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Problem 5
In the approximation r � c/ω � d, the potentials for an electric dipole are,

V2(r, θ, t) = − p0ω

4πε0c

cos θ

r
sin
(
ωt− ωr

c

)
,

~A2(r, θ, t) = −µ0p0ω
4πr

sin
(
ωt− ωr

c

)
ẑ.

The scalar potential for the problem at hand is given by,

V4(r, θ, t) = V2(r+, r̂+ · ẑ, t)− V2(r−, r̂− · ẑ, t),

where ~r± = ~r ± dẑ/2. Similarly, the vector potential is given by,

~A4(r, θ, t) = ~A2(r+, r̂+ · ẑ, t)− ~A2(r−, r̂− · ẑ, t).

Consider the follow series of approximations. Approximation 1: r � d,

V2(r±, r̂± · ẑ, t) ≈ −
p0ω

4πε0c

(
cos θ

r
∓ d

2r2
cos(2θ)

)
sin
(
ωt− ωr±

c

)
(Note that cos 2θ = cos2 θ − sin2 θ). Approximation 2: c/ω � d,

V2(r±, r̂±·ẑ, t) ≈ −
p0ω

4πε0c

(
cos θ

r
∓ d

2r2
cos(2θ)

)[
sin
(
ωt− ωr

c

)
∓ ωd

2c
cos θ cos

(
ωt− ωr

c

)]
Using these first two approximations V4 becomes,

V4(r, θ, t) ≈
p0ω

4πε0c

d

r

[
1

r
cos(2θ) sin

(
ωt− ωr

c

)
+
ω

c
cos2(θ) cos

(
ωt− ωr

c

)]
.

Here we see that the dipole term has vanished. Approximation 3: r � c/ω,

V4(r, θ, t) ≈
p0ω

2

4πε0c2
d

r
cos2 θ cos

(
ωt− ωr

c

)
.

The same series of approximations leads to the following expression for the
vector potential,

~A4(r, θ, t) ≈
µ0p0ω

2

4πc

d

r
cos θ cos

(
ωt− ωr

c

)
ẑ.

The electric and magnetic fields are

~E = −~∇V4 −
∂ ~A4

∂t

~E = −µ0p0ω
3

4πc

d

r
sin θ cos θ sin

(
ωt− ωr

c

)
θ̂

~B = ~∇× ~A4

~B = −µ0p0ω
3

4πc2
d

r
sin θ cos θ sin

(
ωt− ωr

c

)
φ̂
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The Poynting vector is

~S =
1

µ0
~E × ~B

~S =
µ0p

2
0ω

6

16π2c3
d2

r2
sin2 θ cos2 θ sin2

(
ωt− ωr

c

)
r̂

〈~S〉 =
µ0p

2
0ω

6

32π2c3
d2

r2
sin2 θ cos2 θ r̂

The total power radiated is

〈P 〉 =

∫
〈~S〉 · d~a

〈P 〉 =
µ0p

2
0ω

6

60πc3
d2

The intensity profile is shown above.
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