe condiFions Ho(a_ Py, AJ= Ay
(3) Tuvet the relabon J_ [A) = —f-§0|@0_ Por +o obtuin J/A}

(invert) |
(4) The Type-T gengrador Fo A\/f fs 313

£(5,3) = ; W,lg, Al3))

Lets now povk /ﬂ/;./ouﬂh Son € e)camples.



Heowvmonic oscillatp r

Ovr Hawu/ﬁm;al/; IS /L/ = /‘ '/’ZWW fl So ﬂ/l@ HTE
earuo»%av\ IS

xm(j(@:/) ’mwa,/\

We have

5:%}7/[79 )oj oleﬁm'nj
g = "‘"“)o = sinh S P“W&)SB

ord  So

jﬂ/_‘é‘dqﬁ;— 1. Sal900519,-——

1] D

We shll mest solve fhe HIE

C“/J Q-@L— A cosD - —"Z—/\’Co O - 2
0 =y op T i o0 U (07 2 Aees's

Imﬂ’yfm‘/‘e ’h 38-1'

W/B,JJ = Jb+ iTSM—Z@ + consd.
(@: cos"[qr/‘/-?w'/\(ff)_-} — l"//@/j)



Thew

oW | 00
(]S—, -—a}“ c+: B-*PZSM,?B{—J_/H—CMZ@)E," Q}

No v q = ‘lj'/mu/o ShO o
In 9 _L— 7
dg - 220 Amﬁwede > B oo fand

J2rmu,J 9
Plu%t‘nﬁ 7T ouv expression For &, ve obtwin =0, (net
mucth of & SUKPVfée ) /D/lus) The il CT is

qf:/l’jwi; 5m¢ , F:/zmw(,:f Cas¢

and he Hoamilfonion s H/(}S,\T) =, 01 [The
@gfuo\%am oF mohion ave

" dH NN i
¢:M:’A}o = a(;) - 0O

0T )
with soluh om
blt) = lo) + 1,1
J[t) = (o)

ond of covse V[T = W, {inalepemlemL of J).

© Plepse rend g5l 3. 5] /A/—\\/ For /mrﬁ'o/f n a éox)



¢ Imkjméf/f?& and mobon on ivariant fori

Rl’é’o»// ’ﬂW‘IL 2 t‘omP/g#{y ;}ﬂ’?mé[g fjj?L&M Mﬁj é@ ja/c/ea/
bj SEPﬁbfﬂlJ[)‘ﬂV) 07[ 1/01/1'0»!9/55) dmo/ 7%&#

HiG,B) = HIEF)= ALT)

0 QH

JD, T = &j{; = = J;_/f/ :j;./a/

b=t 2L L (3] > dler= o), )
0

7%/5, 1he ﬂwy/ﬂ l/ﬁ//'ﬂ»ékf &//\Vlﬂ/ ovovrd The jnvariant Jovs

ot constant= vates V. [T). While each ¢ [t winds acoond
s own civele / the mobh'on of The fj;y@yw a5 a ;/Aa/z will
nt be periodic wmless he frequencies v (T) are pumensooite,
which means that thece exishs a fime T (i.e. The ,per/'oa/)
such fhat v T = 2nky with k ¢ Z ¥oefl,. ,nf.

Thus
V le o

V—F, - ;;é QO A o(|(55[[),_.)mf

T is the S‘Mﬁ//@!?” S'UGL Paﬂ‘oo{ ~f {/Z,,..‘//r,ﬂ} have no

Common 7[:0»071'0»"5‘ On o j/“/@m 7Lofuf/ C’f'ﬂ&f 9.// o,—L[?LS
ave periodic or noce is periodic.

Ty terms of dhe Of;g/.nav/ {Q—U--‘)wai Coa\/pl/?/;ﬂ»)lef/



—n / [ /
n—+torus - NERIERNEREER
————

n fimes

Q OO0

Pl - Dbl BIE), i) bt j

(=



There art fve }oamé{//%‘w ;

[/) //'brm"iom ‘ af/f Z A/") //lqs(/t) m(’oizwéh/‘t)
le1” £,

A @t ’
(i) rotation %_/f) - ?_00— ¢U/f)+ ZBﬁ 4 5 §b/)€ Zn{é/f)
Y/
(//L\Bt’@ a fOMP/@k /Oﬁ%‘am n?fc//’)‘_S 1 Ag,o_ = ,?7’[?_2_.

e Liouville - Arnol'd Theorem

This is anther stwlemeont of what & pigins For a Hom iloniac
fyo’vl&m% be /hfc’jmé/e, SUP/DOS@ & Homi [fonie Hl 4,p)
has n Frest im‘ejmls Ik(ﬁ,,oj , e k€ [/)..,/ }

This means pre P issou bf‘&.dﬁe—f.

L2 (5 e Zed) - (nml-

0t o= agrcr At 69/90'
If $he quﬁ Ore ingde vmlW?L ﬁmcﬁaw; MEAN in g fhat
{ 7Al £ foem a set of n /menrg my@/?f/h/rﬁ’nf vecto= at
alwost v Y IDO\A‘[' n phase space M, avd L2l e Aot
/n%ejml; ommvte it refloe&%%n the Ricson bracket, r.e.

{ - zi O for all e, 1 (4—> I, and I{ [(n va/c//"O") then :
Z/d/'w[/wl =n L/dM/M
() The space M, = [(5,5) €M | T,03,3) p - C, ¥iefi ]

_ !
(s o//'v%omwlplﬁc to an n-focus T"= §'x Sk <. xS , om

w['lfol" one Cau /‘n‘ﬁropl(/ce acﬁ'an— 0m(7/e l/ﬁr[af)/:f,( ov a set




of 0v3r/af,ofri§ Fﬂf&hw whose Union contains M, | wheve
fhe W‘j{ﬁ’ viviobles are (oordinates on My and The achom
Variables are fhe first indegrnls.

(i) ﬂﬂe Mw(?tvfwd /’/ﬁmi/ﬁwmw IS i:/{ = [-V//j), heusce
: oh
T, = = — = O
& oy,

B, ~ J,_gg_k = V(1) » Gle) =)y (T)t
Mote fhis oloes net réguive /[77 = 2}; Z/k (1.).

. Adiabahc invariants

Adiabatc processes in #herwloa[jnﬁmfﬁ ove onél in which

no beat is exchanged bebween o Sysbm and fs envivan menT:
Ta muchonics, adiabobic porrrbations are Slov ) smoofh
changes 1o o Hamiltonian Systom's parameters. A fypes!
BMM'D/K ; jfou(/j oLaMJ}nj e /&ﬁ% W) o o /Dg/,,;/u/um,

GBVJ&%I 5(5-/7L/'nj ] /—/ = /7//3‘ }’5,‘ )\/‘/:J) ) /}//é’xf)//‘ol% 741443 0@/1%0%08
i H s 474,@%71] Mt . Tf W, is o ohéracterishe frc’guewg

ot the mohon when A s constant, Théy / 6,_4/

at e, 1

=] b

0

,PrbVl\O[BS 7 D/I‘M&"SII()VILEKK MPASUY P of fhe l/i\#[e 072 %ﬁhﬁﬁ



of MEl. e @u;‘re ccc | Hor ad:‘aéwf)'ch%,

Under suph condif)'ows) fhe ach'on voriables are /o/‘é,(&f'/&/
1o txponondal acconly [We il see Just oot this means. )
For the SHO , fhe eneray achion, and osollahom 74*374/@”\&7
arve veloled aCcorol/»y 7L0 J = E/l/ . Durfﬁj o odiabodc
process, Elt) and V(1) may vy ﬁ/o/arecfmbfj/ bt Tt
KCMM;M V&Cj V)(’arb Consfmnf, %Ug) 57( 190 is ﬂy@ ofc:]/ﬁﬂé'br)
am’o/ ;'7Lwl€ , JH’l@V) aSSUminﬁ Smdl osc[l/mg'dvd,

- 2 -3
£ = tmgl 02 = 0T = 210
23
= (90{£) =

M@£3/’L
Aolm\ooc'lﬁlc_ N VG pncl 7%&14 .s‘o\,jj ﬁo[ﬁ) « !

~3/2

Conﬁﬁ’&’ now o N = rh fjﬁ[@m/ amg’ fl/f/od&? ﬂwﬂL 74/‘
7£/‘X€4’ /\ ﬂx@ 473()2 ~-I 3&4(3/&\75(' 71’0 achovi —éMj/é Vﬂ//'aé/ﬁﬁ
(s S/Q,Jj- )\) Now et /\=/\/f), in whidhy case

ﬁ/é{))j,’t) = H(J_j /\)+ c%% %

s §—deppadence Hheagh S(al63:0),T; M
H(T; ) = Hlal4T; 0, plb,3;7) ; M)

Nole that H(T;3) is indepoudtnt-of §, lecnsse $o-
fixed A Hbe dmchin S(9,3, X) gone-afes fre AAV.

where



HoamiHom s P?um‘?'m/»f are now

dH ST dl

¢ 'gj—— + V/J_ >\) Ar07 dt
Py IS dAh
’55 T O\p It

where [T\ 2 9H(T;5)) 9T and where
506,750 = (414,70, T; M) = Ziwsm/f,-/\) 1

Fourer anal %lﬁ fhe e;Lmﬁ'm P T , we hove

= ‘//\ Z M a)\ @' ¢
Moy, 0
AT = Tlew) - Tl~) = /0/19 g
. . I a‘S /\ fM% S R
= —‘M;Z.;m {DH: 9/\ df [M,_;Ocpmcg//éaIJ

/\/aw 49(1:) =yt + C}()[D) ﬁjooﬂ/ afcuracy/ Smce )\ s fma//.
50 we W\uS‘l’ 8va[~/0cl'f,’ emeeriam; such as

B BSM{J—;A) 0|/\ (M\}t
L Mam-:ja&{( = M} m B0

fit)
The brackeded ‘erm 15 asmooth Funchon of Fme T which
by ossumphion vaviss Soudy on Hhe seale v Gl i HE)




We wssome £(4) may be avm(//ﬁ'ca/& contnved oft The

ceal 1 apis , and hat s closest Sx‘mju/am%‘e; ' e
CO/V\P/EK t P/m@ [oe Lot [Tt 3 £ T, where lvTl>>1.

Then J,~ @—-IMVTI=€’IM\/€)NLI,‘0L; 5 &Fon@m%'a{/y fMa// " /,/[[:—é-l-
(l’\(’,vn(,e onl_nj m= 1| vead be Confial&fff//)- //)’\Uf) AT mMay

b(’, J(e(nL o«r(o%’an‘/j Sma// /'7[[ /V-[') is Vaw‘eq’ ;u%‘;fﬂnﬁ} E/M//j,
) = 5 FE %_o{dajc Sir)e ™ s o7,

* Examples
/Vlfc['mm'(,‘h/ Mirror A Po.'rd' ’pp\ryL{(/[(J Lounc&( L&ylwg&n 7Lw0
*

X

Cyrves 3:¢D/><)/ wifh D) << 1. Y ,
+ D{x)
Assum g T <L L/Vx vhere | = /Bngﬂo. -Dix)

o fhert ave many bounces, dur;'nj which fhe ,m/%'c/e 5;1,«4/0/21 D(x),
The adiabatc. nvaviant is the ochm,

1 2
T = 57 9% py = & 3y D19

TT

wl«u‘oh MEAn S fhe /Dnnl)'c/f Fvrng afo(/mof wlﬂé’m D[x*) 5 W .
A poi of svoly, mirrors /w/«% D) = DI-x)) confnes fhe /mrﬁ‘o/&



j‘m‘/ﬁr physid i 5 ’DrgSCVﬂL in The m&ﬁwey‘a'c Mivr , o

“Majneffc bottle") discussed tn §15.2.3 . There fhe odiababc

. , Y

variant is the /Majﬂeﬁ'c moment N g B, N TZ;K
2

»——)/\_

- 3 —- —

M = F /.ZTran"% v

M@neﬁc /7%/9/ //‘ms’.f.
wl'\efé J = achm amp{ @ = Majm&f)c' 'F/U)C . (ajljﬁ'h ;t/-?ﬂ;}: ‘/37:;)

- Resonances
Wth /;a/vfaenf N['uﬁ’m n>t ? We then have

. . o8, [T LT
\Td = ’/'/\Z, m M/J’ A)€/M’¢
megh 2

amd

| © ST A AN 5ot 2B
DT = i)y mafdt =ESE= G e P

Mg

When m - P(3) = O, we have a resonance, and fhe
;ﬂkjml jrowf /r‘near/a m e FHme /fm:'/:( ’ w[n‘o/; IS5 a V/'o/mlfon
of adiabahc invariance. Resonances May vesult inhe
brealla[oww of in vw,‘am" hri} Wm{ );ra./:a/e o rmﬁL@ +o chaos.
Resorances can favs om[7 oCCur when Fp or mosp #egy@wcz‘eﬁ

2 /3) haVC @ rafio LJA"G/) S 0 me/‘am/ nombe-, Buf

even o fhe #ﬁgu&wﬁ fﬂJ/'/'o,r are oll /'rrm‘l'owa\,// any

such /‘fmﬂL)'awa/ Number Wﬂ ‘k@ ﬁt/)IO/‘p)C/W@W Ve a/é&b,fj
QC(,urmcj Ej somp Choice of vah'oval nomber. To understand
l'low —}17 ol@al [,J[% ﬂbor)anc{%, WP Vleed mwam'cul ?erTvr!m'b'on 'Hreo/y.



Lectvre 18 ([ Dec. 2)

Ll Cawom‘cal P&rﬁfbah'ah 7%80.:7
Sulolyag@

H Zl‘/f;z“ = Ho[-f)tlﬁ;f) + é#/,/g’}ﬁ/f)

N//:@/F €l<< 1. LCvLS /M/J/emﬁn?Lp\ 7L3p€ ’E C] j@nmbl@ﬂ/

Jﬂj 5/? P ’['J /mf /VI?%VW@J ﬁj’/jn/é /L/mm/ﬁ,/;f /erc//pzz//
Fupihon) -

F‘”é/ ) H//ﬁ_//’/fjﬁt“ \S[ﬁ'IP t)
Expawf Bveijﬁmda m Siﬁh?t in posltis of € :

. 2
s = &y t€g, 169,51

&l f e N S

(and

Po
95H+éH+éHf
) qu+eS+eS+

ID(EP\?LHb CT
WV\
0S 3, L)
= T [ = E — —
Qo/ BP, 9r0'+ (9P +€95— .-

= QO+ (ﬁ, o —aé‘—)é f (qrmqt %)ez g



W@ w(so lmve
aS b 220 55\ 2 aSZ

. -_—

Pr* 29, ~ 0" "3, T ¢ 2,
= Po— - P?,O’ + EZPZ/O’ t -

+ .-

qus e Conc/w/&/ Oro/&’r éj om/er N é}

I ask 35}(
YT 7 gF, 0 Pue” g,

f\/BX'/'/ EKFW\D{ 7‘[4( Hﬁm//ﬁﬂ/an

i3.P, %) - Ho/a,s,mewz ) - o
- H(BPH) 22 (0,0 + H o T AR

+ éH,[@, P t) + 65,;5(@/?*) t Ofe?)

InAey _OHy D5 oM 05, , 35 )
CAM S o e POl

Nodee we owe WrbLimj 4, = G, + (9, - Q) - {, - € g?j?”,t iy
So f\j
25
5,7,t) = 50,58+ (4.-0) 55 o
Ja((;’P't) S;/Z)),Rf) ¢ +0f¢)

= S,(,Pt) -

Thus, we have



FUBBt) = Hol8, B ) (Hoe (S, 4]+ 25 € + B

- H,(8,Pt)+ ¢ (B,P T+ OLF)

e ﬂ/\efey@re conclvde

Ne 0&:1‘_’ }(’,H’ [,Ji'”/l n s‘ing/ﬁ 84‘/0\75'(/"\ 1 Tao W)mens,
-0 H1 pnd 51. The Frab]em 1S t/molﬂrolﬂﬁ’n//mimea/.

We codd ot fhis I:ar'n)“ Aerondl /:/1 =0, bt this s /‘”f
one of MaY Po;Si\ole, choiceS. Simlar 547)8 in OM -
ihj—t by = ///7\/01-6/2/,) >

Now define ILL? = e'-S//ML X7 with fréf, +62§2+.-- |
Then find

1)

. 3 " n 1 ~ N 63)
'J"\'é—{l?(> H, X +G(H,+ (—‘E[S:,/\HU]JF";_E‘)IXP +..

jall C owm:/&ﬂ%""
s ¢ 7
Typieally v chooe S, suih Anet the Ole) Jerm vanich
Bt fhis isut dhe only posible ghoice . (Nofe here
fhe confeS/DOhAWUZ {AB] < %[/’A\;%} )



CPT for n=1 fysf&ms

Here we demgnstode e implementation of CPT /n
A 3&4&%/ n="1 5’}57‘&44. We will neeo/%o Adead 1s7 74
résononces u/h&M noil, W/)/'oé we oi'sedss /&%pfan.

We assume H(4,p) = H,(a,p) + €H,(q,p) /s 7"7‘/17,3—/"70/@/93;40/&47'_.
Let (4,,T,) be AAV for Ho , o That

H,(3,) = H,(a(4,,3,), 9,5, )
NE Aeﬁ'n e

Hl4,7,) = H.(9(4.,7), p(4,7,)

L\/e assuMe ﬂmﬂL :E{‘ lgo t € 7&, LS /‘m%mé/g/ 4,/4/04 B pn=|
Is indeed a{wa7.< e case. [Rem:‘no(er . )—I/@,P) = £ mpans

ol W\o{w'av. Takes F{aw m fhe one’a/:'wl@nﬁbnﬂ/ Jevel sefs 07[\ H/@,ﬁ)}
Thos Hhee must be a CT Faking (4,,T,) — ($,T) , vhee

H(4,(¢,7),3,(47)) = E(T)
We  solve l?] a 7L//)e I CT 3
S, ,T) = b T + eS (4, T) 4—625;/;4,,\7)74

U
/)[5&1‘/7‘{7 CT
Then D3 251 535S
J = = J—I'G —; + €& 2
JD @C)So a¢0 5¢o £
- 85 - _3_5_(' 2 852
b= oF =Pt €T HE St



L\/@ a,{§0 ww;l&

E(T) = E (7)€ E(T)+ EE(T)+ .-
= HIT,)1€H($,,3,) (1o highar srdor Forms)

/\/ow We €)<]Dan0/ /L?Mo):]:,) = /:/'{?éoj Jr /Z,»T)) in Powers
ol | (TET) 5T

of — Z, il 2[77,, 2
b, 3,) = A7)+ 22 (5-3) + 5 552 (52-7)

2 )T
+ eFl6,T) + ¢ 24 (B-T) ¢
5(/[95’/')“}1/172 ¢o
J T c 35‘ 62 a-;l
0 = ad% + a¢o + ...

and collect Yeyms fo obnin
~ o~ ~  OH, 35
ig.,3.)= Al (A 55 53 )e
of, 25 1 9%, 15| ?’ié&/ ;
+(§J’ o 7 a72/a¢o) " oT o T
WI@NZ A” Yevms on $he RHS aAve ex,orgﬁeaf i Ferms
ot 450 and T, e May now read off

() E,(3)= H,(T]

oH, 05.($,,T)

oJ b0 3 T

o /&5,/¢0,:r)) R3] 05/4,T)
7\ 94, 0T ofe

(0 E(T) = H(d,,T)+

(1) E)(T)= aa:i" ._’———-asgg)"’ﬂ + é 77




Bu% e R/‘/j 5/00(//0/ be /‘n/epﬁmp{ﬂmf' of ¢0 / How can Sy s
Jye? We vse the freedom /n the ﬁmc'h'ows Sk[¢o)jj
'l'o make ;7L SO. L&—VS S l/u.ﬂL how 1his works,

Eooh of fhe expressions on the PHSs must be @%LUA,/ fo it
(RVW&Lﬁ(’, Ovov ¢o i is 4o be /hdelo@y;o/gfﬂf oF do -.
am

CHp)> - [ 24

The PuOrDges CRHS[$,,T) > ave taten ot hxed T avd net
ot Fixed J, . We musk have that

Sy(%.,7) :1§w5/z,e/5)é’"[¢°

/}Lus

05
{ ad: ) :5,1,'— {Sk[Qﬂ,J)"Sé/D,J—)}:O

/\/ow /B)L/S /‘Mp/em{}v/d’ 7%1'5 Ja oUv hf@mm&j, G)M!/D/ﬂf %6’

level /') 63,u0v795n,

L 8H, 3S,($,,T)
BT = Hile, T+ 55 58,
%(3)

T_o»\éfvlﬁ the avorage
af_;lo aSl[C/)U,TJ >

HOERCN D S=R vy
2% ¢

- ¢ /:/ S His vanishes
- !




’”'\US; 1

S 2s(k T <HD ~H (4, 7)
{H > = H r U (T) e J
H ¢ a¢o Vo(j)

Tf we Fouritr decompose
e ﬁ,,f{i)eie"&”
then we obfain u « (1=5) )
l#0: (L S, (T) = {J‘)(> R EIRE! (T
We are frez fo set S, ,[3) 20 [(why ?)-

/\/m,) that we’\/e 30'}' The 1%;27 07[ e /0(7 1c /zem?/ /87% (90
7LD SeC()V\d ord(’/l/'.'

2
T 0J a¢0 92 oJ’ 9¢0 . @J a¢
\__\,-»——-J e H___/ H,.——/
V,(J) owerages o 2ero V0T 5 <Hp-B, 5K o

oby U, obs 1,

Tolins e avera e|, ]

’ / Gy = Al off, [ <H > —H

E:’a%((<' )>+< ‘( />

2 2] V), 0T 2
which yiolds, 0o some work,

i aH ~

D—S—Z—:F{a”wm ’H>~2J <H >+ Z2EH,

0%0

+ Jl aé”T ((Hf)—Z(ﬁ, Y2 2<H 2 H, - /7,2)}




and the 5“3"(7\7 +o 5’6(0146]/ orﬂ[ﬂ/r /S

E(T) > H+c</—/>+~f{< ><H>—<———’HI>

eI

Nofe thut we dont need S(4,,3) to obtrin E(T), frough
of Course e do need i+ 4 obtain (yﬁwjo) jn 18rms of /¢,TJ :
The /Den‘urbef/ Freguencies are V(T) - OE/9T. For Hhe
Ll motson, we need

(,7) — (4,3,) — (4,p)

. EJ‘N"“P/C . ?_uar','l'c 05&1/&7‘Df'

“The ,L/awu/ﬁ»/l/am PENACNE.

2
Hla,p)= 5 # 3 4+ S € g

Recoll the AAV Hor e SHO

LR H.
"ﬁ,?muo 2 mVﬂr FVa
MVo
Ji- a_ ¢ t/I(MVQ—)
~ )4’0 P
> (2
MYy +- M), >0 Fe



Thos,  we have

y
7 ol 2Jo o
H &l U= Vojo+—g( i 5}h¢o)

1,2 o
N T R iiiad
(7, //%o)‘j;)
We theredvre have |
h (5/V)4§£D> = %‘

E,/\T) i <’L7/[¢0)J—J> /
_O_(_J__i Zg_lée.g',.,ﬁ?é 3etJ

m‘Vol 277
(¥

—
—_—

 Im 2‘1)02'

The 74{’4,(/54/1?7/%0 orﬁ{ﬂf é) /S then
2, 3T 2
== [F 4¢ L -
V(T) = [E.4€E) =, + TN + O¢)

To /fl/lf,( 0ro[&f‘/ e M{'y fﬁ/o/ale jﬂéa\/@ %] -.7; ;%mVa AZ)
wherte A = amp/f%wlf of oseilloTions. Thos, pendl u [vwn !

2
i
VIR = v, + 3<5€0(A FOE)

2
My Vp o 90 n

Omb 7[vr %8 //'m%f pfc///MZDf‘ é;”/azﬁ, /S 72@ Mc/'//a]é}/n
#e@ruan@ /‘mde/o&nolanf of 1he xmp//%up/e.

/\/6?“’—] [8']’(5 wov K ‘hm/‘o((jl/\ "J/I/t@ aTl (f]é,,):.(:,) = [¢/J) .



2
_ = T "‘,5/")
l/o 9(;50 M g ¢
=

= 5,/44”,]') #h z1/3 (3#‘25/}') ¢)5m¢ COSgéo

I 34—6_,—*\

0P,
= Jt é;j (4505(.245 605/5%)) + ")

M

To Jowest nontrivial ovde we rny Invert +o obfar

2
R e e

0 8M77/3 /‘/a)s/,2¢0) - Co!/‘/gé,s) O Z)

With 4= /ZJ_/MV) Sm¢ and /D:/JMV(,J;)I/ZGQ( s ) WE
Con 0b75i [@/F) jn Jerms of /%/J_J .
h>1 : Aegenera cies and resonances

G@Vl&"ﬁ,/!'%fﬂj ﬁfl@ CPT %rnfl&//.(m 7L0 N>l rs fﬁyhfﬁrwc\rd,
We have S = S(3,T), so with «eft,.. n},



| [ O3 | [ | é_& 2352
I, ”a¢°<’j +C&¢d+é ng“
x _ °< l 2952
¢ af”"g% VK

and
E,(3)= H,(5)

= AV o f= as}[aolﬁ)
El[j): H//Q‘O,T) * Vo [j) T a¢¢§<

el BS(6.,T) 1 ou(E) 25(2.,7) 53,3
£,(3) = Y, (7] 99" 2938 pT¢ DJB

aH [¢U/J) &51(20;3)
oJ« oI T
Mefe Vad[f) F QHO[J{)/@\TOE Now e ﬁ(/&/'éttje:

H(3,.3)> :fzg‘d’ f‘”’ £(3, 7)

The é’ﬁumtfon for 51{ OJ) is

1/00( asgi‘;‘\TJ g [gzc),ji/> T /L7 /%o/ji)
= -Z VJ/:r 16,

IEZ“
dhoe \VHF) = F, +(7), e FilG,,7)- %v;/f)e'f%



The prime o tue Sum means l=[o 0, .., 0) /s exclvded
/ﬂle 50[()'7['1‘014 ES

51(§Za )j_‘): "L.Z

e’

/-5 (3)

WM"’ ﬂlé reSonavce condifon
— | .
P V(I =0

/D(Zf%mné /w‘fh Z% 0) , the denomivator vanishes and
CPT bf(?akf D/ObJVI . One Can a/omys 74/;0/ such an Z[,,/AEVIBI/BV
fwo or MOre of The 74’8?,031/6 es )/;([J—’s ) have a mﬁ'amx/
ato. Sufpofe for exa\W\P/e that 1/02/3)')/1)04[5‘) = /s
with v, ¢ € Z r@lm(»‘vg@ prime. Then rv, = su? and
with I:[lf, —5/ 0, -, 0) ;) ve have f(jo = 0 . Fven
i ol he frequoacy vatios ave ivvatio nal, for large Guossh
lfl we con malle |10 as small [bot nide) as we P/@ASQ.
Iy _%;5.6}) Mg/// s5eC how anj j/\/@w veSonaince may be
removed canm/cwl/j. Welve l/'l/s% /aok,‘nﬂ ot %rhj; the

wrong. vy ot the womant.



Lechre 19 (Dec. ?)

0 'Kemova,/ a/: réesonancés

[//ﬂ Nnow Cd‘nSfa[ﬂ/ how 71'0 ﬂ/{”ﬂ/ N/'ﬂ VY¥Soniamn s a(/r'f/l‘/)
in Canonicel /mrﬁréaf)'aw %7480127, We stard with 7he
PC’f"W/ c 71'//'73’0/6’,0%/&;471’ Fomiffonion

H/¢,j,t) = Ho/jJ +eV(p T, t)

where
Vig,T,t) = \//95”7;3_/ t)= V/¢/T,‘Z'+TJ

This is io/en%'ﬁ‘ec/ AS n=§i ﬂlﬂjrﬁﬂf of 74’%/0/14,
Sinte. /‘7" s 84(//‘\/01/&4% 7[0 A dyhﬁmicw/ 5’7)’74%4 07£
dimension 2n = 3.

The dyble P(m‘o f'cfﬁ of VI¢ ) t) entoils Thot- 1+
MW be 5/6/01455584/ as QA Aoble Fourier Sum, Vi Z.

n 99

Vig,7,t) = 2 2V,

k:"(ﬂ ‘;'a’ /

/J'J ez'é¢ B—/'/QJ:
G
wL\M’_ .Q=17F/T. l'/ﬂmf/ﬁw'f E?wf)}m{ are then

: 3H oV . Z -
- - = =€ = -IE ' L \/ T)é
Tooop T Eap g

!

(k= 10T)

' e 13) ifhd-
_oH SNGARY: T k,d f///z¢ INt)

¢F oJ N oJ




where  10,(T) = 0H, /AT, The resonance condidin Fillows
from inseting the O(€°) soluton blt) = w,(3)t yreliog

bw,(7)-15 = O

W;\(in ﬂ/“'{ condihon (s Smtfﬁl;‘@ﬂ/, SGOU/a/ %rcinj results
in a linear increale of T with fime . To do beHer, le?'s
7LocuS on O Pwﬁ'w/ﬁ/ vesonancé. (/z,é) = //zoll,,}. The
reSonance condition kW, (T) = A, 1 Fixes the achion J.
There is shll an infinite set of /Dam'!p/e [k, 1) volves /wl/lﬁ
+o resoance ot the same valve of T, i-e. (kL) = (pko, pL,)
7Lor &L// Pé Z.. Bu} 1he Fourier &tm/o//rlw/% Q/,/e“/)[o (J)
Aecreafe (n Mﬁtjm/‘/‘uo/él fy/o/‘ca//j exf)onéml)'a/gy /n //3/
So We w:'// A fSump /<o and [0 are m/mé'vg/j /Dr/‘mé’/ am/
Considler PE {—-[}0}1"]. We define

U, ul0)= V1), Yy (305 0 3V = (m)e”
Aml oéﬁt/‘n

T = 2¢k, V(3) sinlk§ - 1,1 +5)

- V(T v
D= w(T)+e %—j&* + e aaj/ﬂ Cog[/eoﬁ_/ag—hg)

A/o,,J /87Llf CX’DD»V\&/} W""%"?ﬁ \T—TJ;*AJ— AV)OI

¢ o F €>0
=ko¢"jaﬂt+5+ 77 /-7£ £<40



VESU}‘H"L)? Jn /ﬂxumc mfoﬂ €>0)
A"J = '—2€é0<\/1/3‘0)5/'n¢

e k. W (T)AT eko\Z’/J,,) L Zkl \71/(3;)505$L

To /0N€57L ﬂ()/ﬁLY'l‘l/’.a/ 0/'0/&1/ /1 € We /h\ﬂj ﬁ//‘a/o e ﬂ/'f)
7‘7,"rms in 7%(’ ﬁ%av»/ r%;wf"m/ and w’/—fe

dsT 3K df 9K

— P e

dt ~ a0 7 df T oAT
with

KV BT) = Lh, u5) (8T) = 26 b, V'(5) 05t
N/”/Oh fS 7%(’ /'/ﬁm//ﬁn/‘am 7£or- A f/‘mlo/e /Dené/z//«/m/
The fBSde'nj Baft/ML"(mf of mePon y/‘a/a/ ¢/-'/25/'n%= O,
with V= 2ek; Wl(T,) VI (T;).

So whot do ve Conclvde Frony fhis ana/j,w‘f ’ The
0rr'jl'naf |- forus [:“e, Cirale 51)/ w/ﬁ;
Jit)=T, M) =2u,(T;)t + plo)

/S dé’ff”OjM{. Both /'7L &Vm/ s mffyéon?ﬁ l-fori are
r’(i/)/OxLED/ @ Q §3f0u"ﬂ7[f7\)< ﬂng’ furr‘aunﬂ/fng /fémf)'am
am/ virfion /)/'W\SE corves /5% -A:gur@J . The aM/&/%/ﬂ/ﬁ



Unpertucbed [€=0) Hlg,p) = & +dmizg’

— [ibrodions 0"'/}
— no Separvfrix

— 6///(0]L>'c fixed PoimL o

PKMLWIO&J /E >0)

Librations (blve) | rofuhions (grten), and sepacatcices (black)
7£0" /?0:7 [/Byff) ﬂnd /20 =6 /r/'ﬂ/'ﬂl')/ P/()?L/'BO/ " /Q,P) P/am? ]
E//i,o%'c fixed ]Do/'/ﬂLI ot Shown RS mA j&nvLa dofz /Lfljpgréo//\c [block )
Ffixed points lie of fhe self-intercechons of Mo Sepamhoces,

”7[’ ﬂ;@ SBF%K&?Z»”;)( /S /8517/7 /NI/J' )VZ 7}1/5 Wl/yfxs
rs /'US/:%'M/ Fm//o/eﬁ/ [AT ) <10 and Y«w ov




- nN=2 fj;+em.s

We mow)CaMfo{c’f 7%(’ //ﬂmf/ﬁn"ﬂn /—//gl',f) = %/Z)‘féﬁ//éfj
with &=(¢ .) ond T=(T,,T,). e wot

H($,7) =] \A/—’/j’}e'll'gé
1e?’
with =14, ,) ond 1/ [TIE V»/J/ since H($,T)€R.

Resonances exist w/’ﬁf’)el/ﬂf ruw, /J’) = S'szj/ where

= IH,
w,}Z/J) SEA]

We l’//miﬂmLﬁ ﬂle veSonamcl /'n 7‘wa S+e /'Ds :
(') JmVo/if’ an CT [Qz,j_) +7 /4;/5) ﬂgnérmleﬂ/%y

>

E($.8) = (4-58)9,+8, p.

ﬂ’lf! y('B/dS
—  OF oF.
37 54, 7O =55, "ot
an o
= — = - S = — =
> 5457, yz ﬂf [PL 9}2 Qé;,

Why did e do 4is? We did S0 1n odor Fo Frunorn



o a roﬁuf)',:? froyme w%@re (P, = fqé‘ —5¢2 /s
S/ow/j mry/‘rﬁ ) 1€ 9”, :r;‘ﬁ, ~S¢Lz ri, =S, = 0.
We alSo have ¢, "—G}SL'X'WZ' Now we covld iglead
have vsed the jmamﬁ‘af

/:2 -~ ¢;ﬂ'7+/"-¢1’3¢2)£2

Vesv/fv',gﬁ in P=¢ and ¥ <=rd -sé,. Hoe &
(s fh(’ S/ow l/a,r/ﬁ»lgle w%i/ 4 {ﬂ/ 05(,///0»)‘65 wfﬂ, /fz’?mﬁn&j = 4.
I/\/Lll\OL\ shodld we clwose® We will wind 7 Al/@/ﬁ}j/'k\\? over

ﬂ/\(’ %S%er 07L 49,}2 ) ama’ wWe Na:/wL 7he 741;;" %ﬁu@nﬁ

ifsell +o be o5 sl 2s Pom'!o/e ) To veasong which have Fo

do with the fEMOVﬁv[ of hghe./ om/ﬂr resonances , //‘Mre

o this Avether on belo.w. ) We'll agume wolog fhat 1, > Ly .
Toverhing 4o hnd BIB) | we have

| S
¢ITFLP1+FL‘0>_ ) ¢z:¢z
S e havt

H(p,5) = H

We now avevage oves the fast vaviable ¢ . 15



7’i6/0[5 ’ﬂl& ComS%fw‘VﬂL 5//’/"///2 = O/ NA/'C[. e Solve

bj Nf/‘ﬁ‘nﬂ /[,)[2) = [lor)—Fs) 7%,— Pe—Z LJe
then have

<'L7’/l;’§} 2 zg Vf’“rPS (9“)'.[)5

The averaging procedvre is /'m%‘&a/ Close o @ resonance,
where 10,055 [41. MNote %m,?"jz now s conse~ved,
(€ ﬁz:o' Thus ﬂzz’f‘:f, +~7—z /S A Nl /‘m/an'omf,

A s ]Dofn%) 0;4/3 The /‘f, ,ﬁ,) Varables ave
O[:jvmmfm[, & hes béen W/mje% o/t and /2 )5 Conctant:
Smce e /%urf'ﬂ/ am/o//'fvdé’! ‘/PP)’PS[}J ave am/med‘/ﬂ
0{€Mj rof/a(/,/j u% /‘ndfz%!/':lj ]Pl) we s 0»/)(/7 PC—{—(,ONL/Z
as we did in fhe 1 ,3%_ case. e %@r@éj ohinin The
eHfective Hmmi/ﬁwioln

Kieg0,8:) = H,09,9.) + €V, (g4,
r 26V _((9.g.) cos®
WHEre e bove absocbed any phase in V, ;[}) it n

St of O 5o we may ConSiher \Zo@) ond 174,[}) Fo
be f@ﬁvl 7£W\6/40M 07(} = [2”22) . The %‘s(eaf Por\vu’j of

the djV\ﬂ‘W\\'CS hem 5037'579



H oY V. .
aH"+e %° 26 =172 s = O

o4 %,

}l = —2é \//_’__sj'llf)ep( = O

¢ =

/\/Of'? ﬁﬁj o jﬁﬂlfmhﬁ fo/ﬂt)'dm A&’Zf forrf_?yamﬁé(ﬁ

A P@f‘?mtl‘c olvhon T ovr o‘rz‘?/‘/m/ Variadle | Since we

have S\’\HHBD[ o & roﬁ]\‘r:j-pmw\e. Thus Cf, =0 ovr 4 =TT, and

oH, _ oHo 831  OHo 0%2
op T ¥y T2 O

Thos Hixed Po:‘m”s oaur for
2 AJ ,\}, . .
2\/0,0(2 1 0 r-$ (9) -0 (‘P, ,o)
9 % ,

TL\P/@ At fwo Cases 7LD é‘oy\{fa/gf s

. aCCl'O(Bn'l'al AeﬂemerACj \
T this case , the a’eymemg Con AP o
J)
le(jl) I,) = SNz/I)J;,)

7211/!, WEe hm/e_ J2= J_z[j_,), /ﬂ’\)'j 5 fhf case NLBW ///D/J' ;J;,)
is 0 generic Fonchon of ifS agumenﬁ. The excuesions




of ﬁ, relahive 4o i3 Fixed pont volve },/0) are Jhea
on the ovde~ of E";./(,.s %”),92), and we Ay expﬂwd

Mo np 1 9o

Holbdo) = R lgl o) = 307 8103 g 4"+ -

N"\M A(ﬁn‘va’l’ivw av C evo»{uwleo{ 0;]— (9[,0)#),). WE ﬂ'US Arvrive
ot the standard /-'/amf/fomhn,

KlY,,89,) = LG (88,) ~ Feos#,

wh&r&
2'H, 2,
G@;): 2 J F/ &);»25 I./ffj([l)) 2)
2// /

9 %)

714(/5) the mohom in The Vl'cfm'%y of 8l/&rj yCSonan c€
is Iike that of o pendilom. F is the aimp i hodle of e
74‘r5+ [{P/: ’) Fourier mode 0/£ The resonant /perzé/rémﬁ )
&Iﬂd GO s 1he "an//‘/)?&m? /)Afﬁ\/hfh/ﬁr”, Fo- FG > O,
the olighc A xed pomt (EFP) ot §20 ard He hyptrbolie
Fixed poivtt [HFP) is at ¥ =T. For FG <O, Thei
/OCA,/')'WiS are jwf?l&h(Zﬁ/. The [;Lr‘a,/’fmn #@u@wfy ﬂéodf
the EFP s 4 ;/FC_]'= ﬁ/@)/ which decreases 1o

2ero a$S fhe 58,0&1/9»7%')( IS opp rooched. The maximom



EXCUVSion 0}[ A}, m/arj ﬂl.{’ f'lf'pﬁl/'&\f"l‘)ﬁ %) [Aﬁ,)ﬂw":z\lﬁé
which s also 0/,/4(/;',5).

- Infrinsic Aeﬁenemcj
Tn 'h'll‘j cCase ) /—-/o[:l—, )j—z) (s Oh‘/j o 741/1/\07["0\4 mé 7%6
oo &2 = (s/r) J, + J.. Then

~

Ke.§) = Fulp,)+ €Y, (§) 26 1 (F) 0s
Siace both Aﬂ, and A‘/; Varj on 1he sarme ﬁ/é \7.,.))

We é'&tn/%' B/CIMVW/ In Aﬂf /’/U:,qugr} /' 1he V/b/h/}ﬁ 0][
an EFP LJe_ W BKIOW I éuﬂ, AV; M// A/, 7%3@7‘

K/A?,,Aﬁ,) :,?ZG/AX’JZ 7’—Zl/:/Aqﬂ’/z

e o 2
IH S IV
90 | op Gt

O gt T o } (9" 4]

(o)

Flp,) = - 26 (5 5.)

92,
714['5 8></90W1$/\0Y) fjj&/)m/ éd?t ’/'7»" /(/)74'11/),(/'6 ConSC —églz— =0,

Thos both F aud 6 are ﬁ[é\j/v}) owd t/,=/ff)'=0[é)

ond the vaho of samimaﬁ‘/'or +0 Semimivor pxis /B@ﬂ)g I's

(A9 Jewe

(&4)

)T

= [j[1)

S

1

M K



(2) Seconohrj reSonances
Defails o be found n §15.9.3. Hoe just a sketel :
— CT (&4, 0) =7 (Z1, X)), greom by
5 = (UG L) s, Bf, = (2 1) e,
= Defne Y, 24, and T, 2 G, . Ther
Kolt, }) — K (3) = 5,087 3,) v (TLIT A7 Q)T 3
— To Ahis e gdd bock The Serms it slit riy, #0 which
e pm./(ous/j drap/u/ :
k(%1 Z Wy (1) e frifalieie el

wWhere
g, (3) - (g, 1) T (2T oz
{

Bessel
]L vnchowv

— e now have K(X1)-K, /f)+é'/2/,/3?,fJ

Note that € also a’oloenrs within /:/;/ and €'=¢

- A Sewmm? veSomance occurs i rlv, = s'v, whee

oK, (T)

“alll= 7
16}



— Do o we did befoce « CT [7)(/2) »—9/52/‘/‘—” Via

/,~» =

XM = (X ~s X, )M, ¢ X M,
7;18'/\

otk (Bl Xy = Bb (e 204 L)Y,

and m/emj{nj over 7/2 vields nrs's sellyr rrldy =0,
Lhich entails
n=yr! . h=kr A= -fs-
with j,ke .
— Avernging vesults in see eqn. 15.304
<K7<// /< (M) +£Z/’, il )g-'.JSé

= /5’/;/’)1, —/—I) /S ﬂ,‘_o Aﬂ[(aéﬁ.ﬁc /m/ou/:'am?L 74/‘
e new oscillohon

Mohan in e vicin'hy of a SE[awﬁ/Wj vesom ance o/ 1h
vi- ¢ nma{ sl-{. EFPs in green HFPs 7a red.
Sefﬁfn-lm‘ces in block and blue. Mote J'&/Ff!'/'ml'/nr‘-'b’,



Lectuve QO [Dec.9) - MAPS (4,, - f’é,)
. Mmtfon on réSonant fors

Gonsider he mobion on o rewonant Howys in ferms of the AAV:
42/%) . 37t + $lo)

Resonance mesus That thove exist sume n~woples A = (2,,.,45
’I[Dr uhicL; Z;) = 0. j/ ﬂm W|o7l)‘om ' S ]Derz'ao//c/ Bt %Jnl
Wi = kW, with k€7 Ao each je 1, nf  then al of
/ﬂ/]c’ M@Mmc\'fs avl In resonance.

L&Llf Cfﬂ’\r\‘pldr Ahe cas€ n=_2. (Dynamiw skefched belovs
é,

$,=0

Sinte fhe entryy E s Axed, we can rgwp/ T, =T, (7, &)
ﬁmp{ Me wohon as 0C(U/r)2j in The 3—//:/» Space [¢5 552, ,)
.Suf)FoSe We y/zﬂL The cm.rga/féve Jnderseehons m“%e J’j.)’?lemj
”/'07()aw N/ﬂ» fhe 7LLJ0-—ﬂ/I”' IULS n Ll 0[67%{’6/ éj Axm £ and

|
also C)SZ Sﬁj¢_0). Let's Nr/v/—(’ ¢ ¢ and J =z J,,



and define (b, Ty) F be the valves of (F,T) of he
K™ consecobive tatersechion of e %x‘&m’f mohonm with the
Juéfpace (6, = 0, E fixed ). The 24 spoce (#:,3,) /s called #he
.SUr-face of sechon. Since ¢2 =W, , W have 2, (T)

7] =
¢k+l— ¢k = Wy ol = 2o = L, ()

Wy
E Sup /'8_{535{)
ond hevefove (€ g7
¢k+l r Ch + l“d/dlu—l)
L "ﬁnlﬂ' Ma. §
Jlu—l = Yk f

Nede Hat weve peiden here «(3.,,) inThe st pjua%’am,
[5}‘00‘3 et = T, F docsn'f mdfer Since T nevee cﬁmhjé’j
7C0r ’ﬂ,\ese otjmmmfcs. Bu?l WN‘J-»'@ the eq,um‘?'awg 7"1,./1 waﬂ IS more.
60mvaw/'3m+,] Noke hat (#.,3,) — /45,.4_,,3:.4—,) /s Cavonical

5/4)/44—; /Jli_)

= det
{4>k+l;a-k*l}/4wj-h) 3[d2k,ﬂ)

ad’k,«—: aJI_L,L/ 94%,«—/ a_:]li

_ = =11-p.0 =1
09, 27, o3, ot

/’ormm j ) we /vz{uy meé ﬂl/ﬁ V'mp as$
k+| :7\—4{
vihere [_é( = [¢k )Jk> avd T is e map - Note fhot if



v = ,g. € (D | hen :7\'5 octs  as fhe i/ﬂmﬁ@) /Qa\//':\ﬂ
8\/39 Po:‘n‘]' n The /¢/J) })/an(J 74')(90/.

For sjﬁ@ms with » dgrws of Frecdom , and with the
Suchce of sechon fved by (f.,T,) or ($a ,E), dehne
D= (pr, - b)) ol T2 (0,3 . Toen with &= (8, %),

T

[/)U’I = L’ﬂf g ‘27T;(/ ‘Tkﬂ)
jl-u—l o jk
. . -
wL\.cL. 1S Cmowm/. Nate % = [90,);, ) e (79”,/,1{) WLA’WC’
¥ v is fhe valve of ‘r”J the & Fime the mohyn [pesses

J

’ﬂ]fo:{jlﬂ e SOS. b\/e_ COJ/ ﬁ"-‘ /VMF The 7LNI..S7L /V'ﬂp.

?Bf-tur ‘964 +wist Map . Now consider a Hem; Honian
H(4.3) = H,(3) +e H($,3) . Again we will Foke n=2.
e e;cpECJ' he r€§://75‘r5 map on 7he 505 fo be given Lj

X ¢k+l - sék*’?ﬁd[‘j;tﬁ) + éf/¢kljk+,) *o
8.-9,
jLﬁ:J—k‘l'Eﬁ[th)J;d,/)"'d) )
9[ _Hlj-rl _
Ts 4his mAp cmonical ¢ Let's check fhat dot ;;@/J:) =1

o

— dJ,
a7, !

d¢h+( = dq)u‘]"?JTO(I[Jh-J—I)OIJLﬁJ'é%(D,% T €

0
OIJk—J—/ = Q‘J/t + € 9%0[¢[¢ + éa?—%:l' O/Jh,/—/



Now brinﬁ 0/%,«_, and o/J_kﬂ fo fhe LHS of each g
and bring df, and dT, Jo the RHS. We obtain

o+ af
(1 - el (T, ) - Eaﬁ*;.,, (d(ﬁkﬂ (1+ € 54, & 0‘4’1(

—
—

149 dJ, 99
® IS I+ 65%: 1 11 dd,
SO I o o A
Aler By
Thus
ot
Obue, ) Ti de+ B\ HFa% =
e | [= = =
2(b, 7)) dethiy |25
Moy
mm/ We KOnC/ualL’ ﬁAE n€£€55arj comd/%‘aw /S —a-£— = aﬁ .
a¢u O it

This uammleeﬁ inqe mMap 7/\_ is Camom'cw/,
J H e

IF we veskict o 5 :j{gﬁ)) fhon e have £ =L/7).

We may flon wrire ane(7, )+ €£13,,,) = 21(3,,).

(el olro)o the € SULJCHIML on o<.) Thus, our ’per%wée/

Twist mop i glvor bj
¢L+| i ¢k + 270 (T )
VRERN/ME: éj/¢h)
For a[7)=3 and j/¢)=—;,'h<;§) we obtwuin the standard map
Bss = ¢/¢’° M4 Jyuy =y = €570 QSL



’ MOLPS ‘,FNW\ 'Hme"dq)(:’ﬂ o[evd' Ha:mi/ﬁn;aus

~ Parawedvic oscillator, e.9. Pemﬂll//um with +ime - depeadent
lemjm )t X+l x =0 with MO/H=W—
This d@SC»’"b@S Pum/)/\bj G 5Wl‘;jj Lj Pe""””{"wv{/j ex;@nﬂ[ﬂi)j
and wi%afraw:'mﬁ one's /ej& We have

a%[\x/) : /-w?[t) g))(é) (v=x)

~

\ ) ~— —

B(t) Aft) Pr)

Tt forwal 501 Jo Ple) = Alt)Pit) s
= T gr
D) - T exp {fatuvw} 2/

VL’@/C' T 15 1he 7Ll°""€ ordeﬂ'na o/parn?‘w- which /gwl)
enrlier Fimes Fo The vight. Thos

T exp {ﬁt'AH’)} - Jim (1+Alt,..)8 ) - [14A10) 5

where £ = 96 with §=t/N. Mote +f Alt) s
time I‘V\olq:cwof@mf‘ 1hen

£ N
T exp gofdtl AHIJ} = (_’A_ts Jim (H é—j—)

N>



Tere are no 3@mml mefhols for ana/y%'m{/j gm/m%ﬁzﬁ
-h‘me—o«dcred Exponen#oxls oS [we Wu/e l’lM, BuF one 7me‘hé/e
cuse, s l//l'\&fﬁ e mafrix A/H oscillades as g fg,{/o\/c WAVC :

(74)"/'6])

é H, 1‘7‘ 2'[<’t Z'-;-)
N/.f} ] {(H’ ) NS <{J 1)T
/[H—éju

(-€) W, F [2j+1)T <t <(22)T

The ?en‘od is 2T, Depne %:(;/f =,2nZ). 0
Then we fave ﬂ—f{wj

[ [ | —
T N | { 3 '

-2T -1 o T 2r

= Alg LA Tl
(fVH-I:e 8+ [fm

Lah BA'EZ’AJ;& F[A__f./—\_}\l‘

with

1

s ) 1
Ai («Niz O) / Nﬁf//ﬂ‘éé}wo

Node fot A, = LA ard fhat

A-D 2 3 3
Uze™ = +AT+ AT+ 54T

- (1 ”2’47 Ly T+ L”zf4+~“)1

]
15 lal 14 14 Is
+/T—37NJ‘—2I+§:/_W—’5E"")A1

= cos(w,v) 1+ wp sinlW,T) A,

cos (W T b\);_lem[N:,__’L'J)

—

—

~ Wy SmfWyT)  coS[wyT)



Note olso fhut dot Zfi =1 since Uy is ff‘mp/j Homiltomian
6\/0[1/4{0\4 ovev //)&»[1[ A Per/oa{)a/ld /'f must be Canom/Cﬂ/.
Now w€ M@d
2T o b
U - :I\_E)(ngdt A[H} = Z{’L{+ E [c d)
° (eal, ijmme#«‘cJ
o= Cosfw_1) wsw,T) = =" Wy Sialt T)Sin(u,T)
b= Wi CoSW.T) Siafw,T) + W ' Sin/t_T) cos{wpT)
Cc -y CoS(w_T) S:‘n[wq,_'c) - W 51‘m/w_‘b’) CoS /N+T)
d = cos [w_T) cos(w,T) — WL W_ Sin[WT) 5ialW), T )

14 7[0[/0(»/5 7£fayn %=Z{,H+ et Y is also canonical
/;.e, L?m, = %Za is o canonical 7L>"ﬂm5747r‘ma7t>'am).

The Gijomvalues ’\i 01[ U ﬂwf S@"U@ r\,,_/\_ = 'l
For o Ax2 mabix U= /caal;) , the chavocterish'c

FO[j ool aal LS
P(A) = det [)\ﬂ—M) = )\Z_TA F A

where T=tU=0+rd and A=ded U < 0dl-be. The

Cijemvw[uc! ore hen
Ay = 5T 2L [T7-44
B# (M our (sl % IS 5,06&1\%/{ ) aMp/ p@?"ﬂ = 1, Jo

o=~

-



| E:

) Y

A, =

’/\/(’ ‘H/‘foqcvf(’ I/mv@ .
}Tl <] >\+ B /\i‘j = C’ig with & = CoSFI/éT)
}T} >2 ),;. = /\j_,: C’M .Sjw[T) w]ﬂ, M= Co_gL,'_l/Zi /TI)

Mote A, N_ = ded U=1 alwajj. Thes, o |T]< 2,
e mohon s bowoled/ bt for |T) 22 we have that
]?Pl InCVCASES eromen'))‘a/\/y with 7‘7‘m£) EVEn ﬂnwjh phase
sf)ace volumes awe Prﬁ!erved @ e o%rmwu‘cj. _,I,e. e
have C)LPOV\{ZV\"\H S'}VT"J'CL\I‘V_\j a/or\\j fhe C’Zjamve(/‘/j«' ¢+ hod
EXPomen$d\ 59/”’%2"\’5 alonj The eﬁ&wv(’,&ﬁf v . ¥ - %"’
LeHs set O=WT-= ,'l‘)T'L‘/']; where T is She natornl
050!‘”9\1\'0\4 Pem‘od when € =2 0. Siace the period oL the Pdw\'l)/nj

(S Touwy = AT, we have % = TPL“L, Fiad

Pump 50 T2

0

,2(;05/29)—261605/269} {/ /
[—€e*

Tr U=
sl

—

n7i

T=42: B=nT+)  €=1x

/

T=-2% p= (n+‘i)ﬂ+5) EE )

The ?hase oliajmwn In /9,6) space
(s shown of fhe w‘jLJr.



Kicked dynamics- Led+ H(t) = Tlp)+ VI KE) | whece

- R (L (A I S
Kit) =1 Z Slt-nT) (
- (7-0)
As T—0, Klt) - /[onS',"ﬁn'/') -3t 2t -t ©0 T 2t 3%
“Dirac CoW\[p”

Eq_um‘lf(ms of motion :
a=Tl) , $=-Vi) ki
Defne 0, 2q(t=nt?) ard p,=plt=vi*) aud ntegro e
7£row| T= ntt 4o 1= [VIH)T+ :
Q—V\H = a.h *TT'[P"‘)
Pn-H = P.,, -7 V//gw—l)

7)'"} ;5 ouvv yva Z}h.;_, = %[; A/07LC %a% I‘7L /‘S ﬁw/—/ L\/LI/.CL)
appesrs o fhe ajuvvam‘]' of V' in e second eg;uaﬁan
/l\lS rs Crucm[ [n OWMV 7"L]a‘f 7_ [90 &mﬂwml

dgrw = dq., + T [pv,) ol p..
Dva\H - O[P,,, - L V“{@hf—/) dg—m‘-/

1 O (Aﬁ-m—l 1 7:7”//9-4) d?n}
(TV“(@MH) 1 ) OIPMH) - [o 1 0//314

(Agm ( 1 TT (p.) dg,
T I B IR s A/}



&‘Mﬂ/ %US

9/944)'/9'/\) :1
dbL 9/%—/,}7”:)

The Standavd map s obtained +rom
2

HIt) < ;T ~Veos ¢ K[¢t)

V’ES(/H\.U In
¢¢\+| = ¢m U % qu

Lm-}—/ = Ll,, - Tl/cs'l“"%m—{
Defim'n(j J) = Lw/ﬁﬁ—\/— and €= TIV]TI ye anive af

¢WH - ¢w +277¢ J,
T 1= Jp = € Sin ¢V\'H

The phase Space (¢,J) s Jhos a fj//‘nﬂ/é’/- A €0,
EE‘L,_ __Ck. - mJ E:7TJ2— CoS?‘

5 P"'(’.S(’V |/€0/

‘J"""’J—" —> —0—/£ :——SJ"’!SL
¢ o

This is becavse €—>0 means T -0 hewce K1) — 1/ which
15 fhe SJMFIP P@mdt]/l//"'- There 7s & Sepavadnx af E=1,
alovzj which  T(¢) = i% | cos(4)2)] .



Top : €<0.01(left) | € - 0.2 (Cewder) , €= D“//riyh‘/’)
Bo-u'ow\: a‘fﬂuils £rom €=0.4 [qucr rijf)

Aﬂoﬁ/l@f e)lwvxf)/(f 's the kiCI‘ed HArfer MaP/ NL»BW
277 o7
}’//f) = —V/ 505/'..;'2') = \/Z CoS/—ai)K/f/

This j@nerO»JfJ fhe P

Xt = Xu + o€ 5in(21Y,.) x=2al@ w«=[V.Jv
B 2T U V.
Yns = Yo =« ESin[TKan)  y = p/P € P; 2

on the ‘['Dv‘uS T?_: {0,1} x[o,iJ with x=o0,! /'0/8;474)4‘65/
O»V‘d \720;4 {Mm%ed



Kicked Havpar map with o=2 and €=0.0] VL), €20.125 [vR),
£-0.2 (LL)/ and €= 5.0 {LR).

Mote PSE jajs Kt 'TZTJ/"L'”T chos{mm{)

AVW( Qa klcléed HOLWIIH'DVH&M mfy b(’ L Hen
27w T
HIT 8, t) = H(5) + VI§) + 2V[$) Zcﬂf/ /

S— -/

/nﬂij/e € Sso namC@.S




fo incare” -Birk hotf Theortm

BO\Ck "lb ouv Per/-uré@/ 7%,//‘.37" W]Dl i :

¢"H” = d'ﬂ + "277”(/1:'/—/) + é//¢hpj;+:)
J_M—/ = J—n T éj[¢m ,J_.M—/)

w’h«

Fov £=0, fhe map %0 loaves T /‘nmr,‘mf, and s maps
cirofes 4‘0 Circleé. If d/J)¢@, e irwaje/! o/‘%c iterated
M%)D "I\'o become dense on fhe ciccle. SUP/”;e «(T) = g 3 (Q,
pad wolog assme o'(3) >0, S0 thit on cireles Ty =T + AT we
have o(T) > vls amd «[T_)<v/s. Dader 7A,',5, all pornts
on the circle C = C(x) ave bxed. The cincle C, = C(T,)
v ofates Sligl«Hy covnter clockuise while C_ =C[T.) votates
sligl/\Hg clockwise . Now consider the ackion of 7?’) ASsuming
that €<< AT)T. Ackiag on Cp, 100 vesuld is skl a net
counvlewdockw/SF 511;][7‘— P/us A Srvm// rodial cum/ownemf of Ole) .
St‘milaf[j, C_ conbnves Jo rofule clocksise ,0/05 an D/£)
(odi ol CUM};pnevﬂL- 3‘7 The Ttormediste Valse Weorem/ for
each volve of ¢ fere (s Somé /ooinf J_:Jéfw heoe the
av@uhr 514?][7[ Vani Shes . ﬂ.us) a/oyj fhe curve \j_é[¢} fhe



AcHon 07[ 6\—: 53 Pufe/j Vaa/,'al, Mext oqasider the
Curve Sg{GM - ?;SJ;/SM . Jinee 7;5 /s Vo/UMPf—PrﬁSelfViMj,
7%636 CuvvES mu;—} im‘e«fsea‘ a’/‘ an Cvihy numéer o]D/Do,I/\‘b,

\

The sitvahon is oleprmlea/ in e above 7?71/»"6. The. nifersecshons
of T,(@) and T, (4] are fhus Fixed points of fhe map I
We Fvrtternore see faat 4he intersecton, J€/¢/n 3}@5} Coms ST
of an alfernahing seqvonce of ellipht and A/,oerbo/fc PFued porats.
This is dre conderit of Hhe PBT : o small /aerﬁnéaﬁrm of a
rgsomyrf 7L0ru5 w% Offf) = V‘/S f€5'¢/7‘5 /W an Ejuo»/ nUMé&f‘
of clliphc ovd hyporbolic Axed point for T7. Since T, s
peciod S aching on these fixed points, the nimber oF EFPs
and HFPs must be C’?ua»/ and o m://7‘7'p/€ of 5. In The
viciny of each EFP, his shruchre repeats [see the
’Ajm"(’ be/ow).



56/7[’5/.’””0”’ Stvuches i 'ﬂte I'7L€m,7tf’4 75\”‘57" Map.

Stable ool unf'}aue mani Foldls O%M

Emanm’v‘nj Lrovn each HFP ove stable and ongdoble manitylols :

L?éZS/LF ) = im T 90:5* (+fows 7o Z?*J

h > oo

(196 . [‘f ) = Jm T—MSCZ )* /Howﬁ 7£f‘om ‘P*)

Vot D@V TS (@) = ¢ and ZUE)NZ9])=¢
Fov (4 ] [no S|s or O indersechions), However,
S/Cp ) ond [ /(f ) can intersect. Fo- i=j fhis
s cal led o howac/m:c Pown‘ [0M iFs oy From V*
o Qﬂ* ) For /%J, this is a heteroclinic })omf,

¢



Homoclinic 1angle for Knws =Y 808 iy = (RED 7 )4 = X

Wlﬁ\ a=2.693 ) b; - [04.8§8% . B/ue Covvl 1S The Jfaé/@
manifold. Red curve s the vastable manifold. HEP of lo,0).

Tae Jact Pt neither red nor blve corve can self infesect
reguices fher Fo become /‘ncrmfmj/dm SFortvired.

BuT Since :T\‘: (S Conpnvovs amo/ /‘nven’v‘é/e, (7S atpon
o a  howoclinic [l/,d@roclfnici Pm‘wf M'//praolda" a new
l/]omoo[{m”c [[4@*}6/0{;[,}4[6) P0;”7L’ ad/ 7n74‘m'7§/m 0/ Fov
howoclinic infersechons , fhe result rs Koown os o

)f)owoclfnic 7"0""9/9 :

* MQPS ;ﬂ d.:‘-l Xm;—/;%/xr\) j #Xfp/ /90/"4/' X*’;/X*)
Tf X = x*4U , Mg th =F (¥ 4, + O0?)
FP is skable £ 1£1x)]< |, umstnble if [£(x*)]> 1.



Cobweb /I‘Rj’)’ﬂm for F(x) = r x/I-x)

Fryed /’0""7L’ 4"49/ fyﬁ/ff 7§r o)z rxf1-x)
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