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Drag reduction in two phase and polymer flows

John L. Lumley®

The Pennsylvania State University, University Park, Pennsylvania 16802

The basic dynamics of turbulent boundary layers of several media is described qualitatively: suspensions of
several types and polymer solutions. Despite the considerable differences in these media, it is argued that
a number of the flows are affected only in the buffer layer, and drag reduction can result if behavior in
the sublayer and buffer layer differ. In polymer solutions, it is argued that molecular expansion is
responsible for the difference, and experimental evidence of this expansion is presented, and compared

with calculations.

INTRODUCTION

Skin friction drag in turbulent flow can be reduced
below that of the clear fluid (or solvent) alone by the
addition of several substances.! For example, in a
horizontal boundary layer above a surface, particles
for which inertia may be neglected, but fallout may not,
can reduce the drag in certain flow regimes. In a dif-
ferent situation, particles for which fallout may be ne-
glected, but inertia may not, can also reduce the drag,
but by a different mechanism. Particles for which both
may be neglected can also reduce the drag if they are
large enough, Polymer additives can make very sub-
stantial reductions in the drag. A detailed examination
of the mechanisms involved! (in some cases highly
speculative) suggests that while the heavy particle case
may be explained by the effect of a stable density strati-
fication, the other cases appear to have a basic mecha-
nism in common: the addition of the substance affects
only the dissipative scales of the turbulence, suppress-
ing the dissipative eddies, and increasing the scale of
dissipation. At the same time, the effective viscosity
in steady shear is only slightly affected so that the sub-
layer scaling remains unchanged. In a turbulent bound-
ary layer it is argued that such a change in dissipative
scale cannot affect the momentum transport throughout
most of the flow, which will, hence, have a logarithmic
region with the classical slope. In the buffer zone, how-
ever, where the scales of the dissipative and energy
containing eddies are roughly the same, the energy con-
taining eddies will be suppressed, resulting in reduced
momentum transport, an effectively thickened sublayer
and reduced drag. The idea that a change in dissipative
structure does not affect the energy containing eddies
away from the wall is supported by measurements in
media as disparate as slurries and polymer solutions,
In polymer solutions, in particular, there is evidence
that the structure of the sublayer remains essentially
unchanged except in scale, leaving the mechanism of
turbulence production unchanged.

The case of polymer solutions is characterized by the
so-called onset phenomenon®; below a certain value of
the flow parameters there is no apparent effect of the
polymer, It is now clearly established that onset is well
correlated with polymer terminal relaxation time® (see
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Lumley? for other contributing evidence). Polymers
are predicted to expand in a suitable velocity field when
a criterion based on the relaxation time is exceeded*
and this expansion process is felt to be responsible for
drag reduction,®® Polymer expansion in turbulent flow
has been predicted, and the threshold for expansion
correlates well with that for onset.” Indirect evidence®
for the molecular expansion has been found in connection
with Pitot tube errors, but no direct measurements have
previously been reported. Here, we report direct mea-
surements of molecular size in a two-dimensional pure
strain. The molecular expansion measured, although
not large due to limitations of the experimental appara-
tus, is that predicted’ within experimental error, lend-
ing credence to other predictions regarding molecular
expansion in turbulent flows and its relation to onset.

DYNAMICS OF TURBULENT TWO-PHASE
AND POLYMER FLOWS

An earlier version of some of the following material,
presented from a different viewpoint, has appeared in
Ref. 1. We restrict discussion to media which display
little non-Newtonian behavior in steady simple shear.
We adopt the position that the basic structure of tur-
bulent boundary layers of such media (flows with sus-
pended particles, foams, polymer solutions, etc,), with
a few exceptions such as the effect of buoyancy, is simi-
lar to that of Newtonian boundary layers, although the
different regions may scale differently, That is, re-
gardless of the fine structure of the medium, and hence
of the dissipative mechanism, there will be a linear re-
gion® next to the wall in which the dissipative forces
dominate (the sublayer); the central part of the flow will
be dominated by inertia; there will be a logarithmic re-
gion with the usual slopeg; and in the buffer layer (be-
tween these two latter parts) and extending into the sub-
layer there will be large eddies essentially similar to
those found in Newtonian flows, the form of which is de-
termined primarily by inertial forces and kinematics, '°
and which produce little Reynolds stress, but do pro-
duce inflectional profiles leading to secondary instabili-
ties and the production of Reynolds stress, Within this
conceptual framework, the only question is the scaling
of the various regions, which will differ in different
media. Hence, our position is that adetailed, mathemat-
ical, theory for turbulent boundary layers in these me-
dia is not necessary, since their structure is so similar
to that of Newtonian boundary layers, and indeed is not
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possible, since in fact Newtonian boundary layers are
not sufficiently well understood to permit the construc-
tion of such a theory,

This conceptual framework is intended to give struc-
ture to the discussion which follows, and according to
Townsend,!! “...provide targets for criticism....” It
is probably an over-simplification, and should be quali-
fied in various ways. Support for this framework is
fragmented and is somewhat negative, in the sense that
the most that can be said is that the supportive bits and
pieces do not seem to be a variance with the framework
proposed, It has the advantage of being the simplest
framework with that property, i.e,, the smallest change
from the Newtonian boundary layer capable of explaining
the observations, which does not assume things about
non-Newtonian boundary layers that are not known about
the Newtonian layer,

Let us leave aside the case of heavy particles for
which inertia may be neglected; this case is treated ex-
tensively in Lumley, where it is shown that the basic
mechanism is a pseduo-buoyancy resulting from the
drag and fallout, The pseudo-stable stratification sup-
presses the vertical motion, resulting in a reduction of
drag relative to a single phase fluid of the same density.
Whether the drag is reduced relative to the clear fluid
depends on the relative contributions to the Reynolds
stress of the increased density and the reduced vertical
motions; for increasing stability (controlled by the ratio
of terminal velocity to shear velocity) drag reduction is
possible, It is evident that this mechanism is quite dif-
ferent from the mechanism described in the preceding
paragraphs,

Let us consider particles for which fallout may be
neglected, but inertia may not, This corresponds .
roughly to a high-speed; relatively low Reynolds num-
ber flow.' In such a flow, the particles nearly follow
the motion, following well at large scales and poorly at
small, We may use an essentially Lagrangian estimate
for the rate at which work is done by the fluctuating rel-
ative velocities induced by the particle inertia. A crude
integration! gives for the additional energy dissipation
per unit total mass (particles included)

1.18¢(2~1/0.74sa) £/(1+8), 0.74sa>1, (1)

where s is the (Kolmogoroff) cutoff frequency of the
Lagrangian spectrum, which would ordinarily be (¢/
V)2, a is the particle time constant, equalto V /g
for small particles, and £ is the loading, or mass ratio
of particles, We are considering values of £ of the or-
der of unity, with particle/fluid density ratios of the or-
der of 10° and volume concentrations of the order of
103, so that particle-particle interactions may be ne-
glected,

It is well known in turbulence that the presence of an
additional mechanism for energy dissipation at high fre-
quencies does not imply that the over-all dissipation of
energy is increased. It is an experimentally observed
property of turbulence that so long as the dissipation is
confined to the small scales, the large scales are domi-
nated by inertia, Hence, if the efficiency of the dissi-
pative mechanism is increased (still being confined to
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small scales), the scale at which the dissipation occurs
will be increased so as to keep the total amount dissi-
pated the same,

In expression (1), the ¢ is the rate at which energy is
being cascaded down the spectrum, which will not be
changed by the presence of the particles. The cutoff fre-
quency s will be reduced by the presence of the particles,
and the purely viscous dissipation will be given by vsz,
where v is the value of the kinematic viscosity with par-
ticles. Note that the dynamic viscosity is essentially un-
changed by the presence of the particles, the ratio being
1+5C/2," where C is the volume concentration; with
C=10"%, this can safely be ignored,

Since the viscous dissipation plus the dissipation as-
sociated with the particles must dissipate all of €, we
may write

€=ps?+1,18€(2-1/0,74s5a)L£L/(1 +L£) 2)
which provides an equation to determine s,

We may simplify expression (2) by defining § = s(v,/
€)!/? where v¢ is the kinematic viscosity of particle-free
fluid; thus, § is the ratio of the cut-off frequency with
and without particles. Also, it is convenient to define
a parameter y =0, 74a(e/v,)' /3, which is the product of
the particle time scale and the cut-off frequency in the
particle-free fluid (with a numerical factor included for
convenience), Then, (2) becomes

£=(1-5/(1.36-1,18/y38) . (3)

The cut-off viscous wave number is more relevant to
turbulence dynamics. We may form a nondimensional
cutoff wavenumber by normalizing by its value when
£ =0, which is proportional to (¢/23)!/*, and designate
it by 2, Then, we have

Ry=[5(1+£)]/2 . (4)

We have two conflicting phenomena here: the increased
density due to the presence of the particles reduces the
effective v and tends to increase k,, while the increased
dissipation tends to reduce it, From (3) and (4) we find
that there is a relatively narrow range of values of £

in which, for sufficiently large values of y modest re-
ductions in %, occur (see Fig. 1).!

In the wall region of a particle-free turbulent shear
flow, the occurence of turbulence may be plotted as in
Fig. 2.% The abscissa is wavenumber, scaled with the
friction velocity and the kinematic viscosity of the fluid
with particles, while the ordinate is distance from the
wall scaled in the same way. The turbulence is con-
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FIG. 1. Variation of dimensionless cutoff wavenumbers with

loading, for various values of the particle/fluid time scale
ratio, !
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FIG. 2. Scaling relations in the viscous and inertial sublayers

with and without polymers.? DR refers to drag reduction: the
DR viscous cutoff and sublayer indicated correspond to an in-
crease in viscosity in the turbulent part of the fluid, without a
corresponding in¢rease in the viscous sublayer, !

tained in the shaded region., That is, the peak of the
energy containing eddies lies on the left-hand edge, while
the peak of the dissipative region lies on the right-hand
edge. As the wall is approached, the two scales
approach each other, the turbulence Reynolds number
dropping progressively, and in the viscous sublayer the
two scales are of the same order,

It may be objected that a plot such as Fig. 2 ignores
all the detailed information which we have about the form
of the anisotropic eddies in the vicinity of the wall, Cer-
tainly, there are the large eddies to which we have al-
ready referred, which do not scale according to Fig. 2.
In this figure we are referring, however, to the small
scale eddies that are produced by the secondary instabil-
ity of the inflectional profile produced by the big eddies,
the eddies responsible for the Reynolds stress; these do
scale according to Fig. 2, and they are the ones respon-
sible for profile changes, According to Lumley, 10 the
big eddies are essentially parasitic, in the sense that
their size and intensity is determined by the mean ve-
locity profile, while they carry little Reynolds stress.

EXP
14
8
12
10 k= L L —_
2 4 é _(/
FIG, 3. Variation of dimensionless sublayer thickness with

loading, for a rather large value of the particle/fluid time scale
ratio.! The curve labeled EXP is from Kane et al,'® for 36 p
glass beads, and corresponds to a value of the time scale ratio
considerably beyond the range for which the present analysis

is valid.
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FIG. 4. Mean gas velocity profile in flows with the indicated
loading of 36 u glass beads from Kolansky et al. u

They are also essentially inertial, losing energy primar-
ily at the bottom of the viscous sublayer.

According to Fig. 1, the presence of particles can,
in the right parameter range, reduce the value of ;.
Away from the wall a reduction of %, will have no effect
on the energy containing eddies, and hence will leave
the momentum transport and the slope of the mean ve-
locity profile unchanged. Just outside the viscous sub-
layer, however, this reduction in %2, will cause the apex
of the shaded region to move farther from the wall, kill-
ing the energy-containing eddies there, and effectively
thickening the viscous sublayer. It is not hard to show
that a thickening of the viscous sublayer at constant fric-
tion velocity corresponds to a reduction in drag, since
the mean velocity at the sublayer edge increases. For
small changes, the percentage change in wall shear
stress is about the same as the percéntage change in sub-
layer thickness. Of course, if the sublayer is thicker
than for a clear fluid of the same density, drag has not
necessarily been reduced; this will happen only if the
sublayer is thicker than for the fluid without particles.

Hence, we will define § as the ratio of the sublayer
thickness to that in the clear fluid, We will take as the
definition of sublayer thickness the point of intersection
of the right- and left-hand edges in Fig, 2. We obtain

b=[s(1+0)|?/* . (5)

This is plotted in Fig, 3! for a value of y=7, y being
evaluated at a distance from the wall corresponding to
the sublayer thickness (as defined herein). For a quali-
tative comparison, we have included a measured reduc-
tion in drag due to particles,'® The value of the param-
eter v is too large (roughly 50) for our analysis to be
applicable, but the general shape and range of £ is qual-
itatively similar,

There are very few detailed measurements of pro-
files in particle-laden flows, and none to our knowledge
of turbulent structure; certainly there are none in our
parameter range. In Fig, 4 we present measurements
of Kolansky et al., 14 which clearly show the unchanged
logarithmic region and drag reduction relative to a clear
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fluid of the same density, despite the too-large value of
¥. In corroboration we can also offer profile measure-
ments in pipe flows of slurries, which are observed to

have a logarithmic region with the classical slope, 18

We may extend these ideas to neutrally buoyant par-
ticles, which neither fall out nor dissipate extra energy
through inertia; however, flows of these particles dis-
play drag reduction.!® Based on our reasoning here, if
the particles are in every dimension small relative to
the Kolmogoroff microscale everywhere in the flow we
would expect no influence, and experiment bears this
out, Anomalous effects are observed only in flows in
which at least one dimension of the particle exceeds
the Kolmogoroff length scale near the wall, For par-
ticles smaller than the Kolmogoroff microscale, only
the effect on viscosity will be important, and this will
be the same both in the turbulent part of the flow and in
the viscous sublayer. Hence, a diagram such as Fig,

2 will remain unchanged, and no drag reduction will
occur, Some drag reduction could occur if the particles
migrated out of the wall layer, 17 gince then there would
be an increase in viscoity in the turbulent fluid and not
in the sublayer; however, this would require a relative
Reynolds number of order unity or greater, which can-
not occur if the particles are smaller than the Kol-
mogoroff microscale (the relative Reynolds number
based on velocity differences across the particle is
{I/7), where [ is the particle dimension). For parti-
cles larger than the Kolmogoroff microscale, two ef-
fects are possible: migration out of the wall layer,
causing a lower viscosity there, and suppression of the
small eddies that are smaller than the particles, That
is, a vertical line in Fig, 2 will represent particles of a
constant size; the energy containing eddies will not be
affected until the vertical line crosses the left-hand
boundary of the shaded part. Below this point, the en-
ergy containing eddies will be suppressed, with a reduc-
tion in Reynolds stress, causing a thickening of the sub-
layer and reduction of drag. The suppression of the
small eddies is in addition to the increase in viscosity;
otherwise, the diagram would not be affected. If the
effective viscosity in the sublayer remains Newtonian,
the profile slope in the logarithmic region will not
change; data indicate, however, that the slope usually
increases, As Tennekes® has explained, a change in
slope in the log region indicates a change in the viscous
stress-strain rate relation in the sublayer; most likely
migration is responsible for this. It is also possible
that particle interaction or particle flexibility is respon-
sible; recent measurements in blood'® indicate that
flexibility is the most important contributor to non-New-
tonian behavior of particulate fluids in laminar flow.

Again, we do not have measurements of detailed tur-
bulence structure, but the observed gross behavior is
at least consistent with our simple model.

In polymer drag reduction we have more information
than in any of the particlate flows., The mechanism that
has been proposed is the expansion of the polymers in
relatively rotation-free straining flows. In the next sec-
tion we shall present the evidence that exists for this ex-
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pansion. Here, we will summarize briefly what is pre-
sumed to happen.

Molecules exist in solution as tangled balls, mostly
filled with solvent, Thermal agitation is responsible
for keeping them in this partially contracted shape, pro-
viding an effective spring constant for return to their
equilibrium diameter. Under the action of a pure strain,
the molecules are pulled out into an ellipsoidal shape;
when the strain rate exceeds the restoring force, the
molecule expands as far as it can, until it is essentially
fully extended. This picture is qualitative, being com-
plicated by the fact that the effective restoring force
changes as the molecule is expanded, so that the expan-
sion does not happen all at once, K the molecule is in a
shear, so that it is rotating as well as being subjected
to the straining, a greater strain rate is required to
produce the same effect, since the molecule remains
aligned with the principal axes of strain rate for a
shorter time, If the rotation rate is too great, in fact,
the expansion produced is quite limited no matter how
great the strain rate, In Fig, 5" we show the behavior
of an isolated molecule in various combinations of vor-
ticity and strain rate, In particular, in a shear, vor-
ticity is equal to strain rate, and the expansion obtain-
able is quite limited,

The whole picture is complicated by the fact that there
is evidence!® that interaction of the molecules is an im-
portant part of the drag reduction process, and by the
fact that any sample of polymers contains a spectrum
of molecular weights, and hence of spring constants and
relaxation times. Nevertheless, it is felt that the pre-
ceding paragraph provides a crude qualitative picture of
behavior of polymer molecules in drag reducing flows,
In the turbulent part of the flow, at high Reynolds num-
ber, vorticity and strain rate are uncorrelated with each
other, and can occur in virtually any combination; they
both have distributions with long tails, so that large and
small values of each are more probable than for a
Gaussian distribution. Hence, there is a substantial
probability of finding regions of relatively large strain
rate and relatively small vorticity, Under these circum-
stances, the molecules can expand, if the level of strain
rate is sufficiently large. This discussion is oriented
primarily toward large Reynolds numbers, If we con-
sider turbulence at low Reynolds numbers, such as that

Q/8 0.856, ST 1.20

)

2
0

Q/S 0.856, ST 0.833

/S 1, ST 1
Q/s 112, ST 1

log{R*/R

-1 0 1 2
log(St)

FIG. 5. Mean square molecular radius as a function of time in
a two-dimensional flow, for various values of vorticity and
strain rate (relative to the relaxation time 7) from Lumley,?
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near a wall, there are also regions of relatively large
strain rate and low vorticity; Abernathy®® has shown that
in the field of flow of the large counter-rotating eddy
pairs in the sub- and buffer layers such regions exist,

On the other hand, in the viscous sublayer, the vor-
ticity is equal to the strain rate, and the molecules can-
not expand significantly, The diffusion coefficient for
molecules of this size is so large, that by the time ex-
panded molecules from the turbulent part of the flow
have diffused down into the sublaver, they will have col-
lapsed,

When the molecules expand, the viscosity of the solu-
tion increases dramatically. Essentially, the increased
dissipation due to the presence of the molecules is de-
pendent on the velocity differences occurring over a
molecule, The more the molecule expands, the greater
the velocity difference. Since the mean square diame-
ter of the molecule can expand by a factor of the number
of submolecular units, and this can be of the order of
105, the increase in viscosity can be correspondingly
great. Hence, we can have a substantial increase in
viscosity in the turbulent part of the flow, and virtually
no increase in viscosity in the viscous sublayer.

Again, this increase in viscosity in the turbulent part,
and not in the viscous sublayer, suppresses the eddies
which carry the Reynolds stress in the buffer layer, re-
sulting in a thickening of the sublayer, and a reduction
of drag, Since the majority of the turbulent part of the
flow is dominated by inertia, we expect the slope of the
mean velocity profile to remain unchanged, so long as
the stress-strain rate relation in the viscous sublayer
remains Newtonian, Since the drag reduction phenom-
enon occurs at concentrations so low that, if the mole-
cules are not expanded, the total change in viscosity is
of the order of 1%, the sublayer will remain Newtonian,
and the slope of the mean velocity profile will be classi-
cal. This is exactly what is observed.®

In these polymer flows the form of the large eddy
structure near the wall has been inferred from measure-
ments of fluctuating wall shear stress.? It is found that
the large eddies are essentially the same as in a New-
tonian flow, but that the scale of the large eddies has
expanded to fit the expanded sublayer. This is consis-
tent with the predictions of Lumley'® that the large eddy
structure is parasitic, and determined primarily by the
mean velocity profile; it is also consistent with the state-
ment there that the large eddies lose their energy pri-
marily at the bottom of the sublayer, where the mole-
cules are contracted, and the viscosity is essentially
unchanged from the Newtonian value, In fact, the mea-
surements of fluctuating velocity by Rudd® are also con-
sistent with this picture. In the buffer layer, he finds
the streamwise component increasing with the mean ve-
locity (at fixed shear velocity), while the other two com-
ponents are reduced. Our model would predict that the
turbulence intensities should be reduced in the buffer
layer, but we have specifically restricted this to the
small scale eddies that carry the Reynolds stress there.
In fact, a major contributor to the streamwise fluctuat-
ing velocity are the large scale fluctuations in the mean
velocity profile® induced by the big eddies, If the big
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eddies extend farther from the wall, the net velocity dif-
ference over their height is greater, and the fluctuations
in streamwise velocity induced will be greater., Hence,
we expect the peak value of the streamwise fluctuating
velocity to scale up as the sublayer thickness increases,
as observed by Rudd,

The model predicts several other qualitative phenom-
ena. For example, at low concentrations, the molecules
will essentially expand fully, so that the net relative
change in viscosity will be proportional to the concentra-
tion, Using our same definition for change in sublayer
thickness with change in viscosity, we find drag reduc-
tion proportional to concentration for small concentra-
tions.? Unfortunately, although early data appeared to
show this, recent unpublished measurements of Berman
indicate a progressive drop in drag reduction per unit
concentration as concentration decreases for low con-
centrations, at constant flow time scale. This suggests
that interaction is important and that effective intrinsic
viscosity vanishes at zero concentration, implying that
interaction with other molecules is necessary to expand
a molecule, For larger concentrations, we have a feed-
back mechanism: as the molecules expand, the in-
creased viscosity causes a reduction in the strain rate,
since the dissipation must remain constant; the reduction
in the strain rate stops the expansion, The equilibrium
state is one of partially expanded molecules, producing
an increase in viscosity just sufficient to hold them at
that expansion.? The result is a saturation of drag re-
duction with concentration, If more polymer is added,
the average expansion is reduced, to hold the effect
about the same, The saturation for large concentrations
is observed, %

EVIDENCE FOR MOLECULAR EXPANSION

Our explanation for the behavior of polymer solutions
in turbulent flow is based on the idea that polymer mole-
cules expand under the right circumstances, Evidence
for such expansion has been either calculations based on
various models* or indirect evidence from other phe-
nomena, For example, the calibration curve for a hot
film set at an angle to the free stream,® Fig, 6, can be
explained on the basis of molecular expansion in irrota-
tional flow.? When the film is normal to the free stream,
the molecules are expanded in the irrotational flow near
the stagnation region, causing an increase in viscosity
and boundary layer thickness and a decrease in heat
transfer. As the film is placed at an increasing angle
relative to the free stream, the flow along the stagnation
line becomes a shear flow, in which vorticity is equal
to strain rate, the molecules tumble, and contract, re-
sulting in a reduction in viscosity and boundary layer
thickness, and an increase in heat transfer. The behav-
ior of Pitot tubes® provides similar indirect evidence,
Attempts have previously been made to measure molecu-
lar size directly, in circular Couette flow®®; since the
flow is a shear, only relatively small molecular expan-
sion would be expected, and the experimental measure-
ments were in agreement with this expectation,

Recently, Dennison®” has completed a series of mea-
surements of molecular size of poly(ethylene oxide)

John L. Lumley S68
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FIG, 6. Plot of angular calibration of a hot film probe at two

mean speeds, ©, 300 ppm J-100, 25 cm/sec; o, 300 ppm J-100,
57 ecm/sec. 2

(Union Carbide Polyox WSR-301) by light scattering in

a two~dimensional, irrotational contraction, using a
modified recording goniophotometer supplied by the
Shell Pipeline Division, Houston, The contraction is
shown in Fig. 7,% where all dimensions are in inches.
The flow region was 0.2 in, thick, the top and bottom
surfaces being glass. The cell of the goniophotometer
was replaced with this contraction, the beam of the light
source (a He-Ne laser) passing through the contraction
normal to the plane of the figure, at several points along
the centerline, The upstream end of the contraction was
fed from a 2,0 in, circular pipe in which the flow was
laminar, the two being joined by a round-to-rectangular
smooth transition,

The flow in the contraction was extensively analyzed
by finite difference,?® Figure 8 is a plot of strain rate
along the centerline, (all values nondimensionalized by
entrance velocity and entrance half-width), The anal-
ysis of the flow field for the solvent alone and for the
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FIG, 7. Two~dimensional contraction, *8
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FIG. 8. Distribution of strain rate along centerline of two-di-
mensional contraction, 28

polymer solution indicated that there was no appreciable
difference, The increase of the strain rate in the con-
traction above the value predicted for irrotational flows
is due to viscous boundary layers, which effectively re-
duce the dimensions of the contraction, The viscosity
is computational, in the calculations of Gatski.® In the
real experiment, the Reynolds number at the exit (based
on width) is about 25600, so that the flow is almost cer-
tainly turbulent., A crude estimate of turbulent boundary
layer thickness, based on boundary layers in the stag-
nation region®; that is, proportional to (v;/5)'/?, where
the turbulent viscosity is based on the local boundary
layer thickness and free-stream velocity, and the strain
rate S is that of the contraction) indicates a turbulent
boundary layer of approximately the same thickness as
the computational laminar boundary layer, so that Fig,
8 may be taken to be representative of the real flow.
Because of its small size, of course, the real nozzle
suffers from geometrical inaccuracies, which almost
surely cause differences in the flow field,

The difficulty in the design of such a flow is to retain
the polymer molecule in the flow field for a time great
enough for it to be significantly extended. In the en-
trance region, the flow does not begin to follow the con-
traction for a distance which is probably a nearly con-
stant fraction of the entrance width. Hence, widening
the entrance region does not significantly increase the
time spent by the polymer molecule in the high strain
rate region, Lengthening the down stream end does not
add much, first because of the difficulty of accurately
machining the increasingly parallel section, and second
because of the great increase in length necessary for a
moderate increase in time, since the flow is traveling

John L. Lumley S69



FINITE ELEMENT
INTEGRATION T -3.7ms

ELONGATION

e FROM DENNISON (1976)
BULK VELOCITY -5.85m/s

DISTANCE FROM ENTRANCE: length /10

FIG. 9. Measurements of molecular expansion along centerline
of two-dimensional contraction {curve is calculated from Oldroyd
equation), 7

faster and faster. Hence, the nozzle depicted is diffi-
cult to improve on, and the time spent in the high strain
rate region is quite short,

Having the value of strain rate along the center line
of the contraction, it is possible to use the Oldroyd
equation, which is known to be a first approximation to
the constitutive relation for a polymer solution, *>* to
calculate molecular size.® Close to the critical value
of the dimensionless strain rate, the finite difference
technique suffers severe instabilities; we have obtained
solutions in this range by finite element techniques, us-
ing eight unequal regions of stepwise constant strain rate
through the contraction, In Fig. 9 we show the measured
values of streamwise molecular size obtained by Denni-
son, together with the calculated values of molecular
size from the Oldroyd equation, The terminal relaxa-
tion time has been selected to give the best fit to the
data, This relaxation time is of the order of the largest
times measured for this polymer by Berman ef al.® us-
ing the observed onset of drag reduction to infer a time.
It is also near the upper edge of the postulated relaxation
time distribution suggested by these authors for this
molecule (see Fig, 10),

The molecular expansions were measured at a con-
centration of 1600 ppm. Although this is substantially
higher than the concentrations which are of interest in
drag reduction, it was necessary to go to this concen-
tration because of the small scattering cross section of
the polymer molecule, The total light scattered by the
molecules at lower concentrations was not reliably per-
ceptable over instrumental noise. Although such a high
concentration would certainly affect the behavior of this
polymer in a drag reducing flow, it should have relative-
ly little influence on its behavior in an irrotational con-
traction,

Although the total increase in size displayed by the
molecules in this flow is necessarily limited due to the
short time spent in the high strain rate region, the fact
that the expansions measured agree so well with those
predicted by the Oldroyd model suggests that our under-
standing of the behavior of such molecules in irrota-
tional flows is substantially correct. The values ob-
served are in good agreement with those reported by
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Smith ef al,% In a turbulent flow, there would be no
such limitation on the expansion of the molecules as
there is here, because a finite fraction of the molecules
would presumably remain in a strain rate field which
was substantially rotation free for a sufficient time to
expand, if the flow parameters exceed the threshold
values,

ACKNOWLEDGMENTS

Thig work was supported in part by the U, 8. Office of
Naval Research, Fluid Dynamics Branch, and in part by
the U, S, Naval Sea Systems Command, through the
Garfield Thomas Water Tunnel,

3. L. Lumley, in Topics in Applied Physics, edited by P. Brad-
shaw (Springer Verlag, Berlin, 1976), Vol, 12, Chap. 7.

2J, L. Lumley, J. Polymer Sci,: Macromol, Rev. 7, 263
{1973},

N, S. Berman and W, K, George, Jr,, Phys. Fluids 17, 250
(1974),

‘A, Peterlin, Pure Appl, Chem. 12, 563 (1966).

5J, L. Lumley, in Annual Reviews of Fluid Mechanics, edited
by W, R, Sears and M, Van Dyke (Annual Reviews, Inc., Palo
Alto, Calif,, 1969), Vol. 1, p. 367,

A, Peterlin, Nature 227, 598 (1970).

J. L. Lumley, in Symposia Mathematica (Academic, New
York, 1972}, Vol. 9, p. 315,

8N, S. Berman, G. B, Gurney, and W, K. George, Phys.
Fluids 16, 1526 (1973).

®H. Tennekes, Phys. Fluids 9, 872 (1966).

03, L, Lumley, in Developments in Mechanics (University of
Notre Dame, Notre Dame, Ind., 1971), Vol, 6, p. 63,

YA, A, Townsend, Structure of Turbulent Shear Flows (Cam-
bridge University, Cambridge, 1956), p. xi.

2G, K, Batchelor and J. J. Green, J. Fluid Mech. 56, 401
(1972).

3R, S. Kane, S, Weinbaum, and R, Pfeffer, in Proceedings,
Second International Conference on the Pneumdatic Transport
of Solids in Pipes (British Hydromechanics Research Associa-
tion Fluid Engineering, Cranfield, Bedford, England, 1973),
p. C3-29.

1M, S. Kolansky, S. Weinbaum, and R, Pfeffer, in Proceed-
ings Thivd Intevnational Confevence on the Pneumatic Tvans=-
port of Solids in Pipes (British Hydromechanics Research As-
sociation Fluid Engineering, Cranfield, Bedford, England,
1976), p. Cl-1.

W, C. Mih, C., K. Chen, and J, F, Orsborn Bibliography of
Solid—Liguid Transport in Pipelines (Washington State Uni-
versity, Pullman, Wash,, 1971), p. 9.

18R, C. Vaseleski and A, B, Metzner, AIChE J,20, 301 (1974).

p, G, Saffman, J. Fluid Mech. 22, 385 (1965).

18M, Belzer, M, S. thesis, The Pennsylvania State University
(19786).

Sohn L. Lumlay $70



19N, Berman (private communication),

20F, Abernathy (private communication).

21y, D. Eckelman, G, Fortuna, and T, J. Hanratty, Nature
Phys. Sci. 286, 94 (1972).

2M, J. Rudd, J. Fluid Mech, 51, 673 (1972),

24, P. Bakewell, Jr., and J, L. Lumley, Phys, Fluids 10,
1880 (1967).

24p, R. Kenis and J. W, Hoyt, Naval Undersea Research and
Development Center Report TP-240 (1971).

%C, A, Friehe and W, H, Schwarz, in Viscous Drag Reduction,
edited by C, S. Wells (Plenum, New York, 1969), p. 281,

%p, R, Cottrell, E, W, Merrill, and K. A, Smith, J, Polym.

S71 Phys. Fluids, Vol. 20, No. 10, Pt. i1, October 1977

7, 1415 (1969).

%'G. Dennison, M, S, thesis, The Pennsylvania State Univer-
sity (1976).

T, Gatski, Ph.D. thesis, The Pennsylvania State University
(1976).

%y, Schlichting, Boundary Layer Theory (McGraw-Hill, New
York, 1960), p. 81.

3H, Giesekus, Rheol, Acta 2, 50 (1962).

313, L. Lumley, Phys. Fluids 14, 2282 (1971).

32K, A, Smith, E, W, Merrill, H, H. Peebles, and S. H, Bani-
jamali, in Polymevres et Lubrification (Centre National de la
Recherche Scientifique, Paris, 1975), p. 341,

John L. Lumley S71



