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Outline

Path integrals in quantum mechanics

Monte Carlo integration and Markov chains

Monte Carlo evaluation of path integral in quantum mechanics
Free Klein-Gordon scalar field theory in 2 + 1 dimensions
Interacting ¢* scalar field theory in 2 + 1 dimensions
Applications in quantum chromodynamics

@ Topics for future study



Part |

Path integrals in quantum mechanics
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Transition amplitudes in quantum mechanics

@ key quantity in quantum mechanics: transition amplitude

Z(b,a) = (xp(t) | xa(ta))
@ Z(b,a) is probability amplitude for particle to go from point x, at
time 1, to point x, at time #,

@ in this talk, will work in Heisenberg picture

e state vectors |V) are stationary
e operators and their eigenvectors evolve with time

x(t) = M/ x(0) P
w(n) = €™M (x(0)
@ often will shift Hamiltonian so ground state energy is zero
Hl|pu(1)) = Eul¢a(t)),  Eo=0
[90(1)) = [¢0(0)) = [0)



Spectral representation of transition amplitude

@ insert complete (discrete) set of Heisenberg-picture eigenstates
| (2)) of Hamiltonian H into transition amplitude
Z(b,a) = (xp(55) | xa(ta)) = Y (x6(1) |$n(16)) (Sn(t5)] Xa(ta))

@ now use \gb,,( )) = /7| $,(0)) = eE'/"|$,(0)) to obtain
= D€ 1) o) ()| )

o finally, (x ( )|¢n( )) = p,(x) is the wavefunction in coordinate

space, so A
a) = Z ©n(Xp) 05 (Xa) e~ En(tr—ta) /1

n
@ transition amplitude contains information about all energy levels
and all wavefunctions — spectral representation



Vacuum saturation

@ taker, = —T and t, = T in the limit 7 — (1 — ie)oo
(Txa(=T)) = (xp(0)]e™HT/ M x, (0))

oo

= > {(0(0)[$a(0)) {@n(0)xa(0)) e~ T/

n=0
= (x,(0)]0)(0lx4(0))
e insert complete set of energy eigenstates, use E,;1 > E,, E, =0,
assume nondegenerate vacuum

@ possibility of probing ground state (vacuum) properties



Vacuum expectation values

@ now apply limit T — (1 — ie)oc to more complicated amplitude
(o (D) (e2)x(t) b ~T))
= (x(0)|e™ ™™ x(12)x(t1) e/ "x,(0))
= Z<Xb(0)|¢n(0)><¢n(0)‘x TZ)X(TI)|¢m(0)><©m(0)‘xa(0)>

n,m X e_l(En+Em)T/h
= (x5(0)]0)(0]x(22)x(11)|0) {O[x4(0))
@ hence, vacuum expectation values from

. (o (T) |x(22)x(11) xa(=T))
O (m)I0) = | dim e D)= T))
@ result generalizes to higher products of position operator
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Observables from correlation functions

@ all observables can be extracted from the correlation functions
(vacuum expectation values)

@ example: energies of the stationary states
(Op()x(0)[0) = (0]e""/"x(0)e~™"/"x(0)[0)
= > (01x(0)e~™"|6,(0))(6(0)[x(0) 0)

n

- Z|<0|X(0)|¢n(0)>|26—iE,,z/h

n

@ similarly for more complicated correlation functions
(OR*(1)x*(0)[0) = (0fe™/" 2(0) R (0)]0)

_ Z' O\x ‘2 —iE,t/h

@ but difficult to extract energies En from above oscillatory functions
— much easier if we had decaying exponentials



The imaginary time formalism

@ can get decaying exponentials if we rotate from the real to the
imaginary axis in time (Wick rotation) r — —ir

(Olx(1)x(0)|0) = Z 1{0]x(0) b (0)) [P BT/

T—00

=3 1{01(0)[0)* + [(0[x(0)[ 61 (0)) e =17/

@ later, will see this imaginary time formalism provides another
important advantage for Monte Carlo applications



Quantum mechanics and path integrals

@ in the 1940s, Feynman developed an alternative formulation of
quantum mechanics (his Ph.D. thesis)

e Richard Feynman, Rev Mod Phys 20, 367 (1948)

@ quantum mechanical law of motion:
e probability amplitude from sum over histories
Zbay~ > exp(iSl(n]/h)

all paths x(7)
fromato b ‘

@ all paths contribute to probability amplitude, but with different
phases determined by the action S[x(z)]

@ classical limit: when small changes in path yield changes in
action large compared to h, phases cancel out and path of least
action §S = 0 dominates sum over histories



Defining the path integral

@ action = time integral of Lagrangian (kinetic minus potential

energy) 5 /dt L(x, %) = /d, (K - U)

@ divide time into steps of width £ where Ne = ¢, — 1,
@ path integral is defined as

2(b,a) = lim % %% " % SiSlE(0)/
E—> .

— 00

3

where A is a normalization
factor depending on e chosen ,
so path integral well-defined

@ in nonrelativistic theory, paths ;t
cannot double-back in time

|-

x, x;x, x



Schrédinger equation

@ probability amplitude v (x,, 2,) at time #, given amplitude ¢ (x,, 7,)
at earlier time ¢, given by

D, 1) = /Z(b,a) Dt 1) dxs
@ take t, = rand ¢, = r +  one time slice away

1 > ; a — a
vntre) = g [ e L (25 B2y ax

oo €

@ in L, take x = (x, — x,)/e and mid-point prescription x — (x, + x4)/2
@ particle in potential: L = %m)'cz—V(x, ), write x, = x, x, =x+17

¢(x’ t+ g) = %/OO eimn?/(2hs)efisV(x+77/2,t)/h1/)(x + 1, t) dn

— 00



Schrédinger equation (continued)

1 [~ . : ,

w(x,t—i- 5) — 7/ e’m"z/(zng)e_lgv(x+"/2’l)/ﬁ1/}(x—|— 7]7t) dn

A (oo}

e rapid oscillation of ¢7’/(2"<) except when 1 ~ O(,/Z) — integral
dominated by contributions from 7 having values of this order

@ expand to O(c) and O(1?), except e’ /(1<) (4 refers to ¥ (x, 1))
O U sene [ L A
L A/_; Al e el
| B P, ie oY 0o+
_ imn”/(2he) = b Yy
/ e [w hV(x,t)z/)+778x+ 5 8x2}d7

— 0o



Schrédinger equation (continued)

Y 1 [ i yane) [, _ i€ %
¢+53I_A/_Oi [w_hv(x’t)w+n8x+28x2}dn
@ matching leading terms on both sides determines A (analytic

continuation to evaluate integral)

1 [ 1 [ 2milie\/? 2rihe\ /2
| X/ e”"”z/(ZFLE)dT}—A< i 5> o A ( i 5)
m m

—0
@ two more integrals:

L / etmnz/(zhs) ndn=0, n / etmnz/(Zhe) n2d77 _ the
m

A o —o
@ O(¢) part of equation at top yields
ROy R OMp
“ior ~ amaw TVROY

@ the Schrddinger equation!



Free particle in one dimension

Lagrangian of free particle in one dimension L = %m)'cz

amplitude for particle to travel from x, at time ¢, to location x, at

later time 1, is b
(x6(to)xa(ta)) = | Dx(t) exp(iS[b,a]/h)

summing over all allowed pathas with x(,) = x, and x() = x5.
classical path x(7) from §S = 0 and boundary conditions:

. r—1,

Xa(t) =0, xXa(t) = xa + (x5 — x4) ( )

lassical action i Uy = 1)
classical action is i» R
Salb, a] = / dr dmi2, = m(x, — Xa)”
t, 2(tb - tu)

a

write x(1) = xa(f) + x(7) where x(t,) = x(#) = 0 then

173
S[b7a] = cl[baa] + dr %sz

. . . lU . . .
where S [b, a] is classical action; no terms linear in x(r) since S
is extremum



Path integral for free particle

@ amplitude becomes (T =1, — t,)
Z(b,a) = F(T)exp(iSa/h)

F(T) = /DX exp{ /szxz}

@ partition time into discrete steps of length ¢, use midpoint
prescription, and note that yo = xy =0

0 1 [ Nildxl 2mihie \ '/
D = —_ —_— A:
/0 X A/_oo 115 < m )

=1

N—1

T
. 1
/Odt Xt = EZ(XJ'H*X/‘)Z

=0

m \N/2 oo (NT] im
(2771'715) / [ dx | exp {meMf"X"}
—o\ =1

F(T)




Gaussian integration

@ a multivariate Gaussian integral remains

Ty = (27rnz'1hg)N/2 /_OO (lﬁ dX’) P { 2he XJM/"Xk}

where M is a symmetric (N — 1) x (N — 1) matrix

2 -1 0 0
-1 2 —-1 0
M = 0 -1 2 -1

@ Gaussian integrals of symmetric matrix A easily evaluated

/ (de,) eXp( X Jka> _ (d::A>1/2

m 1/2
F(T) = (7
( ) 27rihadetM)

@ result:



Determinant evaluation

@ now need to compute det(M)
@ consider n x n matrix B, of form

26 =b 0 O
-b 20 b O

B, = 0 —b 2b —b
@ notice that o
~b | —b 0

detB, = 2bdetB,_,+bdet| O

= 2bdetB,_; — b*detB,_,
@ define I, = det B, then have recursion relation
A :2b1n—b21n,1, I,=0, =1, n=0,1,2,...



Transition amplitude for free particle

@ rewrite I, = 2bl, — b*I,_,, [.,=0, Iy=1as

Lo \ [ 2b - L \ (20 -\ [
L ) L1 o L.y ) L1 0 Iy
@ straightforward to show that

26 -2 \" [ (n+1)p" —nb"t!
1 0 ot (- 1)

Lii \ _ [ (n+1)b"  —nb"*! )(2]9)

@ so that
L ) b~ —(n—1)b" 1
@ and thus, I, = detB, = (n + 1)b"

@ here,b=1andn =N —1sodetM = N and using Ne =1, — 1,

obtain Flin.1) ( m )
bola) =\ =777
@ Final result: 2mih(ty—1,)



Infinite square well

@ one of the first systems usually studied when learning quantum
mechanics is the infinite square well

@ particle moving in one dimension under influence of potential

V(x) = 0 forO<x<L
Tl o forx<Oandx>L

@ path integral for transition amplitude given by

L . N—1
dxl de 1 im )
Sl [ [ e 5t e
=
@ paths limitedto 0 <x < L

@ gaussian integrals over bounded domains produce error
functions — direct evaluation difficult in closed form
@ extend regions of integration to —oo < x < oo, but subtract off
forbidden paths
e M. Goodman, Am. Jour. Phys. 49, 9 (1981)

20/169



Path cancellations

black lines: all unbounded paths between end points

blue lines: paths between end points that do not cross an nL
boundary

no doubling back in time

magenta circle indicates action preserving reflection
'H b ﬁ b ﬁ b ﬂ b

L L Ox,L 2L L T L 2L I x,L 2L 3L L -L Ox,L 2L L

b b 2

t( - ‘\fk - \ B_ 3( end point

—Xp

nk,

] D: 3, : / h_ )t ) end point
/ g 7—/ o - / i / . ZL*)C[,




Path cancellations (continued)

@ continuing
2 ' . 'y \ P . L2 .
; \: _ B )
B »\ - { end point
2L L \xl. 2L 3L L L \x,,. LI L \,\7” 2L 3L 71.4.\:,,. 2L 3L @ —2L -+ Xp
y VA 2 7 X
>3 = >IL = /|- )¢ end point
T x/4 LAY L L !4 LB P L L Dx/4 LIL® L Ox//ZL;th’l 2L+Xb

@ and so on forever — final result is
<)Cb, th‘xav ta>well — <X},, [b|xaa [a>free

_<_-xb7 tb|xtla tu>frcc - <2L — Xp, Ip |xm ta>frcc

+<_2L + Xp, tblxm ta>free + <2L + Xp, tb‘xm ta>free 4

oo

- Z {<2nL + Xby tb|xaa tu>free - <2I1L — Xb, tb‘xaa ta>free}

n=—0o0
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Transition amplitude for infinite square well

@ substitute amplitude for free particle

1/2
() (1)) = (M('j_to
I )

n=—0o0

@ apply Poisson summation and integrate the gaussian

> s= 3 [ assen

n=—oo Jj=—0o0
%9

/ dsexp( ios ﬂ:zﬁs) = \/i?exp (iﬂz)

4o
@ spectral representatlon of transmon amplitude

§ —iE,(t,—1,)/h
Xb tb |xa ta Son xb %On xa (2 )/

2r2p2 n= \F nmwx
et e [P
2mL2 on(x) =\ psin (7

23



Free particle in 1D periodic box

@ consider particle moving in one-dimension with periodic
boundary conditionsatx=0andx =L

@ enforcing boundary conditions on paths difficult
@ use trick similar to that used in infinite square well

@ express set of allowed paths in terms of equivalent set of
unrestricted paths
LY

b7
J D: VI T end point x, + L
7 T .
7 = 1 end point x, + 2L
@ result: o

<xb7 tb|xa7 ta>periodic = Z <xh + nL, tb|xa7 ta>free

n—=—0oo

24



Transition amplitude for periodic boundary

@ substitute amplitude for free particle

(i) alt) = (m.h(’”_,a))l/z > ew ("G

T n=-—o00

@ apply Poisson summation and integrate the gaussian

Z f(n Z / ds f( s)ezm’A

n=—00 j=—00

/Oodsexp( ious :i:zﬁs) = \/76 Xp <f;)

@ spectral representation of transmon amplitude

(b (1) Ixa(ta)) = Z on(x) 5 (xg )~ Enr 1)/ P

2
p 27nh | .
En = In = ——— n = —_— Ip,,/\/
2m P L onlx) ﬁe

@ quantization of momenta



The simple harmonic oscillator

@ kinetic and potential energy of a simple harmonic oscillator of
mass m and frequency w

K = %mx U= %mwz)c2

@ action is given by )
S[x(1)] :/ dt (3mi® — tmwx?)
1,

a

@ classical equations of motion
85=0 = Fq+twxg=0
@ value of action for the classical path (T =1, — 1,)

S, = mw

- 2 sin(wT)

@ to calculate, write path as deviation from classical path
x(1) = xa(r) +x(1)  x(ta) = x(1) =0

(x% 4 x3) cos(wT) — 2x,xp




Path integral of simple harmonic oscillator

@ amplitude can then be written as
Z(b,a) = F(T)exp(iSa/h)

/DX exp{%/ dr (

@ partition time into discrete steps of length ¢ and use mldpoint
prescription

0 1 [ Nfldx; 2rihe\ /2
[oc= 3/ (T%) +=(55)

=1

2 2

T
/d[(XZ*szz) = *Z [ Xj+1— Xj - 4 (Xj+1+Xj):|
0

K1) = (%The)wz/_m([ﬁ dX’) eXp{zh ka"}

=

27/169



Gaussian integration

@ a multivariate Gaussian integral remains

Ty = (27Tni1h5>N/2 /OO<H Xm) e"p{ 2k ”‘X"}

where M is a symmetric (N — 1) x (N — 1) matrix

2 -1 0 0 2100
-1 2 -1 0 -- 2201 2 10
M = 0 -1 2 -1 |~ (0121

@ Gaussian integrals are easily evaluated
m 1/2
)~ (s
(7) 2mihe det M
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Evaluating the determinant

@ now must compute det M
@ consider det(B,) where n x n matrix B, has form

b 0 0
b
a

S S

a 0
B, = b b

n,n

@ matches M forn =N —1,a =2(1 — w?/4), b = —(1 + w?/4)

@ notice that
b 0

b
detB, = adetB,_;— bdet 0
. anZ

= adetB,_, — b*detB,_»
@ define I, = det B, to obtain recursion relation
Loy = al, — b*I,_y, I, =0, Iy=1, n=0,1,2,...
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Evaluating the determinant (continued)

@ rewrite recursion relation as

()= () G )= ) ()

@ diagonalize

a—bz . )\+ 0 1
(10 )= )
+

@ then we have

_ Aﬁ_ 0 1 a
( >—s<m>s<1>
@ thus ALyt

In == detBn - ﬁ ()\+ 7& )\7)
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Amplitude for simple harmonic oscillator

@ using A+ = 1 + iwe + O(€?) yields

1
lim edetM = lim e- ((1+iw5)N—(1—iw5)N)

=0 2jwe
N— oo

- LT N | T N
= lim — — ) —({1l—-—
c—0 i N N

N— oo

N— oo

1 T oy SinwT
m (@ e ) = w .
@ final result for the path integral

12
o) xa(ta))sno = <2m'ﬁ sinr(n:)(th—ta))> exP{iSC'/h}
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Evolution of gaussian wave packet

@ for initial wave packet at time ¢, = 0 with probability dist.

(ks )P = ﬁ exp (_(xu - x)2>

202
@ probability amplitude at later time

S(inty) — / dv, Z(b,a) $(x,,0)

. —3/2\ /2 poo
o sin(wt,

@ final result for probability distribution: Gaussian with width s
1 (xp — Xcos(wty))?
2 ] —
|¢(xbatb)‘ - S\/ﬁ eXp < 242

@ new width given by

— 00

h2 1/2
s=o0 {cosz(wtb) t ot sinz(wtb)}

32



Visualization

@ time evolution of a Gaussian wave packet for a simple harmonic
oscillator

mass m = l1g/mol = 1.66 x 10~ *'kg
frequency w = 3 x 10'*radians/sec
initial wave packet:

center at 0.5 au

RMS spread 0.14 au
1 au (atomic unit) = 0.529 angstrom
probability distribution shown
(in inverse a.u.)

Quantum

@ completely calculated using path integrals — did not use
Schrodinger equation
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Other probability amplitudes

@ so path integrals give us simple transition amplitudes

b . Ip
tatmbte)) = [Pxep [ ariii]
@ but this important result ge'ncéralizes to more complicated
amplitudes

(e (1) ] X(22) (1) |xa(ta))

- /a D x(12)x(1y) exP{; /, ! L(xafc)}

fort, <t <n <t
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Path integrals in imaginary time

@ in imaginary time formalism, paths contribute to sum over
histories with real exponential weights (not phases)

<xi;(7b)| x(m2) X(11) bea(7a))
= /a Dx x(7)x(71) exp {}11 ./T:de L(x, x)}

@ classical path gets highest weighting
@ note that weights are all real and positive since action is real
e this fact will be crucial for the Monte Carlo method
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Vacuum expectation values from path integrals

@ obtain correlation functions (vacuum expectation values) from
ratios of path integrals

o G(D()x(0)l(-T))
<O‘}‘(t2) (t1)|0> T1—>oo <X1,(T)|X(,(—T)>

/ D x(12)x (t])exp{—;/ZdTL(x,ic)}
/ Dx exp{— [ dTL(x,»'c)}

@ generalizes to more complicated correlation functions
e any correlation function can be computed using path integrals
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Examples for the simple harmonic oscillator

@ evaluating path integrals as before, the following correlation
functions can be obtained (1y < 7 <713 < 7y)

(Olx(71)10) 0

OO} = 5

2
( h ) e—w(m—q’.)
2mw

~ [ew(fz%z) + zew(T;Jrz)‘|

—w(m—1)

(017 )x(73)x(72)(71) |0)

@ comparison with spectral representation tells us

(OR(r)(0)[0) = 5 e~ )

SE-E=ho  [(1k0)0)? =5 —
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Another example in SHO

@ excite vacuum with x(7)? operator
2

@fhk%mmz(bZ) C+Q(MT

@ compare with spectral representation at large time separations
lim (0]x*(r)*(0)[0) = [{0]x*(0)[0)[?

+  [(2x%(0)]0) > e~ EaEo)i/h

h ? —2wT
= (awa) (127)

E> — Ey = 2hw
2 2
ORO0F = () 12RO =2 (5 )

2mw

@ interpretation:
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One last example in SHO

@ to determine expectation value of x(0)? in first-excited state

2
(Olx(r) ¥*(57) x(0)[0) =3 (zﬁl)

@ compare with spectral interpretation at large times
lim (0[x(7)x*($7)x(0)|0)

= |(OL(0)[1) P11 (0)]1) e r=For/m ..
e since (0[x(0)]0) = (0|x(7)[0) =0
@ by inspection and using previously derived results

ARO)]1) =

2mw
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Pause for reflection

@ observables in quantum mechanics can be extracted from the
correlation functions (vacuum expectation values)

@ imaginary time formalism is a great trick for assisting in such
extractions

@ correlation functions can be computed via path integrals

(Olx(22)x(11)10)

/ Dx x(1)x (;])exp{—;/_ZdTL(x,x)}
/ Dx exp{—/ dri(x, x)}




Part I

Monte Carlo integration and Markov chains
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The die is cast?

@ in rare situations, the path integrals can be computed exactly
e simple harmonic oscillator, free particle
@ sometimes the action can be written § = S, + g5,
e S, describes the free motion of the particles
e path integrals using Sy are Gaussian and can be exactly computed
e §; describes the interaction of the particles, but the coupling g is
small
e compute in perturbation theory as expansion in g
@ however, if interactions are not weak
@ usually must resort to Monte Carlo methods
@ for example, quantum chromodynamics (QCD)
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Simple Monte Carlo integration

@ trapezoidal/Simpson’s rule not feasible for integrals of very large
dimension: too many function evaluations

@ must start gambling!
@ basic theorem of Monte Carlo integration

N oD {f?) — {)?
/Vf(x)deV(ﬁiV Ui 6

Zf %) = fo

@ N points Xy, ..., Xy chosen independently and randomly with
uniform probab|I|ty dist. throughout D-dimensional volume V

@ justified by the law of large numbers/central limit theorem

@ in the limit N — oo, MC estimate tends to normal distribution,
uncertainty tends to standard deviation



Quick review of probabilities

@ consider an experiment whose outcome depends on chance

@ represent an outcome by X called a random variable

@ sample space Q of experiment is set of all possible outcomes

@ X is discrete if Q is finite or countably infinite, continuous
otherwise

@ probability distribution for discrete X is real-valued function px on
domain Q satisfying px(x) > Oforallxc Qand ) o px(x) =1

@ for any subset E of Q, probability of E'is P(E) = > .. px(x)

@ a sequence of random variables X, X, . . ., Xy that are mutually

independent and have same distribution is called an independent
trials process

44



Probability (continued)

@ for continuous real-valued X, real-valued function py is a
probability density and probability of outcome between real
valuesaand bis P(a < X < b) = fbpx

@ cumulative distribution is Fx(x) = P(X < x) f px(s

@ common density: normal px(x) = e (=m)/(20%)

\V2to
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Review: expected values

@ expected value of X is

EX) = Yoeqrpx(x) (= 7 s px(s)ds)
@ properties: E(X +Y) = E(X) + E(Y) and E(cX) = cE(X)
o for independent random variables X, Y have E(XY) = E(X)E(Y)
@ can show E(X) is average of outcomes if repeated many times
@ for continuous real-valued function f, can show that

D=Lt (= [ o)

xX€Q
e Proof: group together terms in > f(x)px(x) having same f(x) value
e denote set of different f(x) values by F, and subset of Q2 leading to
same value of f(x) by Qy(., then

D () =D > Fepx(x) =Dy (O px()

XEQ \E]:,\EQ,( X) yEF XEQ,( X)

=> wlb) =

YEF
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Review: variances

@ variance of X is V(X) = E( (X — E(X))?)

@ standard deviation of X is o(X) = /V(X)

@ properties: V(cX) = c*V(X) and V(X + ¢) = V(X)

@ for independent random variables X, Y have
VX+7Y)=V(X)+V(Y) (exercise: prove this)

@ let X;,..., Xy be an independent trials process with E(X;) = 1
and V(X;) = o7, and define Ay = (X; + X + - - - + Xy)/N, then
can show E(Ay) = u, V(Ay) = 0*/N
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Chebyshev inequality

@ Chebyshev inequality: Let X be a discrete random variable with
E(X) = p and let e > 0 be any positive real number, then

PUX 2 ) < Y&
@ Proof:
@ Let px(x) denote distribution of X, then probability that X differs
from p by at least ¢ is P(X —p > €)= Z px(x)

[x—p|>e
e considering positive summands and the ranges of summation,
V) =D (r—p)px(x) > D (k= p)lpx(x) > Y Epx(x)

: x . . |x—p|=>e |[x—p|>e
@ but rightmost expression is

e Z px(x) = ezP(|X —pul >e€)

[x—p|>e
e thus, have shown V(x) > ¢*P(|X — p| > )
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Weak law of large numbers

@ Weak law of large numbers: Let X;, X5, . .. ,XN be an independent
trials process with E(X;) = u and V(X;) = o2, where y, o are
finite, and let Ay = (X, + X5 4 - +XN)/N Then for any € > 0,

th P(JAy — p| > €) =0, th P(lAy —p| <€) =1

@ Proof:

o stated two slides ago that E(Ay) = p and V(Ay) = /N
e from Chebyshev inequality

A 2 o
P(\AN—M|26)§M:U—N—>

Ne? 0

@ also known as the law of averages
@ also applies to continuous random variables
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Strong law of large numbers

@ Strong law of large numbers: Let X, X5, ..., Xy be an
independent trials process with E£(X;) =y and E(X}) = K, where

K are finite, then .
o P(th (X1+X2+---+XN)/N:,u):1
e the finiteness of E(X}) is not needed, but simplifies proof
@ Proof:
e define¥; =X, — nso E(Y;) =0and set E(Y/') = C <

o defineAy = (Y1 + Y2 +--- + Yy)/N
given E(Y;) = 0 and all ¥; are independent,

N'E(AY) = NE(Y}') + 6(3) E(Y?Y}) = NC + 3N(N — 1)E(Y})?
since 0 < V(¥}) = E(Y}') — E(Y})* then E(Y})* < E(Y/') = C
s0 E(Ay) < C/N* + 3C/N* which means
E( R, AV) = S0 E(AY) < 3032, (5 + 36) < o0
this implies > | Ay < oo with unit probability, and convergence of
the series implies limy_.c Ay =0 = limy_o Ay =0
@ proves E(X) is average of outcomes for many repetitions
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Application to one-dimensional integral

if X is a random variable with probability density px(x) and f is a
well-behaved real-valued function, then Y = f(X) is a random
variable

1/(b—a) a<x<b

0 otherwise

use this probability density to obtain N outcomes X, X, ..., X,
apply function f to obtain random variables Y; = f(X;)

law of Iarge numbers tell us that
— Z Y, =% E(Y) = E(f(X

define (f) = Z f(X;) then (b — a) lim (f) = / f(s)ds

consider uniform density px(x) = {

straightforward generalization to multiple dimensions
how good is estimate for finite N?



Central limit theorem

@ Central limit theorem: Let X|, X, ..., Xy be independent random
variables with common distribution having E(X;) = 1 and
V(X;) = o, where p, o are finite, and let
Ay=(Xi+X,+ -+ Xy)/N. Then for a < b,

bo |
lim P —= < (4 <= )=— [ e/ x
N—oo <\/N ( N ) \/N) A 2T /a
o alternatively: the distribution of (X; + - - + Xy — Nu)/(ov/N)
tends to the standard normal (zero mean, unit variance)

@ for proof, consult the literature

@ for large N, the central limit theorem tells us that the error one
makes in approximating E(X) by Ay is o/v/N = \/V(X)/N

e for Y = f(X) as before, the error in approximating E(f(X)) by
> f(X)/Nis \/V(f(X))/N

@ use Monte Carlo method to estimate V(f(X))

V(Y) = E((Y = E(Y))) = ((f = (1)) = (f*) = {F)?
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Application with non-uniform sampling

@ if X is a random variable with probability density px(x) and f is a
well-behaved real-valued function, then Y = f(X) is a random
variable

@ if px(x) can be easily sampled, then use px(x) to obtain ¥
outcomes X, X, ..., X,

@ apply function f to obtain random variables ¥; = f(X;)
@ law of large numbers tell us that

N b
fZY =% B(Y) = B(00) = [ px(s) o)
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Monte Carlo integration

@ recap of Monte Carlo integration (uniform sampling):

2\ _ 2
/f()"c’) dPx~ V() £V VR =0
Jv N
= A7 Zf 'xl = A7 Zf
@ N points Xy, ..., Xy chosen independently and randomly with

uniform probablllty dist. throughout D-dimensional volume V
@ law of large numbers justifies correctness of estimate
@ central limit theorem gives estimate of statistical uncertainty

@ in the limit N — oo, MC estimate tends to normal distribution,

uncertainty tends to standard deviation
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Monte Carlo integration

@ recap of Monte Carlo integration (non-uniform sampling):

/‘/P(f)f(f) d°x =~ (f) + w

N N
1 . 1 .
() =5 > 1) () = 5 D fE)
i=1 i=1
@ N points X1, ..., Xy chosen independently and randomly with
probability dist. p(xX) throughout D-dimensional volume V
@ normalization condition [}, p(X)d"x = 1

@ law of large numbers justifies correctness of estimate
@ central limit theorem gives estimate of statistical uncertainty
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Pseudorandom number generators

@ MC integration requires random numbers
@ but computers are deterministic!!

@ clever algorithms can produce sequences of
numbers which appear to be random
(pseudorandom)

e uniform deviates between 0 and 1
@ example: the Mersenne twister
e http://www.math.sci.hiroshima-u.ac.jp/~m-mat/MT/emt.htm|
e currently holds the record for longest period 2'*%" — |
o very fast, passes all standard tests (Diehard) for good RNG

@ devising good RNGs is a science in itself
e most utilize modulus function, bit shifting, shuffling
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One-dimensional example

@ simple example
1
1
/ x(1 —x) dx = - = 0.166666 - - -
0 6

@ plot of integrand and some Monte Carlo estimates

04— T T T T LLLLL BRI B R B L L
03— — - i
L . o

C ] §0A17 = I -
7 F 1 £ :
= 02~ B g2 T [t .
= L ] o oI ]
L 4 =016 -
0.1 - r b
ol—1 TR L 0.15 _| ol vl ol 3ol muuﬂ7| ||uu_

0 05 ! 10° 10 11?15 10° 10

@ not efficient for 1-dim integrals!
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Importance sampling

@ Monte Carlo method works best for flat functions, problems when
integrand sharply peaked

@ importance sampling can greatly improve efficiency of Monte
Carlo integration — variance reduction

@ recall simple integration
b N
_ (b—a) \ x chosen with uniform probability

/a flx) de~ > Sl between a and b
f(x)

@ choose function g(x) > 0 with j'b g(x)dx = 1s0 h(x) =——= is as
close as possible to a constant 8(x)

/bf(X)dx— / h(x)g(x)d )

where x; now chosen with probability densﬂy g( )
@ must be able to sample with probability density g(x)
@ how to choose g(x) for complicated multi-dimensional integral?

N
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Sampling non-uniform distributions

random number generators sample the uniform distribution
to sample other densities, apply transformation method
random variable U with uniform density py(u) = 1for0 <x <1

transform to new random variable ¥ = ¢(U) where ¢ is a strictly
increasing function

e strictly increasing function ensures inverse function is single-valued
@ also ensures that if u + du > utheny +dy > y for y = ¢(u)

what is density py?
from conservation of probability 4 4o ()
u _
PrO)y =pu()du prly) = polu) g = pu(6™ 0) =55
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Sampling non-uniform distributions (continued)

@ desired density py is usually known, so must determine ¢

o (u)
/ "”_/ py()dy = u=Fy(o() = ou)=Fy'(u)
#(0)

@ F~! unique since F is strictly increasing function
@ summary: random variable Y with density py(y) and cumulative

distribution Fy(y f pr(s)ds can be sampled by sampling
with uniform dewate U then applylng transformation

Y =F,'(U)
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Exponential density

@ transformation method requires density whose indefinite integral
can be obtained and inverted

@ method useful for only a handful of density functions

@ one example: the exponential py(y) = e /(1 —e ?)for0 <y <b

e cumulative distribution Fy(y) = [i py(s)ds = (1 —e™)/(1 —¢™")

e inverse Fy '(u) = 71n<1 —(1—

eil’)u>

3
. Sd
@ example integral: / LB 0873109
Jo 1+5/9

1

exp(-s)(1+5/9)
©
&

L R S

LI B B

T T T T Y T Y N |

w

MC estimate

4

o
©

I
—o—1

Lol vownd ol ol o

—

100100 100 10°
N

plot of integrand (left);
dramatic improvement
using importance
sampling (right)



Rejection method

@ can sample from probability density whose cumulative
distribution is not easily calculable and invertible using the
rejection method

@ sampling from density px(x) fora <x <b

= equivalent to choosing a random point in two dimensions with
uniform probability in the area under curve px(x)

@ simplest method: pick random point
with uniform probability in box
a < x < b horizontally and
0 <y < max(px(x)) vertically
e accept if below curve
e reject if above curve, repeat until
acceptance

sz(x)

@ if px(x) sharply peaked, use a comparison function f(x) satisfying
f(x) > px(x) for all @ < x < b and which can be sampled by
transformation method



Integrals of very high dimension

@ sampling methods described so far work well in one-dimension

@ for multi-dimensional integrals, transformation and rejection
methods not feasible

@ use of stationary stochastic processes to handle highly
multi-dimensional integrals
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Stochastic processes

@ stochastic process: a sequence of events X;, r =0,1,2,...
governed by probabilistic laws (limit attention to discrete “time” 7)

@ consider a system which can be in one of R discrete states
s1,52,...,s¢ (can generalize to continuum of states)

@ system moves successively from one state to another

@ each move is called a step (discrete “time”)

@ given previous states of system Xy, X1, ..., X,_, conditional
probability to find system in state X, at time ¢ is P(Xo, ..., X;—1|X;)

which may depend on previous states of system and possibly ¢

@ stochastic processes can be useful for Monte Carlo integration
since sequence X, samples conditional probability distribution
P(Xo,...,X;—1|X;)
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Stationary stochastic processes

a stochastic process is stationary when the probabilistic laws
remain unchanged through shifts in time

e joint probability distribution of (X, X+, , - . ., Xi+;,) is same as that of
(XH-/?: Xt+h+_j1 PR 7Xt+/7+ju) for any h

mean E(X,) = p is independent of  (if it exists)
variance E((X, — u)?) = o* independent of ¢ if £(X?) finite
now X, are usually not independent random variables

autocovariance E((X; — p)(X; — 1)) = R(|t — s|) depends only on
time difference |r — s|

define autocorrelation function p(r) = R(z)/R(0) so that p(0) = 1
and —1 < p(¢) < 1 for all ¢ (from Schwartz’s inequality)
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Law of large numbers for stationary process

@ consider a stationary process X;, X,, ... with E(X;) = p and
autocovariance R(s) = E((Xy — u)(Xx4s — 1)) satisfying

R 1
> |R(s)| < o0, and define Xy = (X1 + X2+ + Xy), then for
s=0
anye>0,  lim P( Xy —pl>e)=0

@ Proof:
o define Y, =X, —pand Yy = +(¥i + -+ Yy)
EY)) = (Z v+2y ka,) = (NR(O)+ZZR(l—k))
k<l k<l
N p—1
= Nz(zZZR ~ NR(0))
p=1 h=0

N—1

- (R(o +22R(k (N - k)/N)
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Law of large numbers for stationary process (2)

@ Proof (continued):

e continuing,
NE(TR) = [R(0) + 515 2RU(N = K)/N
< RO)|+ S35 2R (V — K)/N
< RO+ S35 20R(0)

e since >, [R(j)| < oo then NE(Yy) < 00 80 limy o0 E(Yy) = 0
e with Chebyshev inequality P(|Xy — p| > €) < E((Xy — p)?)/&?
Jim E((Xy — ©)?) = 0 implies Jim P([Xy — p| > ) =0
o0

o limiting value lim NE((Xy — p)*) = > R(k)
N—oo P
e Proof: given absolutely summable autocovariance 3, |R(k)| < oo,
for any £ > 0 there exists a g such that >~,°, 2|R(q + k)| < /2

@ so ‘Nil:R(i)—NE(?zzv)‘ = ‘R(O)—S—ZiR(j)—(R(0)+1§2R(k)(N_k)/N)‘
j==(v-1) Jj=1 k=1



Law of large numbers for stationary process (3)

. g . X7 2 o
o limiting value lim NE((Xy — p)*) = k; R(k)

e Proof (continued):

S oRG-NE(R)| =[S 260N < 05 2KIRW) /N
=0 = XL MR /N + U5 KRG /N
S KR /N + 0 2RE)
L 2KIR()] /N + </2

@ since ¢ fixed and finite, can always increase N so that
7_, 2k|R(k)| /N < /2 which holds as N — oo

INIA

N—1
e so ‘ZR(/')—NE(?,ZV) < & which proves the limit

j=—(N-1)
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M-dependent central limit theorem

@ M-dependent central limit theorem: Let X;,X,,...,Xy be a
stationary M-dependent sequence of random variables (X, and
X, are independent for s > M) such that E(X,) = E(X;) = n and
E((X1—p)?) < oo, and define Xy = (X; + X» + - - + Xy)/N and
o? = E((X;—p)?) + 22221 E((X1 —p)(Xpr1—p)). Then for a < b,

ao - bo 1 b,
lim P =< Xy —p)< —= ) = — e~ dx
Jim (< @< 70 ) = o

e distribution of (X; + - - + Xy — Nu)/(o+/N) tends to standard

normal (zero mean, unit variance)

@ for proof, see W. Hoeffding and H. Robbins, Duke Math. Journal
15, 773 (1948) or T. Anderson, The Statistical Analysis of Time
Series, Wiley (1971).

@ autocovariance R(h) = R(—h) = E((X; — )(X;4n — 1))

M

e note that o® = > R(h) = NE((Xy — p)*) for N > M

h=—M
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Monte Carlo integration

@ Monte Carlo integration using stationary stochastic process:

[r@5@ ax ) = \/ Bl)+ 22 1)
Vv

n=t3 0. min = EORDIGCMED)

@ N points xi, ..., Xy are stationary sequence of random variables
with probability dist. p(X) throughout D-dimensional volume V

@ normalization condition [}, p(X)d"x = 1

@ absolutely summable autocovariance Y _,° |R,(f)| < oo

@ law of large numbers justifies correctness of estimate

@ m-dependent central limit theorem gives estimate of statistical
uncertainty

70



Simple stationary stochastic processes

@ how can we find a stationary stochastic process that yields the
desired probability distribution p(x)?
@ use of Markov chains to solve this problem

@ Markov chains were introduced by
the Russian mathematician Andrei
Markov (1856-1922) in 1906

A A Magron (1886),
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Markov chains

@ discrete Markov chain: stochastic process which generates a

sequence of states with probabilities depending only on current
state

consider a system which can be in one of R states si, 52, ..., sg
system moves successively from one state to another

each move is called a step (discrete “time”)

if current state is s;, then chain moves to state s; at next step with
probability p; which does not depend on previous states of chain
probabilities p;; are called transition probabilities

the square R x R real-valued matrix P whose elements are p;; is
called the transition matrix or the Markov matrix

@ time homogeneous if transition probabilities p; independent of
“time” or position in chain
@ definition generalizes to continuous set of states

leads to matrix of transition densities

@ will not deal with continuous-time chains here



Some basic properties of Markov chains

@ transition matrix P has non-negative entries p;; > 0

@ since probability of going from s; to any state must be unity, then
matrix elements must satisfy Zlep,-j =1 (rows sum to unity)

@ if columns also sum to unity, P is called doubly stochastic matrix

o if P, and P, are Markov matrices, then the matrix product P,P; is
also a Markov matrix

@ every eigenvalue A of a Markov matrix satisfies |A| < 1
@ every Markov matrix has at least one eigenvalue equal to unity



Eigenvalues/eigenvectors of real square matrices

@ for a square matrix P, a nonzero column vector v which satisfies
Pv = \v for complex scalar )\ is known as a right eigenvector
corresponding to eigenvalue A

e often, “right eigenvectors" are simply called “eigenvectors"”

@ a nonzero vector v satisfying v/ P = \v’, where T indicates
transpose, is known as a left eigenvector

@ every square R x R matrix has R complex eigenvalues, counting
multiple roots according to their multiplicity

@ for a real square matrix, the eigenvalues are either real or come
in complex conjugate pairs

@ eigenvectors for distinct eigenvalues are linearly independent
@ a degenerate eigenvalue may not have distinct eigenvectors

@ R linearly independent eigenvectors guaranteed only if all R
eigenvalues distinct

a matrix P and its transpose P” have the same eigenvalues



Properties of Markov matrices (continued)

@ every eigenvalue A of Markov matrix P satisfies || < 1
e Proof: suppose complex number )\ is an eigenvalue of P with
corresponding eigenvector v so that Pv = A\v
o let k be such that |v| > |v;| for all j
@ k-th component of eigenvalue equation gives us >, piv; = Av
@ use generalized triangle inequality for complex numbers
|l < 3l to show
(Al = [ 32 pigvil < 37 piglvil < 32 piglvil = [vil
o thus, M| = [Mw] < |l — AL
@ every Markov matrix P has a least one eigenvalue equal to unity
e Proof: let v be a vector satisfying v; = 1 for all
o then 3 pyv; =2 ipy = 1=vi . .
@ hence, v is an eigenvector corresponding to eigenvalue 1
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Multi-step probabilities

@ n-step transition probability: ij-th element pl ) of matrix P" is

probability that Markov chain, starting in state s;, will be in state s;
after n steps

@ probability to go from s; to s; in 2 steps is Ele DikPkj
e generalizes to n-steps

@ for starting probability vector u, probability that chain in state s;
after n steps is u(") =, u,»p,(j")
e u; is probability starting state is s;, matrix form u®’ = u’P"

@ first visit probability: the probability that a Markov chain, starting
in state s;, is found for the first time in state s; after n steps —

denoted by ﬁﬁ”)
o define £{” = 0 one step, £\ = py, two steps, £7 = > pupy

° generalizeﬁ_](_ Z (n 1) ki
k#j
@ important relation for later user: p Zfl(m) (n—m)
m=1
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Mean first passage and mean recurrence times

@ total visit probability: probability that, starting from state s;, chain
will ever visit state s;: oo
fi=>"1"
n=1
@ mean first passage time from s; to s; is expected number of steps
to reach state s; in an ergodic Markov chain for the first time,
starting from state s; — denoted by m;; (by convention, m; = 0)
my =) n ign)
n=1
@ mean recurrence time p; of state s; is expected number of steps
to return to state s; for the first time in an ergodic Markov chain
starting from s; oo

Mi = Z nf,E”)

n=1
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Classes

@ state s; is accessible from state s, if pgl) > 0 for some finite n
— often denoted by s; — s;
—if s; — s; and s; — i, then s; — s;
@ states s; and s; communicate if s; — s; and s; — s;
— denoted by s; < s;
—s5; <> 5; and s; < s implies s; < ¢
@ class = a set of states that all communicate with one another

@ if C; and C, are communicating classes, then either C; = C; or
Cy, C, are disjoint
e if C; and C; have a common state s;, then s; < s;; for all s;; € Ci
and Si <= Sj2 for all Sjp € Cz, SO sj1 <= Sj2 |mpIy|ng Ci =0
@ set of all states can be partitioned into separate classes

e if transition from class C; to different class C, is possible, then
transition from C, to C; not possible, otherwise C; = C>



Irreducible Markov chains

@ a Markov chain is called irreducible if the probability to go from
every state to every state (not necessarily in one step) is greater
than zero

@ all states in irreducible chain are in one single communicating
class



Classification of states in Markov chains

@ states in a Markov chain are
(a) recurrent (persistent) or transient
— recurrent states are either positive or null
(b) periodic (cyclic) or aperiodic
@ recurrent or persistent state has f;; = >° 7, ) — 1
@ unit probability of returning to state after a finite length
transient state has f; = >°° 1 < 1
@ recurrent state is positive if mean recurrence time finite ; < oo
otherwise, called null
@ the period of a state in a Markov chain is the greatest common
divisor of all n > 0 for which p{” > 0
e transition s; to s; not possible except for multiples of period d(i)
@ periodic state s; has period d(i) > 1
aperiodic state s; has period d(i) = 1
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Recurrent and transient states

e for a recurrent state, > - lp”) = oo, whereas

)<oo

for a transient state, > ° | p;:
@ proof:

e we start with the following:
N—m N N

N
YIS D) ITEL SRS DITED DD B B

= n=1 m=1 m=1 n=0 m=1 n=0
e but forN > N’ we also have
N—m N—N'

Z n) Z‘ﬁ]m ZPU Zﬁjm Z U Zﬁjm) Z 7”)

n=1 m=1 m=1 n=0 n=0

e putting together above results
N—N’ N

Zﬁ/” > ns D WD WL

m=1 n=1 m=1 n=0

o take N — o first, then N’ — oo to get

o0 o0
UZPU <Zp,, <ft/ZP = fiy.py=> p
n=0 n=1

n=1
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Recurrent and transient states (2)

(n)
(n)

@ for a recurrent state, > lp” = oo, Whereas

for a transient state, > ° | p;"
@ proof (continued):
e s0 far have shown f; 322 pi) = 52 pi)

o seti *Jthenf”(l + Zn ]pu’l)) - Zn lpl(ln)
e so finally w_ _fi

- pll = l . f”
e f; = 1 for a recurrent state and fi < 1 for a transient state, which
proves the above statements

@ note that the above results also impIy

Zpu 71_‘](;1

<0
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Recurrent and transient states (3)

@ a Markov chain returns to a recurrent state infinitely often
and returns to a transient state only a finite number of times
@ proof:
e let g;;(m) denote probability that chain enters state s; at least m
times, starting from s;
o clearly g;(1) = f;
one also sees g;;(m + 1) = fig;(m) s0 gy(m) = (/)
e probability of entering s; infinitely many times is
&ij = limp— o0 gij(m) = limum— oo ()"
@ so starting in s; then

m

L » _ [ 1 forrecurrentstate f; = 1
i = mlinio(f”) - { 0 for transient state f; < 1
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Important result for recurrent states

@ if 5; is recurrent and s; — s;, then f;; = 1

@ proof:
e let a > 0 denote probability to reach s; from s; without previously
returning to s;
probability of never returning to s; from s; is 1 — f;
probability of never returning to s; from s; is at least «(1 — f;;)
but s; is recurrent so probability of no return is zero
thUS,ﬁ,‘ =1
@ for two communicating states s; < s; that are each recurrent, it
follows that f;; = f;; = 1
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Similarity of states in a class

@ all states in a class of a Markov chain are of the same type, and
if periodic, all have the same period
@ proof:
o for any two states s; and s; in a class, there exists integers r and s
SUChthatp,,)*oz>0andp ﬁ>Oso

n+r+€ (r) () (
Zp:k Py P, 2 Zpk Pi ka > Py Pjj P,, = 5]7,,

o ifs;is tranS|ent, then left-hand S|de is a term of a convergent series
P < oo, s0 the same must be true for p!*), and if p{ — 0, then
Py =0

o the same statements remain true if the roles of i and j are reversed,
so either both s; and s; are transient, or neither is

e if s; is null (infinite mean recurrence time y; = >~ njj.](.") = 00),
then s; must be null as well

e same statements true if i, j reversed, so if one is a null state, then
so is the other
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Similarity of states in a class (2)

@ again, we have

e for any two states s; and s; in a class, there exists integers r and s
SUChthatpU)*a>0andp ﬁ>Oso

n+r+v (r) () (
szk Py 1’; 2 Zpk Pi sz > Py Pjj I’,, = ﬂpﬂ

@ Suppose s; has period ¢, then for n = 0, the right-hand side is
positive, so p ™) > 0 which means that » + s must be a multiple of ¢

e hence, left-hand side vanishes unless n is multiple of ¢, so pj(.j”) can
be nonzero only if n is multiple of ¢, so s; and s; have same period

@ chain aperiodic if p; > 0 for at least one s;
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Periodic irreducible chains

@ states in an irreducible chain with period d can be partitioned into

d mutually exclusive subsets Gy, - - - , G, such that if state
sk € Go, then p!) = 0 unless n = a + vd
@ proof:

since irreducible, all states have same period d and every state can

be reached from every other state “

there exnst for every state s, two integers a and b such that p};,’ > 0
and pM >0
butplaH’ > plj p]] > psk pkl > 050 a + b divisible by d

thus, a +b = md for integer m, ora = —b + md

rewrite as a = o+ vd forinteger v and 0 < o < d

a is characteristic of state s so all states partitioned into d mutually
exclusive subsets Gy, Gy, -+, Gy—1

@ with proper ordering of G, subsets, one-step transition from state
in G, always leads to state in G, or from G,_; to Gy

@ each subset G, closed in aperiodic Markov chain with transition
matrix P¢
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Fact concerning finite Markov chains

@ in an irreducible chain having finite number R of states, there are
no null states and it is impossible that all states are transient
@ proof:
o all rows of the matrix P* must add to unity
@ since each row contains finite number of non-negative elements, it
is impossible that plf,.”) — 0 for all i, j pairs
e thus, impossible that all states are transient
@ so at least one state must be non-null
e but since irreducible (one class), all states must be non-null

@ in an R-state irreducible Markov chain, it is possible to go from
any state to any other state in at most R — 1 steps
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A crucial theorem about two sequences

@ important theorem: (basic limit theorem of the renewal equation)
given a sequence fo,f1,/>, ... such that

So=0,  fu =0, an_l

and greatest common divisor of those n for which f,, > 0isd > 1
and another sequence uy, uy, uy, . .. defined by

Uy = 1, U, = meun—m (I’l > 1)
m=1

then
—1 'f —
lim 1, = du if u ;nfn < 00
@ proof: 0 it 4= oo

o see W. Feller, An Introduction to Probability Theory and Its
Applications, Vol. I.
e or S. Karlin and H. Taylor, A First Course in Stochastic Processes.
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Basic limit theorem

@ we shall only sketch the proof of this theorem
@ first, some key properties of these sequences

0o 0<f,<Ilforallnsincef, >0and > = f, =1
@ 0 <u, <1forall ncan be established inductively

@ uy =1, uy =fi, uy = f» + f? satisfy above bounds
@ assume 0 <y < lforall0 <k<n
@ since f,, > 0and >->° | f, = 1 then
Upy) = Zm_ JSmnt1—m > 0 since sum of nonnegative terms, and
Upy1 = Zm_lfmun-H -m < Zm lfm <1
@ next, limit our attention to ¢ = 1 (nonperiodic)

@ since u, is a bounded sequence, A = limsup,_, _ u, is finite and
there exists a subsequence n; < n, < --- tending to infinity such
that limj_oc u,, = A

@ next step in proof is to show lim; . u,,—, = X for any integer
g > 0 when f; > 0 (we’ll skip this)
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Basic limit theorem (2)

@ define a new sequence r, = . fi
@ some important properties of this sequence

@ r,>0foralln,and ryp =1

@ 11 —rp=foforn>1

o STy =3 = p
@ one very crucial identity: ZQ’ZO reuy—y = 1 forall N >0
define Ay = 3" reun—«
start with UuN = ZZ:]ﬁﬂuN*m = fo: (rmfl - rm)ume
use ro = 1 and rearrange rouy + > | Fulin—m = >, Fm—1UN—mn
take m — k + 1 onright: 30 rutiy—m = > 5y rettv—1-k
have shown Ay = Ay_; forall N
Av=ANn_1=Anv_o2=---=Ao=roup =1
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Basic limit theorem (3)

@ recall that n; < ny < --- is subsequence such that
lim; . o u,,—q = A for any integer g > 0

@ since ZZ/:O ity = 1 forall n; and r, > 0, w > 0 for all k, then
Sho Feltn—x < 1 for fixed N < n;

@ take limit j — 0o S0 lim;_, o Zszo i~k = A ZkN:() <l

@ already know \ > 0, take N — oo to have 0 < X < 1/(3°.2, 1)

@ if Y 2 r=ocothenlim, .cu, = A =0

@ if p=> " ris finite, N — oo gives pA < 1

@ define M = sup,ou, S0 0 < u <M < 1forall

o define g(D) = 3_,°,,,, n, note g(D) > 0 for all D and
limp—.oc g(D) =0

@ consider ZkD:O Ty, + ZZ":DH ety = 1 for D < n;
@ thus 25:0 TicUn;—k + Mg(D) >1forD < n;
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Basic

limit theorem (4)

again, ;. rittn—i + Mg(D) > 1 for D <

take j — oo to conclude A (Zf:o rk> + Mg(D) > 1

take limit D — oo to obtain Ap > 1

have now shown I < pA < 1s0 pA=1

proof for nonperiodic (d = 1) case now complete

when d > 1 then f,, = 0 unless m = nd

can then show u,, = 0 unless m = nd

define new sequences f, = f,s and u), = u,, forn =0,1,2, ...
since new sequence aperiodic, know lim,_,, u, = 1/’ where
W= Z:io nfy

since f,, = 0 when m # nd then

W= Z:io Nfpa = d-! Z;o:()m m = /L/d

thus, lim, .. u,g = du~" as required
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Asymptotic behavior of pj(j”)

(n)

@ asymptotic behavior of p;;” can be summarized as

0 s; transient or null recurrent
lim pJ(J " ujfl s; aperiodic positive recurrent
e du" s; positive recurrent with period d
@ proof:

if 5; transient, 3, p!" flnlte (converges) requiring p — 0
for recurrent s;, let f, = f and u, —p/(j”)

sequences fj, u, SO deflned satlsfy conditions of basic limit theorem
basic limit theorem gives p\™ — dy~" where ; = 3, nf") is mean
recurrence time

aperiodic case when d = 1

null recurrent s; has p; = co so p_},") —pu =0
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Asymptotic behavior of p,g.'”

@ asymptotic behavior ofp can be summarized as

) 0 s; transient or null recurrent
lim p;" = . L -
n—oo’ Jijht; s; aperiodic positive recurrent
@ ignore periodic case here
@ proof:
° PU Zﬁj (n m) Z (m) .n m+ Z (m) n m) (n/ < i’l)

m=1 m=n’+1

° smceo <SSP < s L A then

0< (P = Sn i f7PY ) < S £ (0 <)
take n — oo, then n’ — oo above, denote p;; = hmHoo p(”)

0< (hmnﬂoo P,(;l) *pjjﬁj) <0 = limp.o pl/ = pifi
e for s; transient or null recurrent, p; = 0 and f; finite, so
lim,,ﬁoop,(;l) =0
for s; aperiod positive recurrent, p; = 11" 50 pli” — fyu”!
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Fixed-point or stationary distributions

@ a probability vector w is called stationary or invariant or a
fixed-point if wi' = w'P

@ clearly, one also has w’ = w’P”

@ the probability vector is always the same (stationary) for the chain

@ when this occurs, the Markov chain is said to be in equilibrium
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Fatou’s lemma

@ lemma: let a,(r) forn = 1,2,... be a function on a discrete set
T =1{1,2,...}, assume lim,_  a,(t) exists for each ¢ in T, and
suppose a,(t) > 0 for all 7, n, then

> (Jim, 0x() < Jim 3~ an()
teT teT

@ proof:

e for any integer M
M

M ]
3 ( lim a,,(t)) = 1im > a,(1) < lim > a(r)
t=1 =1 =1

since all a,(r) > 0
o take limit M — oo to obtain required result

n
n? 4+ 2 -
o forn > rthen lim a,(r) =0s0 y ( lim an(t)) =0

n—oo n— oo

@ example: a,(1) =

=1 o

- 1 .
° Zan(z) = gcoth(nw) ~ 3, S0 nll>nolo Zan(z) = g
=1

=1

97/169



Dominated convergence theorem

@ theorem: let a,(¢) forn = 1,2,... be a function on a discrete set
T=1{1,2,...}, assume lim,_  a,(t) exists for each r in T, and
suppose a function B(r) exists such that |a, ()| < B(t) for all t,n
and ., B(r) < oo, then

3 (Jim () = Jim 3 an(r)

teT

@ proof:
° Ieta(z)_ hm a,,(t) and since |a(7)| < B(r) then Za(z converges

t=1

o for any mteger M

yza,, ~ >l < zm,l(zfa I+ 3 (lan)] + 1))

t=M+1
@ now ..
fim, o Z,:1 lan (1) —a(0)] = 2, (T (1) —alr)]) =
S (Ja O +la()]) <257, B()
e so for any integer M
im0 32°°, an(r) — 32°, lim, oo an(t)‘ <25, B(1)
e right-hand side is remainder of convergent series so equals
zero in M — oo limit
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Fundamental limit theorem for ergodic Markov chains

@ Theorem: an irreducible aperiodic Markov chain with transition
matrix P has a stationary distribution w satisfying w; > 0,
>.;wi=1,and w" = w'Pif, and only if, all its states are positive
recurrent, and this stationary distribution is unique and identical
to the limiting distribution w; = limnéoopg.”) independent of initial
state s;

@ Proof:

e for irreducible aperiodic chain, the following possibilities exist:
(a) all states are positive recurrent
(b) all states are null recurrent
(c) all states are transient

o if all states transient or null recurrent, hmn_)oop(”) =0

o if all states positive recurrent, then since all states communicate,

fiy=1forallijand prewous result becomes 11m pf/) =
e can define w; = hm p ) which is mdependent of initial state s;

o for all states posmve recurrent, then 0 < p; < oo so w; > 0 for all j
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Fundamental limit theorem (2)

@ Theorem: an irreducible aperiodic Markov chain with transition
matrix P has a stationary distribution w satisfying w; > 0,
>o;wi = 1,and w" = w'P if, and only if, all its states are positive
recurrent, and this stationary distribution is unique and identical
to the limiting distribution w; = 1im,1_,oop§j”) independent of initial
state s;

@ Proof (continued):

e we have p(’"“ o lp,(,’] P ) so using Fatou’s lemma:

lim, o ") = Tim oo 552, P > S50 limy e )

o taking the limit n — oo yields w; > 3~ wi p,(q)
e defines = ZA | Wk then sum above equatlon over j:

SORES D RICES WD WAL IS
k=1 j=1

j=1 k=1
interchanglng order of the two infinite summations is pOSSIb|e since
all summands non-negative (Fubini’s theorem)
e since s > s, equality must hold for all j: Z We Py, (m)
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Fundamental limit theorem (3)

@ Theorem: an irreducible aperiodic Markov chain with transition
matrix P has a stationary distribution w satisfying w; > 0,
>owi=1,and w! = w'P if, and only if, all its states are positive
recurrent, and this stationary distribution is unique and identical
to the limiting distribution w; = 1im,Hoopfj”) independent of initial
state s;

@ Proof (continued):

have shown w; = Y22 wy Pl(c;n)

for m = 1, we see the limiting vector w is stationary!!
next, from 3°*, p\" = 1 then use Fatou:
I =Tmme 330 ) > 30 limo p) = 305wy
given >, w; < 1 then consider the I|m|t m — oo of
wj = hm,,,_.Oo >, Wi p(m)
since 0 < p{"” < 1 then wp{"”| < wy and Zk | wi < 00 8o the
dominated convergence theorem can be applied
wj = lim > wepl? Zwk lim_py; o= (Z )Wj
k=1 o© k=1
can at last conclude » w; = 1
Jj=1
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Fundamental limit theorem (4)

@ Theorem: an irreducible aperiodic Markov chain with transition
matrix P has a stationary distribution w satisfying w; > 0,
>_jwj=1,and w’ = w'P if, and only if, all its states are positive
recurrent and this stationary distribution is unique and identical
to the limiting distribution w; = llm”_,oopl(j independent of initial
state s;

@ Proof (continued):

e only uniqueness of stationary state to show

o if another stationary vector v existed, it would have to satisfy v; > 0,
Zj‘.):ol vi=1Landv =37 v,-p‘g.”)

e conditions for dominated convergence theorem again apply, so
taking n — oo limit gives

v = hm Z ,pU Zv, lim py = (i V[>Wj = w;

i=1
@ sincev=w, then wis unrque
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An example

@ consider the following transition matrix P =

@ P? all positive entries, so chain is irreducible

@ eigenvalues are 1

15
120 12

O Blw

I

@ right and left eigenvectors (unnormalized) are

1
right: 1
g 1

1

1

2

2
-2
1

3
I

2
3 left:
4

3

@ left fixed-point probability vector

1
w==

2
3
2

1
lim P" =W = -
m 7

n—oo

1

[\SIROSEN N}

[\SIN (S S

Bl W A=

=

W W W

[\SIN \S I S

= W= O

I
B o—_w

Sl
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Summary of results

@ positive recurrent chain guarantees existence of at least one
invariant probability vector

@ irreducibility guarantees uniqueness of invariant probability
vector

@ aperiodicity guarantees limit distribution coincides with invariant
distribution
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Equilibrium in Markov chains

@ suppose a Markov chain is started with probability vector given
by w, the left fixed-point vector of the transition matrix P

@ this means the probability of starting in state s; is w;

@ the probability of being in state s; after n steps is (w’P");, but
w/P" = w’, so this probability is w;

@ thus, the probability vector is always the same, that is, it is
stationary or invariant

@ when this occurs, the Markov chain is said to be in equilibrium

@ recall that an ergodic Markov chain which starts in any
probability vector y eventually tends to equilibrium

@ the process of bringing the chain into equilibrium from a random
starting probability vector in known as thermalization
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Reversibility in Markov chains

@ an ergodic Markov chain is reversible if the probability of going
from state s; to s; is the same as that for going from state s; to s;
once the chain is in equilibrium

@ the probability that a transition from s; to s; occurs is the
probability w; of finding the chain in state s; in equilibrium times
the transition probability p;;

@ reversibility occurs when wip;; = wip;
@ the above condition is often referred to as detailed balance

@ note that detailed balance guarantees the fixed-point condition:
since >_,p; = 1 then

E :W.ipﬁ = E :Wiplfi = Wi
J J

106/169



Law of large numbers for Markov chains

@ consider an R-state ergodic Markov chain which starts in state s;

@ define (m) _ 1 if chain in state s; after m steps
X
J 0 otherwise
@ define N( ") as number of times chain in state s; in first n steps
N = x4 x® g x®

@ often called occupation times
@ expected value E(Xj("’)) = p,(;") so

E(N™) = Sy by
@ it can be shown that

lim E( )/n =w;

n—oo

@ can show law of large numbers for ergodic Markov chain:

P(|N_]-(")/n—wj\ >¢g)—0asn— o
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Central limit and ergodic theorem for Markov chains

@ can show a central limit holds

(n) b
ao; N; bo; 1 2
fim P (9% < [ ) < 2% ) = /2
it <\/ﬁ<<n WJ)<\/ﬁ mue *

where o; depends on w;

@ distributions of random variables Nj(”) tend to normal distributions

@ let Xy, X5, ..., X, be the actual outcomes that make up an ergodic
R-state Markov chain

e from the definition of X", it follows that >, X" = 1 so

n—1 n—1 R R R
1 1 h .
SO =2 7Y X ) = DON () = Dowif(s)
h=0 h=0 j=1 j=1 j=1
@ Markov-chain “time"-average approaches required ensemble

averagel!!
@ already knew this for stationary stochastic processes
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Monte Carlo integration

@ Monte Carlo integration using Markov chain in equilibrium:

/Vp(f)f(f) dPx ~ (f) + \/Ro(f) + 2/%:1121 R;(f)

N—

0= 3w =t S 0) o)

each pomt |n D-dim. volume Vis a state of a Markov chain

N points ¥, ..., Xy are elements of an irreducible aperiodic
Markov chain with positive recurrent states and stationary or
limiting probability dist. p(¥) throughout D-dimensional volume V

Markov chain should be in equilibrium
normalization condition [, p(¥)d”x = 1
absolutely summable autocovariance >°,°  |Rx(f)| < oo
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Autocorrelations

@ configurations generated by Markov process depend on previous
elements in the chain
@ this dependence known as autocorrelation
@ this autocorrelation can actually be measured!
@ for any observable (integrand) O;, autocorrelation o(7) defined by
(0:0i1.r) — (0:)*
(07) = (0:)
e highly correlated — value near 1
e independent — value near 0

@ decreasing autocorrelations decreases Monte Carlo error

@ dependence decreases as distance between elements in chain
increases
@ do not use every element in chain for “measurements”
e skip some number of elements between measurements



Constructing the transition probability

@ generally know probability density 7(¢) we need to sample

@ for our path integrals, we need to generate paths with probability
distribution e—Slel/n

/ D =SV
@ in imaginary time formalism, path integral weight is real and
positive — probability interpretation for Monte Carlo

@ how do we construct the Markov transition matrix P(¢> — ¢)?

e change to quantum mechanical notation of putting earlier states on
right, later states on left

@ simplest answer to this question is
the Metropolis-Hastings method

@ useful for local updating so changes to action are small
@ probability normalization never enters in the calculation!



The Metropolis-Hastings algorithm

@ this method uses an auxiliary proposal density R(&B — ¢) which

e must be normalized B
@ can be evaluated for all ¢, ¢
@ can be easily sampled
@ no relationship to the fixed-point probability density 7(¢) needed
@ given this proposal density, the Metropolis-Hastings method
updates ¢ — ¢ as follows:
@ use R(¢ — ¢) to propose new value ¢ from current value ¢
@ accept the new value with probability
(¢ ¢)m(9)

@ if rejected, the original value ¢ is retained
e if proposal density satisfies reversibility R(¢ — ¢) = R(¢ — ),
then acceptance probability reduces to min(1, w(¢)/m(¢))
e original Metropolis method



Detailed balance in Metropolis-Hastings

@ Metropolis-Hastings satisfies detailed balance
@ proof:
e (normalized) transition probability density is
W(6 — ) = Puce($ — S)R($ — ¢)

+35-0) (1- [D6Pul® — 000G — )

e define
Ald— @) = Puc(d— O)R( — ¢)7(0)
(. R(¢— (D) ,~
= min|1l, —=————= | R(¢ «— ¢)7
( R(%W(@) (¢ — )7 (¢)

= min (R(% — 6)(9), R(6 — 9)(3))
where last line follows from R(¢ «— ¢)7(¢) > 0
o symmetric: A(¢ — ¢) = A(¢ — o).
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Detailed balance in Metropolis-Hastings (continued)

@ so we have

W($ — @)7(¢) = Pace( — O)R(d — ) (o)
+ M$fm<lf/D$mw$H¢W@ﬂf@)ﬂ)

AG  9)+ 86~ 8)(r(@) - [DGAG — 9))
A(d — ¢) +6(6 — ¢) K(9)
K(9) = 7(0) ~ [ DGAG — 0)
e given symmetry of A and Dirac J-function, then detailed balance
holds W(& — 9)m(9) = W(6 — d)(3)

where
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A one dimensional example

@ does this really work?
@ let g(x) = cos(vT +x2) and h(x) = e /(2 + 2)
° changes sign, i(x) > 0 oo
s() changes sign, 1(x) 20 e o (yax
@ consider ratio of integrals 7 = —x———— = 0.3987452
f_oc h(x)dx
@ sampling density 7(x) = Z~'h(x) where Z = [*_h(x)dx
* ] Ei|§}()ritf1rT1: 0.44 T
@ choose 4 uniform probability for L i
—A<§<A voual b
@ proposex =x+§ . i
@ acceptance probability § i { ]
min(1, 7(x)/m(x)) =min(1, h(x)/h(x))= 04| | i
@ A = 1.5 for acceptance ~ 50% - ]
o never needed Z 038 1 IIIIII\l Il IIIIIII‘ 1 \HIIIIl 1 HIIIII‘ 111

100 100 10° 10
N
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Part

Monte Carlo study of the
simple harmonic oscillator
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Discretization of SHO action

@ action of harmonic oscillator (imaginary time formalism)

Th
Spx(7)] :/ dr (3mi* + fmw’x?)

@ discretize time Ne = 1, — 7, for Monte Carlo evaluation

EZ@MI e 2+w2 X1+
h 2hj70 € 2

@ choose ¢ so discretization errors sufficiently small
@ introduce dimensionless parameters

X = di @ K= 152w2
= 4
=5 [(dj+1 —dj)z‘i"f(djntl +dj)2}

Jj=0

s
h
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Discretization of action (continued)

@ a few more manipulations produce

N—1
S 1
7 =50 + k) (d3 +d%) + (1+K) {Zdzl —K) {ZdJ-dJ-H]
j=0
@ first constant irrelevant (set to zero), then one last rescaling

1 -k
I/tj:dj\/l-’-li g:1+li d():dN:O

@ final result for action
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Metropolis updating of path

@ to update location (at a single time)
@ propose random shift —A < § < A with uniform probability
e calculate change to the action
68/h =16 (0 +2uj — g(uj—1 + ujt1))
e accept u}™ = u; + & with probability min(1,e /")
o rule of thumb: fix A for about 50% acceptance rate

@ lower rate = wasting too much time with rejections
@ higher rate = moving through phase space too slowly

@ repeat for each u; forj =1,...,N — 1 (this is called one sweep)
@ repeat for certain number of sweeps
@ until autocorrelations sufficiently small



Actual C++ code

@ here is actual C++ code which does the updating

void markov::update ()
{double shift,deltas;
for (int i=1;i<=Nsweeps;i++)
for (int t=1;t<Ntimesteps;t++) {
// propose shift in location[t]
shift=2.0*max_shift_per_instancex (rng.generate()-0.5);

// compute change in action
deltaS=shift«* (shift+2.0xlocations[t]
—hop_param« (locations[t-1]+locations[t+1]));

// Metropolis accept or reject
if (deltaS<0.0) accept=1;
else accept=(rng.generate()<=exp(-deltas));
if (accept) locations[t]+=shift;

}
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Simulation guidelines

@ to start Markov chain
e choose a random path (hot start)
@ or choose u; = 0 for all j (cold start)
o update Nuerm SWeeps until fixed point of chain achieved
(thermalization) — check some simple observable

@ once thermalized, begin “measurements”

@ must choose

@ ¢ so discretization errors sufficiently small
e A for adequate acceptance rate

@ Naweeps for sufficiently small autocorrelations
@ Nmeos for desired precision of results



Path animation

@ animation of first 100 time slices of u; path
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Acceptance rate and autocorrelations

@ choose A so acceptance rate near 0.5
@ choose Nyyeeps SO autocorrelations near 0.1
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Correlation function

@ comparison of final Monte Carlo estimates with exact results

2% ' we=0.25
i N, = 1000 1
3 N =40000 | @ exact result shown as curve
A sk N veeps = 100 .
s I A=15 4 @ Monte Carlo estimates
¥ ot ] shown by circles (statistical
g = ] uncertainties too small to
v ] see)
0,5_— -
ol =

(=)




Part IV

Monte Carlo calculations in
real scalar field theory
in 2+1 dimensions
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Action in continuous space-time

@ action in continuous Euclidean D-dimensional space-time
(imaginary time formalism) given by

2
@ action must be dimensionless (natural units h =c = 1)

@ m has units of a derivative 0, that is, of a mass
@ units of field [¢] = [m]:P~"
@ coupling g has units [g] = [m]*~?
e coupling dimensionless in 4 space-time dimensions

@ has units of mass in 3 space-time dimensions so g/m
dimensionless

5= [@x (30ue0u0(n) + gutela + £t )
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Quantization

@ quantization using path integrals
@ generalize notion of “path”: a path here is a field configuration
@ path integral is now integrations over all field configurations

@ for real scalar field, integral —oo < ¢(x) < co at every space-time
point x

@ time-ordered two-point function given by
J Do ¢(x1)¢(x2) exp(—S[¢])
T = .
< ¢(X|)¢()C2)> fD(b exp(—S[qb])
@ generalizes to n-point functions: time-ordered product of » fields
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Discretization of action

@ Monte Carlo study requires action on a space-time lattice

@ use anisotropic cubic lattice with temporal lattice spacing «, and
spatial lattice spacing a;

@ use simplest finite difference for the field derivatives

@ action is given by

x+ayufi)—p(x))?
S = a?latZ(Z (‘1‘9( + ZZ% 90( )) _'_%m%o( ) +4|30( ))

X “w

S =

@ redefine the field: a, (,0( ) = 2k ¢(x)

where k; is d|men3|onless number, new field ¢(x) is
dimensionless
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Action on lattice

@ a few more dimensionless parameters:

8K}
64—
S

ry(a@im? +2¢* +2D —2) =1-2)\, K=k,

as/at:C7 A=

o final form for lattice action
s z( z¢ Or-+ay)) — 26¢ Hx)o(x+ i)
BT #200°)

@ hopping parameter « essentially sets mass parameter, A is
interaction coupling
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Exact results in free field theory

@ the free field theory A = 0 is exactly soluable
@ path integrals are multivariate gaussians
@ free action can be written in form

S[el = 1> ¢(x)M(x

@ for N lattice sites, M is real and symmetric N x N matrix having
positive eigenvalues

@ this matrix given by

M(xy) = ?KZ (v, x+ag) + 8(x, y+ay))

—2kC (8(y, x+a,?) + 6(x,y+ai)) + 20(x,y)
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Gaussian integrals in free theory

@ N-dimensional multivariate Gaussian integral of form
N

11 (/_ d<l5i> exp(—3 Mt + Judn)

i=1

-1/2
M _

@ J-trick: use derivatives wrt to J;, followed by J; — 0 to evaluate all
integrals involving any number of products of the fields
N

H <~/— d¢,) ¢m|¢mz s ¢m, exp(_%¢ijk¢k)

i=1
N

B} 5 I °°
— 5Jm P F </ d¢,> eXp(—%QZ)jlekdjk + Jn¢n)
! M= N o0

@ does Wick contractions automagically!
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Two-point function

@ two-point function given by (T¢(x;)d(x2)) = M~ (x1,x2)
@ invert M by method of Green functions and use Fourier series
@ for L, x L, x L, lattice, result is
¢ cos(k-(x—y))
M~ (xy) = 2 ,
2KL.LyL, o (a2m? + 42 _, sin®(3k;) + 4¢2 sin’ (1))
where k, = 27n, /L, forn, =0,1,2,...,L, — 1
@ pole gives energy «,E, of single particle of momentum a,p
1
a,E, = 2sinh™" (

2 \/a§m2 +4sin’(a,py) + 4 sinz(;a,ypy)>

@ for small a;, a, this becomes E, = | /m? + p?2 +p§

@ spectrum is sum of free particle energies
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Single-site Monte Carlo updating

@ Metropolis-Hastings method needs acceptable acceptance rate

@ changing all field values at once generally leads to large changes
in action — near zero acceptance rate

@ reasonable acceptance rate achieved by updating field at a
single lattice site at any given time

@ ergodicity ensured by sweeping through lattice, updating each
and every site one at a time

@ in battle against autocorrelations, expect

e small wavelength modes updated well
e long wavelength modes updated not so well
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oS for single-site update

@ recall action is

s = Z(—z“zm (x+ad) — 26C G(x)0(x +ai)

X j=1

(1 = 20)(x)* + Ao(x)*

e for ¢ — ¢, change in action is 65 = S[¢] — S[¢]
@ define ne|ghborhood

Z( Oa-+ad)+o(r—aj)) ~2¢ (d(x+ai)+o(x—af))
o if field at one S|te x changed ¢(x) — ¢(x) + A, then
55 = A <N(x) +(A+26(x)) (1 +)\((A+2¢(x))A+2(¢(x)2 - 1))) >
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S for single-site update (continued)

@ change in action can also be written

S =

ap
a
ap

as

A(ao+a1A+a2A2+agA3)
N(x) +2¢(x)(1 +2X\(¢(x)* — 1))
14+ 2X(30(x)* — 1)

4Xp(x)

A
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Metropolis sweeps

single-site updates involve a single continuous real variable ¢

use simplest proposal density
1 1 ~
~ ~ —380 < (60— ¢) < 34
RG—o—] D ETOs
0 |0 — ¢ > 340

width Ay chosen for acceptance probability around 50%
proposed new value accepted with probability min(1, exp(—4S))
if rejected, keep current field value

sweeping through lattice ensures ergodicity

in sweeping through the lattice in predetermined order, detailed
balance no longer holds

@ not a problem since the fixed-point stability condition still holds
e detailed balance maintained by updating sites in random order
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Battling autocorrelations

@ when the single particle mass a,mg,, is small, the coherence
length & = 1/(a,mg.,) becomes large

@ ¢ — oo signals continuum limit
@ ¢ — oo occurs near critical point (2nd order phase transition)

@ we will see that autocorrelations with Metropolis updating
become long ranged as £ becomes large

— known as critical slowing down
@ autocorrelations problematic even for ¢ ~ 5 with Metropolis
@ need help to better update long wavelength modes
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Microcanonical updating

@ long wavelength modes are associated with lower frequencies,
lower energies

@ in other words, long-wavelength modes associated with very
small changes to the action

@ possible way to improve autocorrelations:
— make large but action preserving S = 0 changes
to field at one site

@ call this a microcanonical update
e often referred to as overrelaxation

@ local updating is so easy, don’t want to give up on it yet!
@ must still update in such a way to satisfy detailed balance

@ not ergodic, so microcanonical sweeps must be used in
combination with ergodic scheme, such as Metropolis sweeps
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Microcanonical updating (2)

@ we know Metropolis-Hasting method satisfies detailed balance

@ choose proposal density strongly peaked about
action-preserving value of field, then carefully take ¢-function limit

@ revisit Metropolis-Hastings with sharply-peaked Breit-Wigner
proposal probability density

~ 1 €
Rf(¢ — (b) = T/~ 2
(6-£(0) +22
where ¢ is a constant and f(¢) is well-behaved, single-valued,
invertible function

@ acceptance probability

P (%Héﬁ)min(l W)IHin 1 <($7f(¢))2+62)”($)
Re(6 = o)m(9) (6-@)2+2)7(0)
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Microcanonical updating (3)

@ carefully take £ — 0 limit: Rf(q~5 — @) — 8(6 —f(9))
@ determining acceptance probability is tricky
@ probability of proposing a value between

f() —VE< G <f(¢)+Eis

/f(¢)+fd¢R (¢ o) = . ( 1 >
ftan —
foy-ve Ve

which does tends to unity as e — 0

@ if f(¢#) more than /¢ away from ¢, probability transition is actually
made is

f(P)+ve f(P)+
/ 43 Wy (3 — ¢) = / V4 Pacld — O)R(G — 0)
f(P)—E f(o)—E

= min g an~ i l e o W(g)
- (ﬂ't 1 (\@) 7 7T/f(¢)—\/g¢ ((¢ f(%))ZJrez)W(d)))
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Microcanonical updating (4)

® write ¢ = f(¢) + y, then remaining integral becomes

1 /ﬁ & = (f(6) +)

TIvE (0= 1(1(8) + ) + ) n(9)

@ if f(f(¢)) # ¢, can show this integral goes to zero as ¢ — 0

@ for self-inverse function f(f(¢)) = ¢, expansion about y = 0 must
be carefully done, integral has form

5/ﬁ (a0 + a1y +ay* +...)

™ ,\/gy(52+b2y2+b3y3 +b4y4...)
@ must retain b,y in denominator, expand rest about y = 0:

Ve
€ ao ai a5, (az b3\ ;
S R SRR § L, BN
W/_\/Ey(€2+b2y2){ +aoy+aoy+(a0 €2>y }

@ for b, > 0, result of integration is

2 b
% tan~! (\/72) {1+d1\@+d25+d353/2+~-~}
s bz 3
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Microcanonical updating (5)

@ acceptance probability in limit e — 0 given by

P,.c = min (1, \;}%)
@ here ay = 7(f(¢))/m(¢) and b, = (' (f(¢)))*

@ differentiate both sides of f(f(¢)) = ¢ with respect to ¢, so for
self-inverse function

d y y
-2 (f(f(¢))) — P F(9)

L[ S
FEON? ~ 77@)

@ take limit ¢ — 0 acceptance probability goes to

Pon(d < ¢) = min (l M)
()| 7(¢)

(self-inverse function)
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Microcanonical updating (6)

@ specialize to action preserving function f(¢)
@ for infinitesimal change ¢ — ¢ + d¢

S(¢ +6¢) = S(f(¢ + d¢))

@ expand both sides
S(¢) +8'(0)d0 +0(3¢%) = S(f(¢) +1'(6)d¢ + 0(3¢%))
= S(f()) + S'(f(¢)) /()36 + 0(3¢%)
S(¢) +5'(F(¢)) 1'(6)3¢ + O(56°).
@ solve order by order in §¢ , )
S(0)=SUON(0) — 1'0) = 5o, 7o) =)
@ proposal and acceptance probability densities are
Ri(G—0)=0(0-1(0)),  FU6) =6 S((9))=S(0),
S'(@D () — xRS
S'(9) | D6 exa(-s(a)
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Microcanonical updating (7)

@ generalize to multiple self-inverse functions
e for ¢* at most four field values with same local action
@ generalize to probability 1 of proposing a change
e sometimes need p < 1 to prevent (damped) oscillations in
autocorrelation function
@ summary of microcanonical updating process:
@ decide to propose new field value with probability 1 (skip steps
below if no proposal)
@ solve 65(¢) = 0, let ¢; denote real solutions different from ¢
@ these are roots of a cubic polynomial
© randomly choose one of the ¢; with equal probability, let ¢ denote

the chosen value
© accept with probability ,
5 (¢)

Pacc(gb — d)) = min
if rejected, original value ¢ retained
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Autocorrelations

@ studied autocorrelation function p(7) of (®(¢)$(0)) for
t =1/(2azm) and &(1) = ny o(x,y,1)
@ 7 is number of Metropolis sweeps in plots below
@ aym = 0.10,0.25,0.50 for A = 0 on 242 isotropic lattice
@ 2200 sweeps to reduce autocorrelations to 0.1 for a;m = 0.10

—s am=010
—a an=025
Ak am=050|

p(T)
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Autocorrelations

autocorrelations p(7) of (®(r)®(0)) for r = 1/(2a,m)

7 is number of compound sweeps,

compound sweep = 1 Metropolis + 1 microcanonical sweep

1 is probability of proposing change in microcanonical updates
a;m = 0.10,0.25,0.50 for A = 0 on 243 isotropic lattice
undesirable oscillations on left removed using @ = 0.98 or
updating sites in random order

14— L L L L L 18— T T LI L B B I
p=1.00 A p=098
0.8 i ]
o—e am=010 —e am=010
m—m am=025 = m—u am=025 T
06 Atk am=0.50 Ak am=050] |
g g |
04 —
0.2 ]
3 |
0 | |
0 2 4 6 8§ 10 12 14

12 14
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Autocorrelations

1

0.8~

0.6~

p()

0.4

0.2~

A—A =050
1= 0.80
—s n=008
v p=0.90
He=k p=1.00

el

»-

[
am=0.10 4

p(T)

autocorrelations p(7) of (®(r)®(0)) for r = 1/(2a,m)

7 is number of compound sweeps

compound sweep = 1 Metropolis + N,, microcanonical sweeps
1 is probability of proposing change in microcanonical updates
a;m = 0.10 for A = 0 on 243 isotropic lattice

left-hand plot, N, = 1 and 1 is varied

right-hand plot, 1 = 0.98 and N,, is varied
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Autocorrelations

@ autocorrelations p(7) of (®(r)$(0)) for r = 1/(2a,m)

@ 7 is number of compound sweeps

@ compound sweep = 1 Metropolis + N,, microcanonical sweeps
@ 1 = 0.98 probability of proposing change in microcanonical

@ a,m = 0.25,0.50 for A = 0 on 243 isotropic lattice

I T T T T
0.8 —
i —e N =0
0.6~ N =1 ]
e e L aan =2
Q =% w—y N, =3
0.4— N =4 —
B n=098
0.2 am=0.50 -
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Calculating the spectrum

@ stationary-state energies extracted from asymptotic decay rates
of temporal correlations of the fields

@ temporal evolution of field as Heisenberg-picture quantum
operator 6(1) = g (0)e "

@ under certain general assumptions and ignoring temporal
boundary conditions, then forz > 0

Olo(8(0)[0) = > {0l ¢(0)e™" | {nld(0)0).

@ where complete set of (discrete) eigenstates of H'satisfying
H|n) = E,|n) inserted

e if (1|¢(0)|0) # 0, then A, and E, — E, can be extracted as ¢
becomes large, assuming (0|¢(0)|0) =0

@ can use any operator O(r) which is a function of the field ¢(z) only
on a time slice ¢
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Calculating the spectrum (2)

@ extraction of A; and E; — E, done using correlated—y?
=)~ M@)o () — M7, 0))
'
where C(r) represents Monte Carlo estimates of correlation
function with covariance matrix o, and model function is
M(t, ) = aje” ™",
@ minimize expression with respect to the model parameters «y, o
@ uncertainties in the best-fit parameters oy = E; — Ey and oy = A,
are obtained by a jackknife or bootstrap procedure
@ fit must be done for a time range t,;, <t < fa Such that an
acceptable fit quality is obtained, that is, x*/dof ~ 1
@ sum of two-exponentials as model function can be used to
minimize sensitivity t0 fyin
e but fit parameters associated with faster-decaying exponential

generally not good estimates of gap to next energy level and
should be discarded
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Jackknife resampling

@ return to independent trials process X, X, ..., Xy
@ expected value E(f(X)) estimated using () = y Zszlf(Xk)

@ sometimes f is a very complicated function, or it could be a
function of the expected value!

@ propagation of errors often not possible — resampling schemes

@ let (f) denote Monte Carlo estimate of some quantity f using all
X fork=1,2,...,N

@ let (f), denote Monte Carlo estimate of f omitting X; (so use the
other N — 1 values X;)

@ jackknife error estimate given by )
N 1/2
N—1 . .
o) = (N > (s~ <f>)2)
J=1

@ Monte Carlo error formula can be used to determine covariance
matrix o, for correlation function itself in x>

@ jackknife gives errors in model fit parameters



Bootstrap resampling

@ another resampling scheme is the bootstrap

@ again, let (f) denote Monte Carlo estimate of some quantity f
using all X, fork=1,2,...,N

@ let (f), denote Monte Carlo estimate of f using a new set X, for
k=1,2,...,N where each X is one of the original X; chosen
randomly with equal probability (a bootstrap sample)

a given X; can occur multiple times in the bootstrap sample

°
@ obtain large number B of such estimates
°
o

—

let (f) = (1/B) >_p—i (o

bootstrap error given by

. B 1/2

o = <31 > (s~ W)
b=1

@ plot of probability distribution from bootstrap estimates
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The effective mass

@ particularly good visual tool to see how well energy extracted is
so-called effective mass

@ for correlator C(¢), effective mass defined by

@ function which tends to E; — E; as t becomes large
Are B (1 (Ay A )e BB )
lim meg(¢) = lim In
t—00 t—00 Ale*(Elfﬁo)(f+al) (]+(A2/A1) (E>— Fl)(t+a,)+ )

= In (e(E‘*E")”’> = a,(E\ — Ep).
@ value E| — Ej seen as large-time plateau in effective mass

@ contributions from faster-decaying exponentials seen as
deviations of the effective mass from its asymptotic plateau value

@ “good” operator with little coupling to higher-lying states = rapid
onset of plateau
@ statistically noise generally grows with ¢
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The effective mass (continued)

@ two examples of effective masses
@ left: static quark-antiquark potential for separation 0.5 fm

@ right:

0.31

0.3

a,B(A,)

0.29

nucleon

A, Static Potential (R=4)

T
2.5 ¢=5.0; 16560 Lattice

o
Il

-
-
* s

T T T T

Q=0.98
a,E=0.290261(68)

7

T T T T T T T T T [ ®r T T

Fit to two exponentials

I 42000 configs: fit range 2-12
Fuzzing: a=0.26, 12 levels
i e i

I

Q 2 4 6 8
time separation

10

am (1)
© oo o
[T R SO o (ST R

tla ,
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Excited states from correlation matrices

@ extracting more than just the lowest energy in a symmetry
channel requires a hermitiam matrix of correlation functions Cj(r)

@ let \,(1,1) denote eigenvalues of C(t)~'/> C(t) C(t,)~"/?, for 1
some fixed reference time

@ these eigenvalues can be viewed as principal correlators
@ ordered such that Ao > \; > --- as r becomes large
@ can show that
lim A(1, 1) = e Eal=n) (1 n O(e_A”(’_’U))),
—00

A, = minlE, — E,|.

k#n
@ principal effective masses associated with principal correlators
(n) - /\n(ta t())
t)=In| ——m——~
meff() n<)\n(t+atat0)

@ for N x N correlation matrix, these functions plateau to N lowest
lying energies
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Principal effective masses

@ LHPC currently holds world record for most energy levels
extracted in any lattice QCD computation: 9 in nucleon channel

1k gmur\!‘i stae 4 F ' Lst excilled state  F !End exci(eld state 3
85:0.3- RS RS
v 06k 1F 1F

Eﬂ Tegng i M PLT T [

= 04F 1F "an® § E b TEs

fterssnutanes ] }{

02F 1 F 1F

oboea byl I EE RS EEw [ W E NN NT

T T[T T T[T

1F 3rd excited state J | dthexcited state 4 £ 3th excited state
2 osf it it

v 0.6 F, Ela el ] 3

B “a =mg ¥ E Sungiy } L TTT T f {

B g emmegt gl [ HyHi: §3LE

0z2F 1F 4E E

obialoasale PP IPEPETTE A PN AT A
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1F Gth excited staee £ Tth excited state { £ #th excited state
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- .
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Spectrum for free scalar field theory

@ for free-field case on N, x N, x N, lattice, define
[ Ny, l’l‘ Z ¢ ’y, 271'1')01(/NHrZﬂ'im/Nv

@ lowest six levels having total zero momentum can be extracted
using the following set of six operators:

Oo(r) = &(1,0,0)

O:(r) = &(1,0,0) &(z,0,0)

O,(r) = &(1,1,0) &(r,—1,0)

O3(r) = &(1,0,1) &(r,0,—1)

O4(1) = &(2,1,1) &(r,—1,-1)
(1) (z )

= o(1,1,-1) (zr,—1,1)
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Spectrum for A =0

@ extracted six lowest-lying levels in A = 0 scalar field theory
@ 247 x 48 isotropic lattice with a,m = 0.25

@ exact results: 0.24935 for the mass, 0.49871 for twice the mass,
0.71903 for the two states having minimal relative momenta, and
0.88451 for the next two states

L S B S BN B
8,m=0.25; 24°x48 Lattice
A=0.000; ¢=1.00 =0.73
100000 configs a,m,=0.2495(4)

LI B
a,m=0.25; 24°x48 Lattice

A=0.000; ¢=1.00

| 100000 configs

4 L :] # 0.883(2) 4
4 i 0.887(1)

e
IS
34
s
T
—

0.717(1)
0.720(1) 7

+

Mgy

. 025 mgp b %,‘F; | - i

0.499(1) 4

“ 0.5 s —f— % —

0.245 -

0.2495(4)

[N AN BT ARRE Lol b bvw by by
2 4 6 8 10 0 2 4 6 8 10
time separation time separation
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Autocorrelations in the interacting theory

autocorrelations p(7) of (®(r)®(0)) for t ~ 1/(2a,mgqp)

compound sweep = 1 Metropolis + N,, microcanonical sweep

u = 1 is probability of proposing change in microcanonical

left plot: t = 24, used with x = 0.1930 and A = 0.300 on 24> x 48
isotropic lattice and amg,, ~ 0.25

right plot: t = 54, used with x = 0.1970 and A = 0.300 on 322 x 96
isotropic lattice and a,ng,, ~ 0.10

@ microcanonical acceptance rate about 80% in both cases

1
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Mass gaps

@ various single particle masses on 24° isotropic lattice

—s K=0.1650
= = 0,160
0.6 4—a «=0.1670
T k20,1690
“— k201720
> K =0.1750

am

F 4 F |a—ax=0060 -
¥ L =0.080
plrri T T T Y 0 I 1 1 I I I I 1 I
0 0.01 0‘02}\‘ 0.03 0.04 0.17 0.18
K
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Phase structure

@ theory has two phases separated by a line of critical points

@ for each value of )\, there exists a critical value () at which
mass gap goes to zero

@ symmetric phase for k < k()
® ¢ — —¢ symmetry holds, (¢) =0
@ broken phase for k > k()
e ¢ — —¢ spontaneously broken, (¢) # 0

LI N I B S

broken phase

symmetric phase

0.1

0 0.2 0.8 1

0.4 I I0.6I
tanh(A/2)



Part V

Monte Carlo calculations in
lattice Quantum Chromodynamics
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Lattice QCD

@ hypercubic space-time lattice

@ quarks reside on sites, gluons reside on links between sites

@ for gluons, 8 dimensional integral on each link

@ path integral has dimension
32N, N,N.N;
o 10.6 million for 24* lattice

@ more sophisticated updating
algorithms

@ systematic errors
— discretization
— finite volume

)

Py
= 2

Py
= 2

)

L W

b W

)

)

)

b W

b W
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L W

b W

)
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IR
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Y
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Glueball spectrum in pure gauge theory

@ gluons can bind to form C. Morningstar and M. Peardon,
glueballs Phys. Rev. D 60, 034509 (1999)
@ e.m. analogue: massive 12
globules of pure light! 0" —
@ states labeled by J7¢ 10l ‘ o —
2 3 2 4
@ scale set by 3" o m—
ry ' = 410(20) MeV 8 |
@ computed using ? <
pseudo-heatbath and £ 6 ¢
microcanonical N {2€

=
o
T

@ 24 x 24 correlation matrix in
each symmetry channel

@ spin identification

@ mass gap with a bounty

o Clay mathematics institute i tpc -
will pay $ 1 million
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Conclusion

observables in quantum mechanical systems can be extracted
from the correlation functions of the theory

correlation functions can be computed using path integrals

path integrals in the imaginary time formalism can be evaluated
using the Monte Carlo method

importance sampling from Markov chains
Metropolis-Hastings method

microcanonical updating

1-dimensional simple harmonic oscillator was first example
calculations in real scalar ¢* theory in 2 + 1 dimensions
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For Further Reading

¥ C.M. Grinstead and J.L. Snell,
Introduction to Probability

@ E. Parzen, Stochastic Processes
(Holden-Day, San Francisco, 1962).

¥ N.U. Prabhu, Stochastic Processes
(Macmillan, New York, 1965).

¥ |. Montvay and G. Miinster
Quantum Fields on a Lattice
(Cambridge Press, 1994).

¥ S. Karlin and H. Taylor,
A First Course in Stochastic Processes
(Academic Press, 1975).

¥ J. Hamilton, Time Series Analysis
(Princeton University Press, 1994).
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