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Preface

So, ultimately, in order to understand nature it may be necessary to have a deeper understand-
ing of mathematical relationships. But the real reason is that the subject is enjoyable, and although
we humans cut nature up in different ways, and we have different courses in different departments,
such compartmentalization is really artificial, and we should take our intellectual pleasures where
we find them.Richard Feynman, The Laws of Thermodynamics.

Why a preface you may ask? Isn’t that just a mere exposition ofa raison d’̂etre of an author’s choice of
material, preferences, biases, teaching philosophy etc.?To a large extent I can answer in the affirmative to that.
A preface ought to be personal. Indeed, what you will see in the various chapters of these notes represents how
I perceive computational physics should be taught.

This set of lecture notes serves the scope of presenting to you and train you in an algorithmic approach
to problems in the sciences, represented here by the unity ofthree disciplines, physics, mathematics and
informatics. This trinity outlines the emerging field of computational physics.

Our insight in a physical system, combined with numerical mathematics gives us the rules for setting up an
algorithm, viz. a set of rules for solving a particular problem. Our understanding of the physical system under
study is obviously gauged by the natural laws at play, the initial conditions, boundary conditions and other
external constraints which influence the given system. Having spelled out the physics, for example in the form
of a set of coupled partial differential equations, we need efficient numerical methods in order to set up the
final algorithm. This algorithm is in turn coded into a computer program and executed on available computing
facilities. To develop such an algorithmic approach, you will be exposed to several physics cases, spanning
from the classical pendulum to quantum mechanical systems.We will also present some of the most popular
algorithms from numerical mathematics used to solve a plethora of problems in the sciences. Finally we will
codify these algorithms using some of the most widely used programming languages, presently C, C++ and
Fortran and its most recent standard Fortran 20031. However, a high-level and fully object-oriented language
like Python is now emerging as a good alternative although C++ and Fortran still outperform Python when it
comes to computational speed. In this text we offer an approach where one can write all programs in C/C++
or Fortran. We will also show you how to develop large programs in Python interfacing C++ and/or Fortran
functions for those parts of the program which are CPU intensive. Such an approach allows you to structure
the flow of data in a high-level language like Python while tasks of a mere repetitive and CPU intensive nature
are left to low-level languages like C++ or Fortran. Python allows you also to smoothly interface your program
with other software, such as plotting programs or operatingsystem instructions. A typical Python program you
may end up writing contains everything from compiling and running your codes to preparing the body of a file
for writing up your report.

Computer simulations are nowadays an integral part of contemporary basic and applied research in the
sciences. Computation is becoming as important as theory and experiment. In physics, computational physics,
theoretical physics and experimental physics are all equally important in our daily research and studies of phys-
ical systems. Physics is the unity of theory, experiment andcomputation2. Moreover, the ability "to compute"
forms part of the essential repertoire of research scientists. Several new fields within computational science
have emerged and strengthened their positions in the last years, such as computational materials science, bioin-
formatics, computational mathematics and mechanics, computational chemistry and physics and so forth, just
to mention a few. These fields underscore the importance of simulations as a means to gain novel insights into
physical systems, especially for those cases where no analytical solutions can be found or an experiment is too

1Throughout this text we refer to Fortran 2003 as Fortran, implying the latest standard. Fortran 2008 will only add minor changes to
Fortran 2003.

2We mentioned previously the trinity of physics, mathematics and informatics. Viewing physics as the trinity of theory,experiment
and simulations is yet another example. It is obviously tempting to go beyond the sciences. History shows that triunes, trinities and
for example triple deities permeate the Indo-European cultures (and probably all human cultures), from the ancient Celts and Hindus to
modern days. The ancient Celts revered many such trinues, their world was divided into earth, sea and air, nature was divided in animal,
vegetable and mineral and the cardinal colours were red, yellow and blue, just to mention a few. As a curious digression, it was a Gaulish
Celt, Hilary, philosopher and bishop of Poitiers (AD 315-367) in his work De Trinitate who formulated the Holy Trinity concept of
Christianity, perhaps in order to accomodate millenia of human divination practice.

iii



complicated or expensive to carry out. To be able to simulatelarge quantal systems with many degrees of free-
dom such as strongly interacting electrons in a quantum dot will be of great importance for future directions
in novel fields like nano-techonology. This ability often combines knowledge from many different subjects,
in our case essentially from the physical sciences, numerical mathematics, computing languages, topics from
high-performace computing and some knowledge of computers.

In 1999, when I started this course at the department of physics in Oslo, computational physics and com-
putational science in general were still perceived by the majority of physicists and scientists as topics dealing
with just mere tools and number crunching, and not as subjects of their own. The computational background of
most students enlisting for the course on computational physics could span from dedicated hackers and com-
puter freaks to people who basically had never used a PC. The majority of undergraduate and graduate students
had a very rudimentary knowledge of computational techniques and methods. Questions like ’do you know of
better methods for numerical integration than the trapezoidal rule’ were not uncommon. I do happen to know
of colleagues who applied for time at a supercomputing centre because they needed to invert matrices of the
size of104 × 104 since they were using the trapezoidal rule to compute integrals. With Gaussian quadrature
this dimensionality was easily reduced to matrix problems of the size of102×102, with much better precision.

Less than ten years later most students have now been exposedto a fairly uniform introduction to com-
puters, basic programming skills and use of numerical exercises. Practically every undergraduate student in
physics has now made a Matlab or Maple simulation of for example the pendulum, with or without chaotic
motion. Nowadays most of you are familiar, through various undergraduate courses in physics and mathemat-
ics, with interpreted languages such as Maple, Matlab and/or Mathematica. In addition, the interest in scripting
languages such as Python or Perl has increased considerablyin recent years. The modern programmer would
typically combine several tools, computing environments and programming languages. A typical example is
the following. Suppose you are working on a project which demands extensive visualizations of the results.
To obtain these results, that is to solve a physics problems like obtaining the density profile of a Bose-Einstein
condensate, you need however a program which is fairly fast when computational speed matters. In this case
you would most likely write a high-performance computing program using Monte Carlo methods in languages
which are tailored for that. These are represented by programming languages like Fortran and C++. However,
to visualize the results you would find interpreted languages like Matlab or scripting languages like Python
extremely suitable for your tasks. You will therefore end upwriting for example a script in Matlab which calls
a Fortran ot C++ program where the number crunching is done and then visualize the results of say a wave
equation solver via Matlab’s large library of visualization tools. Alternatively, you could organize everything
into a Python or Perl script which does everything for you, calls the Fortran and/or C++ programs and performs
the visualization in Matlab or Python. Used correctly, these tools, spanning from scripting languages to high-
performance computing languages and vizualization programs, speed up your capability to solve complicated
problems. Being multilingual is thus an advantage which notonly applies to our globalized modern society
but to computing environments as well. This text shows you how to use C++ and Fortran as programming
languages.

There is however more to the picture than meets the eye. Although interpreted languages like Matlab,
Mathematica and Maple allow you nowadays to solve very complicated problems, and high-level languages
like Python can be used to solve computational problems, computational speed and the capability to write an
efficient code are topics which still do matter. To this end, the majority of scientists still use languages like
C++ and Fortran to solve scientific problems. When you embarkon a master or PhD thesis, you will most
likely meet these high-performance computing languages. This course emphasizes thus the use of program-
ming languages like Fortran, Python and C++ instead of interpreted ones like Matlab or Maple. You should
however note that there are still large differences in computer time between for example numerical Python and
a corresponding C++ program for many numerical applications in the physical sciences, with a code in C++
or Fortran being the fastest.

Computational speed is not the only reason for this choice ofprogramming languages. Another important
reason is that we feel that at a certain stage one needs to havesome insights into the algorithm used, its
stability conditions, possible pitfalls like loss of precision, ranges of applicability, the possibility to improve
the algorithm and taylor it to special purposes etc etc. One of our major aims here is to present to you what
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we would dub ’the algorithmic approach’, a set of rules for doing mathematics or a precise description of
how to solve a problem. To device an algorithm and thereafterwrite a code for solving physics problems is a
marvelous way of gaining insight into complicated physicalsystems. The algorithm you end up writing reflects
in essentially all cases your own understanding of the physics and the mathematics (the way you express
yourself) of the problem. We do therefore devote quite some space to the algorithms behind various functions
presented in the text. Especially, insight into how errors propagate and how to avoid them is a topic we would
like you to pay special attention to. Only then can you avoid problems like underflow, overflow and loss of
precision. Such a control is not always achievable with interpreted languages and canned functions where the
underlying algorithm and/or code is not easily accesible. Although we will at various stages recommend the
use of library routines for say linear algebra3, our belief is that one should understand what the given function
does, at least to have a mere idea. With such a starting point,we strongly believe that it can be easier to
develope more complicated programs on your own using Fortran, C++ or Python.

We have several other aims as well, namely:

– We would like to give you an opportunity to gain a deeper understanding of the physics you have learned
in other courses. In most courses one is normally confrontedwith simple systems which provide exact
solutions and mimic to a certain extent the realistic cases.Many are however the comments like ’why
can’t we do something else than the particle in a box potential?’. In several of the projects we hope
to present some more ’realistic’ cases to solve by various numerical methods. This also means that we
wish to give examples of how physics can be applied in a much broader context than it is discussed in
the traditional physics undergraduate curriculum.

– To encourage you to "discover" physics in a way similar to howresearchers learn in the context of
research.

– Hopefully also to introduce numerical methods and new areasof physics that can be studied with the
methods discussed.

– To teach structured programming in the context of doing science.

– The projects we propose are meant to mimic to a certain extentthe situation encountered during a thesis
or project work. You will tipically have at your disposal 2-3weeks to solve numerically a given project.
In so doing you may need to do a literature study as well. Finally, we would like you to write a report
for every project.

Our overall goal is to encourage you to learn about science through experience and by asking questions.
Our objective is always understanding and the purpose of computing is further insight, not mere numbers!
Simulations can often be considered as experiments. Rerunning a simulation need not be as costly as rerunning
an experiment.

Needless to say, these lecture notes are upgraded continuously, from typos to new input. And we do always
benefit from your comments, suggestions and ideas for makingthese notes better. It’s through the scientific
discourse and critics we advance. Moreover, I have benefitted immensely from many discussions with fellow
colleagues and students. In particular I must mention my colleague Torgeir Engeland, whose input through the
last years has considerably improved these lecture notes.

Finally, I would like to add a petit note on referencing. These notes have evolved over many years and
the idea is that they should end up in the format of a web-basedlearning environment for doing computational
science. It will be fully free and hopefully represent a muchmore efficient way of conveying teaching material
than traditional textbooks. I have not yet settled on a specific format, so any input is welcome. At present
however, it is very easy for me to upgrade and improve the material on say a yearly basis, from simple typos
to adding new material. When accessing the web page of the course, you will have noticed that you can
obtain all source files for the programs discussed in the text. Many people have thus written to me about
how they should properly reference this material and whether they can freely use it. My answer is rather

3Such library functions are often taylored to a given machine’s architecture and should accordingly run faster than userprovided ones.
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simple. You are encouraged to use these codes, modify them, include them in publications, thesis work, your
lectures etc. As long as your use is part of the dialectics of science you can use this material freely. However,
since many weekends have elapsed in writing several of theseprograms, testing them, sweating over bugs,
swearing in front of a f*@?%g code which didn’t compile properly ten minutes before monday morning’s
eight o’clock lecture etc etc, I would dearly appreciate in case you find these codes of any use, to reference
them properly. That can be done in a simple way, refer to M. Hjorth-Jensen,Lecture Notes on Computational
Physics, University of Oslo (2010). The weblink to the course shouldalso be included. Hope it is not too much
to ask for. Enjoy!
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Chapter 1

Introduction

. . . Die Untersuchungsmethode, deren ich mich bedient habe und die auf ökonomische Prob-
leme noch nicht angewandt wurde, macht die Lektüre der ersten Kapitel ziemlich schwierig, und
es ist zu befürchten, daß das französische Publikum, stets ungeduldig nach dem Ergebnis und be-
gierig, den Zusammenhang zwischen den allgemeinen Grundsätzen und den Fragen zu erkennen,
die es unmittelbar bewegen, sich abschrecken läßt, weil es nicht sofort weiter vordringen kann.

Das ist ein Nachteil, gegen den ich nichts weiter unternehmen kann, als die nach Wahrheit
strebenden Leser von vornherein darauf hinzuweisen und gefaßt zu machen. Es gibt keine Land-
straße für die Wissenschaft, und nur diejenigen haben, Aussicht, ihre lichten Höhen zu erreichen,
die die Mühe nicht scheuen, ihre steilen Pfade zu erklimmen.Karl Marx, preface to the french
edition of ’Das Kapital’, Vol. I

In the physical sciences we often encounter problems of evaluating various properties of a given functionf(x).
Typical operations are differentiation, integration and finding the roots off(x). In most cases we do not have
an analytical expression for the functionf(x) and we cannot derive explicit formulae for derivatives etc.Even
if an analytical expression is available, the evaluation ofcertain operations onf(x) are so difficult that we need
to resort to a numerical evaluation. More frequently,f(x) is the result of complicated numerical operations
and is thus known only at a set of discrete points and needs to be approximated by some numerical methods in
order to obtain derivatives, etc etc.

The aim of these lecture notes is to give you an introduction to selected numerical methods which are
encountered in the physical sciences. Several examples, with varying degrees of complexity, will be used in
order to illustrate the application of these methods.

The text gives a survey over some of the most used methods in computational physics and each chapter
ends with one or more applications to realistic systems, from the structure of a neutron star to the description
of quantum mechanical systems through Monte-Carlo methods. Among the algorithms we discuss, are some
of the top algorithms in computational science. In recent surveys by Dongarra and Sullivan [1] and Cipra [2],
the list over the ten top algorithms of the 20th century include

1. The Monte Carlo method or Metropolis algorithm, devised by John von Neumann, Stanislaw Ulam, and
Nicholas Metropolis, discussed in chapters 11-14.

2. The simplex method of linear programming, developed by George Dantzig.

3. Krylov Subspace Iteration method for large eigenvalue problems in particular, developed by Magnus
Hestenes, Eduard Stiefel, and Cornelius Lanczos, discussed in chapter 7.

4. The Householder matrix decomposition, developed by Alston Householder and discussed in chapter 7.

5. The Fortran compiler, developed by a team lead by John Backus, codes used throughout this text.

6. The QR algorithm for eigenvalue calculation, developed by Joe Francis, discussed in chapter 7
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7. The Quicksort algorithm, developed by Anthony Hoare.

8. Fast Fourier Transform, developed by James Cooley and John Tukey.

9. The Integer Relation Detection Algorithm, developed by Helaman Ferguson and Rodney

10. The fast Multipole algorithm, developed by Leslie Greengard and Vladimir Rokhlin; (to calculate grav-
itational forces in an N-body problem normally requiresN2 calculations. The fast multipole method
uses order N calculations, by approximating the effects of groups of distant particles using multipole
expansions)

The topics we cover start with an introduction to C++ and Fortran programming (with digressions to
Python as well) combining it with a discussion on numerical precision, a point we feel is often neglected in
computational science. This chapter serves also as input toour discussion on numerical derivation in chapter
3. In that chapter we introduce several programming concepts such as dynamical memory allocation and call
by reference and value. Several program examples are presented in this chapter. For those who choose to
program in C++ we give also an introduction to how to program classes and the auxiliary library Blitz++,
which contains several useful classes for numerical operations on vectors and matrices. This chapter contains
also sections on numerical interpolation and extrapolation. Chapter 5 deals with the solution of non-linear
equations and the finding of roots of polynomials. The link toBlitz++, matrices and selected algorithms for
linear algebra problems are dealt with in chapter 6.

Therafter we switch to numerical integration for integralswith few dimensions, typically less than three,
in chapter 4. The numerical integration chapter serves alsoto justify the introduction of Monte-Carlo methods
discussed in chapters 11 and 12. There, a variety of applications are presented, from integration of multidi-
mensional integrals to problems in statistical physics such as random walks and the derivation of the diffusion
equation from Brownian motion. Chapter 13 continues this discussion by extending to studies of phase transi-
tions in statistical physics. Chapter 14 deals with Monte-Carlo studies of quantal systems, with an emphasis on
variational Monte Carlo methods and diffusion Monte Carlo methods. In chapter 7 we deal with eigensystems
and applications to e.g., the Schrödinger equation rewritten as a matrix diagonalization problem. Problems
from scattering theory are also discussed, together with the most used solution methods for systems of linear
equations. Finally, we discuss various methods for solvingdifferential equations and partial differential equa-
tions in chapters 8-10 with examples ranging from harmonic oscillations, equations for heat conduction and
the time dependent Schrödinger equation. The emphasis is onvarious finite difference methods.

We assume that you have taken an introductory course in programming and have some familiarity with
high-level or low-level and modern languages such as Java, Python, C++, Fortran 77/90/95, etc. Fortran1 and
C++ are examples of compiled low-level languages, in contrast to interpreted ones like Maple or Matlab. In
such compiled languages the computer translates an entire subprogram into basic machine instructions all at
one time. In an interpreted language the translation is doneone statement at a time. This clearly increases
the computational time expenditure. More detailed aspectsof the above two programming languages will be
discussed in the lab classes and various chapters of this text.

There are several texts on computational physics on the market, see for example Refs. [3–10], ranging
from introductory ones to more advanced ones. Most of these texts treat however in a rather cavalier way the
mathematics behind the various numerical methods. We’ve also succumbed to this approach, mainly due to the
following reasons: several of the methods discussed are rather involved, and would thus require at least a one-
semester course for an introduction. In so doing, little time would be left for problems and computation. This
course is a compromise between three disciplines, numerical methods, problems from the physical sciences
and computation. To achieve such a synthesis, we will have torelax our presentation in order to avoid lengthy
and gory mathematical expositions. You should also keep in mind that computational physics and science in
more general terms consist of the combination of several fields and crafts with the aim of finding solution
strategies for complicated problems. However, where we do indulge in presenting more formalism, we have
borrowed heavily from several texts on mathematical analysis.

1With Fortran we will consistently mean Fortran 2003. There are no programming examples in Fortran 77 in this text.
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1.1 – Choice of programming language

1.1 Choice of programming language

As programming language we have ended up with preferring C++, but all examples discussed in the text have
their corresponding Fortran and Python programs on the webpage of this text.

Fortran (FORmula TRANslation) was introduced in 1957 and remains in many scientific computing envi-
ronments the language of choice. The latest standard, see Refs. [11–14], includes extensions that are familiar to
users of C++. Some of the most important features of Fortran include recursive subroutines, dynamic storage
allocation and pointers, user defined data structures, modules, and the ability to manipulate entire arrays. How-
ever, there are several good reasons for choosing C++ as programming language for scientific and engineering
problems. Here are some:

– C++ is now the dominating language in Unix and Windows environments. It is widely available and
is the language of choice for system programmers. It is very widespread for developments of non-
numerical software

– The C++ syntax has inspired lots of popular languages, such as Perl, Python and Java.

– It is an extremely portable language, all Linux and Unix operated machines have a C++ compiler.

– In the last years there has been an enormous effort towards developing numerical libraries for C++.
Numerous tools (numerical libraries such as MPI [15–17]) are written in C++ and interfacing them
requires knowledge of C++. Most C++ and Fortran compilers compare fairly well when it comes to
speed and numerical efficiency. Although Fortran 77 and C areregarded as slightly faster than C++ or
Fortran, compiler improvements during the last few years have diminshed such differences. The Java
numerics project has lost some of its steam recently, and Java is therefore normally slower than C++ or
Fortran, see however the Java Numerics homepage for a discussion on numerical aspects of Java [18].

– Complex variables, one of Fortran’s strongholds, can also be defined in the new ANSI C++ standard.

– C++ is a language which catches most of the errors as early as possible, typically at compilation time.
Fortran has some of these features if one omits implicit variable declarations.

– C++ is also an object-oriented language, to be contrasted with C and Fortran. This means that it supports
three fundamental ideas, namely objects, class hierarchies and polymorphism. Fortran has, through the
MODULE declaration the capability of defining classes, but lacks inheritance, although polymorphism

is possible. Fortran is then considered as an object-based programming language, to be contrasted with
C++ which has the capability of relating classes to each other in a hierarchical way.

An important aspect of C++ is its richness with more than 60 keywords allowing for a good balance
between object orientation and numerical efficiency. Furthermore, careful programming can results in an
efficiency close to Fortran 77. The language is well-suited for large projects and has presently good standard
libraries suitable for computational science projects, although many of these still lag behind the large body
of libraries for numerics available to Fortran programmers. However, it is not difficult to interface libraries
written in Fortran with C++ codes, if care is exercised. Other weak sides are the fact that it can be easy to write
inefficient code and that there are many ways of writing the same things, adding to the confusion for beginners
and professionals as well. The language is also under continuous development, which often causes portability
problems.

C++ is also a difficult language to learn. Grasping the basicsis rather straightforward, but takes time to
master. A specific problem which often causes unwanted or odderrors is dynamic memory management.

The efficiency of C++ codes are close to those provided by Fortran. This means often that a code written
in Fortran 77 can be faster, however for large numerical projects C++ and Fortran are to be preferred. If speed
is an issue, one could port critical parts of the code to Fortran 77.
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Future plans

Since our undergraduate curriculum has changed considerably from the beginning of the fall semester of 2007,
with the introduction of Python as programming language, the content of this course will change accordingly
from the fall semester 2009. C++ and Fortran will then coexist with Python and students can choose between
these three programming languages. The emphasis in the textwill be on C++ programming, but how to
interface C++ or Fortran programs with Python codes will also be discussed.

1.2 Designing programs

Before we proceed with a discussion of numerical methods, wewould like to remind you of some aspects of
program writing.

In writing a program for a specific algorithm (a set of rules for doing mathematics or a precise description
of how to solve a problem), it is obvious that different programmers will apply different styles, ranging from
barely readable2 (even for the programmer) to well documented codes which canbe used and extended upon
by others in e.g., a project. The lack of readability of a program leads in many cases to credibility problems,
difficulty in letting others extend the codes or rememberingoneself what a certain statement means, problems
in spotting errors, not always easy to implement on other machines, and so forth. Although you should feel
free to follow your own rules, we would like to focus certain suggestions which may improve a program. What
follows here is a list of our recommendations (or biases/prejudices).

First about designing a program.

– Before writing a single line, have the algorithm clarified and understood. It is crucial to have a logical
structure of e.g., the flow and organization of data before one starts writing.

– Always try to choose the simplest algorithm. Computationalspeed can be improved upon later.

– Try to write a as clear program as possible. Such programs areeasier to debug, and although it may take
more time, in the long run it may save you time. If you collaborate with other people, it reduces spending
time on debugging and trying to understand what the codes do.A clear program will also allow you to
remember better what the program really does!

– Implement a working code with emphasis on design for extensions, maintenance etc. Focus on the design
of your code in the beginning and don’t think too much about efficiency before you have a thoroughly
debugged and verified your program. A rule of thumb is the so-called80 − 20 rule, 80 % of the CPU
time is spent in 20 % of the code and you will experience that typically onlya small part of your code
is responsible for most of the CPU expenditure. Therefore, spend most of your time in devising a good
algorithm.

– The planning of the program should be from top down to bottom,trying to keep the flow as linear as
possible. Avoid jumping back and forth in the program. Firstyou need to arrange the major tasks to
be achieved. Then try to break the major tasks into subtasks.These can be represented by functions or
subprograms. They should accomplish limited tasks and as far as possible be independent of each other.
That will allow you to use them in other programs as well.

– Try always to find some cases where an analytical solution exists or where simple test cases can be
applied. If possible, devise different algorithms for solving the same problem. If you get the same
answers, you may have coded things correctly or made the sameerror twice.

– When you have a working code, you should start thinking of theefficiency. Analyze the efficiency with a
tool (profiler) to predict the CPU-intensive parts. Attack then the CPU-intensive parts after the program
reproduces benchmark results.

2As an example, a bad habit is to use variables with no specific meaning, like x1, x2 etc, or names for subprograms which go like
routine1, routine2 etc.
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However, although we stress that you should post-pone a discussion of the efficiency of your code to the
stage when you are sure that it runs correctly, there are somesimple guidelines to follow when you design the
algorithm.

– Avoid lists, sets etc., when arrays can be used without too much waste of memory. Avoid also calls to
functions in the innermost loop since that produces an overhead in the call.

– Heavy computation with small objects might be inefficient, e.g., vector of class complex objects

– Avoid small virtual functions (unless they end up in more than (say) 5 multiplications)

– Save object-oriented constructs for the top level of your code.

– Use taylored library functions for various operations, if possible.

– Reduce pointer-to-pointer-to....-pointer links inside loops.

– Avoid implicit type conversion, use rather the explicit keyword when declaring constructors in C++.

– Never return (copy) of an object from a function, since this normally implies a hidden allocation.

Finally, here are some of our favoured approaches for writing a code.

– Use always the standard ANSI version of the programming language. Avoid local dialects if you wish
to port your code to other machines.

– Add always comments to describe what a program or subprogramdoes. Comment lines help you re-
member what you did e.g., one month ago.

– Declare all variables. Avoid totally theIMPLICIT statement in Fortran. The program will be more
readable and help you find errors when compiling.

– Do not use GOTO structures in Fortran. Although all varieties of spaghettiare great culinaric tempta-
tions, spaghetti-like Fortran with manyGOTO statements is to be avoided. Extensive amounts of time
may be wasted on decoding other authors’ programs.

– When you name variables, use easily understandable names. Avoid v1when you can usespeed_of_light
. Associatives names make it easier to understand what a specific subprogram does.

– Use compiler options to test program details and if possiblealso different compilers. They make errors
too.

– Writing codes in C++ and Fortran may often lead to segmentation faults. This means in most cases
that we are trying to access elements of an array which are notavailable. When developing a code it is
then useful to compile with debugging options. The use of debuggers likegdb is something we highly
recommend during the development of a program.
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Chapter 2

Introduction to C++ and Fortran

Computers in the future may weigh no more than 1.5 tons.Popular Mechanics, 1949

There is a world market for maybe five computers.Thomas Watson, IBM chairman, 1943

2.1 Introduction

This chapters aims at catching two birds with a stone; to introduce to you essential features of the program-
ming languages C++ and Fortran with a brief reminder on Python specific topics, and to stress problems like
overflow, underflow, round off errors and eventually loss of precision due to the finite amount of numbers a
computer can represent. The programs we discuss are taylored to these aims.

2.2 Getting started

In programming languages1 we encounter data entities such as constants, variables, results of evaluations of
functions etc. Common to these objects is that they can be represented through the type concept. There are
intrinsic types and derived types. Intrinsic types are provided by the programming language whereas derived
types are provided by the programmer. If one specifies the type to be for exampleINTEGER (KIND=2) for
Fortran2 or short int/int in C++, the programmer selects a particular date type with 2 bytes (16 bits)
for every item of the classINTEGER (KIND=2) or int. Intrinsic types come in two classes, numerical
(like integer, real or complex) and non-numeric (as logicaland character). The general form for declaring
variables is data type name of variable and Table 2.2 lists the standard variable declarations of C++
and Fortran (note well that there be may compiler and machinedifferences from the table below). An important
aspect when declaring variables is their region of validity. Inside a function we define a a variable through
the expressionint var or INTEGER :: var . The question is whether this variable is available in other
functions as well, moreover where isvar initialized and finally, if we call the function where it is declared, is
the value conserved from one call to the other?

1For more detailed texts on C++ programming in engineering and science are the books by Flowers [19] and Bar-
ton and Nackman [20]. The classic text on C++ programming is the book of Bjarne Stoustrup [21]. See also the lec-
ture notes on C++ athttp://heim.ifi.uio.no/~hpl/INF-VERK4830. For Fortran we recommend the online lectures at
http://folk.uio.no/gunnarw/INF-VERK4820. These web pages contain extensive references to other C++ and Fortran resources.
Both web pages contain enough material, lecture notes and exercises, in order to serve as material for own studies. The Fortran 95 standard
is well documented in Refs. [11–13] while the new details of Fortran 2003 can be found in Ref. [14]. The reader should note that this is
not a text on C++ or Fortran . It is therefore important than one tries to find additional literature on these programming languages. Good
Python texts on scientific computing are [22, 23].

2Our favoured display mode for Fortran statements will be capital letters for language statements and low key letters foruser-defined
statements. Note that Fortran does not distinguish betweencapital and low key letters while C++ does.
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type in C++ and Fortran bits range

int/INTEGER (2) 16 −32768 to 32767
unsigned int 16 0 to 65535
signed int 16 −32768 to 32767
short int 16 −32768 to 32767
unsigned short int 16 0 to 65535
signed short int 16 −32768 to 32767
int/long int/INTEGER(4) 32 −2147483648 to 2147483647
signed long int 32 −2147483648 to 2147483647
float/REAL(4) 32 10−44 to 10+38

double/REAL(8) 64 10−322 to 10e+308

Table 2.1: Examples of variable declarations for C++ and Fortran . We reserve capital letters for Fortran
declaration statements throughout this text, although Fortran is not sensitive to upper or lowercase letters.
Note that there are machines which allow for more than 64 bitsfor doubles. The ranges listed here may
therefore vary.

Both C++ and Fortran operate with several types of variablesand the answers to these questions depend
on how we have defined for example an integer via the statementint var. Python on the other hand does
not use variable or function types (they are not explicitelywritten), allowing thereby for a better potential for
reuse of the code.

The following list may help in clarifying the above points:

type of variable validity

local variables defined within a function, only available within the scope of the
function.

formal parameter If it is defined within a function it is only available within that
specific function.

global variables Defined outside a given function, available for all functions from
the point where it is defined.

In Table 2.2 we show a list of some of the most used language statements in Fortran and C++.
In addition, both C++ and Fortran allow for complex variables. In Fortran we would declare a complex

variable asCOMPLEX (KIND=16):: x, y which refers to a double with word length of 16 bytes. In C++
we would need to include a complex library through the statements

#include <complex>

complex<double> x, y;

We will discuss the above declarationcomplex<double>x,y; in more detail in chapter 3.

2.2.1 Scientific hello world

Our first programming encounter is the ’classical’ one, found in almost every textbook on computer languages,
the ’hello world’ code, here in a scientific disguise. We present first the C version.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program1.cpp

/* comments in C begin like this and end with */

#include <stdlib.h> /* atof function */

#include <math.h> /* sine function */

#include <stdio.h> /* printf function */
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Fortran C++
Program structure

PROGRAM something main ()
FUNCTION something(input) double (int) something(input)
SUBROUTINE something(inout)

Data type declarations
REAL (4) x, y float x, y;
REAL(8) :: x, y double x, y;
INTEGER :: x, y int x,y;
CHARACTER :: name char name;
REAL(8), DIMENSION(dim1,dim2) :: x double x[dim1][dim2];
INTEGER, DIMENSION(dim1,dim2) :: x int x[dim1][dim2];
LOGICAL :: x
TYPE name struct name {
declarations declarations;
END TYPE name }
POINTER :: a double (int) *a;
ALLOCATE new;
DEALLOCATE delete;

Logical statements and control structure
IF ( a == b) THEN if ( a == b)
b=0 { b=0;
ENDIF }
DO WHILE (logical statement) while (logical statement)
do something {do something
ENDDO }
IF ( a>= b ) THEN if ( a>= b)
b=0 { b=0;
ELSE else
a=0 a=0; }
ENDIF
SELECT CASE (variable) switch(variable)
CASE (variable=value1) {
do something case 1:
CASE (. . . ) variable=value1;
. . . do something;

break;
END SELECT case 2:

do something; break;. . .
}

DO i=0, end, 1 for( i=0; i<= end; i++)
do something { do something ;
ENDDO }

Table 2.2: Elements of programming syntax.
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int main (int argc, char* argv[])

{

double r, s; /* declare variables */

r = atof(argv[1]); /* convert the text argv[1] to double */

s = sin(r);

printf("Hello, World! sin(%g)=%g\n", r, s);

return 0; /* success execution of the program */

}

The compiler must see a declaration of a function before you can call it (the compiler checks the argument
and return types). The declaration of library functions appears in so-called header files that must be included
in the program, for example#include<stdlib.h>.

We call three functionsatof,sin,printf and these are declared in three different header files. The main
program is a function called main with a return value set to aninteger, returning 0 if success. The oper-
ating system stores the return value, and other programs/utilities can check whether the execution was suc-
cessful or not. The command-line arguments are transferredto the main function through the statement
intmain(intargc,char*argv[]). The integerargc stands for the number of command-line arguments, set to
one in our case, whileargv is a vector of strings containing the command-line arguments with argv[0] con-
taining the name of the program andargv[1], argv[2], ... are the command-line args, i.e., the number of lines
of input to the program.

This means that we would run the programs as

mhjensen@compphys:./myprogram.exe 0.3

argv[0] while the text string0.2 enters argv[1].
Here we define a floating point variable, see also below, through the keywordsfloat for single precision

real numbers anddouble for double precision. The functionatof transforms a text(argv[1]) to a float. The
sine function is declared in math.h, a library which is not automatically included and needs to be linked when
computing an executable file.

With the commandprintf we obtain a formatted printout. Theprintf syntax is used for formatting output
in many C-inspired languages (Perl, Python, awk, partly C++).

In C++ this program can be written as

// A comment line begins like this in C++ programs

using namespace std;

#include <iostream>

#include <cstdlib>

#include <cmath>

int main (int argc, char* argv[])

{

// convert the text argv[1] to double using atof:

double r = atof(argv[1]);

double s = sin(r);

cout << "Hello, World! sin(" << r << ")=" << s << endl;

// success

return 0;

}

We have replaced the call toprintf with the standard C++ functioncout. The header fileiostream is then
needed. In addition, we don’t need to declare variables liker and s at the beginning of the program. I
personally prefer however to declare all variables at the beginning of a function, as this gives me a feeling of
greater readability. Note that we have used the declarationusingnamespacestd;. Namespace is a way to collect
all functions defined in C++ libraries. If we omit this declaration on top of the program we would have to add
the declarationstd in front of cout or cin. Our program would then read

// Hello world code without using namespace std

#include <iostream>

#include <cstdlib>
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#include <cmath>

int main (int argc, char* argv[])

{

// convert the text argv[1] to double using atof:

double r = atof(argv[1]);

double s = sin(r);

std::cout << "Hello, World! sin(" << r << ")=" << s << endl;

// success

return 0;

}

Another feature which is worth noting is that we have skippedexception handlings here. In chapter 3 we
discuss examples that test our input from the command line. But it is easy to add such a feature, as shown in
our modified hello world program

// Hello world code with exception handling

using namespace std;

#include <cstdlib>

#include <cmath>

#include <iostream>

int main (int argc, char* argv[])

{

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also a number on the same line, e.g., prog.exe 0.2" << endl;

exit(1); // here the program stops.

}

// convert the text argv[1] to double using atof:

double r = atof(argv[1]);

double s = sin(r);

cout << "Hello, World! sin(" << r << ")=" << s << endl;

// success

return 0;

}

Here we test that we have more than one argument. If not, the program stops and writes to screen an error
message. Observe also that we have included the mathematicslibrary via the#include<cmath> declaration.

To run these programs, you need first to compile and link them in order to obtain an executable file under
operating systems like e.g., UNIX or Linux. Before we proceed we give therefore examples on how to obtain
an executable file under Linux/Unix.

In order to obtain an executable file for a C++ program, the following instructions under Linux/Unix can
be used

c++ -c -Wall myprogram.c

c++ -o myprogram myprogram.o

where the compiler is called through the commandc++. The compiler option -Wall means that a warning is
issued in case of non-standard language. The executable fileis in this casemyprogram. The option-c is for
compilation only, where the program is translated into machine code, while the-o option links the produced
object filemyprogram.o and produces the executablemyprogram .

The corresponding Fortran code is

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program1.f90

PROGRAM shw

IMPLICIT NONE

REAL (KIND =8) :: r ! Input number

REAL (KIND=8) :: s ! Result

! Get a number from user

13

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program1.f90


Introduction to C++ and Fortran

WRITE(*,*) 'Input a number: '

READ(*,*) r

! Calculate the sine of the number

s = SIN(r)

! Write result to screen

WRITE(*,*) 'Hello World! SINE of ', r, ' =', s

END PROGRAM shw

The first statement must be a program statement; the last statement must have a corresponding end program
statement. Integer numerical variables and floating point numerical variables are distinguished. The names
of all variables must be between 1 and 31 alphanumeric characters of which the first must be a letter and the
last must not be an underscore. Comments begin with a ! and canbe included anywhere in the program.
Statements are written on lines which may contain up to 132 characters. The asterisks (*,*) following WRITE
represent the default format for output, i.e., the output ise.g., written on the screen. Similarly, the READ(*,*)
statement means that the program is expecting a line input. Note also the IMPLICIT NONE statement which
we strongly recommend the use of. In many Fortran 77 programsone can find statements like IMPLICIT
REAL*8(a-h,o-z), meaning that all variables beginning with any of the above letters are by default floating
numbers. However, such a usage makes it hard to spot eventualerrors due to misspelling of variable names.
With IMPLICIT NONE you have to declare all variables and therefore detect possible errors already while
compiling. I recommend strongly that you declare all variables when using Fortran.

We call the Fortran compiler (using free format) through

f90 -c -free myprogram.f90

f90 -o myprogram.x myprogram.o

Under Linux/Unix it is often convenient to create a so-called makefile, which is a script which includes pos-
sible compiling commands, in order to avoid retyping the above lines every once and then we have made
modifcations to our program. A typical makefile for the abovecc compiling options is listed below

# General makefile for c - choose PROG = name of given program

# Here we define compiler option, libraries and the target

CC= c++ -Wall

PROG= myprogram

# Here we make the executable file

${PROG} : ${PROG}.o

${CC} ${PROG}.o -o ${PROG}

# whereas here we create the object file

${PROG}.o : ${PROG}.cpp

${CC} -c ${PROG}.cpp

If you name your file for ’makefile’, simply type the commandmake and Linux/Unix executes all of the
statements in the above makefile. Note that C++ files have the extension .cpp

For Fortran, a similar makefile is

# General makefile for F90 - choose PROG = name of given program

# Here we define compiler options, libraries and the target

F90= f90

PROG= myprogram
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# Here we make the executable file

${PROG} : ${PROG}.o

${F90} ${PROG}.o -o ${PROG}

# whereas here we create the object file

${PROG}.o : ${PROG}.f90

${F90} -c ${PROG}.f

Finally, for the sake of completeness, we list the corresponding Python code

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/python/program1.py

#!/usr/bin/env python

import sys, math

# Read in a string a convert it to a float

r = float(sys.argv[1])

s = math.sin(r)

print "Hello, World! sin(%g)=%12.6e" % (r,s)

where we have used a formatted printout with scientific notation. In Python we do not need to declare variables.
Mathematical functions like thesin function are imported from themathmodule. For further references to
Python and its syntax, we recommend the text of Hans Petter Langtangen [23]. The corresponding codes in
Python are available at the webpage of the course.

2.3 Representation of integer numbers

In Fortran a keyword for declaration of an integer isINTEGER(KIND=n) , n = 2 reserves 2 bytes (16 bits) of
memory to store the integer variable wheras n = 4 reserves 4 bytes (32 bits). In Fortran, although it may be
compiler dependent, just declaring a variable asINTEGER, reserves 4 bytes in memory as default.

In C++ keywords areshortint,int,longint,longlongint. The byte-length is compiler dependent within
some limits. The GNU C++-compilers (called by gcc or g++) assign 4 bytes (32 bits) to variables declared
by int andlongint. Typical byte-lengths are 2, 4, 4 and 8 bytes, for the types given above. To see how many
bytes are reserved for a specific variable, C++ has a library function calledsizeof(type) which returns the
number of bytes fortype.

An example of a program declaration is

Fortran: INTEGER (KIND=2) :: age_of_participant
C++: short int age_of_participant;

Note that the(KIND=2) can be written as (2). Normally however, we will for Fortran programs just use the 4
bytes default assignmentINTEGER.

In the above examples one bit is used to store the sign of the variable age_of_participant and the other 15
bits are used to store the number, which then may range from zero to215 − 1 = 32767. This should definitely
suffice for human lifespans. On the other hand, if we were to classify known fossiles by age we may need

Fortran: INTEGER (4) :: age_of_fossile
C++: int age_of_fossile;

Again one bit is used to store the sign of the variable age_of_fossile and the other 31 bits are used to store
the number which then may range from zero to231 − 1 = 2.147.483.647. In order to give you a feeling how
integer numbers are represented in the computer, think firstof the decimal representation of the number417

417 = 4× 102 + 1× 101 + 7× 100,
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which in binary representation becomes

417 = 1× an2n + an−12
n−1 + an−22

n−2 + · · ·+ a02
0,

where the coefficientsak with k = 0, . . . , n are zero or one. They can be calculated through successive
division by 2 and using the remainder in each division to determine the numbersan to a0. A given integer in
binary notation is then written as

an2n + an−12
n−1 + an−22

n−2 + · · ·+ a02
0.

In binary notation we have thus
(417)10 = (110100001)2,

since we have

(110100001)2 = 1× 28 + 1× 27 + 0× 26 + 1× 25 + 0× 24 + 0× 23 + 0× 22 + 0× 22 + 0× 21 + 1× 20.

To see this, we have performed the following divisions by 2

417/2=208 remainder 1 coefficient of20 is 1
208/2=104 remainder 0 coefficient of21 is 0
104/2=52 remainder 0 coefficient of22 is 0
52/2=26 remainder 0 coefficient of23 is 0
26/2=13 remainder 0 coefficient of24 is 0
13/2= 6 remainder 1 coefficient of25 is 1
6/2= 3 remainder 0 coefficient of26 is 0
3/2= 1 remainder 1 coefficient of27 is 1
1/2= 0 remainder 1 coefficient of28 is 1

We see that nine bits are sufficient to represent 417. Normally we end up using 32 bits as default for integers,
meaning that our number reads

(417)10 = (00000000000000000000000110100001)2,

A simple program which performs these operations is listed below. Here we employ the modulus operation
(with division by 2), which in C++ is given by thea%2 operator. In Fortran we would call the functionMOD(a,2)
in order to obtain the remainder of a division by2.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program2.cpp

using namespace std;

#include <iostream>

int main (int argc, char* argv[])

{

int i;

int terms[32]; // storage of a0, a1, etc, up to 32 bits

int number = atoi(argv[1]);

// initialise the term a0, a1 etc

for (i=0; i < 32 ; i++){ terms[i] = 0;}

for (i=0; i < 32 ; i++){

terms[i] = number%2;

number /= 2;

}

// write out results

cout << `` Number of bytes used= '' << sizeof(number) << endl;

for (i=0; i < 32 ; i++){

cout << `` Term nr: `` << i << ``Value= `` << terms[i];

cout << endl;

}

return 0;

}
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The C++ functionsizeof yields the number of bytes reserved for a specific variable. Note also thefor con-
struct. We have reserved a fixed array which contains the values ofai being0 or 1, the remainder of a division
by two. We have enforced the integer to be represented by 32 bits, or four bytes, which is the default integer
representation.

Note that for417 we need 9 bits in order to represent it in a binary notation, while a number like the number
3 is given in an 32 bits word as

(3)10 = (00000000000000000000000000000011)2.

For this number 2 significant bits would be enough.
With these prerequesites in mind, it is rather obvious that if a given integer variable is beyond the range

assigned by the declaration statement we may encounter problems.
If we multiply two large integersn1 × n2 and the product is too large for the bit size allocated for that

specific integer assignement, we run into an overflow problem. The most significant bits are lost and the least
significant kept. Using 4 bytes for integer variables the result becomes

220 × 220 = 0.

However, there are compilers or compiler options that preprocess the program in such a way that an error
message like ’integer overflow’ is produced when running theprogram. Here is a small program which may
cause overflow problems when running (try to test your own compiler in order to be sure how such problems
need to be handled).

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program3.cpp

// Program to calculate 2**n

using namespace std;

#include <iostream>

int main()

{

int int1, int2, int3;

// print to screen

cout << "Read in the exponential N for 2^N =\n";

// read from screen

cin >> int2;

int1 = (int) pow(2., (double) int2);

cout << " 2^N * 2^N = " << int1*int1 << "\n";

int3 = int1 - 1;

cout << " 2^N*(2^N - 1) = " << int1 * int3 << "\n";

cout << " 2^N- 1 = " << int3 << "\n";

return 0;

}

// End: program main()

If we run this code with an exponentN = 32, we obtain the following output

2^N * 2^N = 0

2^N*(2^N - 1) = -2147483648

2^N- 1 = 2147483647

We notice that264 exceeds the limit for integer numbers with 32 bits. The program returns0. This can be
dangerous, since the results from the operation2N (2N − 1) is obviously wrong. One possibility to avoid such
cases is to add compilation options which flag if an overflow orunderflow is reached.

2.3.1 Fortran codes

The corresponding Fortran code is
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http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program2.f90

PROGRAM binary_integer

IMPLICIT NONE

INTEGER i, number, terms(0:31) ! storage of a0, a1, etc, up to 32 bits,

! note array length running from 0:31. Fortran allows negative indexes as well.

WRITE(*,*) 'Give a number to transform to binary notation'

READ(*,*) number

! Initialise the terms a0, a1 etc

terms = 0

! Fortran takes only integer loop variables

DO i=0, 31

terms(i) = MOD(number,2) ! Modulus function in Fortran

number = number/2

ENDDO

! write out results

WRITE(*,*) 'Binary representation '

DO i=0, 31

WRITE(*,*)' Term nr and value', i, terms(i)

ENDDO

END PROGRAM binary_integer

and

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program3.f90

PROGRAM integer_exp

IMPLICIT NONE

INTEGER :: int1, int2, int3

! This is the begin of a comment line in Fortran 90

! Now we read from screen the variable int2

WRITE(*,*) 'Read in the number to be exponentiated'

READ(*,*) int2

int1=2**int2

WRITE(*,*) '2^N*2^N', int1*int1

int3=int1-1

WRITE(*,*) '2^N*(2^N-1)', int1*int3

WRITE(*,*) '2^N-1', int3

END PROGRAM integer_exp

In Fortran the modulus division is performed by the intrinsic function \lstinline{MOD(number,2)}

in case of a division by $2$. The exponentation of a number is given by for example \lstinline{2**N}

instead of the call to the $\lstinline{pow} function in C++.

2.4 Real numbers and numerical precision

An important aspect of computational physics is the numerical precision involved. To design a good algorithm,
one needs to have a basic understanding of propagation of inaccuracies and errors involved in calculations.
There is no magic recipe for dealing with underflow, overflow,accumulation of errors and loss of precision,
and only a careful analysis of the functions involved can save one from serious problems.

Since we are interested in the precision of the numerical calculus, we need to understand how computers
represent real and integer numbers. Most computers deal with real numbers in the binary system, or octal and
hexadecimal, in contrast to the decimal system that we humans prefer to use. The binary system uses 2 as
the base, in much the same way that the decimal system uses 10.Since the typical computer communicates
with us in the decimal system, but works internally in e.g., the binary system, conversion procedures must be
executed by the computer, and these conversions involve hopefully only small roundoff errors
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Computers are also not able to operate using real numbers expressed with more than a fixed number of
digits, and the set of values possible is only a subset of the mathematical integers or real numbers. The so-
called word length we reserve for a given number places a restriction on the precision with which a given
number is represented. This means in turn, that for example floating numbers are always rounded to a machine
dependent precision, typically with 6-15 leading digits tothe right of the decimal point. Furthermore, each
such set of values has a processor-dependent smallest negative and a largest positive value.

Why do we at all care about rounding and machine precision? The best way is to consider a simple example
first. In the following example we assume that we can represent a floating number with a precision of 5 digits
only to the right of the decimal point. This is nothing but a mere choice of ours, but mimicks the way numbers
are represented in the machine.

Suppose we wish to evaluate the function

f(x) =
1− cos (x)

sin (x)
,

for small values ofx. If we multiply the denominator and numerator with1 + cos (x) we obtain the equivalent
expression

f(x) =
sin (x)

1 + cos (x)
.

If we now choosex = 0.006 (in radians) our choice of precision results in

sin (0.007) ≈ 0.59999× 10−2,

and
cos (0.007) ≈ 0.99998.

The first expression forf(x) results in

f(x) =
1− 0.99998

0.59999× 10−2
=

0.2× 10−4

0.59999× 10−2
= 0.33334× 10−2,

while the second expression results in

f(x) =
0.59999× 10−2

1 + 0.99998
=

0.59999× 10−2

1.99998
= 0.30000× 10−2,

which is also the exact result. In the first expression, due toour choice of precision, we have only one relevant
digit in the numerator, after the subtraction. This leads toa loss of precision and a wrong result due to a
cancellation of two nearly equal numbers. If we had chosen a precision of six leading digits, both expressions
yield the same answer. If we were to evaluatex ∼ π, then the second expression forf(x) can lead to potential
losses of precision due to cancellations of nearly equal numbers.

This simple example demonstrates the loss of numerical precision due to roundoff errors, where the number
of leading digits is lost in a subtraction of two near equal numbers. The lesson to be drawn is that we cannot
blindly compute a function. We will always need to carefullyanalyze our algorithm in the search for potential
pitfalls. There is no magic recipe however, the only guideline is an understanding of the fact that a machine
cannot represent correctlyall numbers.

2.4.1 Representation of real numbers

Real numbers are stored with a decimal precision (or mantissa) and the decimal exponent range. The mantissa
contains the significant figures of the number (and thereby the precision of the number). A number like
(9.90625)10 in the decimal representation is given in a binary representation by

(1001.11101)2 = 1× 23 + 0× 22 + 0× 21 + 1× 20 + 1× 2−1 + 1× 2−2 + 1× 2−3 + 0× 2−4 + 1× 2−5,
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and it has an exact machine number representation since we need a finite number of bits to represent this
number. This representation is however not very practical.Rather, we prefer to use a scientific notation. In
the decimal system we would write a number like9.90625 in what is called the normalized scientific notation.
This means simply that the decimal point is shifted and appropriate powers of 10 are supplied. Our number
could then be written as

9.90625 = 0.990625× 101,

and a real non-zero number could be generalized as

x = ±r × 10n,

with a r a number in the range1/10 ≤ r < 1. In a similar way we can represent a binary number in scientific
notation as

x = ±q × 2m,

with a q a number in the range1/2 ≤ q < 1. This means that the mantissa of a binary number would be
represented by the general formula

(0.a−1a−2 . . . a−n)2 = a−1 × 2−1 + a−2 × 2−2 + · · ·+ a−n × 2−n.

In a typical computer, floating-point numbers are represented in the way described above, but with certain
restrictions onq andm imposed by the available word length. In the machine, our numberx is represented as

x = (−1)s ×mantissa× 2exponent,

wheres is the sign bit, and the exponent gives the available range. With a single-precision word, 32 bits, 8 bits
would typically be reserved for the exponent, 1 bit for the sign and 23 for the mantissa. This means that if we
define a variable as

Fortran: REAL (4) :: size_of_fossile
C++: float size_of_fossile;

we are reserving 4 bytes in memory, with 8 bits for the exponent, 1 for the sign and and 23 bits for the
mantissa, implying a numerical precision to the sixth or seventh digit, since the least significant digit is given
by 1/223 ≈ 10−7. The range of the exponent goes from2−128 = 2.9 × 10−39 to 2127 = 3.4 × 1038, where
128 stems from the fact that 8 bits are reserved for the exponent.

A modification of the scientific notation for binary numbers is to require that the leading binary digit 1
appears to the left of the binary point. In this case the representation of the mantissaq would be(1.f)2 and
1 ≤ q < 2. This form is rather useful when storing binary numbers in a computer word, since we can always
assume that the leading bit 1 is there. One bit of space can then be saved meaning that a 23 bits mantissa has
actually 24 bits. This means explicitely that a binary number with 23 bits for the mantissa reads

(1.a−1a−2 . . . a−23)2 = 1× 20 + a−1 × 2−1 + a−2 × 2−2 + · · ·+ a−n × 2−23.

As an example, consider the 32 bits binary number

(10111110111101000000000000000000)2,

where the first bit is reserved for the sign, 1 in this case yielding a negative sign. The exponentm is given
by the next 8 binary numbers01111101 resulting in 125 in the decimal system. However, since the exponent
has eight bits, this means it has28 − 1 = 255 possible numbers in the interval−128 ≤ m ≤ 127, our final
exponent is125 − 127 = −2 resulting in2−2. Inserting the sign and the mantissa yields the final number in
the decimal representation as

−2−2
(
1× 20 + 1× 2−1 + 1× 2−2 + 1× 2−3 + 0× 2−4 + 1× 2−5

)
= (−0.4765625)10.
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In this case we have an exact machine representation with 32 bits (actually, we need less than 23 bits for the
mantissa).

If our numberx can be exactly represented in the machine, we callx a machine number. Unfortunately,
most numbers cannot and are thereby only approximated in themachine. When such a number occurs as
the result of reading some input data or of a computation, an inevitable error will arise in representing it as
accurately as possible by a machine number.

A floating number x, labelledfl(x) will therefore always be represented as

fl(x) = x(1 ± ǫx), (2.1)

with x the exact number and the error|ǫx| ≤ |ǫM |, whereǫM is the precision assigned. A number like1/10

has no exact binary representation with single or double precision. Since the mantissa

1. (a−1a−2 . . . a−n)2

is always truncated at some stagen due to its limited number of bits, there is only a limited number of real
binary numbers. The spacing between every real binary number is given by the chosen machine precision.
For a 32 bit words this number is approximatelyǫM ∼ 10−7 and for double precision (64 bits) we have
ǫM ∼ 10−16, or in terms of a binary base as2−23 and2−52 for single and double precision, respectively.

2.4.2 Machine numbers

To understand that a given floating point number can be written as in Eq. (2.1), we assume for the sake of
simplicity that we work with real numbers with words of length 32 bits, or four bytes. Then a given numberx

in the binary representation can be represented as

x = (1.a−1a−2 . . . a−23a−24a−25 . . . )2 × 2n,

or in a more compact form
x = r × 2n,

with 1 ≤ r < 2 and−126 ≤ n ≤ 127 since our exponent is defined by eight bits.
In most cases there will not be an exact machine representation of the numberx. Our number will be placed

between two exact 32 bits machine numbersx− andx+. Following the discussion of Kincaid and Cheney [24]
these numbers are given by

x− = (1.a−1a−2 . . . a−23)2 × 2n,

and
x+ =

(
(1.a−1a−2 . . . a−23))2 + 2−23

)
× 2n.

If we assume that our numberx is closer tox− we have that the absolute error is constrained by the relation

|x− x−| ≤
1

2
|x+ − x−| =

1

2
× 2n−23 = 2n−24.

A similar expression can be obtained ifx is closer tox+. The absolute error conveys one type of information.
However, we may have cases where two equal absolute errors arise from rather different numbers. Consider
for example the decimal numbersa = 2 anda = 2.001. The absolute error between these two numbers is
0.001. In a similar way, the two decimal numbersb = 2000 andb = 2000.001 give exactly the same absolute
error. We note here thatb = 2000.001 has more leading digits thanb.

If we compare the relative errors

|a− a|
|a| = 1.0× 10−3,

|b− b|
|b| = 1.0× 10−6,

we see that the relative error inb is much smaller than the relative error ina. We will see below that the relative
error is intimately connected with the number of leading digits in the way we approximate a real number. The
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relative error is therefore the quantity of interest in scientific work. Information about the absolute error is
normally of little use in the absence of the magnitude of the quantity being measured.

We define then the relative error forx as

|x− x−|
|x| ≤ 2n−24

r × 2n
=

1

q
× 2−24 ≤ 2−24.

Instead of usingx− andx+ as the machine numbers closest tox, we introduce the relative error

|x− x|
|x| ≤ 2n−24,

with x being the machine number closest tox. Defining

ǫx =
x− x
x

,

we can write the previous inequality

fl(x) = x(1 + ǫx)

where|ǫx| ≤ ǫM = 2−24 for variables of length 32 bits. The notationfl(x) stands for the machine approxi-
mation of the numberx. The numberǫM is given by the specified machine precision, approximately10−7 for
single and10−16 for double precision, respectively.

There are several mathematical operations where an eventual loss of precision may appear. A subraction,
especially important in the definition of numerical derivatives discussed in chapter 3 is one important opera-
tion. In the computation of derivatives we end up subtracting two nearly equal quantities. In case of such a
subtractiona = b− c, we have

fl(a) = fl(b)− fl(c) = a(1 + ǫa),

or

fl(a) = b(1 + ǫb)− c(1 + ǫc),

meaning that

fl(a)/a = 1 + ǫb
b

a
− ǫc

c

a
,

and if b ≈ c we see that there is a potential for an increased error in the machine representation offl(a). This
is because we are subtracting two numbers of equal size and what remains is only the least significant part of
these numbers. This part is prone to roundoff errors and ifa is small we see that (withb ≈ c)

ǫa ≈
b

a
(ǫb − ǫc),

can become very large. The latter equation represents the relative error of this calculation. To see this, we
define first the absolute error as

|fl(a)− a|,

whereas the relative error is
|fl(a)− a|

a
≤ ǫa.

The above subraction is thus
|fl(a)− a|

a
=
|fl(b)− f(c)− (b− c)|

a
,

yielding
|fl(a)− a|

a
=
|bǫb − cǫc|

a
.
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An interesting question is then how many significant binary bits are lost in a subtractiona = b − c when we
haveb ≈ c. The loss of precision theorem for a subtractiona = b − c states that [24]:if b andc are positive
normalized floating-point binary machine numbers withb > c and

2−r ≤ 1− c

b
≤ 2−s, (2.2)

then at mostr and at leasts significant binary bits are lost in the subtractionb−c. For a proof of this statement,
see for example Ref. [24].

But even additions can be troublesome, in particular if the numbers are very different in magnitude. Con-
sider for example the seemingly trivial addition1+10−8 with 32 bits used to represent the various variables. In
this case, the information contained in10−8 is simply lost in the addition. When we perform the addition,the
computer equates first the exponents of the two numbers to be added. For10−8 this has however catastrophic
consequences since in order to obtain an exponent equal to100, bits in the mantissa are shifted to the right. At
the end, all bits in the mantissa are zeros.

This means in turn that for calculations involving real numbers (if we omit the discussion on overflow and
underflow) we need to carefully understand the behavior of our algorithm, and test all possible cases where
round-off errors and loss of precision can arise. Other cases which may cause serious problems are singularities
of the type0/0 which may arise from functions likesin(x)/x asx → 0. Such problems may also need the
restructuring of the algorithm.

2.5 Programming examples on loss of precision and round-offerrors

2.5.1 Algorithms fore−x

In order to illustrate the above problems, we discuss here some famous and perhaps less famous problems,
including a discussion on specific programming features as well.

We start by considering three possible algorithms for computing e−x:

1. by simply coding

e−x =
∞∑

n=0

(−1)nx
n

n!

2. or to employ a recursion relation for

e−x =

∞∑

n=0

sn =

∞∑

n=0

(−1)nx
n

n!

using

sn = −sn−1
x

n
,

3. or to first calculate

expx =
∞∑

n=0

sn

and thereafter taking the inverse

e−x =
1

expx

Below we have included a small program which calculates

e−x =

∞∑

n=0

(−1)nx
n

n!
,
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for x-values ranging from0 to 100 in steps of 10. When doing the summation, we can always define adesired
precision, given below by the fixed value for the variable TRUNCATION= 1.0E − 10, so that for a certain
value ofx > 0, there is always a value ofn = N for which the loss of precision in terminating the series at
n = N is always smaller than the next term in the seriesxN

N ! . The latter is implemented through the while{. . . }
statement.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program4.cpp

// Program to calculate function exp(-x)

// using straightforward summation with differing precision

using namespace std;

#include <iostream>

// type float: 32 bits precision

// type double: 64 bits precision

#define TYPE double

#define PHASE(a) (1 - 2 * (abs(a) % 2))

#define TRUNCATION 1.0E-10

// function declaration

TYPE factorial(int);

int main()

{

int n;

TYPE x, term, sum;

for(x = 0.0; x < 100.0; x += 10.0) {

sum = 0.0; //initialization

n = 0;

term = 1;

while(fabs(term) > TRUNCATION) {

term = PHASE(n) * (TYPE) pow((TYPE) x,(TYPE) n) / factorial(n);

sum += term;

n++;

} // end of while() loop

cout << `` x ='' << x << `` exp = `` << exp(-x) << `` series = `` << sum;

cout << `` number of terms = " << n << endl;

} // end of for() loop

return 0;

} // End: function main()

// The function factorial()

// calculates and returns n!

TYPE factorial(int n)

{

int loop;

TYPE fac;

for(loop = 1, fac = 1.0; loop <= n; loop++) {

fac *= loop;

}

return fac;

} // End: function factorial()

There are several features to be noted3. First, for low values ofx, the agreement is good, however for largerx

values, we see a significant loss of precision. Secondly, forx = 70 we have an overflow problem, represented
(from this specific compiler) by NaN (not a number). The latter is easy to understand, since the calculation of
a factorial of the size171! is beyond the limit set for the double precision variable factorial. The message NaN
appears since the computer sets the factorial of171 equal to zero and we end up having a division by zero in
our expression fore−x.

3Note that different compilers may give different messages and deal with overflow problems in different ways.
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x exp (−x) Series Number of terms in series
0.0 0.100000E+01 0.100000E+01 1

10.0 0.453999E-04 0.453999E-04 44
20.0 0.206115E-08 0.487460E-08 72
30.0 0.935762E-13 -0.342134E-04 100
40.0 0.424835E-17 -0.221033E+01 127
50.0 0.192875E-21 -0.833851E+05 155
60.0 0.875651E-26 -0.850381E+09 171
70.0 0.397545E-30 NaN 171
80.0 0.180485E-34 NaN 171
90.0 0.819401E-39 NaN 171

100.0 0.372008E-43 NaN 171

Table 2.3: Result from the brute force algorithm forexp (−x).

The overflow problem can be dealt with via a recurrence formula4 for the terms in the sum, so that we
avoid calculating factorials. A simple recurrence formulafor our equation

exp (−x) =

∞∑

n=0

sn =

∞∑

n=0

(−1)nx
n

n!
,

is to note that
sn = −sn−1

x

n
,

so that instead of computing factorials, we need only to compute products. This is exemplified through the
next program.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program5.cpp

// program to compute exp(-x) without factorials

using namespace std;

#include <iostream>

#define TRUNCATION 1.0E-10

int main()

{

int loop, n;

double x, term, sum;

for(loop = 0; loop <= 100; loop += 10){

x = (double) loop; // initialization

sum = 1.0;

term = 1;

n = 1;

while(fabs(term) > TRUNCATION){

term *= -x/((double) n);

sum += term;

n++;

} // end while loop

cout << ``x ='' << x << ``exp = `` << exp(-x) << ``series = `` << sum;

cout << ``number of terms = " << n << endl;

} // end of for loop

} // End: function main()

4Recurrence formulae, in various disguises, either as ways to represent series or continued fractions, are among the most commonly
used forms for function approximation. Examples are Besselfunctions, Hermite and Laguerre polynomials, discussed for example in
chapter 4.
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x exp (−x) Series Number of terms in series
0.000000 0.10000000E+01 0.10000000E+01 1

10.000000 0.45399900E-04 0.45399900E-04 44
20.000000 0.20611536E-08 0.56385075E-08 72
30.000000 0.93576230E-13 -0.30668111E-04 100
40.000000 0.42483543E-17 -0.31657319E+01 127
50.000000 0.19287498E-21 0.11072933E+05 155
60.000000 0.87565108E-26 -0.33516811E+09 182
70.000000 0.39754497E-30 -0.32979605E+14 209
80.000000 0.18048514E-34 0.91805682E+17 237
90.000000 0.81940126E-39 -0.50516254E+22 264

100.000000 0.37200760E-43 -0.29137556E+26 291

Table 2.4: Result from the improved algorithm forexp (−x).

In this case, we do not get the overflow problem, as can be seen from the large number of terms. Our results
do however not make much sense for larger values ofx. Decreasing the truncation test will not help! (try it).
This is a much more serious problem.

In order better to understand this problem, let us consider the case ofx = 20, which already differs largely
from the exact result. Writing out each term in the summation, we obtain the largest term in the sum appears
at n = 19, with a value that equals−43099804. However, forn = 20 we have almost the same value, but
with an interchanged sign. It means that we have an error relative to the largest term in the summation of the
order of43099804× 10−10 ≈ 4 × 10−2. This is much larger than the exact value of0.21× 10−8. The large
contributions which may appear at a given order in the sum, lead to strong roundoff errors, which in turn is
reflected in the loss of precision. We can rephrase the above in the following way: Sinceexp (−20) is a very
small number and each term in the series can be rather large (of the order of108, it is clear that other terms
as large as108, but negative, must cancel the figures in front of the decimalpoint and some behind as well.
Since a computer can only hold a fixed number of significant figures, all those in front of the decimal point
are not only useless, they are crowding out needed figures at the right end of the number. Unless we are very
careful we will find ourselves adding up series that finally consists entirely of roundoff errors! An analysis of
the contribution to the sum from various terms shows that therelative error made can be huge. This results in
an unstable computation, since small errors made at one stage are magnified in subsequent stages.

To this specific case there is a simple cure. Noting thatexp (x) is the reciprocal ofexp (−x), we may use
the series forexp (x) in dealing with the problem of alternating signs, and simplytake the inverse. One has
however to beware of the fact thatexp (x) may quickly exceed the range of a double variable.

2.5.2 Fortran codes

The Fortran programs are rather similar in structure to the C++ program.
In Fortran Real numbers are written as 2.0 rather than 2 and declared as REAL (KIND=8) or REAL

(KIND=4) for double or single precision, respectively. In general we discorauge the use of single precision
in scientific computing, the achieved precision is in general not good enough. Fortran uses a do construct to
have the computer execute the same statements more than once. Note also that Fortran does not allow floating
numbers as loop variables. In the example below we use both a do construct for the loop overx and aDOWHILE
construction for the truncation test, as in the C++ program.One could altrenatively use theEXIT statement
inside a do loop. Fortran has also if statements as in C++. TheIF construct allows the execution of a sequence
of statements (a block) to depend on a condition. The if construct is a compound statement and begins with IF
... THEN and ends with ENDIF. Examples of more general IF constructs using ELSE and ELSEIF statements
are given in other program examples. Another feature to observe is the CYCLE command, which allows a
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loop variable to start at a new value.
Subprograms are called from the main program or other subprograms. In the C++ codes we declared a

functionTYPE factorial(int);. Subprograms are always called functions in C++. If we declare it with void

is has the same meaning as subroutines in Fortran,. Subroutines are used if we have more than one return
value. In the example below we compute the factorials using the functionfactorial. This function receives a
dummy argumentn. INTENT(IN) means that the dummy argument cannot be changedwithin the subprogram.
INTENT(OUT) means that the dummy argument cannot be used within the subprogram until it is given a value
with the intent of passing a value back to the calling program. The statement INTENT(INOUT) means that
the dummy argument has an initial value which is changed and passed back to the calling program. We
recommend that you use these options when calling subprograms. This allows better control when transfering
variables from one function to another. In chapter 3 we discuss call by value and by reference in C++. Call
by value does not allow a called function to change the value of a given variable in the calling function. This
is important in order to avoid unintentional changes of variables when transfering data from one function to
another. TheINTENT construct in Fortran allows such a control. Furthermore, itincreases the readability of the
program.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program4.f90

! In this module you can define for example global constants

MODULE constants

! definition of variables for double precisions and complex variables

INTEGER, PARAMETER :: dp = KIND(1.0D0)

INTEGER, PARAMETER :: dpc = KIND((1.0D0,1.0D0))

! Global Truncation parameter

REAL(DP), PARAMETER, PUBLIC :: truncation=1.0E-10

END MODULE constants

! Here you can include specific functions which can be used by

! many subroutines or functions

MODULE functions

CONTAINS

REAL(DP) FUNCTION factorial(n)

USE CONSTANTS

INTEGER, INTENT(IN) :: n

INTEGER :: loop

factorial = 1.0_dp

IF ( n > 1 ) THEN

DO loop = 2, n

factorial=factorial*loop

ENDDO

ENDIF

END FUNCTION factorial

END MODULE functions

! Main program starts here

PROGRAM exp_prog

USE constants

USE functions

IMPLICIT NONE

REAL (DP) :: x, term, final_sum

INTEGER :: n, loop_over_x

! loop over x-values

DO loop_over_x=0, 100, 10

x=loop_over_x

! initialize the EXP sum

final_sum= 0.0_dp; term = 1.0_dp; n = 0

DO WHILE ( ABS(term) > truncation)
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term = ((-1.0_dp)**n)*(x**n)/ factorial(n)

final_sum=final_sum+term

n=n+1

ENDDO

! write the argument x, the exact value, the computed value and n

WRITE(*,*) x ,EXP(-x), final_sum, n

ENDDO

END PROGRAM exp_prog

The MODULE declaration in Fortran allows one to place functions like the one which calculates the factorials.
Note also the usage of the moduleconstantswhere we define double and complex variables. If one wishes
to switch to another precision, one just needs to change the declaration in one part of the program only. This
hinders possible errors which arise if one has to change variable declarations in every function and subroutine.
In addition we have defined a global variabletruncation which is accessible to all functions which have the
USEconstants declaration. These declarations have to come before any variable declarations andIMPLICITNONE
statement.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program5.f90

! In this module you can define for example global constants

MODULE constants

! definition of variables for double precisions and complex variables

INTEGER, PARAMETER :: dp = KIND(1.0D0)

INTEGER, PARAMETER :: dpc = KIND((1.0D0,1.0D0))

! Global Truncation parameter

REAL(DP), PARAMETER, PUBLIC :: truncation=1.0E-10

END MODULE constants

PROGRAM improved_exp

USE constants

IMPLICIT NONE

REAL (dp) :: x, term, final_sum

INTEGER :: n, loop_over_x

! loop over x-values, no floats as loop variables

DO loop_over_x=0, 100, 10

x=loop_over_x

! initialize the EXP sum

final_sum=1.0 ; term=1.0 ; n = 1

DO WHILE ( ABS(term) > truncation)

term = -term*x/FLOAT(n)

final_sum=final_sum+term

n=n+1

ENDDO

! write the argument x, the exact value, the computed value and n

WRITE(*,*) x ,EXP(-x), final_sum, n

ENDDO

END PROGRAM improved_exp

2.5.3 Further examples

Summing1/n

Let us look at another roundoff example which may surprise you more. Consider the series

s1 =

N∑

n=1

1

n
,
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which is finite whenN is finite. Then consider the alternative way of writing this sum

s2 =

1∑

n=N

1

n
,

which when summed analytically should gives2 = s1. Because of roundoff errors, numerically we will
get s2 6= s1! Computing these sums with single precision forN = 1.000.000 results ins1 = 14.35736

while s2 = 14.39265! Note that these numbers are machine and compiler dependent. With double pre-
cision, the results agree exactly, however, for larger values ofN , differences may appear even for double
precision. If we chooseN = 108 and employ double precision, we gets1 = 18.9978964829915355 while
s2 = 18.9978964794618506, and one notes a difference even with double precision.

This example demonstrates two important topics. First we notice that the chosen precision is important, and
we will always recommend that you employ double precision inall calculations with real numbers. Secondly,
the choice of an appropriate algorithm, as also seen fore−x, can be of paramount importance for the outcome.

The standard algorithm for the standard deviation

Yet another example is the calculation of the standard deviation σ whenσ is small compared to the average
valuex. Below we illustrate how one of the most frequently used algorithms can go wrong when single
precision is employed.

However, before we proceed, let us defineσ andx. Suppose we have a set ofN data points, represented
by the one-dimensional arrayx(i), for i = 1, N . The average value is then

x =

∑N
i=1 x(i)

N
,

while

σ =

√∑
i x(i)

2 − x∑i x(i)

N − 1
.

Let us now assume that
x(i) = i+ 105,

and thatN = 127, just as a mere example which illustrates the kind of problems which can arise when the
standard deviation is small compared with the mean valuex.

The standard algorithm computes the two contributions toσ separately, that is we sum
∑

i x(i)
2 and

subtract thereafterx
∑

i x(i). Since these two numbers can become nearly equal and large, we may end up in
a situation with potential loss of precision as an outcome.

The second algorithm on the other hand computes firstx(i) − x and then squares it when summing up.
With this recipe we may avoid having nearly equal numbers which cancel.

Using single precision results in a standard deviation ofσ = 40.05720139 for the first and most used
algorithm, while the exact answer isσ = 36.80579758, a number which also results from the above second
algorithm. With double precision, the two algorithms result in the same answer.

The reason for such a difference resides in the fact that the first algorithm includes the subtraction of two
large numbers which are squared. Since the average value forthis example isx = 100063.00, it is easy to see
that computing

∑
i x(i)

2− x∑i x(i) can give rise to very large numbers with possible loss of precision when
we perform the subtraction. To see this, consider the case wherei = 64. Then we have

x2
64 − xx64 = 100352,

while the exact answer is
x2

64 − xx64 = 100064!

You can even check this by calculating it by hand.
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The second algorithm computes first the difference betweenx(i) and the average value. The difference
gets thereafter squared. For the second algorithm we have for i = 64

x64 − x = 1,

and we have no potential for loss of precision.
The standard text book algorithm is expressed through the following program, where we have also added

the second algorithm

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program6.cpp

// program to calculate the mean and standard deviation of

// a user created data set stored in array x[]

using namespace std;

#include <iostream>

int main()

{

int i;

float sum, sumsq2, xbar, sigma1, sigma2;

// array declaration with fixed dimension

float x[127];

// initialise the data set

for ( i=0; i < 127 ; i++){

x[i] = i + 100000.;

}

// The variable sum is just the sum over all elements

// The variable sumsq2 is the sum over x^2

sum=0.;

sumsq2=0.;

// Now we use the text book algorithm

for ( i=0; i < 127; i++){

sum += x[i];

sumsq2 += pow((double) x[i],2.);

}

// calculate the average and sigma

xbar=sum/127.;

sigma1=sqrt((sumsq2-sum*xbar)/126.);

/*

** Here comes the second algorithm where we evaluate

** separately first the average and thereafter the

** sum which defines the standard deviation. The average

** has already been evaluated through xbar

*/

sumsq2=0.;

for ( i=0; i < 127; i++){

sumsq2 += pow( (double) (x[i]-xbar),2.);

}

sigma2=sqrt(sumsq2/126.);

cout << "xbar = `` << xbar << ``sigma1 = `` << sigma1 << ``sigma2 = `` << sigma2;

cout << endl;

return 0;

}// End: function main()

The corresponding Fortran program is given below.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/f90/program6.f90

PROGRAM standard_deviation

IMPLICIT NONE

REAL (KIND = 4) :: sum, sumsq2, xbar

REAL (KIND = 4) :: sigma1, sigma2

REAL (KIND = 4), DIMENSION (127) :: x

INTEGER :: i
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arithmetic operators relation operators
operator effect operator effect
− Subtraction > Greater than
+ Addition >= Greater or equal
∗ Multiplication < Less than
/ Division <= Less or equal

% or MOD Modulus division == Equal
−− Decrement ! = Not equal
++ Increment

Table 2.5: Relational and arithmetic operators. The relation operators act between two operands. Note that the
increment and decrement operators++ and−− are not available in Fortran .

x=0;

DO i=1, 127

x(i) = i + 100000.

ENDDO

sum=0.; sumsq2=0.

! standard deviation calculated with the first algorithm

DO i=1, 127

sum = sum +x(i)

sumsq2 = sumsq2+x(i)**2

ENDDO

! average

xbar=sum/127.

sigma1=SQRT((sumsq2-sum*xbar)/126.)

! second algorithm to evaluate the standard deviation

sumsq2=0.

DO i=1, 127

sumsq2=sumsq2+(x(i)-xbar)**2

ENDDO

sigma2=SQRT(sumsq2/126.)

WRITE(*,*) xbar, sigma1, sigma2

END PROGRAM standard_deviation

2.6 Additional features of C++ and Fortran

2.6.1 Operators in C++

In the previous program examples we have seen several types of operators. In the tables below we summarize
the most important ones. Note that the modulus in C++ is represented by the operator % whereas in Fortran
we employ the intrinsic functionMOD. Note also that the increment operator++ and the decrement operator
-- is not available in Fortran . In C++ these operators have the following meaning

++x; or x++; has the same meaning asx = x + 1;

--x; or x--; has the same meaning asx = x - 1;

Table 2.5 lists several relational and arithmetic operators. Logical operators in C++ and Fortran are listed in
2.6. while Table 2.7 shows bitwise operations.

C++ offers also interesting possibilities for combined operators. These are collected in Table 2.8.
Finally, we show some special operators pertinent to C++ only. The first one is the? operator. Its action

can be described through the following example
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Logical operators
C++ Effect Fortran

0 False value .FALSE.
1 True value .TRUE.
!x Logical negation .NOT.x

x&& y Logical AND x.AND.y
x||y Logical inclusive OR x.OR.y

Table 2.6: List of logical operators in C++ and Fortran .

Bitwise operations
C++ Effect Fortran
~i Bitwise complement NOT(j)
i&j Bitwise and IAND(i,j)
i^j Bitwise exclusive or IEOR(i,j)
i|j Bitwise inclusive or IOR(i,j)
i<<j Bitwise shift left ISHFT(i,j)
i>>n Bitwise shift right ISHFT(i,-j)

Table 2.7: List of bitwise operations.

Expression meaning expression meaning
a += b; a = a + b; a -= b; a = a - b;

a *= b; a = a * b; a /= b; a = a / b;

a %= b; a = a % b; a «= b; a = a « b;

a »= b; a = a » b; a &= b; a = a & b;

a |= b; a = a | b; a ∧= b; a = a ∧ b;

Table 2.8: C++ specific expressions.
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A = expression1 ? expression2 : expression3;

Hereexpression1 is computed first. If this is"true" ( 6= 0), thenexpression2 is computed and assigned
A. If expression1 is "false", thenexpression3 is computed and assigned A.

2.6.2 Pointers and arrays in C++.

In addition to constants and variables C++ contain important types such as pointers and arrays (vectors and
matrices). These are widely used in most C++ program. C++ allows also for pointer algebra, a feature not
included in Fortran . Pointers and arrays are important elements in C++. To shed light on these types, consider
the following setup

int name defines an integer variable calledname. It is given an address in memory
where we can store an integer number.

&name is the address of a specific place in memory where the integername is stored.
Placing the operator & in front of a variable yields its address in memory.

int *pointer defines and an integer pointer and reserves a location in memory for this spe-
cific variable The content of this location is viewed as the address of another
place in memory where we have stored an integer.

Note that in C++ it is common to writeint*pointer while in C one usually writesint*pointer. Here are some
examples of legal C++ expressions.

name = 0x56; /* name gets the hexadecimal value hex 56. */
pointer = &name; /* pointer points to name. */
printf("Address of name = %p",pointer); /* writes out the address of name. */
printf("Value of name= %d",*pointer); /* writes out the value of name. */

Here’s a program which illustrates some of these topics.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program7.cpp

1 using namespace std;

2 main()

3 {

4 int var;

5 int *pointer;

6

7 pointer = &var;

8 var = 421;

9 printf("Address of the integer variable var : %p\n",&var);

10 printf("Value of var : %d\n", var);

11 printf("Value of the integer pointer variable: %p\n",pointer);

12 printf("Value which pointer is pointing at : %d\n",*pointer);

13 printf("Address of the pointer variable : %p\n",&pointer);

14 }

Line Comments

4 • Defines an integer variable var.
5 • Define an integer pointer – reserves space in memory.
7 • The content of the adddress of pointer is the address of var.
8 • The value of var is 421.
9 • Writes the address of var in hexadecimal notation for pointers %p.
10 • Writes the value of var in decimal notation%d.

The ouput of this program, compiled with g++, reads
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Address of the integer variable var : 0xbfffeb74

Value of var: 421

Value of integer pointer variable : 0xbfffeb74

The value which pointer is pointing at : 421

Address of the pointer variable : 0xbfffeb70

In the next example we consider the link between arrays and pointers.

int matr[2] defines a matrix with two integer members –matr[0] ogmatr[1].

matr is a pointer tomatr[0].

(matr + 1) is a pointer tomatr[1].

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program8.cpp

1 using namespace std;

2 #included <iostream>

3 int main()

4 {

5 int matr[2];

6 int *pointer;

7 pointer = &matr[0];

8 matr[0] = 321;

9 matr[1] = 322;

10 printf("\nAddress of the matrix element matr[1]: %p",&matr[0]);

11 printf("\nValue of the matrix element matr[1]; %d",matr[0]);

12 printf("\nAddress of the matrix element matr[2]: %p",&matr[1]);

13 printf("\nValue of the matrix element matr[2]: %d\n", matr[1]);

14 printf("\nValue of the pointer : %p",pointer);

15 printf("\nValue which pointer points at : %d",*pointer);

16 printf("\nValue which (pointer+1) points at: %d\n",*(pointer+1));

17 printf("\nAddress of the pointer variable: %p\n",&pointer);

18 }

You should especially pay attention to the following

Line

5 • Declaration of an integer array matr with two elements
6 • Declaration of an integer pointer
7 • The pointer is initialized to point at the first element of thearray matr.
8–9 • Values are assigned to the array matr.

The ouput of this example, compiled again with g++, is

Address of the matrix element matr[1]: 0xbfffef70

Value of the matrix element matr[1]; 321

Address of the matrix element matr[2]: 0xbfffef74

Value of the matrix element matr[2]: 322

Value of the pointer: 0xbfffef70

The value pointer points at: 321

The value that (pointer+1) points at: 322

Address of the pointer variable : 0xbfffef6c

2.6.3 Macros in C++

In C we can define macros, typically global constants or functions through thedefine statements shown in the
simple C-example below for

34

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter02/cpp/program8.cpp


2.6 – Additional features of C++ and Fortran

1. #define ONE 1

2. #define TWO ONE + ONE

3. #define THREE ONE + TWO

4.

5. main()

6. {

7. printf("ONE=%d, TWO=%d, THREE=%d",ONE,TWO,THREE);

8. }

In C++ the usage of macros is discouraged and you should rather use the declaration for constant variables.
You would then replace a statement like#defineONE1 with constintONE=1;. There is typically much less use of
macros in C++ than in C. C++ allows also the definition of our own types based on other existing data types.
We can do this using the keyword typedef, whose format is:typedefexisting\_typenew\_type\_name;, where
existing_type is a C++ fundamental or compound type and new_type_name is the name for the new type we
are defining. For example:

typedef char new_name;

typedef unsigned int word ;

typedef char * test;

typedef char field [50];

In this case we have defined four data types: new_name, word, test and field as char, unsigned int, char* and
char[50] respectively, that we could perfectly use in declarations later as any other valid type

new_name mychar, anotherchar, *ptc1;

word myword;

test ptc2;

field name;

The use of typedef does not create different types. It only creates synonyms of existing types. That means that
the type of myword can be considered to be either word or unsigned int, since both are in fact the same type.
Using typedef allows to define an alias for a type that is frequently used within a program. It is also useful to
define types when it is possible that we will need to change thetype in later versions of our program, or if a
type you want to use has a name that is too long or confusing.

In C we could define macros for functions as well, as seen below.

1. #define MIN(a,b) ( ((a) < (b)) ? (a) : (b) )

2. #define MAX(a,b) ( ((a) > (b)) ? (a) : (b) )

3. #define ABS(a) ( ((a) < 0) ? -(a) : (a) )

4. #define EVEN(a) ( (a) %2 == 0 ? 1 : 0 )

5. #define TOASCII(a) ( (a) & 0x7f )

In C++ we would replace such function definition by employingso-calledinline functions. Three of the above
functions could then read

inline double MIN(double a,double b) (return (((a)<(b)) ? (a):(b));)

inline double MAX(double a,double b)(return (((a)>(b)) ? (a):(b));)

inline double ABS(double a) (return (((a)<0) ? -(a):(a));)

where we have defined the transferred variables to be of typedouble. The functions also return adouble type.
These functions could easily be generalized through the useof classes and templates, see chapter 6, to return
whather types of real, complex or integer variables.

Inline functions are very useful, especially if the overhead for calling a function implies a significant
fraction of the total function call cost. When such functioncall overhead is significant, a function definition
can be preceded by the keywordinline. When this function is called, we expect the compiler to generate inline
code without function call overhead. However, although inline functions eliminate function call overhead, they
can introduce other overheads. When a function is inlined, its code is duplicated for each call. Excessive use
of inline may thus generate large programs. Large programs can cause excessive paging in virtual memory
systems. Too many inline functions can also lengthen compile and link times, on the other hand not inlining
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small functions like the above that do small computations, can make programs bigger and slower. However,
most modern compilers know better than programmer which functions to inline or not. When doing this, you
should also test various compiler options. With the compiler option−O3 inlining is done automatically by
basically all modern compilers.

A good strategy, recommended in many C++ textbooks, is to write a code without inline functions first. As
we also suggested in the introductory chapter, you should first write a as simple and clear as possible program,
without a strong emphasis on computational speed. Thereafter, when profiling the program one can spot small
functions which are called many times. These functions can then be candidates for inlining. If the overall time
comsumption is reduced due to inlining specific functions, we can proceed to other sections of the program
which could be speeded up.

Another problem with inlined functions is that on some systems debugging an inline function is difficult
because the function does not exist at runtime.

2.6.4 Structures in C++ and TYPE in Fortran

A very important part of a program is the way we organize our data and the flow of data when running the code.
This is often a neglected aspect especially during the development of an algorithm. A clear understanding of
how data are represented makes the program more readable andeasier to maintain and extend upon by other
users. Till now we have studied elementary variable declarations through keywords likeint or INTEGER, double
or REAL(KIND(8) andchar or its Fortran equivalentCHARACTER. These declarations could also be extended to
general multi-dimensional arrays.

However, C++ and Fortran offer other ways as well by which we can organize our data in a more transparent
and reusable way. One of these options is through thestruct declaration of C++, or the correspondingly similar
TYPE in Fortran. The latter data type will also be discussed in chapter 6.

The following example illustrates how we could make a general variable which can be reused in defining
other variables as well.

Suppose you would like to make a general program which treatsquantum mechanical problems from both
atomic physics and nuclear physics. In atomic and nuclear physics the single-particle degrees are represented
by quantum numbers such orbital angular momentum, total angular momentum, spin and energy. An inde-
pendent particle model is often assumed as the starting point for building up more complicated many-body
correlations in systems with many interacting particles. In atomic physics the effective degrees of freedom
are often reduced to electrons interacting with each other,while in nuclear physics the system is described by
neutrons and protons. The structuresingle_particle_descript contains a list over different quantum numbers
through various pointers which are initialized by a callingfunction.

struct single_particle_descript{

int total_states;

int* n;

int* lorb;

int* m_l;

int* jang;

int* spin;

double* energy;

char* orbit_status

};

To describe an atom like Neon we would need three single-particle orbits to describe the ground state wave
function if we use a single-particle picture, i.e., the1s, 2s and2p single-particle orbits. These orbits have a
degeneray of2(2l+1), where the first number stems from the possible spin projections and the second from the
possible projections of the orbital momentum. Note that we reserve the naming orbit for the generic labelling
1s, 2s and2p while we use the naming states when we include all possible quantum numbers. In total there
are 10 possible single-particle states when we account for spin and orbital momentum projections. In this case
we would thus need to allocate memory for arrays containing 10 elements.

The above structure is written in a generic way and it can be used to define other variables as well.
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For electrons we could writestructsingle_particle_descriptelectrons; and is a new variable with the name
electrons containing all the elements ofsingle_particle_descript.

The following program segment illustrates how we access these elements To access these elements we
could for example read from a given device the various quantum numbers:

for ( int i = 0; i < electrons.total_states; i++){

cout << `` Read in the quantum numbers for electron i: `` << i << endl;

cin >> electrons.n[i];

cin > electrons.lorb[i];

cin >> electrons.m_l[i];

cin >> electrons.jang[i];

cin >> electrons.spin[i];

}

The structuresingle_particle_descript can also be used for defining quantum numbers of other parti-
cles as well, such as neutrons and protons throughthe new variablesstructsingle_particle_descriptprotons
andstructsingle_particle_descriptneutrons

The corresponding declaration in Fortran is given by theTYPE construct, seen in the following example.

TYPE, PUBLIC :: single_particle_descript

INTEGER :: total_states

INTEGER, DIMENSION(:), POINTER :: n, lorb, jang, spin, m_l

CHARACTER (LEN=10), DIMENSION(:), POINTER :: orbit_status

REAL(8), DIMENSION(:), POINTER :: energy

END TYPE single_particle_descript

This structure can again be used to define variables likeelectrons, protons andneutrons through the
statementTYPE(single_particle_descript)::electrons,protons,neutrons. More detailed examples on the use
of these variable declarations, classes and templates willbe given in subsequent chapters..

2.7 Exercises and projects

Exercise 2.1: Converting from decimal to binary representation

Set up an algorithm which converts a floating number given in the decimal representation to the binary repre-
sentation. You may or may not use a scientific representation. Write thereafter a program which implements
this algorithm.

Exercise 2.2: Summing series

a) Make a program which sums

sup =

N∑

n=1

1

n
,

and

sdown =

n=1∑

n=N

1

n
.

The program should readN from screen and write the final output to screen.

b) Comparesup og sdown for differentN using both single and double precision forN up toN = 1010.
Which of the above formula is the most realiable one? Try to give an explanation of possible differences.
One possibility for guiding the eye is for example to make a log-log plot of the relative difference as a
function ofN in steps of10n with n = 1, 2, . . . , 10. This means you need to computelog10(|(sup(N)−
sdown(N))/sdown(N)|) as function oflog10(N).
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Exercise 2.3: Finding alternative expressions

Write a program which computes
f(x) = x− sinx,

for a wide range of values ofx. Make a careful analysis of this function for values ofx near zero. Forx ≈ 0

you may consider to write out the series expansions ofsinx

sinx = x− x3

3!
+
x5

5!
− x7

7!
+ . . .

Use the loss of precision theorem of Eq. (2.2) to show that theloss of bits can be limited to at most one bit by
restrictingx so that

1− sinx

x
≥ 1

2
.

One finds then thatx must at least be 1.9, implying that for|x| < 1.9 we need to carefully consider the series
expansion. For|x| ≥ 1.9 we can use directly the expressionx− sinx.

For |x| < 1.9 you should device a recurrence relation for the terms in the series expansion in order to avoid
having to compute very large factorials.

Exercise 2.4: Computinge−x

Assume that you do not have access to the intrinsic function for expx. Write your own algorithm forexp (−x)
for all possible values ofx, with special care on how to avoid the loss of precision problems discussed in the
text. Write thereafter a program which implements this algorithm.

Exercise 2.5: Computing the quadratic equation

The classical quadratic equationax2 + bx+ c = with solution

x =
(
−b±

√
b2 − 4ac

)
/2a,

needs particular attention when4ac is small relative tob2. Find an algorithm which yields stable results for all
possible values ofa, b andc. Write thereafter a program and test the results of your computations.

Exercise 2.6: Fortran, C++ and Python functions for machinerounding

Write a Fortran program which reads a real numberx and computes the precision in bits (using the function
DIGIT(x))for single and double precision, the smallest positive number (usingTINY(x)), the largets positive
number (using the functionHUGE(x)) and the number of leading digits (using the functionPRECISION(x)). Try
thereafter to find similar functionalities in C++ and Python.

Exercise 2.7: Nearest machine number

Write an algorithm and program which reads in a real numberx and finds the two nearest machine numbers
x− andx+, the corresponding relative errors and absolute errors.

Exercise 2.8: Recurrence relations

Recurrence relations are extremely useful in representingfunctions, and form expedient ways of representing
important classes of functions used in the Sciences. We willsee two such examples in the discussion below.
One example of recurrence relations appears in studies of Fourier series, which enter studies of wave mechan-
ics, be it either in classical systems or quantum mechanicalones. We may need to calculate in an efficient way
sums like

F (x) =

N∑

n=0

ancos(nx), (2.3)
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where the coefficientsan are known numbers andx is the argument of the functionF (). If we want to solve
this problem right on, we could write a simple repetitive loop that multiplies each of the cosines with its
respective coefficientan like

for ( n=0; n < N; n++){

f += an*cos(n*x)

}

Even though this seems rather straightforward, it may actually yield a waste of computer time ifN is large.
The interesting point here is that through the three-term recurrence relation

cos(n− 1)x− 2cos(x)cos(nx) + cos(n+ 1)x = 0, (2.4)

we can express the entire finite Fourier series in terms ofcos(x) and two constants. The essential device is to
define a new sequence of coefficientsbn recursively by

bn = (2cos(x))bn−1 − bn+2 + an n = 0, . . .N − 1, N, (2.5)

definingbN+1 = bN+2+.. · · · = 0 for all n > N , the upper limit. We can then determine all thebn coefficients
from an and one evaluation of2cos(x). If we replacean with bn in the sum forF (x) in Eq. (2.3) we obtain

F (x) = bN [cos(Nx)− 2cos((N − 1)x)cos(x) + cos((N − 2)x)] +

bN−1 [cos((N − 1)x)− 2cos((N − 2)x)cos(x) + cos((N − 3)x)] + . . .

b2
[
cos(2x)− 2cos2(x) + 1

]
+ b1 [cos(x)− 2cos(x)] + b0. (2.6)

Using Eq. (2.4) we obtain the final result

F (x) = b0 − b1cos(x), (2.7)

andb0 andb1 are determined from Eq. (2.3). The latter relation is after Chensaw. This method of evaluating
finite series of orthogonal functions that are connected by alinear recurrence is a technique generally available
for all standard special functions in mathematical physics, like Legendre polynomials, Bessel functions etc.
They all involve two or three terms in the recurrence relations. The general relation can then be written as

Fn+1(x) = αn(x)Fn(x) + βn(x)Fn−1(x).

Evaluate the functionF (x) =
∑N

n=0 ancos(nx) in two ways: first by computing the series of Eq. (reffour-
1) and then using the equation given in Eq. (2.5). Assume thatan = (n+ 2)/(n+ 1), set e.g.,N = 1000 and
try with differentx-values as input.

In project 2.1 we will see another example of recurrence relations used to compute the associated Legendre
functions.

Exercise 2.9: Continued fractions

Often, especially when one encounters singular behaviors,one may need to rewrite the function to be evaluated
in terms of a taylor expansion. Another possibility is to used so-called continued fractions, which may be
viewed as generalizations of a Taylor expansion. When dealing with continued fractions, one possible approach
is that of successive substitutions. Let us illustrate thisby a simple example, namely the solution of a second
order equation

x2 − 4x− 1 = 0, (2.8)

which we rewrite as

x =
1

4 + x
,

which in turn could be represented through an iterative substitution process

xn+1 =
1

4 + xn
,
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with x0 = 0. This means that we have

x1 =
1

4
,

x2 =
1

4 + 1
4

,

x3 =
1

4 + 1
4+ 1

4

,

and so forth. This is often rewritten in a compact way as

xn = x0 +
a1

x1 + a2

x2+
a3

x3+
a4

x4+...

,

or as

xn = x0 +
a1

x1+

a2

x2+

a3

x3+
. . .

Write a program which implements this continued fraction algorithm and solve iteratively Eq. (2.8). The
exact solution isx = 0.23607 while already after three iterations you should obtainx3 = 0.236111.

Project 2.1: Special functions, spherical harmonics and associated Legendre polynomials

Many physics problems have spherical harmonics as solutions, such as the angular part of the Schrödinger
equation for the hydrogen atom or the angular part of the three-dimensional wave equation or Poisson’s equa-
tion.

The spherical harmonics for a given orbital momentumL, its projectionM for −L ≤ M ≤ L and angles
θ ∈ [0, π] andφ ∈ [0, 2π] are given by

Y M
L (θ, φ) =

√
(2L+ 1)(L−M)!

4π(L+M)!
PM

L (cos(θ)) exp (iMφ),

The functionsPM
L (cos(θ) are the so-called associated Legendre functions. They are normally determined

via the usage of recurrence relations. Recurrence relations are unfortunately often unstable, but the following
relation is stable (withx = cos(θ))

(L−M)PM
L (x) = x(2L− 1)PM

L−1(x)− (L +M − 1)PM
L−2(x),

and with the analytic (on closed form) expressions

PM
M (x) = (−1)M (2M − 1)!!(1− x2)M/2,

and
PM

M+1(x) = x(2M + 1)PM
M (x),

we have the starting values and the equations necessary for generating the associated Legendre functions for a
general value ofL.

a) Make first a function which computes the associated Legendre functions for different values ofL and
M . Compare with the closed-form results listed in chapter 4.

b) Make thereafter a program which calculates the real part of the spherical harmonics

c) Make plots for variousL = M as functions ofθ (setφ = 0) and study the behavior asL is increased.
Try to explain why the functions become more and more narrow asL increases. In order to make these
plots you can use for example gnuplot, as discussed in appendix 3.7.

d) Study also the behavior of the spherical harmonics whenθ is close to 0 and when it approaches 180
degrees. Try to extract a simple explanation for what you see.
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Chapter 3

Numerical differentiation, interpolation
and classes

3.1 Introduction

Numerical integration and differentiation are some of the most frequently needed methods in computational
physics. Quite often we are confronted with the need of evaluating eitherf ′ or an integral

∫
f(x)dx. The aim

of this chapter is to introduce some of these methods with a critical eye on numerical accuracy, following the
discussion in the previous chapter.

The next section deals essentially with topics from numerical differentiation. There we present also the
most commonly used formulae for computing first and second derivatives, formulae which in turn find their
most important applications in the numerical solution of ordinary and partial differential equations. This
section serves also the scope of introducing some more advanced C++-programming concepts, such as call by
reference and value, reading and writing to a file and the use of dynamic memory allocation.

Finally, we end this chapter with a discussion of methods fornumerical interpolation and classes and how
to define them in C++.

3.2 Numerical differentiation

The mathematical definition of the derivative of a functionf(x) is

df(x)

dx
= lim

h→0

f(x+ h)− f(x)

h

whereh is the step size. If we use a Taylor expansion forf(x) we can write

f(x+ h) = f(x) + hf ′(x) +
h2f ′′(x)

2
+ . . .

We can then obtain an expression for the first derivative as

f ′(x) =
f(x+ h)− f(x)

h
.+O(h),

Assume now that we will employ two points to represent the function f by way of a straight line betweenx
andx+ h. Fig. 3.1 illustrates this subdivision.

This means that we can represent the derivative with

f ′
2(x) =

f(x+ h)− f(x)

h
+O(h),
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where the suffix2 refers to the fact that we are using two points to define the derivative and the dominating error
goes likeO(h). This is the forward derivative formula. Alternatively, wecould use the backward derivative
formula

f ′
2(x) =

f(x)− f(x− h)
h

+O(h).

If the second derivative is close to zero, this simple two point formula can be used to approximate the derivative.
If we however have a function likef(x) = a+ bx2, we see that the approximated derivative becomes

f ′
2(x) = 2bx+ bh,

while the exact answer is2bx. Unlessh is made very small, andb is not too large, we could approach the exact
answer by choosing smaller and smaller values forh. However, in this case, the subtraction in the numerator,
f(x+ h)− f(x) can give rise to roundoff errors and eventually a loss of precision.

A better approach in case of a quadratic expression forf(x) is to use a 3-step formula where we evaluate
the derivative on both sides of a chosen pointx0 using the above forward and backward two-step formulae and
taking the average afterward. We perform again a Taylor expansion but now aroundx0 ± h, namely

f(x = x0 ± h) = f(x0)± hf ′ +
h2f ′′

2
± h3f ′′′

6
+O(h4), (3.1)

which we rewrite as

f±h = f0 ± hf ′ +
h2f ′′

2
± h3f ′′′

6
+O(h4).

Calculating bothf±h and subtracting we obtain that

f ′
3 =

fh − f−h

2h
− h2f ′′′

6
+O(h3),

and we see now that the dominating error goes likeh2 if we truncate at the second derivative. We call the term
h2f ′′′/6 the truncation error. It is the error that arises because at some stage in the derivation, a Taylor series
has been truncated. As we will see below, truncation errors and roundoff errors play an important role in the
numerical determination of derivatives.

For our expression with a quadratic functionf(x) = a+ bx2 we see that the three-point formulaf ′
3 for the

derivative gives the exact answer2bx. Thus, if our function has a quadratic behavior inx in a certain region of
space, the three-point formula will result in reliable firstderivatives in the interval[−h, h]. Using the relation

fh − 2f0 + f−h = h2f ′′ +O(h4),

we can define the second derivative as

f ′′ =
fh − 2f0 + f−h

h2
+O(h2).

We could also define five-points formulae by expanding to two steps on each side ofx0. Using a Taylor
expansion aroundx0 in a region[−2h, 2h] we have

f±2h = f0 ± 2hf ′ + 2h2f ′′ ± 4h3f ′′′

3
+O(h4). (3.2)

Using Eqs. (3.1) and (3.2), multiplyingfh andf−h by a factor of8 and subtracting(8fh−f2h)−(8f−h−f−2h)

we arrive at a first derivative given by

f ′
5c =

f−2h − 8f−h + 8fh − f2h

12h
+O(h4),

with a dominating error of the order ofh4 at the price of only two additional function evaluations. This formula
can be useful in case our function is represented by a fourth-order polynomial inx in the region[−2h, 2h].
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-

f(x)

x

6

x0 − 2h x0 − h x0 x0 + h x0 + 2h

Figure 3.1: Demonstration of the subdivision of thex-axis into small stepsh. Each point corresponds to a set
of valuesx, f(x). The value ofx is incremented by the step lengthh. If we use the pointsx0 andx0 + h we
can draw a straight line and use the slope at this point to determine an approximation to the first derivative.
See text for further discussion.
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Note however that this function includes two additional function evaluations, implying a more time-consuming
algorithm. Furthermore, the two additional subtraction can lead to a larger risk of loss of numerical precision
whenh becomes small. Solving for example a differential equationwhich involves the first derivative, one
needs always to strike a balance between numerical accuraryand the time needed to achieve a given result.

It is possible to show that the widely used formulae for the first and second derivatives of a function can be
written as

fh − f−h

2h
= f ′

0 +

∞∑

j=1

f
(2j+1)
0

(2j + 1)!
h2j , (3.3)

and
fh − 2f0 + f−h

h2
= f ′′

0 + 2

∞∑

j=1

f
(2j+2)
0

(2j + 2)!
h2j , (3.4)

and we note that in both cases the error goes likeO(h2j). These expressions will also be used when we
evaluate integrals.

To show this for the first and second derivatives starting with the three pointsf−h = f(x0−h), f0 = f(x0)

andfh = f(x0 + h), we have that the Taylor expansion aroundx = x0 gives

a−hf−h + a0f0 + ahfh = a−h

∞∑

j=0

f
(j)
0

j!
(−h)j + a0f0 + ah

∞∑

j=0

f
(j)
0

j!
(h)j , (3.5)

wherea−h, a0 andah are unknown constants to be chosen so thata−hf−h + a0f0 + ahfh is the best possible
approximation forf ′

0 andf ′′
0 . Eq. (3.5) can be rewritten as

a−hf−h + a0f0 + ahfh = [a−h + a0 + ah] f0

+ [ah − a−h]hf ′
0 + [a−h + ah]

h2f ′′
0

2
+

∞∑

j=3

f
(j)
0

j!
(h)j

[
(−1)ja−h + ah

]
.

To determinef ′
0, we require in the last equation that

a−h + a0 + ah = 0,

−a−h + ah =
1

h
,

and
a−h + ah = 0.

These equations have the solution

a−h = −ah = − 1

2h
,

and
a0 = 0,

yielding
fh − f−h

2h
= f ′

0 +

∞∑

j=1

f
(2j+1)
0

(2j + 1)!
h2j .

To determinef ′′
0 , we require in the last equation that

a−h + a0 + ah = 0,

−a−h + ah = 0,

and

a−h + ah =
2

h2
.
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These equations have the solution

a−h = −ah = − 1

h2
,

and

a0 = − 2

h2
,

yielding

fh − 2f0 + f−h

h2
= f ′′

0 + 2
∞∑

j=1

f
(2j+2)
0

(2j + 2)!
h2j .

3.2.1 The second derivative ofexp (x)

As an example, let us calculate the second derivatives ofexp (x) for various values ofx. Furthermore, we
will use this section to introduce three important C++-programming features, namely reading and writing to a
file, call by reference and call by value, and dynamic memory allocation. We are also going to split the tasks
performed by the program into subtasks. We define one function which reads in the input data, one which
calculates the second derivative and a final function which writes the results to file.

Let us look at a simple case first, the use ofprintf andscanf. If we wish to print a variable defined as
doublespeed_of_sound; we could for example writeprintf(``speed_of_sound=%lf\n'',speed_of_sound);.

In this case we say that we transfer the value of this specific variable to the functionprintf. The function
printf can however not change the value of this variable(there is no need to do so in this case). Such a call of
a specific function is calledcall by value. The crucial aspect to keep in mind is that the value of this specific
variable does not change in the called function.

When do we use call by value? And why care at all? We do actuallycare, because if a called function
has the possibility to change the value of a variable when this is not desired, calling another function with
this variable may lead to totally wrong results. In the worstcases you may even not be able to spot where the
program goes wrong.

We do however use call by value when a called function simply receives the value of the given variable
without changing it.

If we however wish to update the value of say an array in a called function, we refer to this call ascall by
reference. What is transferred then is the address of the first element of the array, and the called function has
now access to where that specific variable ’lives’ and can thereafter change its value.

The functionscanf is then an example of a function which receives the address ofa variable and is allowed
to modify it. Afterall, when callingscanf we are expecting a new value for a variable. A typical call could be
scanf(``%lf\n'',&speed_of_sound);.

Consider now the following program

//

// This program module
// demonstrates memory allocation and data transfer in
// between functions in C++
//

#include <stdio.h> // Standard ANSI-C++ include files
#include <stdlib.h>

int main(int argc,char ∗argv[])
{

int a: // line 1
int ∗b; // line 2

a = 10; // line 3
b = new int[10]; // line 4
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for (i = 0; i < 10; i++) {
b[i] = i; // line 5

}
func( a,b); // line 6

return 0;
} // End: function main()

void func( int x, int ∗y) // line 7
{

x += 7; // line 8
∗y += 10; // line 9
y[6] += 10; // line 10
return ; // line 11

} // End: function func()

There are several features to be noted.

– Lines 1,2: Declaration of two variables a and b. The compilerreserves two locations in memory. The
size of the location depends on the type of variable. Two properties are important for these locations –
the address in memory and the content in the

– Line 3: The value of a is now 10.

– Line 4: Memory to store 10 integers is reserved. The address to the first location is stored in b. The
address of element number 6 is given by the expression (b + 6).

– Line 5: All 10 elements of b are given values: b[0] = 0, b[1] = 1,....., b[9] = 9;

– Line 6: The main() function calls the function func() and theprogram counter transfers to the first
statement in func(). With respect to data the following happens. The content of a (= 10) and the content
of b (a memory address) are copied to a stack (new memory location) associated with the function func()

– Line 7: The variable x and y are local variables in func(). They have the values – x = 10, y = address of
the first element in b in the main() program.

– Line 8: The local variable x stored in the stack memory is changed to 17. Nothing happens with the
value a in main().

– Line 9: The value of y is an address and the symbol *y stands forthe position in memory which has this
address. The value in this location is now increased by 10. This means that the value of b[0] in the main
program is equal to 10. Thus func() has modified a value in main().

– Line 10: This statement has the same effect as line 9 except that it modifies element b[6] in main() by
adding a value of 10 to what was there originally, namely 6.

– Line 11: The program counter returns to main(), the next expression afterfunc(a,b);. All data on the
stack associated with func() are destroyed.

– The value of a is transferred to func() and stored in a new memory location called x. Any modification
of x in func() does not affect in any way the value of a in main(). This is calledtransfer of data by
value. On the other hand the next argument in func() is an address which is transferred to func(). This
address can be used to modify the corresponding value in main(). In the programming language C it is
expressed as a modification of the value which y points to, namely the first element of b. This is called
transfer of data by referenceand is a method to transfer data back to the calling function,in this case
main().
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C++ allows however the programmer to use solely call by reference (note that call by reference is imple-
mented as pointers). To see the difference between C and C++,consider the following simple examples. In C
we would write

int n; n =8;

func(&n); /* &n is a pointer to n */

....

void func(int *i)

{

*i = 10; /* n is changed to 10 */

....

}

whereas in C++ we would write

int n; n =8;

func(n); // just transfer n itself

....

void func(int& i)

{

i = 10; // n is changed to 10

....

}

Note well that the way we have defined the input to the functionfunc(int&i) or func(int*i) decides how we
transfer variables to a specific function. The reason why we emphasize the difference between call by value
and call by reference is that it allows the programmer to avoid pitfalls like unwanted changes of variables.
However, many people feel that this reduces the readabilityof the code. It is more or less common in C++
to use call by reference, since it gives a much cleaner code. Recall also that behind the curtain references
are usually implemented as pointers. When we transfer largeobjects such a matrices and vectors one should
always use call by reference. Copying such objects to a called function slows down considerably the execution.
If you need to keep the value of a call by reference object, youshould use theconst declaration.

In programming languages like Fortran one uses only call by reference, but you can flag whether a called
function or subroutine is allowed or not to change the value by declaring for example an integer value as
INTEGER,INTENT(IN)::i. The local function cannot change the value ofi. Declaring a transferred values as
INTEGER,INTENT(OUT)::i. allows the local function to change the variablei.

Initializations and main program

In every program we have to define the functions employed. Thestyle chosen here is to declare these functions
at the beginning, followed thereafter by the main program and the detailed tasks performed by each function.
Another possibility is to include these functions and theirstatements before the main program, meaning that
the main program appears at the very end. I find this programming style less readable however since I prefer
to read a code from top to bottom. A further option, speciallyin connection with larger projects, is to include
these function definitions in a user defined header file. The following program shows also (although it is rather
unnecessary in this case due to few tasks) how one can split different tasks into specialized functions. Such a
division is very useful for larger projects and programs.

In the first version of this program we use a more C-like style for writing and reading to file. At the end of
this section we include also the corresponding C++ and Fortran files.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter03/cpp/program1.cpp

/*

** Program to compute the second derivative of exp(x).

** Three calling functions are included

** in this version. In one function we read in the data from screen,

** the next function computes the second derivative

** while the last function prints out data to screen.

*/
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using namespace std;

# include <iostream>

void initialize (double *, double *, int *);

void second_derivative( int, double, double, double *, double *);

void output( double *, double *, double, int);

int main()

{

// declarations of variables

int number_of_steps;

double x, initial_step;

double *h_step, *computed_derivative;

// read in input data from screen

initialize (&initial_step, &x, &number_of_steps);

// allocate space in memory for the one-dimensional arrays

// h_step and computed_derivative

h_step = new double[number_of_steps];

computed_derivative = new double[number_of_steps];

// compute the second derivative of exp(x)

second_derivative( number_of_steps, x, initial_step, h_step,

computed_derivative);

// Then we print the results to file

output(h_step, computed_derivative, x, number_of_steps );

// free memory

delete [] h_step;

delete [] computed_derivative;

return 0;

} // end main program

We have defined three additional functions, one which reads in from screen the value ofx, the initial step
lengthh and the number of divisions by 2 ofh. This function is calledinitialize. To calculate the second
derivatives we define the functionsecond_derivative. Finally, we have a function which writes our results
together with a comparison with the exact value to a given file. The results are stored in two arrays, one which
contains the given step lengthh and another one which contains the computed derivative.

These arrays are defined as pointers through the statement

double *h_step, *computed_derivative;

A call in the main function to the functionsecond_derivative looks then like this

second_derivative( number_of_steps, x, intial_step, h_step, computed_derivative);

while the called function is declared in the following way

void second_derivative(int number_of_steps, double x, double *h_step,double *computed_derivative);

indicating thatdouble*h_step,double*computed_derivative; are pointers and that we transfer the address of the
first elements. The other variablesint number_of_steps,doublex; are transferred by value and are not changed
in the called function.

Another aspect to observe is the possibility of dynamical allocation of memory through thenew func-
tion. In the included program we reserve space in memory for these three arrays in the following way
h_step=newdouble[number_of_steps]; andcomputed_derivative=newdouble[number_of_steps]; When we no longer
need the space occupied by these arrays, we free memory through the declarationsdelete[]h_step; and
delete[]computed_derivative;

The function initialize

// Read in from screen the initial step, the number of steps

// and the value of x
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void initialize (double *initial_step, double *x, int *number_of_steps)

{

printf("Read in from screen initial step, x and number of steps\n");

scanf("%lf %lf %d",initial_step, x, number_of_steps);

return;

} // end of function initialize

This function receives the addresses of the three variablesdouble*initial_step,double*x,int*number_of_steps;

and returns updated values by reading from screen.

The function second_derivative

// This function computes the second derivative

void second_derivative( int number_of_steps, double x,

double initial_step, double *h_step,

double *computed_derivative)

{

int counter;

double h;

// calculate the step size

// initialize the derivative, y and x (in minutes)

// and iteration counter

h = initial_step;

// start computing for different step sizes

for (counter=0; counter < number_of_steps; counter++ )

{

// setup arrays with derivatives and step sizes

h_step[counter] = h;

computed_derivative[counter] =

(exp(x+h)-2.*exp(x)+exp(x-h))/(h*h);

h = h*0.5;

} // end of do loop

return;

} // end of function second derivative

The loop over the number of steps serves to compute the secondderivative for different values ofh. In
this function the step is halved for every iteration (you could obviously change this to larger or smaller step
variations). The step values and the derivatives are storedin the arraysh_step anddoublecomputed_derivative.

The output function

This function computes the relative error and writes to a chosen file the results.
The last function here illustrates how to open a file, write and read possible data and then close it. In this

case we have fixed the name of file. Another possibility is obviously to read the name of this file together
with other input parameters. The way the program is presented here is slightly unpractical since we need to
recompile the program if we wish to change the name of the output file.

An alternative is represented by the following program C program. This program reads from screen the
names of the input and output files.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter03/cpp/program2.cpp

1 #include <stdio.h>

2 #include <stdlib.h>

3 int col:

4

5 int main(int argc, char *argv[])

6 {

7 FILE *in, *out;
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8 int c;

9 if( argc < 3) {

10 printf("You have to read in :\n");

11 printf("in_file and out_file \n");

12 exit(1);

13 in = fopen( argv[1], "r");} // returns pointer to the in_file

14 if( inn == NULL ) { // can't find in_file

15 printf("Can't find the input file %s\n", argv[1]);

16 exit(1);

17 }

18 out = fopen( argv[2], "w"); // returns a pointer to the out_file

19 if( ut == NULL ) { // can't find out_file

20 printf("Can't find the output file %s\n", argv[2]);

21 exit(1);

22 }

... program statements

23 fclose(in);

24 fclose(out);

25 return 0;

}

This program has several interesting features.

Line Program comments

5 • main() takes three arguments, given by argc. argv points to the following: the
name of the program, the first and second arguments, in this case file names to
be read from screen.

7 • C++ has adata type calledFILE. The pointersin andout point to specific
files. They must be of the typeFILE.

10 • The command line has to contain 2 filenames as parameters.
13–17 • The input file has to exit, else the pointer returns NULL. It has only read per-

mission.
18–22 • Same for the output file, but now with write permission only.
23–24 • Both files are closed before the main program ends.

The above represents a standard procedure in C for reading file names. C++ has its own class for such
operations.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter03/cpp/program3.cpp

/*

** Program to compute the second derivative of exp(x).

** In this version we use C++ options for reading and

** writing files and data. The rest of the code is as in

** programs/chapter3/program1.cpp

** Three calling functions are included

** in this version. In one function we read in the data from screen,

** the next function computes the second derivative

** while the last function prints out data to screen.

*/

using namespace std;

# include <iostream>

# include <fstream>

# include <iomanip>

# include <cmath>

void initialize (double *, double *, int *);

void second_derivative( int, double, double, double *, double *);

void output( double *, double *, double, int);

ofstream ofile;
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int main(int argc, char* argv[])

{

// declarations of variables

char *outfilename;

int number_of_steps;

double x, initial_step;

double *h_step, *computed_derivative;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

// read in input data from screen

initialize (&initial_step, &x, &number_of_steps);

// allocate space in memory for the one-dimensional arrays

// h_step and computed_derivative

h_step = new double[number_of_steps];

computed_derivative = new double[number_of_steps];

// compute the second derivative of exp(x)

second_derivative( number_of_steps, x, initial_step, h_step,

computed_derivative);

// Then we print the results to file

output(h_step, computed_derivative, x, number_of_steps );

// free memory

delete [] h_step;

delete [] computed_derivative;

// close output file

ofile.close();

return 0;

} // end main program

The main part of the code includes now an object declarationofstreamofile which is included in C++ and
allows the programmer to open and declare files. This is done via the statementofile.open(outfilename);. We
close the file at the end of the main program by writingofile.close();. There is a corresponding object for
reading inputfiles. In this case we declare prior to the main function, or in an evantual header file,ifstreamifile

and use the corresponding statementsifile.open(infilename); andifile.close(); for opening and closing an
input file. Note that we have declared two character variables char*outfilename; andchar*infilename;. In
order to use these options we need to include a correspondinglibrary of functions using# include<fstream>.

One of the problems with C++ is that formatted output is not aseasy to use as the printf and scanf functions
in C. The output function using the C++ style is included below.

// function to write out the final results

void output(double *h_step, double *computed_derivative, double x,

int number_of_steps )

{

int i;

ofile << "RESULTS:" << endl;

ofile << setiosflags(ios::showpoint | ios::uppercase);

for( i=0; i < number_of_steps; i++)

{

ofile << setw(15) << setprecision(8) << log10(h_step[i]);

ofile << setw(15) << setprecision(8) <<

log10(fabs(computed_derivative[i]-exp(x))/exp(x))) << endl;

}

} // end of function output

The functionsetw(15) reserves an output of 15 spaces for a given variable whilesetprecision(8) yields eight
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leading digits. To use these options you have to use the declaration# include<iomanip>

Before we discuss the results of our calculations we list here the corresponding Fortran program. The
corresponding Fortran example is

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter03/f90/program1.f90

! Program to compute the second derivative of exp(x).

! Only one calling function is included.

! It computes the second derivative and is included in the

! MODULE functions as a separate method

! The variable h is the step size. We also fix the total number

! of divisions by 2 of h. The total number of steps is read from

! screen

MODULE constants

! definition of variables for double precisions and complex variables

INTEGER, PARAMETER :: dp = KIND(1.0D0)

INTEGER, PARAMETER :: dpc = KIND((1.0D0,1.0D0))

END MODULE constants

! Here you can include specific functions which can be used by

! many subroutines or functions

MODULE functions

USE constants

IMPLICIT NONE

CONTAINS

SUBROUTINE derivative(number_of_steps, x, initial_step, h_step, &

computed_derivative)

USE constants

INTEGER, INTENT(IN) :: number_of_steps

INTEGER :: loop

REAL(DP), DIMENSION(number_of_steps), INTENT(INOUT) :: &

computed_derivative, h_step

REAL(DP), INTENT(IN) :: initial_step, x

REAL(DP) :: h

! calculate the step size

! initialize the derivative, y and x (in minutes)

! and iteration counter

h = initial_step

! start computing for different step sizes

DO loop=1, number_of_steps

! setup arrays with derivatives and step sizes

h_step(loop) = h

computed_derivative(loop) = (EXP(x+h)-2.*EXP(x)+EXP(x-h))/(h*h)

h = h*0.5

ENDDO

END SUBROUTINE derivative

END MODULE functions

PROGRAM second_derivative

USE constants

USE functions

IMPLICIT NONE

! declarations of variables

INTEGER :: number_of_steps, loop

REAL(DP) :: x, initial_step

REAL(DP), ALLOCATABLE, DIMENSION(:) :: h_step, computed_derivative

! read in input data from screen

WRITE(*,*) 'Read in initial step, x value and number of steps'

READ(*,*) initial_step, x, number_of_steps

! open file to write results on

OPEN(UNIT=7,FILE='out.dat')

! allocate space in memory for the one-dimensional arrays

! h_step and computed_derivative
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ALLOCATE(h_step(number_of_steps),computed_derivative(number_of_steps))

! compute the second derivative of exp(x)

! initialize the arrays

h_step = 0.0_dp; computed_derivative = 0.0_dp

CALL derivative(number_of_steps,x,initial_step,h_step,computed_derivative)

! Then we print the results to file

DO loop=1, number_of_steps

WRITE(7,'(E16.10,2X,E16.10)') LOG10(h_step(loop)),&

LOG10 ( ABS ( (computed_derivative(loop)-EXP(x))/EXP(x)))

ENDDO

! free memory

DEALLOCATE( h_step, computed_derivative)

! close the output file

CLOSE(7)

END PROGRAM second_derivative

TheMODULE declaration in Fortran allows one to place functions like the one which calculates second derivatives
in a module. Since this is a general method, one could extend its functionality by simply transfering the name
of the function to differentiate. In our case we use explicitely the exponential function, but there is nothing
which hinders us from defining other functions. Note the usage of the moduleconstantswhere we define
double and complex variables. If one wishes to switch to another precision, one just needs to change the
declaration in one part of the program only. This hinders possible errors which arise if one has to change
variable declarations in every function and subroutine. Finally, dynamic memory allocation and deallocation
is in Fortran done with the keywordsALLOCATE(array(size)) andDEALLOCATE(array). Although most compilers
deallocate and thereby free space in memory when leaving a function, you should always deallocate an array
when it is no longer needed. In case your arrays are very large, this may block unnecessarily large fractions
of the memory. Furthermore, you should always initialize arrays. In the example above, we note that Fortran
allows us to simply writeh_step = 0.0_dp; computed_derivative = 0.0_dp, which means that all elements of
these two arrays are set to zero. Coding arrays in this mannerbrings us much closer to the way we deal with
mathematics. In Fortran it is irrelevant whether this is a one-dimensional or multi-dimensional array. In the
next next chapter, where we deal with allocation of matrices, we will introduce the numerical library Blitz++
which allows for similar treatments of arrays in C++. By default however, these features are not included in
the ANSI C++ standard.

Results

In Table 3.1 we present the results of anumerical evaluationfor various step sizes for the second derivative of
exp (x) using the approximationf ′′

0 = fh−2f0+f−h

h2 . The results are compared with the exact ones for various
x values. Note well that as the step is decreased we get closer to the exact value. However, if it is further

x h = 0.1 h = 0.01 h = 0.001 h = 0.0001 h = 0.0000001 Exact
0.0 1.000834 1.000008 1.000000 1.000000 1.010303 1.000000
1.0 2.720548 2.718304 2.718282 2.718282 2.753353 2.718282
2.0 7.395216 7.389118 7.389057 7.389056 7.283063 7.389056
3.0 20.102280 20.085704 20.085539 20.085537 20.250467 20.085537
4.0 54.643664 54.598605 54.598155 54.598151 54.711789 54.598150
5.0 148.536878 148.414396 148.413172 148.413161 150.635056 148.413159

Table 3.1: Result for numerically calculated second derivatives ofexp (x) as functions of the chosen step size
h. A comparison is made with the exact value.

decreased, we run into problems of loss of precision. This isclearly seen forh = 0.0000001. This means that
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Figure 3.2: Log-log plot of the relative error of the second derivative ofexp (x) as function of decreasing step
lengthsh. The second derivative was computed forx = 10 in the program discussed above. See text for
further details

even though we could let the computer run with smaller and smaller values of the step, there is a limit for how
small the step can be made before we loose precision.

3.2.2 Error analysis

Let us analyze these results in order to see whether we can finda minimal step length which does not lead to
loss of precision. Furthermore In Fig. 3.2 we have plotted

ǫ = log10

(∣∣∣∣
f ′′
computed − f ′′

exact

f ′′
exact

∣∣∣∣

)
,

as function oflog10(h). We used an intial step length ofh = 0.01 and fixedx = 10. For large values ofh,
that is−4 < log10(h) < −2 we see a straight line with a slope close to 2. Close tolog10(h) ≈ −4 the relative
error starts increasing and our computed derivative with a step sizelog10(h) < −4, may no longer be reliable.

Can we understand this behavior in terms of the discussion from the previous chapter? In chapter 2 we
assumed that the total error could be approximated with one term arising from the loss of numerical precision
and another due to the truncation or approximation made, that is

ǫtot = ǫapprox + ǫro.

For the computed second derivative, Eq. (3.4), we have

f ′′
0 =

fh − 2f0 + f−h

h2
− 2

∞∑

j=1

f
(2j+2)
0

(2j + 2)!
h2j ,

and the truncation or approximation error goes like

ǫapprox ≈
f

(4)
0

12
h2.
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If we were not to worry about loss of precision, we could in principle makeh as small as possible. However,
due to the computed expression in the above program example

f ′′
0 =

fh − 2f0 + f−h

h2
=

(fh − f0) + (f−h − f0)
h2

,

we reach fairly quickly a limit for where loss of precision due to the subtraction of two nearly equal numbers
becomes crucial. If(f±h − f0) are very close, we have(f±h − f0) ≈ ǫM , where|ǫM | ≤ 10−7 for single and
|ǫM | ≤ 10−15 for double precision, respectively.

We have then

|f ′′
0 | =

∣∣∣∣
(fh − f0) + (f−h − f0)

h2

∣∣∣∣ ≤
2ǫM
h2

.

Our total error becomes

|ǫtot| ≤
2ǫM
h2

+
f

(4)
0

12
h2. (3.6)

It is then natural to ask which value ofh yields the smallest total error. Taking the derivative of|ǫtot| with
respect toh results in

h =

(
24ǫM

f
(4)
0

)1/4

.

With double precision andx = 10 we obtain

h ≈ 10−4.

Beyond this value, it is essentially the loss of numerical precision which takes over. We note also that the above
qualitative argument agrees seemingly well with the results plotted in Fig. 3.2 and Table 3.1. The turning point
for the relative error at approximatelyh ≈ ×10−4 reflects most likely the point where roundoff errors take
over. If we had used single precision, we would geth ≈ 10−2. Due to the subtractive cancellation in the
expression forf ′′ there is a pronounced detoriation in accuracy ash is made smaller and smaller.

It is instructive in this analysis to rewrite the numerator of the computed derivative as

(fh − f0) + (f−h − f0) = (exp (x+ h)− expx) + (exp (x− h)− expx),

as
(fh − f0) + (f−h − f0) = exp (x)(exp (h) + exp (−h)− 2),

since it is the difference(exp (h) + exp (−h) − 2) which causes the loss of precision. The results, still for
x = 10 are shown in the Table 3.2. We note from this table that ath ≈ ×10−8 we have essentially lost all
leading digits.

From Fig. 3.2 we can read off the slope of the curve and therebydetermine empirically how truncation
errors and roundoff errors propagate. We saw that for−4 < log10(h) < −2, we could extract a slope close to
2, in agreement with the mathematical expression for the truncation error.

We can repeat this for−10 < log10(h) < −4 and extract a slope≈ −2. This agrees again with our simple
expression in Eq. (3.6).

3.3 Numerical interpolation, extrapolation and fitting of data

Numerical interpolation and extrapolation are frequentlyused tools in numerical applications to physics. The
often encountered situation is that of a functionf at a set of pointsx1 . . . xn where an analytic form is miss-
ing. The functionf may represent some data points from experiment or the resultof a lengthy large-scale
computation of some physical quantity that cannot be cast into a simple analytical form.

We may then need to evaluate the functionf at some pointx within the data setx1 . . . xn, but wherex dif-
fers from the tabulated values. In this case we are dealing with interpolation. Ifx is outside we are left with the
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h exp (h) + exp (−h) exp (h) + exp (−h)− 2

10−1 2.0100083361116070 1.0008336111607230×10−2

10−2 2.0001000008333358 1.0000083333605581×10−4

10−3 2.0000010000000836 1.0000000834065048×10−6

10−4 2.0000000099999999 1.0000000050247593×10−8

10−5 2.0000000001000000 9.9999897251734637×10−11

10−6 2.0000000000010001 9.9997787827987850×10−13

10−7 2.0000000000000098 9.9920072216264089×10−15

10−8 2.0000000000000000 0.0000000000000000×100

10−9 2.0000000000000000 1.1102230246251565×10−16

10−10 2.0000000000000000 0.0000000000000000×100

Table 3.2: Result for the numerically calculated numeratorof the second derivative as function of the step size
h. The calculations have been made with double precision.

more troublesome problem of numerical extrapolation. Below we will concentrate on two methods for inter-
polation and extrapolation, namely polynomial interpolation and extrapolation. The cubic spline interpolation
approach is discussed in chapter 6.

3.3.1 Interpolation and extrapolation

Let us assume that we have a set ofN + 1 pointsy0 = f(x0), y1 = f(x1), . . . , yN = f(xN ) where none of
thexi values are equal. We wish to determine a polynomial of degreen so that

PN (xi) = f(xi) = yi, i = 0, 1, . . . , N (3.7)

for our data points. If we then writePN on the form

PN (x) = a0 + a1(x− x0) + a2(x − x0)(x − x1) + · · ·+ aN(x − x0) . . . (x− xN−1), (3.8)

then Eq. (3.7) results in a triangular system of equations

a0 = f(x0)

a0+ a1(x1 − x0) = f(x1)

a0+ a1(x2 − x0)+ a2(x2 − x0)(x2 − x1) = f(x2)

. . . . . . . . . . . .

. (3.9)

The coefficientsa0, . . . , aN are then determined in a recursive way, starting witha0, a1, . . . .
The classic of interpolation formulae was created by Lagrange and is given by

PN (x) =

N∑

i=0

∏

k 6=i

x− xk

xi − xk
yi. (3.10)

If we have just two points (a straight line) we get

P1(x) =
x− x0

x1 − x0
y1 +

x− x1

x0 − x1
y0, (3.11)

and with three points (a parabolic approximation) we have

P3(x) =
(x− x0)(x− x1)

(x2 − x0)(x2 − x1)
y2 +

(x− x0)(x− x2)

(x1 − x0)(x1 − x2)
y1 +

(x− x1)(x − x2)

(x0 − x1)(x0 − x2)
y0 (3.12)
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and so forth. It is easy to see from the above equations that whenx = xi we have thatf(x) = f(xi) It is also
possible to show that the approximation error (or rest term)is given by the second term on the right hand side
of

f(x) = PN (x) +
ωN+1(x)f

(N+1)(ξ)

(N + 1)!
. (3.13)

The functionωN+1(x) is given by

ωN+1(x) = aN (x− x0) . . . (x − xN ), (3.14)

andξ = ξ(x) is a point in the smallest interval containing all interpolation pointsxj andx. The algorithm
we provide however (the code POLINT in the program library) is based on divided differences. The recipe is
quite simple. If we takex = x0 in Eq. (3.8), we then have obviously thata0 = f(x0) = y0. Moving a0 over
to the left-hand side and dividing byx− x0 we have

f(x)− f(x0)

x− x0
= a1 + a2(x− x1) + · · ·+ aN (x− x1)(x − x2) . . . (x − xN−1), (3.15)

where we hereafter omit the rest term

f (N+1)(ξ)

(N + 1)!
(x− x1)(x− x2) . . . (x− xN ). (3.16)

The quantity

f0x =
f(x)− f(x0)

x− x0
, (3.17)

is a divided difference of first order. If we then takex = x1, we have thata1 = f01. Moving a1 to the left
again and dividing byx− x1 we obtain

f0x − f01
x− x1

= a2 + · · ·+ aN (x− x2) . . . (x− xN−1). (3.18)

and the quantity

f01x =
f0x − f01
x− x1

, (3.19)

is a divided difference of second order. We note that the coefficient

a1 = f01, (3.20)

is determined fromf0x by settingx = x1. We can continue along this line and define the divided difference
of orderk + 1 as

f01...kx =
f01...(k−1)x − f01...(k−1)k

x− xk
, (3.21)

meaning that the corresponding coefficientak is given by

ak = f01...(k−1)k. (3.22)

With these definitions we see that Eq. (3.13) can be rewrittenas

f(x) = a0 +
∑

k=1

Nf01...k(x− x0) . . . (x− xk−1) +
ωN+1(x)f

(N+1)(ξ)

(N + 1)!
. (3.23)

If we replacex0, x1, . . . , xk in Eq. (3.21) withxi+1, xi+2, . . . , xk, that is we count fromi+ 1 to k instead of
counting from0 to k and replacex with xi, we can then construct the following recursive algorithm for the
calculation of divided differences

fxixi+1...xk
=
fxi+1...xk

− fxixi+1...xk−1

xk − xi
. (3.24)

57



Numerical differentiation, interpolation and classes

Assuming that we have a table with function values(xj , f(xj) = yj) and need to construct the coefficients
for the polynomialPN (x). We can then view the last equation by constructing the following table for the case
whereN = 3.

x0 y0
fx0x1

x1 y1 fx0x1x2

fx1x2
fx0x1x2x3

x2 y2 fx1x2x3

fx2x3

x3 y3

. (3.25)

The coefficients we are searching for will then be the elements along the main diagonal. We can understand
this algorithm by considering the following. First we construct the unique polynomial of order zero which
passes through the pointx0, y0. This is justa0 discussed above. Therafter we construct the unique polynomial
of order one which passes through bothx0y0 andx1y1. This corresponds to the coefficienta1 and the tabulated
valuefx0x1

and together witha0 results in the polynomial for a straight line. Likewise we define polynomial
coefficients for all other couples of points such asfx1x2

andfx2x3
. Furthermore, a coefficient likea2 = fx0x1x2

spans now three points, and adding togetherfx0x1
we obtain a polynomial which represents three points, a

parabola. In this fashion we can continue till we have all coefficients. The function POLINT included in the
library is based on an extension of this algorithm, knowns asNeville’s algorithm. It is based on equidistant
interpolation points. The error provided by the call to the function POLINT is based on the truncation error in
Eq. (3.13).

3.3.2 Richardson’s deferred extrapolation method

Here we present an elegant method to improve the precision ofour mathematical truncation, without too many
additional function evaluations. We will again study the evaluation of the first and second derivatives ofexp (x)

at a given pointx = ξ. In Eqs. (3.3) and (3.4) for the first and second derivatives,we noted that the truncation
error goes likeO(h2j).

Employing the mid-point approximation to the derivative, the various derivativesD of a given function
f(x) can then be written as

D(h) = D(0) + a1h
2 + a2h

4 + a3h
6 + . . . , (3.26)

whereD(h) is the calculated derivative,D(0) the exact value in the limith → 0 andai are independent of
h. By choosing smaller and smaller values forh, we should in principle be able to approach the exact value.
However, since the derivatives involve differences, we mayeasily loose numerical precision as shown in the
previous sections. A possible cure is to apply Richardson’sdeferred approach, i.e., we perform calculations
with several values of the steph and extrapolate toh = 0. The philososphy is to combine different values ofh

so that the terms in the above equation involve only large exponents forh. To see this, assume that we mount
a calculation for two values of the steph, one withh and the other withh/2. Then we have

D(h) = D(0) + a1h
2 + a2h

4 + a3h
6 + . . . , (3.27)

and

D(h/2) = D(0) +
a1h

2

4
+
a2h

4

16
+
a3h

6

64
+ . . . , (3.28)

and we can eliminate the term witha1 by combining

D(h/2) +
D(h/2)−D(h)

3
= D(0)− a2h

4

4
− 5a3h

6

16
. (3.29)

We see that this approximation toD(0) is better than the two previous ones since the error now goes like
O(h4). As an example, let us evaluate the first derivative of a function f using a step with lengthsh andh/2.
We have then

fh − f−h

2h
= f ′

0 +O(h2), (3.30)
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fh/2 − f−h/2

h
= f ′

0 +O(h2/4), (3.31)

which can be combined, using Eq. (3.29) to yield

−fh + 8fh/2 − 8f−h/2 + f−h

6h
= f ′

0 −
h4

480
f (5). (3.32)

In practice, what happens is that our approximations toD(0) goes through a series of steps

D
(0)
0

D
(1)
0 D

(0)
1

D
(2)
0 D

(1)
1 D

(0)
2

D
(3)
0 D

(2)
1 D

(1)
2 D

(0)
3

. . . . . . . . . . . .

, (3.33)

where the elements in the first column represent the given approximations

D
(k)
0 = D(h/2k). (3.34)

This means thatD(0)
1 in the second column and row is the result of the extrapolating based onD(0)

0 andD(1)
0 .

An elementD(k)
m in the table is then given by

D(k)
m = D

(k)
m−1 +

D
(k+1)
m−1 −D

(k)
m−1

4m − 1
(3.35)

with m > 0. I.e., it is a linear combination of the element to the left ofit and the element right over the latter.
In Table 3.1 we presented the results for various step sizes for the second derivative ofexp (x) using

f ′′
0 = fh−2f0+f−h

h2 . The results were compared with the exact ones for variousx values. Note well that as the
step is decreased we get closer to the exact value. However, if it is further increased, we run into problems of
loss of precision. This is clearly seen forh = 0.000001. This means that even though we could let the computer
run with smaller and smaller values of the step, there is a limit for how small the step can be made before we
loose precision. Consider now the results in Table 3.3 wherewe choose to employ Richardson’s extrapolation
scheme. In this calculation we have computed our function with only three possible values for the step size,
namelyh, h/2 andh/4 with h = 0.1. The agreement with the exact value is amazing! The extrapolated result
is based upon the use of Eq. (3.35). We will use this method to obtain improved eigenvalues in chapter 7.

x h = 0.1 h = 0.05 h = 0.025 Extrapolat Error
0.0 1.00083361 1.00020835 1.00005208 1.00000000 0.00000000
1.0 2.72054782 2.71884818 2.71842341 2.71828183 0.00000001
2.0 7.39521570 7.39059561 7.38944095 7.38905610 0.00000003
3.0 20.10228045 20.08972176 20.08658307 20.08553692 0.00000009
4.0 54.64366366 54.60952560 54.60099375 54.59815003 0.00000024
5.0 148.53687797 148.44408109 148.42088912 148.413159100.00000064

Table 3.3: Result for numerically calculated second derivatives ofexp (x) using extrapolation. The first three
values are those calculated with three different step sizes, h, h/2 andh/4 with h = 0.1. The extrapolated
result toh = 0 should then be compared with the exact ones from Table 3.1.

3.4 Classes in C++

In Fortran a vector (this applies to matrices as well) startswith 1, but it is easy to change a vector so that it
starts with zero or even a negative number. If we have a doubleprecision Fortran vector which starts at−10
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and ends at10, we could declare it asREAL(KIND=8)::vector(-10:10). Similarly, if we want to start at zero and
end at 10 we could writeREAL(KIND=8)::vector(0:10). Fortran allows us to write a vector additiona = b + c

asa = b + c. This means that we have overloaded the addition operator sothat it translates this operation into
two loops and an addition of two vector elementsai = bi + ci.

The way the vector addition is written is very close to the waywe express this relation mathematically.
The benefit for the programmer is that our code is easier to read. Furthermore, such a way of coding makes it
more likely to spot eventual errors as well.

In Ansi C and C++ arrays start by default fromi = 0. Moreover, if we wish to add two vectors we need to
explicitely write out a loops as

for(i=0 ; i < n ; i++) {

a[i]=b[i]+c[i]

}

However, the strength of C++ over programming languages like C and Fortran 77 is the possibility to define
new data types, tailored to some particular problem. Via newdata types and overloading of operations such
as addition and subtraction, we can easily define sets of operations and data types which allow us to write a
vector or matrix addition in exactly the same way as we would do in Fortran. We could also change the way
we declare a C++ vector (or matrix) elementai, from a[i] to saya(i), as we would do in Fortran. Similarly,
we could also change the default range from0 : n− 1 to 1 : n.

To achieve this we need to introduce two important entities in C++ programming, classes and templates.
The function and class declarations are fundamental concepts within C++. Functions are abstractions

which encapsulate an algorithm or parts of it and perform specific tasks in a program. We have already met
several examples on how to use functions. Classes can be defined as abstractions which encapsulate data and
operations on these data. The data can be very complex data structures and the class can contain particular
functions which operate on these data. Classes allow therefore for a higher level of abstraction in computing.
The elements (or components) of the data type are the class data members, and the procedures are the class
member functions.

Classes are user-defined tools used to create multi-purposesoftware which can be reused by other classes
or functions. These user-defined data types contain data (variables) and functions operating on the data.

A simple example is that of a point in two dimensions. The datacould be thex andy coordinates of a
given point. The functions we define could be simple read and write functions or the possibility to compute
the distance between two points.

The two examples we elaborate on below demonstrate most of the features of classes. We develop first a
class calledComplex which allows us to perform various operations on complex variables. We extend thereafter
our discussion of classes to define a classVector which allows us to perform various operations on a user-
specified one-dimesional array, from declarations of a vector to mathematical operations such as additions of
vectors. Later, in our discussion on linear algebra, we willalso present our final matrix and vector class.

The classes we define are easy to use in other codes and/or other classes and many of the details which
would be present in C (or Fortran 77) codes are hidden inside the class. The reuse of a well-written and
functional class is normally rather simple. However, to write a given class is often complicated, especially if
we deal with complicated matrix operations. In this text we will rely on ready-made classes in C++ for dealing
with matrix operations. We have chosen to use the Blitz++ library, discussed in our linear algebra chapter. This
library hides for us many low-level operations with matrices and vectors, such as matrix-vector multiplications
or allocation and deallocation of memory. Such libraries make it then easier to build our own high-level classes
out of well-tested lower-level classes.

The way we use classes in this text is close to theMODULE data type in Fortran and we provide some simple
demonstrations at the end of this section.

3.4.1 The Complex class

As remarked in chapter 2, C++ has a class complex in its standard template library (STL). The standard usage
in a given function could then look like
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// Program to calculate addition and multiplication of two complex numbers

using namespace std;

#include <iostream>

#include <cmath>

#include <complex>

int main()

{

complex<double> x(6.1,8.2), y(0.5,1.3);

// write out x+y

cout << x + y << x*y << endl;

return 0;

}

where we add and multiply two complex numbersx = 6.1 + ı8.2 andy = 0.5 + ı1.3 with the obvious results
z = x+ y = 6.6 + ı9.5 andz = x · y = −7.61 + ı12.03. In Fortran we would declare the above variables as
COMPLEX(DPC)::x(6.1,8.2),y(0.5,1.3).

The library Blitz++ includes an extension of the complex class to operations on vectors, matrices and
higher-dimensional arrays. We recommend the use of Blitz++when you develop your own codes. However,
writing a complex class yourself is a good pedagogical exercise.

We proceed by splitting our task in three files.

– We define first a header file complex.h which contains the declarations of the class. The header file
contains the class declaration (data and functions), declaration of stand-alone functions, and all inlined
functions, starting as follows

#ifndef Complex_H

#define Complex_H

// various include statements and definitions

#include <iostream> // Standard ANSI-C++ include files

#include <new>

#include ....

class Complex

{...

definition of variables and their character

};

// declarations of various functions used by the class

...

#endif

– Next we provide a file complex.cpp where the code and algorithms of different functions (except inlined
functions) declared within the class are written. The files complex.h and complex.cpp are normally
placed in a directory with other classes and libraries we have defined.

– Finally,we discuss here an example of a main program which uses this particular class. An example of a
program which uses our complex class is given below. In particular we would like our class to perform
tasks like declaring complex variables, writing out the real and imaginary part and performing algebraic
operations such as adding or multiplying two complex numbers.

#include "Complex.h"

... other include and declarations

int main ()

{

Complex a(0.1,1.3); // we declare a complex variable a

Complex b(3.0), c(5.0,-2.3); // we declare complex variables b and c

Complex d = b; // we declare a new complex variable d

cout << "d=" << d << ", a=" << a << ", b=" << b << endl;

d = a*c + b/a; // we add, multiply and divide two complex numbers

cout << "Re(d)=" << d.Re() << ", Im(d)=" << d.Im() << endl; // write out of the real and

imaginary parts
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}

We include the header file complex.h and define four differentcomplex variables. These area = 0.1 +

ı1.3, b = 3.0 + ı0 (note that if you don’t define a value for the imaginary part this is set to zero),
c = 5.0 − ı2.3 andd = b. Thereafter we have defined standard algebraic operations and the member
functions of the class which allows us to print out the real and imaginary part of a given variable.

To achieve these features, let us see how we define the complexclass. In C++ we could define a complex
class as follows

class Complex

{

private:

double re, im; // real and imaginary part

public:

Complex (); // Complex c;

Complex (double re, double im = 0.0); // Definition of a complex variable;

Complex (const Complex& c); // Usage: Complex c(a); // equate two complex variables

Complex& operator= (const Complex& c); // c = a; // equate two complex variables, same as previous

~Complex () {} // destructor

double Re () const; // double real_part = a.Re();

double Im () const; // double imag_part = a.Im();

double abs () const; // double m = a.abs(); // modulus

friend Complex operator+ (const Complex& a, const Complex& b);

friend Complex operator- (const Complex& a, const Complex& b);

friend Complex operator* (const Complex& a, const Complex& b);

friend Complex operator/ (const Complex& a, const Complex& b);

};

The class is defined via the statementclassComplex. We must first use the key wordclass, which in turn is
followed by the user-defined variable nameComplex. The body of the class, data and functions, is encapsulated
within the parentheses{...};.

Data and specific functions can be private, which means that they cannot be accessed from outside the
class. This means also that access cannot be inherited by other functions outside the class. If we useprotected

instead ofprivate, then data and functions can be inherited outside the class.The key wordpublic means that
data and functions can be accessed from outside the class. Here we have defined several functions which can
be accessed by functions outside the class. The declarationfriend means that stand-alone functions can work
on privately declared variables of the type(re,im). Data members of a class should be declared as private
variables.

The first public function we encounter is a so-called constructor, which tells how we declare a variable of
typeComplex and how this variable is initialized. We have chosen three possibilities in the example above:

1. A declaration likeComplexc; calls the member functionComplex() which can have the following imple-
mentation

Complex:: Complex () { re = im = 0.0; }

meaning that it sets the real and imaginary parts to zero. Note the way a member function is defined.
The constructor is the first function that is called when an object is instantiated.

2. Another possibility is

Complex:: Complex () {}

which means that there is no initialization of the real and imaginary parts. The drawback is that a given
compiler can then assign random values to a given variable.

3. A call like Complexa(0.1,1.3); means that we could call the member functionComplex(double,double)as
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Complex:: Complex (double re_a, double im_a)

{ re = re_a; im = im_a; }

The simplest member function are those we defined to extract the real and imaginary part of a variable.
Here you have to recall that these are private data, that is they are invisible for users of the class. We obtain a
copy of these variables by defining the functions

double Complex:: Re () const { return re; }} // getting the real part

double Complex:: Im () const { return im; } // and the imaginary part

\end{lstlistingline}

Note that we have introduced the declaration \lstinline{const}. What does it mean?

This declaration means that a variable cannot be changed within a called function.

If we define a variable as

\lstinline{const double p = 3;} and then try to change its value, we will get an error when we

compile our program. This means that constant arguments in functions cannot be changed.

\begin{lstlisting}

// const arguments (in functions) cannot be changed:

void myfunc (const Complex& c)

{ c.re = 0.2; /* ILLEGAL!! compiler error... */ }

If we declare the function and try to change the value to0.2, the compiler will complain by sending an error
message. If we define a function to compute the absolute valueof complex variable like

double Complex:: abs () { return sqrt(re*re + im*im);}

without the constant declaration and define thereafter a functionmyabs as

double myabs (const Complex& c)

{ return c.abs(); } // Not ok because c.abs() is not a const func.

the compiler would not allow the c.abs() call in myabs sinceComplex::abs is not a constant member function.
Constant functions cannot change the object’s state. To avoid this we declare the functionabs as

double Complex:: abs () const { return sqrt(re*re + im*im); }

Overloading operators

C++ (and Fortran) allow for overloading of operators. That means we can define algebraic operations on for
example vectors or any arbitrary object. As an example, a vector addition of the typec = a + b means that
we need to write a small part of code with a for-loop over the dimension of the array. We would rather like to
write this statement asc = a+b; as this makes the code much more readable and close to eventual equations we
want to code. To achieve this we need to extend the definition of operators.

Let us study the declarations in our complex class. In our main function we have a statement liked = b;,
which means that we calld.operator=(b) and we have defined a so-called assignment operator as a part of the
class defined as

Complex& Complex:: operator= (const Complex& c)

{

re = c.re;

im = c.im;

return *this;

}

With this function, statements likeComplexd=b; or Complexd(b); make a new objectd, which becomes a copy
of b. We can make simple implementations in terms of the assignment

Complex:: Complex (const Complex& c)

{ *this = c; }
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which is a pointer to "this object",*this is the present object, so*this=c; means setting the present object
equal toc, that isthis->operator=(c);.

The meaning of the addition operator+ for Complex objects is defined in the functionComplexoperator+(constComplex&a,constComplex&b);

The compiler translatesc = a + b; into c = operator+(a,b);. Since this implies the call to function, it brings in
an additional overhead. If speed is crucial and this function call is performed inside a loop, then it is more
difficult for a given compiler to perform optimizations of a loop. The solution to this is to inline functions. We
discussed inlining in chapter 2. Inlining means that the function body is copied directly into the calling code,
thus avoiding calling the function. Inlining is enabled by the inline keyword

inline Complex operator+ (const Complex& a, const Complex& b)

{ return Complex (a.re + b.re, a.im + b.im); }

Inline functions, with complete bodies must be written in the header file complex.h. Consider the casec = a + b;

that is,c.operator=(operator+(a,b)); If operator+, operator= and the constructorComplex(r,i) all are inline
functions, this transforms to

c.re = a.re + b.re;

c.im = a.im + b.im;

by the compiler, i.e., no function calls
The stand-alone functionoperator+ is a friend of the Complex class

class Complex

{

...

friend Complex operator+ (const Complex& a, const Complex& b);

...

};

so it can read (and manipulate) the private data partsre andim via

inline Complex operator+ (const Complex& a, const Complex& b)

{ return Complex (a.re + b.re, a.im + b.im); }

Since we do not need to alter the re and im variables, we can getthe values by Re() and Im(), and there is no
need to be a friend function

inline Complex operator+ (const Complex& a, const Complex& b)

{ return Complex (a.Re() + b.Re(), a.Im() + b.Im()); }

The multiplication functionality can now be extended to imaginary numbers by the following code

inline Complex operator* (const Complex& a, const Complex& b)

{

return Complex(a.re*b.re - a.im*b.im, a.im*b.re + a.re*b.im);

}

It will be convenient to inline all functions used by this operator. To inline the complete expressiona*b;, the
constructors andoperator= must also be inlined. This can be achieved via the following piece of code

inline Complex:: Complex () { re = im = 0.0; }

inline Complex:: Complex (double re_, double im_)

{ ... }

inline Complex:: Complex (const Complex& c)

{ ... }

inline Complex:: operator= (const Complex& c)

{ ... }

// e, c, d are complex

e = c*d;

// first compiler translation:

e.operator= (operator* (c,d));

// result of nested inline functions
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// operator=, operator*, Complex(double,double=0):

e.re = c.re*d.re - c.im*d.im;

e.im = c.im*d.re + c.re*d.im;

The definitionsoperator- andoperator/ follow the same set up.
Finally, if we wish to write to file or another device a complexnumber using the simple syntaxcout<<c;,

we obtain this by defining the effect of<< for a Complex object as

ostream& operator<< (ostream& o, const Complex& c)

{ o << "(" << c.Re() << "," << c.Im() << ") "; return o;}

Templates

The reader may have noted that all variables and some of the functions defined in our class are declared
as doubles. What if we wanted to make a class which takes integers or floating point numbers with single
precision? A simple way to achieve this is copy and paste our class and replacedouble with for exampleint.

C++ allows us to do this automatically via the usage of templates, which are the C++ constructs for pa-
rameterizing parts of classes. Class templates is a template for producing classes. The declaration consists of
the keywordtemplate followed by a list of template arguments enclosed in brackets. We can therefore make a
more general class by rewriting our original example as

template<class T>

class Complex

{

private:

T re, im; // real and imaginary part

public:

Complex (); // Complex c;

Complex (T re, T im = 0); // Definition of a complex variable;

Complex (const Complex& c); // Usage: Complex c(a); // equate two complex variables

Complex& operator= (const Complex& c); // c = a; // equate two complex variables, same as previous

~Complex () {} // destructor

T Re () const; // T real_part = a.Re();

T Im () const; // T imag_part = a.Im();

T abs () const; // T m = a.abs(); // modulus

friend Complex operator+ (const Complex& a, const Complex& b);

friend Complex operator- (const Complex& a, const Complex& b);

friend Complex operator* (const Complex& a, const Complex& b);

friend Complex operator/ (const Complex& a, const Complex& b);

};

What it says is thatComplex is a parameterized type withT as a parameter andT has to be a type such as double
or float. The class complex is now a class template and we woulddefine variables in a code as

Complex<double> a(10.0,5.1);

Complex<int> b(1,0);

Member functions of our class are defined by preceding the name of the function with thetemplate key-
word. Consider the function we defined asComplex::Complex(doublere_a,doubleim_a). We would rewrite this
function as

template<class T>

Complex<T>:: Complex (T re_a, T im_a)

{ re = re_a; im = im_a; }

The member functions are otherwise defined following ordinary member function definitions.
To write a class like the above is rather straightforward. The class for handling one-dimensional arrays,

presented in the next subsection shows some of the additional possibilities which C++ offers. However, it can
be rather difficult to write good classes for handling matrices or more complex objects. For such applications
we recommend therefore the usage of ready-made libraries like Blitz++.
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Blitz++ http://www.oonumerics.org/blitz/ is a C++ library whose two main goals are to improve
the numerical efficiency of C++ and to extend the conventional dense array model to incorporate new and
useful features. Some examples of such extensions are flexible storage formats, tensor notation and index
placeholders. It allows you also to write several operations involving vectors and matrices in a simple and
clear (from a mathematical point of view) way. The way you would code the addition of two matrices looks
very similar to the way it is done in Fortran.

3.4.2 The vector class

Our next next example is a very simple class to handle one-dimensional arrays. It demonstrates again many
aspects of C++ programming. However, most likely you will end up using a ready-made array class from a
library like Blitz++ discussed above.

Our classVector has as data a plain one-dimensional array. We define several functions which operate on
these data, from subscripting, change of the length of the array, assignment to another vector, inner product
with another vector etc etc. To be more specific, we define the following usage of our class,that is the way the
class is used in another part of the program:

– Create vectors of a specified length defining a vector asVector\v(n); Via this statement we allocate
space in memory for a vector withn elements.

– Create a vector with zero length by writing the statementVectorv;

– Change the dimension of a vectorv to a given lengthn by declaringv.redim(n);. Note here the way we
use a function defined within a class. The function here isredim.

– Create a vector as a copy of another vector by simply writingVectorv(w);

– To extract the length of the vector by writingconstintn= v.size();

– To find particular value of the vectordoublee=v(i);

– or assign a number to an entry viav(j)=e;

– We would also like to set two vectors equal to each other by simply writing w = v;

– or take the inner product of two vectors asdoublea=w.inner(v); or alternatively lstinlinea = inner(w,v);

– To write a vector to screen could be done by writingv.print(cout);

This list can be made longer by adding features like vector algebra, operator overloading etc.
We present now the declaration of the class, with our comments on the various declarations.

class Vector

{

private:

double* A; // vector entries

int length; // the length ofthe vector

void allocate (int n); // allocate memory, length=n

void deallocate(); // free memory

public:

Vector (); // Constructor, use as Vector v;

Vector (int n); // use as Vector v(n);

Vector (const Vector& w); // us as Vector v(w);

~Vector (); // destructor to clean up dynamic memory

bool redim (int n); // change length, us as v.redim(m);

Vector& operator= (const Vector& w);// set two vectors equal v = w;

double operator() (int i) const; // a = v(i);

double& operator() (int i); // v(i) = a;
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void print (std::ostream& o) const; // v.print(cout);

double inner (const Vector& w) const; // a = v.inner(w);

int size () const { return length; } // n = v.size();

};

The class is defined via the statementclassVector. We must first use the key wordclass, which in turn is
followed by the user-defined variable name. The body of the class, data and functions, is encapsulated within
the parentheses...;.

Data and specific functions can be private, which means that they cannot be accessed from outside the
class. This means also that access cannot be inherited by other functions outside the class. If we useprotected

instead ofprivate, then data and functions can be inherited outside the class.The key wordpublic means that
data and functions can be accessed from outside the class. Here we have defined several functions which can
be accessed by functions outside the class.

The first public function we encounter is a so-called constructor, which tells how we declare a variable of
typeVector and how this variable is initialized

Vector v; // declare a vector of length 0

// this actually means calling the function

Vector::Vector ()

{ A = NULL; length = 0; }

The constructor is the first function that is called when an object is instantiated. The variableA is the vector en-
try which defined as a private entity. Here the length is set tozero. Note also the way we define a method within
the class by writingVector::Vector(). The general form is< returntype>nameofclass::nameofmethod(<listofarguments>.

To give our vectorv a dimensionalityn we would write

Vector v(n); // declare a vector of length n

// means calling the function

Vector::Vector (int n)

{ allocate(n); }

void Vector::allocate (int n)

{

length = n;

A = new double[n]; // create n doubles in memory

}

Note that we defined a Fortran-like function for allocating memory. This is one of nice features of C++ for
Fortran programmers, one can always define a Fortran-like world if one wishes. Moreover,the private function
allocate operates on the private variableslength andA. A Vector object is created (dynamically) at run time,
but must also be destroyed when it is no longer in use. The destructor specifies how to destroy the object via
the tilde symbol shown here

Vector::~Vector ()

{

deallocate();

}

// free dynamic memory:

void Vector::deallocate ()

{

delete [] A;

}

Again we have define a deallocation statement which mimicks the Fortran way of removing an object from
memory. The observant reader may also have discovered that we have sneaked in the word ’object’. What do
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we mean by that? A clarification is needed. We will always refer a class as user defined and declared variable
which encapsulates various data (of a given type) and operations on these data. An object on the other hand is
an instance of a variable of a given type. We refer to every variable we create and use as an object of a given
type. The variableA above is an object of typeint.

The function where we set two vectors to have the same length and have the same values can be written as

// v and w are Vector objects

v = w;

// means calling

Vector& Vector::operator= (const Vector& w)

// for setting v = w;

{

redim (w.size()); // make v as long as w

int i;

for (i = 0; i < length; i++) { // (C++ arrays start at 0)

A[i] = w.A[i]; // fill in teh vector w

}

return *this;

}

// return of *this, i.e. a Vector&, allows nested operations

u = v = u_vec = v_vec;

where we have used theredim function

v.redim(n); // make a vector v of length n

bool Vector::redim (int n)

{

if (length == n)

return false; // no need to allocate anything

else {

if (A != NULL) {

// "this" object has already allocated memory

deallocate();

}

allocate(n);

return true; // the length was changed

}

}

and the copy action is defined as

Vector v(w); // take a copy of w

Vector::Vector (const Vector& w)

{

allocate (w.size()); // "this" object gets w's length

*this = w; // call operator =

}

Here we have definedthis to be a pointer to the current (“this”) object, in other words*this is the object
itself.

void Vector::print (std::ostream& o) const

{

int i;

for (i = 1; i <= length; i++)

o << "(" << i << ")=" << (*this)(i) << '\n';

}

double a = v.inner(w);

double Vector::inner (const Vector& w) const
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{

int i; double sum = 0;

for (i = 0; i < length; i++)

sum += A[i]*w.A[i];

// alternative:

// for (i = 1; i <= length; i++) sum += (*this)(i)*w(i);

return sum;

}

// Vector v

cout << v;

ostream& operator<< (ostream& o, const Vector& v)

{ v.print(o); return o; }

// must return ostream& for nested output operators:

cout << "some text..." << w;

// this is realized by these calls:

operator<< (cout, "some text...");

operator<< (cout, w);

We can redefine the multiplication operator to mean the innerproduct of two vectors:

double a = v*w; // example on attractive syntax

class Vector

{

...

// compute (*this) * w

double operator* (const Vector& w) const;

...

};

double Vector::operator* (const Vector& w) const

{

return inner(w);

}

// have some Vector u, v, w; double a;

u = v + a*w;

// global function operator+

Vector operator+ (const Vector& a, const Vector& b)

{

Vector tmp(a.size());

for (int i=1; i<=a.size(); i++)

tmp(i) = a(i) + b(i);

return tmp;

}

// global function operator*
Vector operator* (const Vector& a, double r)

{

Vector tmp(a.size());

for (int i=1; i<=a.size(); i++)

tmp(i) = a(i)*r;

return tmp;

}

// symmetric operator: r*a

Vector operator* (double r, const Vector& a)

{ return operator*(a,r); }
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Classes and templates in C++ Blitz++

We can again use templates to generalize our class to accept other types than just doubles. To achieve that we
use templates, which are the native C++constructs for parameterizing parts of classes, using statements like

template<class T>

class Vector

{

T* A;

int length;

public:

...

T& operator() (int i) { return A[i-1]; }

...

};

In a code which uses this class we could declare various vectors as Declarations in user code:

Vector<double> a(10);

Vector<int> i(5);

where the first variable is double vector with ten elements while the second is an integer vector with five
elements.

Summarizing, it is easy to use the classVector and we can hide in the class many details which are visible
in C and Fortran 77 codes. However, as you may have noted it is not easy to write classVector. One ends
often up with using ready-made classes in C++ libraries suchas Blitz++ unless you really need to develop your
own code. Furthermore, our vector class has served mainly a pedagogical scope, since C++ has a Standard
Template Library (STL) with vector types, including a vector for doing numerics that can be declared as

std::valarray<double> x(n); // vector with n entries

However, there is no STL for a matrix type. We end therefore with recommending the use of ready-made
libraries like Blitz++ or the matrix class discussed in the linear algebra chapter, see chapter 6.

We this section by listing the final vector class, with both header file and the definitions of the various
functions. The usage of the class could be as follows:

Usage of the Vector class

// Create a vector with zero length:

Vector v1;

// Redimension the vector to have length n:

int n1 = 3;

v1.redim(n1);

cout << "v1.getlength: " << v1.getLength() << endl;

// Extract the length of the vector:

const int length = v1.getLength();

// Create a vector of a specific length:

int n2 = 5;

Vector v2(n2);

cout << "v2.getlength: " << v2.getLength() << endl;

// Create a vector from an existing array:

int n3 = 3;

double* array = new double[n3];

Vector v4(n3, array);

cout << "v4.getlength: " << v4.getLength() << endl;

// Create a vector as a copy of another one:

Vector v5(v1);

cout << "v5.getlength: " << v5.getLength() << endl;
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// Assign the entries in a vector:

v5(0) = 3.0; // or alternatively v5[0] = 3.0;

v5(1) = 2.5; // or alternatively v5[1] = 2.5;

v5(2) = 1.0; // or alternatively v5[2] = 1.0;

// Extract the ith component of a vector:

int i = 2;

double value = v5(1);

cout << "value: " << value << endl;

// Set a vector equal another one:

Vector v6 = v5;

cout << "try redim.v6: " << v6.redim(1) << endl;

cout << "v6.getLength: " << v6.getLength() << endl;

// Take the inner product between two vectors:

double dot = v6.inner(v5); // alternatively: double dot = inner(v6,v5);

cout << "dot(v6,v5): " << dot << endl;

// Get the euclidean norm to a vector:

double norm = v6.l2norm();

cout << "norm of v6: " << norm << endl;

// Normalize a vector:

v5.normalize();

// Dump a vector to the screen:

v5.print(std::cout << "v5: " << endl);

// Arithmetic operations with vectors using a

// syntax close to the mathematical language

Vector w = v1 + a*v2;

We list here the header file first.

The header file Vector.h

#ifndef VECTOR_H

#define VECTOR_H

#include <cmath>

#include <iostream>

/*****************************************************************************/

/* VECTOR CLASS */

/*****************************************************************************/

/**

* @file Vector.h

* @class Vector

* @brief Class used for manipulating one-dimensional arrays.

*

* Contains user-defined operators to do computations with arrays in a style

* close to mathematical equations.

*

**/

class Vector{

private:

int length; // Number of entries.

double *vec; // Entries.

public:
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/**

* @brief Constructor. Creates a vector initializing its elements to zero

* @param int _length. The number of entries in the array.

**/

// Default constructor

Vector();

/**

* @brief Constructor. Creates a vector initializing its elements to zero

* @param int length. The number of entries in the array.

**/

// Constructor

Vector(int _length);

/**

* Constructor. Creates a vector to hold a given array.

* @param int _length. Number of entreis in the array.

* @param const double* a. Constant pointer to a double array.

**/

// Constructor

Vector(int _length, const double *array);

/**

* Copy constructor.

*

**/

// copy constructor

Vector(const Vector&);

/**

* Destructor.

**/

// Destructor

~Vector();

/** Get the number of elements in an array.

* @return the length of the array.

**/

// Get the length of the array.

int getLength() const;

// Return pointers to the data: Useful for sending data

// to Fortran and C

const double* getPtr() const;

double* getPtr();

double inner(const Vector&) const;

/** Normalize a vector, i.e., create an unit vector \f$\hat{v} =

\frac{\mathbf{v}}{\|\mathbf{a}\|}\f$

*

**/

// Normalize a vector

void normalize();
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void print(std::ostream&) const;

/**

* Change the length of a vector

**/

bool redim(int n1);

/****************************************************/

/* (USER-DEFINED) OVERLOADED OPERATORS */

/****************************************************/

// Member arithmetic operators (unary operators)

// Vector quantities: u, v, w. Scalar: a

// Copy-assignment (assignment by copy) operator

Vector& operator =(const Vector&); // v = w

// Add-assignment (assigment by addition) operator

Vector& operator+=(const Vector&); // v += w

// Substraction-assignment (assignment by substraction) operator

Vector& operator-=(const Vector&); // v -= w

// Multiplication-assignment (assignment by multiplication) operator

Vector& operator*=(double); // v *= a

// Division-assignment (assignment by division) operator

Vector& operator/=(double); // v /= a

const double& operator[](int i) const;

double& operator[](int i);

const double& operator()(int i) const;

double& operator()(int i);

bool indexOk(int i) const;

/**

* Return the l2-norm (eucledian norm) of a vector, \f$\|\mathbf{v}\|_{2} = (\sum_{i}

v_i)^{\frac{1}{2}}\f$, for \f$\mathbf{v} = [v_0, v_1,\cdots,v_{n-1}]\f$. To avoid overflow

when the sum of the squares of the elements \f$v_i\f$ is very large, we implement the

l2-norm in an alternative way.

*

* We set \f$s_i = 0\f$ and letting \f$s_i\f$ be the sum of the squares of the first \f$i\f$

elements such that \f$s_{i+1}^2 = s_{i}^2 + v_{i}^2\f$, for \f$i = 0,1,\cdots,n-1 \f$. That

is, \f[s_{1}^{2} = v_{0}^{2}, \quad s_{2}^{2} = v_{0}^{2} + v_{1}^{2}, \quad \cdots, \quad

s_{n}^{2} = v_{0}^{2} + v_{1}^{2} + \cdots + v_{n-1}^{2}. \f]

* From the last sum, \f$ \|\mathbf{v}\|_2 = \sqrt{s_{n}^{2}} = s_n\f$. Therefore, to avoid

overflow in the sum \f$s_{i}^2 + v_{i}^2\f$ we compute:

* \f[

* s_{i+1} = (s_{i}^{2} + v_{i}^{2})^{\frac{1}{2}} = s_i\left[1 + \left(\frac{v_i}

{s_i}\right)^{2}\right]^{\frac{1}{2}}

\f]

when \f$s_i\f$ is large, and

* \f[

* s_{i+1} = (s_{i}^{2} + v_{i}^{2})^{\frac{1}{2}} = v_i\left[1 + \left(\frac{s_i}

{v_i}\right)^{2}\right]^{\frac{1}{2}}

\f]

when \f$|v_i|\f$ is large.

*
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**/

// Get the euclidian norm (l2norm)

double l2norm() const;

/******************************************************************/

/* Unary operators */

/******************************************************************/

// Unary operator +

friend Vector operator+(const Vector&); // u = + v

// Unary operator -

friend Vector operator-(const Vector&); // u = - v

/******************************************************************/

/* Binary operators */

/******************************************************************/

/**

* Addition of two vectors:

* \f$\mathbf{u} = \mathbf{v} + \mathbf{w}\f$.

**/

friend Vector operator+(const Vector&, const Vector&); // u = v + w

/**

* Substraction of two vectors:

* \f$\mathbf{u} = \mathbf{v} - \mathbf{w}\f$.

**/

friend Vector operator-(const Vector&, const Vector&); // u = v - w

/**

* Product between two vectors:

* \f$\mathbf{u} = \mathbf{v} * \mathbf{w}\f$.

**/

friend Vector operator*(const Vector&, const Vector&); // u = v * w

/**

* Premultiplication by a floating point number:

* \f$\mathbf{u} = a \mathbf{v}\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a vector.

**/

friend Vector operator*(double, const Vector&); // u = a*v

/**

* Postmultiplication by a floating point number:

* \f$\mathbf{u} = \mathbf{v} a\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a vector.

**/

friend Vector operator*(const Vector&, double); // u = v*a

/**

* Matrix-vector product:

* Evaluate \f$\mathbf{u} = A \mathbf{v}\f$

**/

friend Vector operator*(const Matrix&, const Vector&); // u = A*v

/**

* Division of the entries of a vector by a scalar.

**/

friend Vector operator/(const Vector&, double); // u = v/a

74



3.4 – Classes in C++

/**

* Compute the dot (scalar) product between two vectors. Let

* \f$\mathbf{u} = [u_0, u_1,\cdots,u_{n-1}]\f$ and \f$\mathbf{v} = [v_0, v_1,\cdots,v_{n-1}]\f$.

* Then, their dot product is a scalar

* \f$\mathbf{u} \cdot \mathbf{v} = \sum_{i=0}^{n-1} u_i v_i\f$

* Receive as paramuments to constant vectors.

**/

friend double inner(const Vector&, const Vector&); // dot product

/**

* print the entries of a vector to screen

**/

friend std::ostream& operator<<(std::ostream&, const Vector&); // cout << v

// Note: This function does not need access to the data

// member. Therefore, it could have been declared as a not friend.

};

/*******************************************************************/

/* INLINE FUNCTIONS */

/*******************************************************************/

// Destructor

inline Vector::~Vector(){delete[] vec;}

// Get the number of entries in a vector

inline int Vector::getLength() const {return length;}

/**

* @return A constant pointer to the array of data.

* This function can be used to interface C++ with Fortran/C.

**/

inline const double* Vector::getPtr() const {return vec;}

/**

* @return A pointer to the array of data.

* This function can be used to interface C++ with Fortran/C.

**/

inline double* Vector::getPtr(){return vec; }

// Subscript. If v is an object of type Vector, the ith

// component of v can be accessed as v[i] closer to the

// ordinary mathematical notation instead of v.vec[i].

// The return value "const double&" is equivalent to

// "double", with the difference that the first approach

// is preferible when the returned object is big.

inline const double& Vector::operator[](int i) const{

#ifdef CHECKBOUNDS_ON

indexOk(i);

#endif
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return vec[i];

} // read-only the ith component of the vector.

// const at the end of the function declaration means

// that the caller code can just read, not modify

// Subscript. (DANGEROUS)

inline double& Vector::operator[](int i){

#ifdef CHECKBOUNDS_ON

indexOk(i);

#endif

return vec[i];

} // read-write the ith coordinate

// Alternative to operator[]

inline const double& Vector::operator()(int i) const{

#ifdef CHECKBOUNDS_ON

indexOk(i);

#endif

return vec[i];

} // read-only the ith component of vec

// Subscript (DANGEROUS). If v is an object of type Vector, the ith

// component of v can be accessed as v(i) closer to the

// ordinary mathematical notation instead of v.vec(i).

inline double& Vector::operator()(int i){

#ifdef CHECKBOUNDS_ON

indexOk(i);

#endif

return vec[i];

} // read-write the ith component of vec

/******************************************************************/

/* (Arithmetic) Unary operators */

/******************************************************************/

// Unary operator +

inline Vector operator+(const Vector& v){ // u = + v

return v;

}

// Unary operator -

inline Vector operator-(const Vector& v){ // u = - v

return Vector(v.length) -v;

}

#endif

The file Vector.cpp

#include "Vector.h"

/**

* @file Vector.cpp

* @class Vector

* @brief Implementation of class used for manipulating one-dimensional arrays.

**/
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// default constructor

Vector::Vector(){

length = 0;

vec = NULL;

}

// constructor

Vector::Vector(int _length){

length = _length;

vec = new double[_length];

for(int i=0; i<_length; i++)

vec[i] = 0.0;

}

// Declare the array to be constant because it is passed

// as a pointer. Hence, it could be modified by the calling code.

Vector::Vector(int _length, // length of the array

const double *array){ // one-dimensioal array

length = _length;

vec = new double[length];

for(int i=0; i<length; i++)

vec[i] = array[i];

}

// copy constructor

Vector::Vector(const Vector& w){

vec = new double[length = w.length];

for(int i=0; i<length; i++)

vec[i] = w[i]; // This possible because we have overloaded the operator[]

// A more straigforward way of implementing this constructor is:

// vec = new double[length=w.length];

// *this = w; // Here we use the assignment operator=

}

// normalize a vector

void Vector::normalize(){

double tmp = 1.0/l2norm();

for(int i=0;i<length; i++)

vec[i] = vec[i]*tmp;

}

void Vector::print(std::ostream& os) const{

int i;

for(i=0; i<length; i++){

os << "(" << i << ") = " << vec[i] << "\n";

}

}

// change the length of a vector

bool Vector::redim(int _length){

if(length == _length)

return false;
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else{

if(vec != NULL){

delete[] vec;

}

length = _length;

vec = new double[length];

return true;

}

}

bool Vector::indexOk(int i) const{

if(i<0 || i>=length){

std::cerr << "vector index check; index i=" << i

<< " out of bounds 0:" << length-1

<< std::endl;

return false;

}

else

return true; // valid index!

}

/**********************************************************/

/* DEFINITION OF OPERATORS */

/**********************************************************/

Vector& Vector::operator=(const Vector& w){ // v = w

if(this != &w){ // beware of self-assignment v=v

if(length != w.length)

std::cout << "Bad vector sizes" << std::endl;

for(int i=0; i<length; i++)

vec[i] = w[i]; // closer to the mathematical notation than w.vec[i]

}

return *this;

} // assignment operator

Vector& Vector::operator+=(const Vector& w){ // v += w

if(length != w.length) std::cout << "Bad vector sizes" << std::endl;

for(int i=0; i<length; i++)

vec[i] += w[i]; // This possible because we have overloaded the operator[]

return *this;

} // add a vector to the current one

Vector& Vector::operator-=(const Vector& w){ // v -= w

if(length != w.length) std::cout << "Bad vector sizes" << std::endl;

for(int i=0; i<length; i++)

vec[i] -= w[i];// This possible because we have overloaded the operator[]

return *this;

}

Vector& Vector::operator*=(double scalar){ // v *= a

for(int i=0; i<length; i++)

vec[i] *= scalar;

return *this;

}

Vector& Vector::operator/=(double scalar){ // v /= a
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for(int i=0; i<length; i++)

vec[i] /= scalar;

return *this;

}

/******************************************************************/

/* (Arithmetic) Binary operators */

/******************************************************************/

// Sum of two vectors

Vector operator+(const Vector& v, const Vector& w){ // u = v + w

// The copy constructor checks the lengths

return Vector(v) += w;

} // vector plus vector

// Substraction of two vectors

Vector operator-(const Vector& v, const Vector& w){ // u = v - w

// The copy constructor checks the lengths

return Vector(v) -= w;

} // vector minus vector

// Multiplication between two vectors

Vector operator*(const Vector& v, const Vector& w){ // u = v * w

if(v.length != w.length) std::cout << "Bad vector sizes!" << std::endl;

int n = v.length;

Vector tmp(n);

for(int i=0; i<n; i++)

tmp[i] = v[i]*w[i];

return tmp;

} // vector times vector

// Postmultiplication operator

Vector operator*(const Vector& v, double scalar){ // u = v*a

return Vector(v) *= scalar;

}

// Premultiplication operator.

Vector operator*(double scalar, const Vector& v){ // u = a*v

return v*scalar; // Note the call to postmultiplication operator defined above

}

// Multiplication (product) operator: Matrix times vector

Vector operator*(const Matrix& A, const Vector& v){ // u = A*v

int m = A.getRows();

int n = A.getColumns();

if(A.getColumns() != v.getLength()){

std::cerr << "Bad sizes in: Vector operator*(const Matrix& A, const Vector& v)";

}

Vector u(m);

for(int i=0; i<m; i++){

for(int j=0; j<n; j++){

u[i] += A[i][j]*v[j];

}
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}

return u;

}

// Division of the entries in a vector by a scalar

Vector operator/(const Vector& v, double scalar){

if(!scalar) std::cout << "Division by zero!" << std::endl;

return (1.0/scalar)*v;

}

// compute the dot product between two vectors

double inner(const Vector& u, const Vector& v){ // dot product

if(u.length != v.length){

std::cout << "Bad vector sizes in: double inner(const Vector& u, const Vector& v)" << std::endl;

}

double sum = 0.0;

for(int i=0; i<u.length; i++)

sum += u[i]*v[i];

return sum;

}

double Vector::inner(const Vector& v) const{ // dot product double a = u.inner(v)

if(length != v.length)

std::cout << "Bad vector sizes in: double Vector::inner(const Vector& v) const" << std::endl;

double sum = 0.0;

for(int i=0; i<v.length; i++)

sum += vec[i]*v.vec[i];

return sum;

}

// compute the eucledian norm

double Vector::l2norm() const{

double norm = fabs(vec[0]);

for(int i=1; i<length; i++){

double vi = fabs(vec[i]);

if(norm < 100 && vi < 100){

norm = sqrt(norm*norm + vi*vi);

}else if(norm > vi){

norm *= sqrt(1.0 + pow(vi/norm,2));

}else{

norm = vi*sqrt(1.0 + pow(norm/vi,2));

}

}

return norm;

}

// dump the components of a vector to screen

std::ostream& operator<<(std::ostream& s, const Vector& v){ // output operator

v.print(s);

return s;

}

3.5 Modules in Fortran

In the previous section we discussed classes and templates in C++. Classes offer several advantages, such as
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– Allows us to place classes into structures

– Pass arguments to methods

– Allocate storage for objects

– Implement associations

– Encapsulate internal details into classes

– Implement inheritance in data structures

Classes contain a new data type and the procedures that can beperformed by the class. The elements (or
components) of the data type are the class data members, and the procedures are the class member functions. In
Fortran a class is defined as aMODULE which contains an abstract dataTYPE definition. The example we elaborate
on here is a Fortran class for defining operations on single-particle quantum numbers such as the total angular
momentum, the orbital momentum, the energy, spin etc.

We present theMODULEsingle_particle_orbits here and discuss several of its feature with links to C++
programming.

! Definition of single particle data

MODULE single_particle_orbits

TYPE, PUBLIC :: single_particle_descript

INTEGER :: total_orbits

INTEGER, DIMENSION(:), POINTER :: nn, ll, jj, spin

CHARACTER*10, DIMENSION(:), POINTER :: orbit_status, &

model_space

REAL(KIND=8), DIMENSION(:), POINTER :: e

END TYPE single_particle_descript

TYPE (single_particle_descript), PUBLIC :: all_orbit, &

neutron_data, proton_data

CONTAINS

! various member functions here

SUBROUTINE allocate_sp_array(this_array,n)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array

INTEGER , INTENT(IN) :: n

IF (ASSOCIATED (this_array%nn) ) &

DEALLOCATE(this_array%nn)

ALLOCATE(this_array%nn(n))

IF (ASSOCIATED (this_array%ll) ) &

DEALLOCATE(this_array%ll)

ALLOCATE(this_array%ll(n))

IF (ASSOCIATED (this_array%jj) ) &

DEALLOCATE(this_array%jj)

ALLOCATE(this_array%jj(n))

IF (ASSOCIATED (this_array%spin) ) &

DEALLOCATE(this_array%spin)

ALLOCATE(this_array%spin(n))

IF (ASSOCIATED (this_array%e) ) &

DEALLOCATE(this_array%e)

ALLOCATE(this_array%e(n))

IF (ASSOCIATED (this_array%orbit_status) ) &

DEALLOCATE(this_array%orbit_status)

ALLOCATE(this_array%orbit_status(n))

IF (ASSOCIATED (this_array%model_space) ) &

DEALLOCATE(this_array%model_space)

ALLOCATE(this_array%model_space(n))

! blank all characters and zero all other values

DO i= 1, n
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this_array%model_space(i)= ' '

this_array%orbit_status(i)= ' '

this_array%e(i)=0.

this_array%nn(i)=0

this_array%ll(i)=0

this_array%jj(i)=0

this_array%nshell(i)=0

this_array%itzp(i)=0

ENDDO

SUBROUTINE deallocate_sp_array(this_array)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array

DEALLOCATE(this_array%nn)

DEALLOCATE(this_array%ll)

DEALLOCATE(this_array%jj)

DEALLOCATE(this_array%spin)

DEALLOCATE(this_array%e)

DEALLOCATE(this_array%orbit_status); &

DEALLOCATE(this_array%model_space)

END SUBROUTINE deallocate_sp_array

!

! Read in all relevant single-particle data

!

SUBROUTINE single_particle_data

IMPLICIT NONE

CHARACTER*100 :: particle_species

READ(5,*) particle_species

WRITE(6,*) ' Particle species: '

WRITE(6,*) particle_species

SELECT CASE (particle_species)

CASE ('electron')

CALL read_electron_sp_data

CASE ('proton&neutron')

CALL read_nuclear_sp_data

END SELECT

END SUBROUTINE single_particle_data

END MODULE single_particle_orbits

The module ends with theENDMODULEsingle_particle_orbits statement. We have defined a public variable
TYPE,PUBLIC::single_particle_descript which plays the same role as thestruct type in C++. In addition we

have defined several member functions which operate on various arrays and variables.
An example of a function which uses this module is given belowand the module is accessed via the

USE single_particle_orbits statement.

!

PROGRAM main

....

USE single_particle_orbits

IMPLICIT NONE

INTEGER :: i

READ(5,*) all_orbit%total_orbits

IF( all_orbit%total_orbits <= 0 ) THEN

WRITE(6,*) 'WARNING, NO ELECTRON ORBITALS' ; STOP

ENDIF

! Setup all possible orbit information

! Allocate space in heap for all single-particle data

CALL allocate_sp_array(all_orbit,all_orbit%total_orbits)

! Read electron single-particle data
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DO i=1, all_orbit%total_orbits

READ(5,*) all_orbit%nn(i),all_orbit%ll, &

all_orbit%jj(i),all_orbit%spin(i), &

all_orbit%orbit_status(i), &

all_orbit%model_space(i), all_orbit%e(i)

ENDDO

! further instructions

.......

! deallocate all arrays

CALL deallocate_sp_array(all_orbit)

END PROGRAM main

Inheritance allows one to create a hierarchy of classes in which the base class contains the common proper-
ties of the hierarchy and the derived classes can modify and specialize these properties. Specifically, a derived
class contains all the class member functions of the base class and can add new ones. Further, a derived class
contains all the class member functions of the base class andcan modify them or add new ones. The value in
using inheritance is to avoid duplicating code when creating classes which are similar to one another. Fortran
does not support inheritance, but several features can be faked in Fortran! Consider the following declarations:

TYPE proton_sp_orbit

TYPE (single_particle_orbits), PUBLIC :: &

proton_particle_descript

INTEGER, DIMENSION(:), POINTER, PUBLIC :: itzp

END TYPE proton_sp_orbit

To initialize the proton_sp_orbit TYPE, we could now define anew function

SUBROUTINE allocate_proton_array(this_array,n)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array

INTEGER , INTENT(IN) :: n

IF (ASSOCIATED (this_array%itzp) ) &

DEALLOCATE(this_array%itzp)

CALL allocate_sp_array(this_array,n)

this_array%itzp(i)=0

END SUBROUTINE allocate_proton_array

and

SUBROUTINE dellocate_proton_array(this_array)

TYPE (single_particle_descript), INTENT(INOUT) :: this_array

DEALLOCATE(this_array%itzp)

CALL deallocate_sp_array(this_array)

END SUBROUTINE deallocate_proton_array

and we could define a MODULE

MODULE proton_class

USE single_particle_orbits

TYPE proton_sp_orbit

TYPE (single_particle_orbits), PUBLIC :: &

proton_particle_descript

INTEGER, DIMENSION(:), POINTER, PUBLIC :: itzp

END TYPE proton_sp_orbit
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INTERFACE allocate_proton

MODULE PROCEDURE allocate_proton_array, read_proton_array

END INTERFACE

INTERFACE deallocate_proton

MODULE PROCEDURE deallocate_proton_array

END INTERFACE

.....

CONTAINS

....

! various procedure

END MODULE proton_class

PROGRAM with_just_protons

USE proton_class

....

TYPE (proton_sp_orbit ) :: proton_data

CALL allocate_proton(proton_data)

....

CALL deallocate_proton_array(prton_data)

We have a written a new class which contains the data of the base class and all the procedures of the base
class have been extended to work with the new derived class. Interface statements have to be used to give the
procedure uniform names.

We can now derive further classes for other particle types such as neutrons, hyperons etc etc.

3.6 How to interface C++ and Fortran programs with Python

We list here an example on how one can convert C++ arrays to Numpy and Numpy arrays (and other Python
sequences) to C++ arrays. The header file Cpp2Numpy.h contains all needed information. The implementation
is based on the book by Langtangen [22]. In the following we assume that we have a class Array to manipulate
multidimensional arrays in C++. Suppose also that we have the following declaration printcpparray.h and
implementation printcpparray.cpp of a C++ function we wantto call from Python. The file printcpparray.h
could look like

#ifndef PRINTCPPARRAY_H

#define PRINTCPPARRAY_H

#include "Array.h"

#include <iostream>

using namespace std;

// Function printing a C++ array of type Array<double>.

void printarray(Array<double>& a);

#endif

while printcpparray.cpp is given by

// File: printcpparray.cpp

#include "printcpparray.h"

void printarray(Array<double>& a){

cout << "Printing a C++ array: " << endl;

for(int i=0; i<a.getLength(); i++){

cout << a(i) << endl;

}

}

The interpreted nature of Python makes that it cannot communicate with C++ (compiled language) directly. In
order to pass arguments between them we need some kind of brigde (wrapper) able to convert the arguments
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from one language to another. Doing this manually is considered error prone. Fortunately, there is a tool called
SWIG, seehttp://www.swig.org, that generates wrapper code automatically. The process ofgenerating
wrapper code with SWIG consist of the following steps:

1. Create an interface file having the same name as the module to be called from Python, say ext_Cpp2Numpy.i

2. To build the Python module with extension to C++ we run SWIGwith the options -c++ -python as
follows:

swig -c++ -python ext_Cpp2Numpy.i

These commands will generate a C++ wrapper codeext_Cpp2Numpy_wrapp.cxx and the Python mod-
ule $_ext_Cpp2Numpy.py$.

3. Assuming that all the files are in the same directory or that the correct paths are given,

the next step consists in compiling the C++ extensions (.cpp files) and the C++ wrapper

code (.cxx file):

c++ -c -O3 *.cpp *.cxx -I/usr/include/python2.6/

where the version 2.6 of Python has been used.

4. Next, we link all the objects into a shared library _ext_Cpp2Numpy.so

c++ -shared -o _ext_Cpp2Numpy.so *.o

Steps 2 to 4 can be summarized in the following bash script:

# file: compileExtension.sh

#/bin/sh

echo ’\nCompiling the interface:\n’

swig -c++ -python -I. ext_Cpp2Numpy.i

echo ’\nCompiling the conversion class Cpp2Numpy:\n’

c++ -c -O3 Cpp2Numpy.cpp -I/usr/include/python2.6/

echo ’Compiling the C++ function "printcpparray.cpp:\n".’

c++ -c -O3 printcpparray.cpp

echo ’\nCompiling extension module:\n’

c++ -c -O3 ext_Cpp2Numpy_wrap.cxx -I/usr/include/python2.6/

echo ’\nLinking into a shared library:\n’

c++ -shared -o _ext_Cpp2Numpy.so Cpp2Numpy.o ext_Cpp2Numpy_wrap.o

The Python module_ext_Cpp2Numpy.py can be used as:

# # Import Numpy abd the extension module:

from numpy import *
import ext_Cpp2Numpy as ext

# Create an Numpy array from a list:

#a = array([1,2])

# Or create an Numpy array from a tuple:

a = array([[1,2],[3,4]])

# Create an object of type Cpp2Numpy and

# assign it to the variable "convert".

85

http://www.swig.org


Numerical differentiation, interpolation and classes

convert = ext.Cpp2Numpy()

# Convert the Numpy array "a" to a C++ array of type Array:

v = convert.numpy2cpparray(a)

# Call a C++ function with v

ext.printarray(v)

#

The header file Cpp2Numpy.h

/**

* @file Cpp2Numpy.h

* @class Cpp2Numpy

*

*

**/

#ifndef CPP2NUMPY_H

#define CPP2NUMPY_H

#include <Python.h> // Should be included on the top.

#include <numpy/arrayobject.h> // /usr/include/python2.6/numpy/arrayobject.h

// It contains import_array()

#include "Array.h"

#include <iostream>

using namespace std;

class Cpp2Numpy{

private:

static const int MAXDIM = 6; // Our Array class support up to six dimensions.

npy_intp numpyarray_size[MAXDIM]; // Numpy uses npy_intp to contain (in this case) an array

// shape, i.e., the length of each dimension.

// Note: npy_intp* is the platform-independent counterpart to int*.

int cpparray_size[MAXDIM]; // Our array class in C++ uses a "pointer to int" to store

// store information on the number of elements in each dimension.

/**

* @brief Set the number of dimensions and the number of entries per dimension in a Numpy array.

**/

void set_numpyarray_size(int* cpparray_dimensions,

int cpparray_nd);

/**

* @brief Set the number of dimensions and the number of entries per dimension in a C++ array.

**/

void set_cpparray_size(npy_intp* numpyarray_dimensions,

int numpyarray_nd);

public:

//! Default constructor. Initialize Numpy by calling @ref init_array()

Cpp2Numpy();

//! Destructor.

~Cpp2Numpy();
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/**

* @brief Borrow data from a C++ array and use it to create an Numpy array.

*

* @param cpparray An C++ array.

**/

PyObject* cpparray2numpy(Array<double>& cpparray);

/**

* @brief Borrow data from an arbitrary Python sequence (preferibly Numpy array) and use it to

create an C++ array.

*

* @param arbitrary_python_sequenceobject An arbitrary Python sequence.

**/

Array<double>* numpy2cpparray(PyObject* arbitrary_python_sequenceobject);

/**

* @brief Copy data from a C++ to a Numpy array.

*

* @param cpparray An C++ array.

**/

PyObject* copy_cpparray2numpy(Array<double>& cpparray);

/**

* @brief Copy data from an arbitray Python sequence (preferibly Numpy array) to a C++ array.

*

* @param numpyarray A Numpy array.

**/

Array<double>* copy_numpy2cpparray(PyObject* arbitrary_python_sequenceobject);

};

#endif

The file Cpp2Numpy.cpp contains the definitions of various functions entering the class for converting arrays.

The file Cpp2Numpy.cpp

/**

* @file Cpp2Numpy.cpp

* @class Cpp2Numpy

* @brief Class for converting C++ arrays to Numpy and Numpy arrays (and other Python sequences) to

* C++ arrays.

*

**/

#include "Cpp2Numpy.h"

// Default constructor.

Cpp2Numpy::Cpp2Numpy(){

import_array(); // Initialize Numpy

}

// Destructor.

Cpp2Numpy::~Cpp2Numpy(){}

//

void Cpp2Numpy:: set_numpyarray_size(int* cpparray_dimensions, int cpparray_nd){

int i;

for (i=0; i<cpparray_nd; i++)
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numpyarray_size[i] = (npy_intp) cpparray_dimensions[i]; // Note the conversion from int* to

npy_intp*!

} // end set_numpyarray_size()

//

void Cpp2Numpy::set_cpparray_size(npy_intp* numpyarray_dimensions, int numpyarray_nd){

int i;

for(i=0; i<numpyarray_nd; i++)

cpparray_size[i] = (int) numpyarray_dimensions[i]; // Nothe the conversion from npy_intp* to

int*!

} // end set_cpparray_size()

// Create a Numpy array from a C++ array.

PyObject* Cpp2Numpy::cpparray2numpy(Array<double>& cpparray){

// Get information of the dimension of the input array.

// Copy information on the number of elements in each dimension

// of cpparray_size to numpyarray_size[MAXDIM];

set_numpyarray_size(cpparray.getPtrSize(), cpparray.getNDIM());

// Use the parameters above to generate a new Numpy array with the same dimension.

PyArrayObject* numpyarray = (PyArrayObject*)

PyArray_SimpleNewFromData(cpparray.getNDIM(),

numpyarray_size,

NPY_DOUBLE,

(void*) cpparray.getPtr());

// Test if the numpy array was created or not.

if(numpyarray == NULL){

return NULL; /* PyArray_SimpleNewFromData raised an exception */

}

return PyArray_Return(numpyarray);

}// end Cpp2Numpy::cpparray2numpy()

// Create a C++ array from an arbitary Python sequence, preferibly Numpy array.

Array<double>* Cpp2Numpy::numpy2cpparray(PyObject* arbitrary_python_sequence){

// Convert the arbitrary python sequence convertible to ndarray (Numpy array,

// list or tuple) to an Numpy array with contiguous storage and specific

// data-type "double". The sequence will be stored in numpyarray.

// Note: if arbitrary_python_sequence is already a Numpy array satifying the

// requirements then a new reference is returned. Otherwise a new array is constructed.

// For details see: "Converting an arbitrary sequence object" in Numpy book.

PyArrayObject* numpyarray = (PyArrayObject*)

PyArray_FROM_OTF(arbitrary_python_sequence,

NPY_DOUBLE,

NPY_IN_ARRAY // Input array equivalent to NPY_CONTIGUOUS.

);

// We expect to receive a new reference to the Numpy array object on success.

// On failure, NULL is returned.

if (numpyarray == NULL){return NULL;}

// Set the information on the number of elements that the C++ array

// will store in each dimension (cpparray_size). Borrow the data, but wrap it in the C++ array.

set_cpparray_size(PyArray_DIMS(numpyarray), PyArray_NDIM(numpyarray));

// Call the constructor: Array(T* array, int ndim_, int size_[]) in Array.h.

// Note the conversion of NPY_DOUBLE* to double* by (double*) PyArray_DATA(numpyarray) below.

Array<double>* cpparray = new Array<double>((double*) PyArray_DATA(numpyarray),

PyArray_NDIM(numpyarray),
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cpparray_size

);

return cpparray;

}

// Copy data from a C++ to a Numpy array.

PyObject* Cpp2Numpy::copy_cpparray2numpy(Array<double>& cpparray){

// Get information of the dimension of the input C++ array and use it

// to set the dimension information of the Numpy array.

set_numpyarray_size(cpparray.getPtrSize(), cpparray.getNDIM());

// Create an (new) uninitialized Numpy array of type NPY_DOUBLE, whose size in

// each of the ndims dimensions is given by the integer array numpyarray_size.

PyArrayObject* uninitialized_numpyarray = (PyArrayObject*)

PyArray_SimpleNew(cpparray.getNDIM(),

numpyarray_size,

NPY_DOUBLE);

// Rise exception if the unitialized_numpyarray fails to be created.

if(uninitialized_numpyarray == NULL) {

return NULL; /* PyArray_SimpleNew raised an exception */

}

// Create a pointer to double. Convert a pointer

// to Numpy array (PyArrayObject) to a pointer to double and assign it ad.

double* ad = (double*)

PyArray_DATA(uninitialized_numpyarray); // Note: PyAray_DATA(uninitialized_numpyarray)

// is the same as (void*) uninitialized_numpyarray->data

// Get the pointer to the data of cpparray and assign it to

// a local variable of type pointer to double.

double* A = cpparray.getPtr();

int length= cpparray.getLength();

// Copy the data of the cpparray to ad, i.e., fill the

// unitialized_numpyarray with the data of cpparray.

int i;

for(i = 0; i < length; i++){

ad[i] = A[i];

}

// Set the pointer to double to point to a

// PyArrayObject and return it as a Numpy array.

return PyArray_Return(uninitialized_numpyarray);

}

// Copy data from a Numpy to a C++ array.

Array<double>* Cpp2Numpy::copy_numpy2cpparray(PyObject* arbitrary_python_sequence){

// Convert the arbitrary python sequence convertible to ndarray (Numpy array,

// list or tuple) to an Numpy array with contiguous storage and specific

// data-type "double". The sequence will be stored in numpyarray.

// Note: if arbitrary_python_sequence is already a Numpy array satifying the

// requirements then a new reference is returned. Otherwise a new array is constructed.

// For details see: "Converting an arbitrary sequence object" in Numpy book.

PyArrayObject* a = (PyArrayObject*)

PyArray_FROM_OTF(arbitrary_python_sequence,

NPY_DOUBLE,

NPY_IN_ARRAY);

// Test if the PyArrayObject was created succesfully.

if (a == NULL){
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return NULL;

}

// C++ array to be returned.

Array<double>* cpparray = new Array<double>();

// 1. Get the number of dimensions of the numpy array.

int numpyarray_ndim = PyArray_NDIM(a);

// 2. Resize the C++ array acording to 1.

if(numpyarray_ndim == 1)

{

cpparray->redim(PyArray_DIM(a,0));

}

else if(numpyarray_ndim == 2)

{

cpparray->redim(PyArray_DIM(a,0),

PyArray_DIM(a,1));

}

else if(numpyarray_ndim == 3)

{

cpparray->redim(PyArray_DIM(a,0),

PyArray_DIM(a,1),

PyArray_DIM(a,2));

}

else if(numpyarray_ndim == 4)

{

cpparray->redim(PyArray_DIM(a,0),

PyArray_DIM(a,1),

PyArray_DIM(a,2),

PyArray_DIM(a,3));

}

else if(numpyarray_ndim == 5)

{

cpparray->redim(PyArray_DIM(a,0),

PyArray_DIM(a,1),

PyArray_DIM(a,2),

PyArray_DIM(a,3),

PyArray_DIM(a,4));

}

else if(numpyarray_ndim == 6)

{

cpparray->redim(PyArray_DIM(a,0),

PyArray_DIM(a,1),

PyArray_DIM(a,2),

PyArray_DIM(a,3),

PyArray_DIM(a,4),

PyArray_DIM(a,5));

}

// copy data:

double* ad = (double*) PyArray_DATA(a); // Note: PyArray_DATA(a) = a->data

double* mad = cpparray->getPtr();

int length = cpparray->getLength();

int i;

for(i=0; i<length; i++) {

mad[i] = ad[i];

}

return cpparray;

}
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3.7 How to make figures with Gnuplot

We end this chapter with a practical guide on making figures tobe included in an eventual report file.Gnuplot
is a simple plotting program which follows the Linux/Unix operating system. It is easy to use and allows
also to generate figure files which can be included in aLATEX document. Here we show how to make simple
plots online and how to make postscript versions of the plot or even a figure file which can be included in a
LATEX document. There are other plotting programs such asxmgraceas well which follow Linux or Unix as
operating systems. An excellent alternative which many of you are familiar with is to use Matlab to read in the
data of a calculation and vizualize the results.

In order to check if gnuplot is present type

which gnuplot

If gnuplot is available, simply write

gnuplot

to start the program. You will then see the following prompt

gnuplot>

and type help for a list of various commands and help options.Suppose you wish to plot data points stored
in the file mydata.dat. This file contains two columns of data points, where the firstcolumn refers to the
argumentx while the second one refers to a computed function valuef(x).

If we wish to plot these sets of points with gnuplot we just to need to write

gnuplot>plot ’mydata.dat’ using 1:2 w l

or

gnuplot>plot ’mydata.dat’ w l

since gnuplot assigns as default the first column as thex-axis. The abbreviationsw l stand for ’with lines’. If
you prefer to plot the data points only, write

gnuplot>plot ’mydata.dat’ w p

For more plotting options, how to make axis labels etc, type help and chooseplot as topic.
Gnuplot will typically display a graph on the screen. If we wish to save this graph as a postscript file, we

can proceed as follows

gnuplot>set terminal postscript

gnuplot>set output ’mydata.ps’

gnuplot>plot ’mydata.dat’ w l

and you will be the owner of a postscript file calledmydata.ps, which you can display withghostviewthrough
the call

gv mydata.ps

The other alternative is to generate a figure file for the document handling programLATEX. The advantage
here is that the text of your figure now has the same fonts as theremainingLATEX document. Fig. 3.2 was
generated following the steps below. You need to edit a file which ends with.gnu. The file used to generate
Fig. 3.2 is calledderivative.gnu and contains the following statements, which are a mix ofLATEX andGnu-
plot statements. It generates a filederivative.tex which can be included in aLATEX document. Writing the
following
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set terminal pslatex

set output "derivative.tex"

set xrange [-15:0]

set yrange [-10:8]

set xlabel "log$_{10}(h)$"

set ylabel "$\epsilon$"

plot "out.dat" title "Relative error" w l

generates aLATEX file derivative.tex. Alternatively, you could write the above commands in a filederiva-
tive.gnu and useGnuplot as follows

gnuplot>load ’derivative.gnu’

You can then include this file in aLATEX document as shown here

\begin{figure}

\begin{center}

\input{derivative}

\end{center}

\caption{Log-log plot of the relative error of the second

derivative of $e^x$ as function of decreasing step

lengths $h$. The second derivative was computed for

$x=10$ in the program discussed above. See text for

further details\label{fig:lossofprecision}}

\end{figure}

Most figures included in this text have been generated using gnuplot.
Many of the above commands can all be baked in a Python code. The following example reads a file from

screen withx andy data, and plots these data and saves the result as a postscript figure.

#!/usr/bin/env python

import sys

from Numeric import *
import Gnuplot

g = Gnuplot.Gnuplot(persist=1)

try:

infilename = sys.argv[1]

except:

print "Usage of this script", sys.argv[0], "infile", sys.argv[1]; sys.exit(1)

# Read file with data

ifile = open(infilename, 'r')

# Fill in x and y

x = [] ; y = []

for line in ifile:

pair = line.split()

x = float(pair[0]); y = float(pair[1])

ifile.close()

# convert to a form that the gnuplot interface can deal with

d = Gnuplot.Data(x, y, title='data from output file', with='lp')

g.xlabel('log10(h)') # make x label

g.ylabel('log10(|Exact-Computed|)/|Exact|')

g.plot(d) # plot the data

g.hardcopy(filename="relerror.ps",terminal="postscript", enhanced=1, color=1)
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3.8 Exercises and projects

Exercise 3.1: Computing derivatives numerically

We want you to compute the first derivative of

f(x) = tan−1(x)

for x =
√

2 with step lengthsh. The exact answer is1/3. We want you to code the derivative using the
following two formulae

f ′
2c(x) =

f(x+ h)− f(x)

h
+O(h), (3.36)

and

f ′
3c =

fh − f−h

2h
+O(h2), (3.37)

with f±h = f(x± h).

(a) Find mathematical expressions for the total error due toloss of precision and due to the numerical
approximation made. Find the step length which gives the smallest value. Perform the analysis with
both double and single precision.

(b) Make thereafter a program which computes the first derivative using Eqs. (3.36) and (3.37) as function
of various step lengthsh and leth→ 0. Compare with the exact answer.

Your program should contain the following elements:

– A vector (array) which contains the step lengths. Use dynamic memory allocation.

– Vectors for the computed derivatives of Eqs. (3.36) and (3.37) for both single and double precision.

– A function which computes the derivative and contains call by value and reference (for C++ users
only).

– Add a function which writes the results to file.

(c) Compute thereafter

ǫ = log10

(∣∣∣∣
f ′
computed − f ′

exact

f ′
exact

∣∣∣∣

)
,

as function oflog10(h) for Eqs. (3.36) and (3.37) for both single and double precision. Plot the results
and see if you can determine empirically the behavior of the total error as function ofh.

Exercise 3.2: C++ class

Write a C++ class which allows for treating one-dimensionalarrays for integer, real and complex variables.
Use this class to perform simple vector addition and vector multiplication operations.

Exercise 3.3: C++ class

Write a C++ class which sets up various approximations to thederivatives and repear exercise 3.1 using this
class. As an example, we include here a file derivative.h which sets up such a class.

Class for computing derivatives

/**

* @file Derivative.h

* @class Derivative

* @brief Class for computing numerical derivatives in one dimension.

*

* Example Usage:
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* @code

* #include "Array.h"

* #include "Derivative.h"

* #include "Function.h"

* #include <iostream>

*

* using namespace std;

*

* // Implement the function to be derived in a functor,

* // i.e., a class behaving as a function. This is reached

* // by overloading the function operator()

* class MyFunction: public Function{

* public:

* double operator()(double x){

* return x*x + 2.0;

* }

* };

*

*

* // Test

* int main(){

*

* // INITIALIZATIONS

* int n=11; // Number of grid points

* double dx = 0.1; // Step

*

* Array<double> x(n), // Grid

* u_x(n), // First (numerical) derivative

* u_xx(n), // Second (numerical) derivative

* u_x_exact(n), // Exact derivative

* u_xx_exact(n); // Exact 2nd derivative

*

* // Initialise the grid containing the points where

* // the function and its derivatives will be evaluated

* for(int i=0; i<11; i++){

* x(i) = -5.+i;

* }

*

* // Declare an object of type MyFunction

* MyFunction f;

*

* // Declare and initialise an object of type Derivative

* Derivative *df = new Derivative(f, dx);

*

* // EVALUATIONS

* // Compute the first derivative using central scheme

* df->first_derivative(x,u_x);

*

* // Compute the second derivative using central scheme

* df->second_derivative(x,u_xx);

*

* for(int i=0; i<n; i++){

* u_x_exact(i) = 2.0*x(i);

* u_xx_exact(i) = 2.0;

* }

*
// Write results to file

char* outputfile = "testDerivative.data";

ofile.open(outputfile);

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(12) << setprecision(5) << "x(i)";

ofile << setw(12) << setprecision(5) << "f(x(i))";

ofile << setw(12) << setprecision(5) << "u_x_exact(i)";

ofile << setw(12) << setprecision(5) << "u_x(i)";

94



3.8 – Exercises and projects

ofile << setw(12) << setprecision(5) << "u_xx_exact(i)";

ofile << setw(12) << setprecision(5) << "u_xx(i)" << endl;

for(int i=0; i<n; i++){

ofile << setw(12) << setprecision(5) << x(i);

ofile << setw(12) << setprecision(5) << f(x(i));

ofile << setw(12) << setprecision(5) << u_x_exact(i);

ofile << setw(12) << setprecision(5) << u_x(i);

ofile << setw(12) << setprecision(5) << u_xx_exact(i);

ofile << setw(12) << setprecision(5) << u_xx(i) << endl;

}

}

* @endcode

*

**/

#ifndef DERIVATIVE_H

#define DERIVATIVE_H

#include "Array.h"

#include "Function.h" // Interface to the function (functor) to be derived

class Derivative{

private:

Function &f; /**< Function to be derived. */

double h; /**< Step (change in independent variable). */

public:

/**

* @brief Constructor.

*

* @param f_ an instance of Function.

* @param step_ The step size taken during the evaluation of the derivative.

**/

Derivative(Function& f_, double step): f(f_), h(step){}

//! Destructor.

virtual ~Derivative();

/**

* @brief Compute the first derivative by centered differences.

* \f[

u_x = \frac{u(x+\Delta x) - u(x-\Delta x)}{2 \Delta x} + \mathcal{O}(\Delta x)

\f]

*

* @param x an array of points where to evaluate the first derivative.

* @param u_x an array for the first derivative.

*

* \remarks Note that the changes made inside this function to the array

* u_x are noted by the calling code, since u_x is passed as a reference.

**/

virtual void first_derivative(const Array<double>& x, Array<double>& u_x);

/**

* @brief Compute the second derivative by centered differences.

* \f[

u_{xx} = \frac{u(x+\Delta x) - 2 u(x) + u(x-\Delta x)}{\Delta x^2} + \mathcal{O}(\Delta x^2)

\f]

*

* @param x an array of points where to evaluate the second derivative.

* @param u_x an array for the first derivative.

*
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* \remarks Note that the changes made inside this function to the array

* u_xx are noted by the calling code, since u_xx is passed as a reference.

**/

virtual void second_derivative(const Array<double>& x, Array<double>& u_xx);

};

inline Derivative::~Derivative(){}

#endif

This class contains its definitions in the function derivative.cpp, included here.

Class for computing derivatives

/**

* @file Derivative.cpp

* @class Derivative

*

**/

#include <cmath>

#include "Derivative.h"

// Compute the first derivative by centered differences

void Derivative::first_derivative(const Array<double>& x, Array<double>& u_x){

int i, n = x.getRows();

// Avoid computation inside the for-loop

double inv_2dx = 1.0/(2.0*h);

for(int i=0; i<n; i++){

u_x(i) = f(x(i)+h) - f(x(i)-h);

}

// Multiply by 1.0/(2.0*dx), i.e., divide by 2.0*dx

u_x *= inv_2dx;

} // End Derivative::first_derivative

// Compute the second derivative by centered differences

void Derivative::second_derivative(const Array<double>& x, Array<double>& u_xx){

int i, n = x.getRows();

// Avoid computation inside the for-loop

double inv_dx2 = 1.0/(h*h);

for(int i=0; i<n; i++){

u_xx(i) = f(x(i)+h) - 2.0*f(x(i)) + f(x(i)-h);

}

// Multiply by 1.0/(dx*dx), i.e., divide by dx*dx

u_xx *= inv_dx2;

} // End Derivative::second_derivative()
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Chapter 4

Numerical integration

4.1 Introduction

In this chapter we discuss some of the classic formulae such as the trapezoidal rule and Simpson’s rule for
equally spaced abscissas and formulae based on Gaussian quadrature. The latter are more suitable for the case
where the abscissas are not equally spaced. The emphasis is on methods for evaluating one-dimensional inte-
grals. In chapter 11 we show how Monte Carlo methods can be used to compute multi-dimensional integrals.
We discuss also how to compute singular integrals and outline a physics project which combines numerical
integration techniques and inverse of a matrix to solve quantum mechanical scattering problems.

We end this chapter with an extensive discussion on MPI and parallel computing. The examples focus on
parallelization of algorithms for computing integrals.

The integral

I =

∫ b

a

f(x)dx (4.1)

has a very simple meaning. If we consider Fig. 4.1 the integral I simply represents the area enscribed by the
functionf(x) starting fromx = a and ending atx = b. Two main methods will be discussed below, the first
one being based on equal (or allowing for slight modifications) steps and the other on more adaptive steps,
namely so-called Gaussian quadrature methods. Both main methods encompass a plethora of approximations
and only some of them will be discussed here.

4.2 Newton-Cotes quadrature: equal step methods

In considering equal step methods, our basic tool is the Taylor expansion of the functionf(x) around a point
x and a set of surrounding neighbouring points. The algorithmis rather simple, and the number of approxima-
tions perhaps unlimited!

– Choose a step size

h =
b− a
N

whereN is the number of steps anda andb the lower and upper limits of integration.

– With a given step length we rewrite the integral as
∫ b

a

f(x)dx =

∫ a+h

a

f(x)dx +

∫ a+2h

a+h

f(x)dx + . . .

∫ b

b−h

f(x)dx.

– The strategy then is to find a reliable Taylor expansion forf(x) in the various intervals. Choosing a given
truncation of the Taylor expansion off(x) at a certain derivative we obtain a specific approximation to
the integral.
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-

f(x)

x

6

a a+ h a+ 2h a+ 3h b

Figure 4.1: The area enscribed by the functionf(x) starting fromx = a to x = b. It is subdivided in several
smaller areas whose evaluation is to be approximated by the techniques discussed in the text. The areas under
the curve can for example be approximated by rectangular boxes or trapezoids.
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4.2 – Newton-Cotes quadrature: equal step methods

– With this approximation tof(x) we perform the integration by computing the integrals over all subin-
tervals.

Such a small measure may seemingly allow for the derivation of various integrals. To see this, let us briefly
recall the discussion in the previous section and Fig. 3.1. First we rewrite the integral as

∫ b

a

f(x)dx =

∫ a+2h

a

f(x)dx+

∫ a+4h

a+2h

f(x)dx + . . .

∫ b

b−2h

f(x)dx.

The strategy then is to find a reliable Taylor expansion forf(x) in the smaller sub intervals. Consider for
example evaluating ∫ a+2h

a

f(x)dx,

which we rewrite as ∫ a+2h

a

f(x)dx =

∫ x0+h

x0−h

f(x)dx, (4.2)

where we will Taylor expandf(x) around a pointx0, see Fig. 3.1. We have definedx0 = a+ h and usex0 as
the midpoint.

The general form for the Taylor expansion aroundx0 goes like

f(x = x0 ± h) = f(x0)± hf ′ +
h2f ′′

2
± h3f ′′′

6
+O(h4).

Let us now suppose that we split the integral in Eq. (4.2) in two parts, one fromx0 − h to x0 and the other
from x0 to x0 + h, that is, our integral is rewritten as

∫ a+2h

a

f(x)dx =

∫ x0

x0−h

f(x)dx +

∫ x0+h

x0

f(x)dx.

Next we assume that we can use the two-point formula for the derivative, meaning that we approximatef(x)

in these two regions by a straight line, as indicated in the figure. This means that every small element under the
functionf(x) looks like a trapezoid. The pertinent numerical approach tothe integral bears thus the predictable
name ’trapezoidal rule’. It means also that we are trying to approximate our functionf(x) with a first order
polynomial, that isf(x) = a+ bx. The constantb is the slope given by the first derivative atx = x0

f ′ =
f(x0 + h)− f(x0)

h
+O(h),

or

f ′ =
f(x0)− f(x0 − h)

h
+O(h),

and if we stop the Taylor expansion at that point our functionbecomes,

f(x) ≈ f0 +
fh − f0
h

(x− x0),

for x ∈ [x0, x0 + h] and

f(x) ≈ f0 +
f0 − f−h

h
(x− x0),

for x ∈ [x0 − h, x0]. The error is proportional withO(h2). If we then evaluate the integral we obtain

∫ x0+h

x0−h

f(x)dx =
h

2
(fx0+h + 2fx0

+ fx0−h) +O(h3), (4.3)

which is the well-known trapezoidal rule. Concerning the error in the approximation made,O(h3) = O((b −
a)3/N3), you should note the following.This is the local error!Since we are splitting the integral froma to b
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in N pieces, we will have to perform approximatelyN such operations. This means that theglobal errorgoes
like ≈ O(h2). To see that, we use the trapezoidal rule to compute the integral of Eq. (4.1),

I =

∫ b

a

f(x)dx = h (f(a)/2 + f(a+ h) + f(a+ 2h) + · · ·+ f(b− h) + fb/2) , (4.4)

with a global error which goes likeO(h2).
Hereafter we use the shorthand notationsf−h = f(x0 − h), f0 = f(x0) andfh = f(x0 + h). The correct

mathematical expression for the local error for the trapezoidal rule is
∫ b

a

f(x)dx − b− a
2

[f(a) + f(b)] = −h
3

12
f (2)(ξ),

and the global error reads ∫ b

a

f(x)dx − Th(f) = −b− a
12

h2f (2)(ξ),

whereTh is the trapezoidal result andξ ∈ [a, b].
The trapezoidal rule is easy to implement numerically through the following simple algorithm

– Choose the number of mesh points and fix the step.

– calculatef(a) andf(b) and multiply withh/2

– Perform a loop overn = 1 to n − 1 (f(a) andf(b) are known) and sum up the termsf(a +

h) + f(a+ 2h) + f(a+ 3h) + · · ·+ f(b− h). Each step in the loop corresponds to a given
valuea+ nh.

– Multiply the final result byh and addhf(a)/2 andhf(b)/2.

A simple function which implements this algorithm is as follows

double trapezoidal_rule(double a, double b, int n, double (*func)(double))

{

double trapez_sum;

double fa, fb, x, step;

int j;

step=(b-a)/((double) n);

fa=(*func)(a)/2. ;

fb=(*func)(b)/2. ;

TrapezSum=0.;

for (j=1; j <= n-1; j++){

x=j*step+a;

trapez_sum+=(*func)(x);

}

trapez_sum=(trapez_um+fb+fa)*step;

return trapez_sum;

} // end trapezoidal_rule

The function returns a new value for the specific integral through the variabletrapez_sum. There is one new
feature to note here, namely the transfer of a user defined function calledfunc in the definition

void trapezoidal_rule(double a, double b, int n, double *trapez_sum,

double (*func)(double) )

What happens here is that we are transferring a pointer to thename of a user defined function, which has
as input a double precision variable and returns a double precision number. The functiontrapezoidal_rule is
called as
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4.2 – Newton-Cotes quadrature: equal step methods

trapezoidal_rule(a, b, n, &MyFunction )

in the calling function. We note thata, b andn are called by value, whiletrapez_sumand the user defined
functionMyFunction are called by reference.

Another very simple approach is the so-called midpoint or rectangle method. In this case the integration
area is split in a given number of rectangles with lengthh and height given by the mid-point value of the
function. This gives the following simple rule for approximating an integral

I =

∫ b

a

f(x)dx ≈ h
N∑

i=1

f(xi−1/2), (4.5)

wheref(xi−1/2) is the midpoint value off for a given rectangle. We will discuss its truncation error below. It
is easy to implement this algorithm, as shown here

double rectangle_rule(double a, double b, int n, double (*func)(double))

{

double rectangle_sum;

double fa, fb, x, step;

int j;

step=(b-a)/((double) n);

rectangle_sum=0.;

for (j = 0; j <= n; j++){

x = (j+0.5)*step+; // midpoint of a given rectangle

rectangle_sum+=(*func)(x); // add value of function.

}

rectangle_sum *= step; // multiply with step length.

return rectangle_sum;

} // end rectangle_rule

The correct mathematical expression for the local error forthe rectangular ruleRi(h) for elementi is

∫ h

−h

f(x)dx −Ri(h) = −h
3

24
f (2)(ξ),

and the global error reads ∫ b

a

f(x)dx−Rh(f) = −b− a
24

h2f (2)(ξ),

whereRh is the result obtained with rectangular rule andξ ∈ [a, b].
Instead of using the above linear two-point approximationsfor f , we could use the three-point formula for

the derivatives. This means that we will choose formulae based on function values which lie symmetrically
around the point where we perform the Taylor expansion. It means also that we are approximating our function
with a second-order polynomialf(x) = a+ bx+ cx2. The first and second derivatives are given by

fh − f−h

2h
= f ′

0 +

∞∑

j=1

f
(2j+1)
0

(2j + 1)!
h2j ,

and
fh − 2f0 + f−h

h2
= f ′′

0 + 2

∞∑

j=1

f
(2j+2)
0

(2j + 2)!
h2j ,

and we note that in both cases the error goes likeO(h2j). With the latter two expressions we can now approx-
imate the functionf as

f(x) ≈ f0 +
fh − f−h

2h
(x− x0) +

fh − 2f0 + f−h

2h2
(x− x0)

2.
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Inserting this formula in the integral of Eq. (4.2) we obtain

∫ +h

−h

f(x)dx =
h

3
(fh + 4f0 + f−h) +O(h5),

which is Simpson’s rule. Note that the improved accuracy in the evaluation of the derivatives gives a better
error approximation,O(h5) vs.O(h3) . But this is again thelocal error approximation. Using Simpson’s rule
we can easily compute the integral of Eq. (4.1) to be

I =

∫ b

a

f(x)dx =
h

3
(f(a) + 4f(a+ h) + 2f(a+ 2h) + · · ·+ 4f(b− h) + fb) , (4.6)

with a global error which goes likeO(h4). More formal expressions for the local and global errors arefor the
local error ∫ b

a

f(x)dx − b− a
6

[f(a) + 4f((a+ b)/2) + f(b)] = −h
5

90
f (4)(ξ),

and for the global error ∫ b

a

f(x)dx − Sh(f) = −b− a
180

h4f (4)(ξ).

with ξ ∈ [a, b] andSh the results obtained with Simpson’s method. The method can easily be implemented
numerically through the following simple algorithm

– Choose the number of mesh points and fix the step.

– calculatef(a) andf(b)

– Perform a loop overn = 1 to n− 1 (f(a) andf(b) are known) and sum up the terms4f(a+

h) + 2f(a + 2h) + 4f(a + 3h) + · · · + 4f(b − h). Each step in the loop corresponds to a
given valuea+ nh. Odd values ofn give4 as factor while even values yield2 as factor.

– Multiply the final result byh
3 .

In more general terms, what we have done here is to approximate a given functionf(x) with a polynomial
of a certain degree. One can show that givenn + 1 distinct pointsx0, . . . , xn ∈ [a, b] andn + 1 values
y0, . . . , yn there exists a unique polynomialPn(x) with the property

Pn(xj) = yj j = 0, . . . , n

In the Lagrange representation discussed in chapter 3, thisinterpolating polynomial is given by

Pn =
n∑

k=0

lkyk,

with the Lagrange factors

lk(x) =
n∏

i = 0

i 6= k

x− xi

xk − xi
k = 0, . . . , n,

see for example the text of Kress [25] or Burlich and Stoer [26] for details. If we for example setn = 1, we
obtain

P1(x) = y0
x− x1

x0 − x1
+ y1

x− x0

x1 − x0
=
y1 − y0
x1 − x0

x− y1x0 + y0x1

x1 − x0
,
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4.3 – Adaptive integration

which we recognize as the equation for a straight line.
The polynomial interpolatory quadrature of ordern with equidistant quadrature pointsxk = a + kh and

steph = (b − a)/n is called the Newton-Cotes quadrature formula of ordern. General expressions can be
found in for example Refs. [25, 26].

4.3 Adaptive integration

Before we proceed with more advanced methods like Gaussian quadrature, we mention breefly how an adaptive
integration method can be implemented.

The above methods are all based on a defined step length, normally provided by the user, dividing the
integration domain with a fixed number of subintervals. Thisis rather simple to implement may be inefficient,
in particular if the integrand varies considerably in certain areas of the integration domain. In these areas the
number of fixed integration points may not be adequate. In other regions, the integrand may vary slowly and
fewer integration points may be needed.

In order to account for such features, it may be convenient tofirst study the properties of integrand, via
for example a plot of the function to integrate. If this function oscillates largely in some specific domain we
may then opt for adding more integration points to that particular domain. However, this procedure needs to
be repeated for every new integrand and lacks obviously the advantages of a more generic code.

The algorithm we present here is based on a recursive procedure and allows us to automate an adaptive
domain. The procedure is very simple to implement.

Assume that we want to compute an integral using say the trapezoidal rule. We limit ourselves to a one-
dimensional integral. Our integration domain is defined byx ∈ [a, b]. The algorithm goes as follows

– We compute our first approximation by computing the integralfor the full domain. We label this asI(0).
It is obtained by calling our previously discussed functiontrapezoidal_rule as

I0 = trapezoidal_rule(a, b, n, function);

– In the next step we split the integration in two, withc = (a + b)/2. We compute then the two integrals
I(1L) andI(1R)

I1L = trapezoidal_rule(a, c, n, function);

and

I1R = trapezoidal_rule(c, b, n, function);

With a given defined tolerance, being a small number providedby us, we estimate the difference|I(1L)+

I(1R) − I(0)| < tolerance. If this test is satisfied, our first approximation is satisfactory.

– If not, we can set up a recursive procedure where the integralis split into subsequent subintervals until
our tolerance is satisfied.

This recursive procedure can be easily implemented via the following function

// Simple recursive function that implements the

// adaptive integration using the trapezoidal rule

// It is convenient to define as global variables

// the tolerance and the number of recursive steps

const int maxrecursions = 50;

const double tolerance = 1.0E-10;

// Takes as input the integration limits, number of points, function to integrate

// and the number of steps

void adaptive_integration(double a, double b, double *Integral, int n, int steps, double

(*func)(double))
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if ( steps > maxrecursions){

cout << 'Too many recursive steps, the function varies too much' << endl;

break;

}

double c = (a+b)*0.5;

// the whole integral

double I0 = trapezoidal_rule(a, b,n, func);

// the left half

double I1L = trapezoidal_rule(a, c,n, func);

// the right half

double I1R = trapezoidal_rule(c, b,n, func);

if (fabs(I1L+I1R-I0) < tolerance ) integral = I0;

else

{

adaptive_integration(a, c, integral, int n, ++steps, func)

adaptive_integration(c, b, integral, int n, ++steps, func)

}

}

// end function adaptive_integration

The variablesintegral andstepsshould be initialized to zero by the function that calls the adaptive procedure.

4.4 Gaussian quadrature

The methods we have presented hitherto are taylored to problems where the mesh pointsxi are equidistantly
spaced,xi differing fromxi+1 by the steph. These methods are well suited to cases where the integrand may
vary strongly over a certain region or if we integrate over the solution of a differential equation.

If however our integrand varies only slowly over a large interval, then the methods we have discussed may
only slowly converge towards a chosen precision1. As an example,

I =

∫ b

1

x−2f(x)dx,

may converge very slowly to a given precision ifb is large and/orf(x) varies slowly as function ofx at large
values. One can obviously rewrite such an integral by changing variables tot = 1/x resulting in

I =

∫ 1

b−1

f(t−1)dt,

which has a small integration range and hopefully the numberof mesh points needed is not that large.
However, there are cases where no trick may help and where thetime expenditure in evaluating an integral

is of importance. For such cases we would like to recommend methods based on Gaussian quadrature. Here
one can catch at least two birds with a stone, namely, increased precision and fewer integration points. But it
is important that the integrand varies smoothly over the interval, else we have to revert to splitting the interval
into many small subintervals and the gain achieved may be lost.

The basic idea behind all integration methods is to approximate the integral

I =

∫ b

a

f(x)dx ≈
N∑

i=1

ωif(xi),

whereω andx are the weights and the chosen mesh points, respectively. Inour previous discussion, these
mesh points were fixed at the beginning, by choosing a given number of pointsN . The weigthsω resulted
then from the integration method we applied. Simpson’s rule, see Eq. (4.6) would give

ω : {h/3, 4h/3, 2h/3, 4h/3, . . . , 4h/3, h/3} ,
1You could e.g., impose that the integral should not change asfunction of increasing mesh points beyond the sixth digit.
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for the weights, while the trapezoidal rule resulted in

ω : {h/2, h, h, . . . , h, h/2} .

In general, an integration formula which is based on a Taylorseries usingN points, will integrate exactly
a polynomialP of degreeN − 1. That is, theN weightsωn can be chosen to satisfyN linear equations,
see chapter 3 of Ref. [3]. A greater precision for a given amount of numerical work can be achieved if we are
willing to give up the requirement of equally spaced integration points. In Gaussian quadrature (hereafter GQ),
both the mesh points and the weights are to be determined. Thepoints will not be equally spaced2. The theory
behind GQ is to obtain an arbitrary weightω through the use of so-called orthogonal polynomials. These
polynomials are orthogonal in some interval say e.g., [-1,1]. Our pointsxi are chosen in some optimal sense
subject only to the constraint that they should lie in this interval. Together with the weights we have then2N

(N the number of points) parameters at our disposal.
Even though the integrand is not smooth, we could render it smooth by extracting from it the weight

function of an orthogonal polynomial, i.e., we are rewriting

I =

∫ b

a

f(x)dx =

∫ b

a

W (x)g(x)dx ≈
N∑

i=1

ωig(xi), (4.7)

whereg is smooth andW is the weight function, which is to be associated with a givenorthogonal polynomial.
Note that with a given weight function we end up evaluating the integrand for the functiong(xi).

The weight functionW is non-negative in the integration intervalx ∈ [a, b] such that for anyn ≥ 0∫ b

a
|x|nW (x)dx is integrable. The naming weight function arises from the fact that it may be used to give

more emphasis to one part of the interval than another. A quadrature formula

∫ b

a

W (x)f(x)dx ≈
N∑

i=1

ωif(xi), (4.8)

with N distinct quadrature points (mesh points) is a called a Gaussian quadrature formula if it integrates all
polynomialsp ∈ P2N−1 exactly, that is

∫ b

a

W (x)p(x)dx =

N∑

i=1

ωip(xi), (4.9)

It is assumed thatW (x) is continuous and positive and that the integral

∫ b

a

W (x)dx

exists. Note that the replacement off → Wg is normally a better approximation due to the fact that we may
isolate possible singularities ofW and its derivatives at the endpoints of the interval.

The quadrature weights or just weights (not to be confused with the weight function) are positive and the
sequence of Gaussian quadrature formulae is convergent if the sequenceQN of quadrature formulae

QN (f)→ Q(f) =

∫ b

a

f(x)dx,

in the limitN →∞. Then we say that the sequence

QN (f) =

N∑

i=1

ω
(N)
i f(x

(N)
i ),

2Typically, most points will be located near the origin, while few points are needed for largex values since the integrand is supposed
to vary smoothly there. See below for an example.
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is convergent for all polynomialsp, that is
QN(p) = Q(p)

if there exits a constantC such that
N∑

i=1

|ω(N)
i | ≤ C,

for all N which are natural numbers.
The error for the Gaussian quadrature formulae of orderN is given by

∫ b

a

W (x)f(x)dx −
N∑

k=1

wkf(xk) =
f2N (ξ)

(2N)!

∫ b

a

W (x)[qN (x)]2dx

whereqN is the chosen orthogonal polynomial andξ is a number in the interval[a, b]. We have assumed that
f ∈ C2N [a, b], viz. the space of all real or complex2N times continuously differentiable functions.

In science there are several important orthogonal polynomials which arise from the solution of differential
equations. Well-known examples are the Legendre, Hermite,Laguerre and Chebyshev polynomials. They
have the following weight functions

Weight function Interval Polynomial
W (x) = 1 x ∈ [−1, 1] Legendre

W (x) = e−x2 −∞ ≤ x ≤ ∞ Hermite
W (x) = xαe−x 0 ≤ x ≤ ∞ Laguerre

W (x) = 1/(
√

1− x2) −1 ≤ x ≤ 1 Chebyshev

The importance of the use of orthogonal polynomials in the evaluation of integrals can be summarized as
follows.

– As stated above, methods based on Taylor series usingN points will integrate exactly a polynomialP
of degreeN − 1. If a functionf(x) can be approximated with a polynomial of degreeN − 1

f(x) ≈ PN−1(x),

with N mesh points we should be able to integrate exactly the polynomialPN−1.

– Gaussian quadrature methods promise more than this. We can get a better polynomial approximation
with order greater thanN to f(x) and still get away with onlyN mesh points. More precisely, we
approximate

f(x) ≈ P2N−1(x),

and with onlyN mesh points these methods promise that

∫
f(x)dx ≈

∫
P2N−1(x)dx =

N−1∑

i=0

P2N−1(xi)ωi,

The reason why we can represent a functionf(x) with a polynomial of degree2N − 1 is due to the fact
that we have2N equations,N for the mesh points andN for the weights.

The mesh points are the zeros of the chosen orthogonal polynomialof orderN , and the weights are determined
from the inverse of a matrix. An orthogonal polynomials of degreeN defined in an interval[a, b] has precisely
N distinct zeros on the open interval(a, b).

Before we detail how to obtain mesh points and weights with orthogonal polynomials, let us revisit some
features of orthogonal polynomials by specializing to Legendre polynomials. In the text below, we reserve
hereafter the labellingLN for a Legendre polynomial of orderN , while PN is an arbitrary polynomial of
orderN . These polynomials form then the basis for the Gauss-Legendre method.

106



4.4 – Gaussian quadrature

4.4.1 Orthogonal polynomials, Legendre

The Legendre polynomials are the solutions of an important differential equation in Science, namely

C(1 − x2)P −m2
l P + (1 − x2)

d

dx

(
(1− x2)

dP

dx

)
= 0.

C is a constant. Forml = 0 we obtain the Legendre polynomials as solutions, whereasml 6= 0 yields the
so-called associated Legendre polynomials. This differential equation arises in for example the solution of
the angular dependence of Schrödinger’s equation with spherically symmetric potentials such as the Coulomb
potential.

The corresponding polynomialsP are

Lk(x) =
1

2kk!

dk

dxk
(x2 − 1)k k = 0, 1, 2, . . . ,

which, up to a factor, are the Legendre polynomialsLk. The latter fulfil the orthogonality relation

∫ 1

−1

Li(x)Lj(x)dx =
2

2i+ 1
δij , (4.10)

and the recursion relation

(j + 1)Lj+1(x) + jLj−1(x) − (2j + 1)xLj(x) = 0. (4.11)

It is common to choose the normalization condition

LN (1) = 1.

With these equations we can determine a Legendre polynomialof arbitrary order with input polynomials of
orderN − 1 andN − 2.

As an example, consider the determination ofL0, L1 andL2. We have that

L0(x) = c,

with c a constant. Using the normalization equationL0(1) = 1 we get that

L0(x) = 1.

ForL1(x) we have the general expression

L1(x) = a+ bx,

and using the orthorgonality relation ∫ 1

−1

L0(x)L1(x)dx = 0,

we obtaina = 0 and with the conditionL1(1) = 1, we obtainb = 1, yielding

L1(x) = x.

We can proceed in a similar fashion in order to determine the coefficients ofL2

L2(x) = a+ bx+ cx2,

using the orthorgonality relations ∫ 1

−1

L0(x)L2(x)dx = 0,
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and ∫ 1

−1

L1(x)L2(x)dx = 0,

and the conditionL2(1) = 1 we would get

L2(x) =
1

2

(
3x2 − 1

)
. (4.12)

We note that we have three equations to determine the three coefficientsa, b andc.
Alternatively, we could have employed the recursion relation of Eq. (4.11), resulting in

2L2(x) = 3xL1(x)− L0,

which leads to Eq. (4.12).
The orthogonality relation above is important in our discussion on how to obtain the weights and mesh

points. Suppose we have an arbitrary polynomialQN−1 of orderN − 1 and a Legendre polynomialLN (x) of
orderN . We could representQN−1 by the Legendre polynomials through

QN−1(x) =

N−1∑

k=0

αkLk(x), (4.13)

whereαk ’s are constants.
Using the orthogonality relation of Eq. (4.10) we see that

∫ 1

−1

LN (x)QN−1(x)dx =

N−1∑

k=0

∫ 1

−1

LN (x)αkLk(x)dx = 0. (4.14)

We will use this result in our construction of mesh points andweights in the next subsection.
In summary, the first few Legendre polynomials are

L0(x) = 1,

L1(x) = x,

L2(x) = (3x2 − 1)/2,

L3(x) = (5x3 − 3x)/2,

and
L4(x) = (35x4 − 30x2 + 3)/8.

The following simple function implements the above recursion relation of Eq. (4.11). for computing Legendre
polynomials of orderN .

// This function computes the Legendre polynomial of degree N

double Legendre( int n, double x)

{

double r, s, t;

int m;

r = 0; s = 1.;

// Use recursion relation to generate p1 and p2

for (m=0; m < n; m++ )

{

t = r; r = s;

s = (2*m+1)*x*r - m*t;

s /= (m+1);

} // end of do loop

return s;

} // end of function Legendre

The variables representsLj+1(x), while r holdsLj(x) andt the valueLj−1(x).
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4.4 – Gaussian quadrature

4.4.2 Integration points and weights with orthogonal polynomials

To understand how the weights and the mesh points are generated, we define first a polynomial of degree
2N − 1 (since we have2N variables at hand, the mesh points and weights forN points). This polynomial can
be represented through polynomial division by

P2N−1(x) = LN(x)PN−1(x) +QN−1(x),

wherePN−1(x) andQN−1(x) are some polynomials of degreeN − 1 or less. The functionLN(x) is a
Legendre polynomial of orderN .

Recall that we wanted to approximate an arbitrary functionf(x) with a polynomialP2N−1 in order to
evaluate ∫ 1

−1

f(x)dx ≈
∫ 1

−1

P2N−1(x)dx.

We can use Eq. (4.14) to rewrite the above integral as

∫ 1

−1

P2N−1(x)dx =

∫ 1

−1

(LN (x)PN−1(x) +QN−1(x))dx =

∫ 1

−1

QN−1(x)dx,

due to the orthogonality properties of the Legendre polynomials. We see that it suffices to evaluate the integral
over

∫ 1

−1
QN−1(x)dx in order to evaluate

∫ 1

−1
P2N−1(x)dx. In addition, at the pointsxk whereLN is zero,

we have
P2N−1(xk) = QN−1(xk) k = 0, 1, . . . , N − 1,

and we see that through theseN points we can fully defineQN−1(x) and thereby the integral. Note that we
have chosen to let the numbering of the points run from0 toN − 1. The reason for this choice is that we wish
to have the same numbering as the order of a polynomial of degreeN − 1. This numbering will be useful
below when we introduce the matrix elements which define the integration weightswi.

We develope thenQN−1(x) in terms of Legendre polynomials, as done in Eq. (4.13),

QN−1(x) =

N−1∑

i=0

αiLi(x). (4.15)

Using the orthogonality property of the Legendre polynomials we have

∫ 1

−1

QN−1(x)dx =

N−1∑

i=0

αi

∫ 1

−1

L0(x)Li(x)dx = 2α0,

where we have just insertedL0(x) = 1! Instead of an integration problem we need now to define the coefficient
α0. Since we know the values ofQN−1 at the zeros ofLN , we may rewrite Eq. (4.15) as

QN−1(xk) =

N−1∑

i=0

αiLi(xk) =

N−1∑

i=0

αiLik k = 0, 1, . . . , N − 1. (4.16)

Since the Legendre polynomials are linearly independent ofeach other, none of the columns in the matrixLik

are linear combinations of the others. This means that the matrix Lik has an inverse with the properties

L̂−1L̂ = Î.

Multiplying both sides of Eq. (4.16) with
∑N−1

j=0 L−1
ji results in

N−1∑

i=0

(L−1)kiQN−1(xi) = αk. (4.17)
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We can derive this result in an alternative way by defining thevectors

x̂k =





x0

x1

.

.

xN−1




α̂ =





α0

α1

.

.

αN−1




,

and the matrix

L̂ =





L0(x0) L1(x0) . . . LN−1(x0)

L0(x1) L1(x1) . . . LN−1(x1)

. . . . . . . . . . . .

L0(xN−1) L1(xN−1) . . . LN−1(xN−1)



 .

We have then
QN−1(x̂k) = L̂α̂,

yielding (if L̂ has an inverse)
L̂−1QN−1(x̂k) = α̂,

which is Eq. (4.17).
Using the above results and the fact that

∫ 1

−1

P2N−1(x)dx =

∫ 1

−1

QN−1(x)dx,

we get
∫ 1

−1

P2N−1(x)dx =

∫ 1

−1

QN−1(x)dx = 2α0 = 2

N−1∑

i=0

(L−1)0iP2N−1(xi).

If we identify the weights with2(L−1)0i, where the pointsxi are the zeros ofLN , we have an integration
formula of the type

∫ 1

−1

P2N−1(x)dx =

N−1∑

i=0

ωiP2N−1(xi)

and if our functionf(x) can be approximated by a polynomialP of degree2N − 1, we have finally that

∫ 1

−1

f(x)dx ≈
∫ 1

−1

P2N−1(x)dx =

N−1∑

i=0

ωiP2N−1(xi).

In summary, the mesh pointsxi are defined by the zeros of an orthogonal polynomial of degreeN , that isLN ,
while the weights are given by2(L−1)0i.

4.4.3 Application to the caseN = 2

Let us apply the above formal results to the caseN = 2. This means that we can approximate a functionf(x)

with a polynomialP3(x) of order2N − 1 = 3.
The mesh points are the zeros ofL2(x) = 1/2(3x2 − 1). These points arex0 = −1/

√
3 andx1 = 1/

√
3.

Specializing Eq. (4.16)

QN−1(xk) =

N−1∑

i=0

αiLi(xk) k = 0, 1, . . . , N − 1.

toN = 2 yields

Q1(x0) = α0 − α1
1√
3
,
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and

Q1(x1) = α0 + α1
1√
3
,

sinceL0(x = ±1/
√

3) = 1 andL1(x = ±1/
√

3) = ±1/
√

3.
The matrixLik defined in Eq. (4.16) is then

Lik =

(
1 − 1√

3

1 1√
3

)
,

with an inverse given by

(L)−1
ik =

√
3

2

(
1√
3

1√
3

−1 1

)
.

The weights are given by the matrix elements2(L0k)−1. We have thenceω0 = 1 andω1 = 1.
Obviously, there is no problem in changing the numbering of the matrix elementsi, k = 0, 1, 2, . . . , N − 1

to i, k = 1, 2, . . . , N . We have chosen to start from zero, since we deal with polynomials of degreeN − 1.
Summarizing, for Legendre polynomials withN = 2 we have weights

ω : {1, 1} ,

and mesh points

x :

{
− 1√

3
,

1√
3

}
.

If we wish to integrate ∫ 1

−1

f(x)dx,

with f(x) = x2, we approximate

I =

∫ 1

−1

x2dx ≈
N−1∑

i=0

ωix
2
i .

The exact answer is2/3. UsingN = 2 with the above two weights and mesh points we get

I =

∫ 1

−1

x2dx =

1∑

i=0

ωix
2
i =

1

3
+

1

3
=

2

3
,

the exact answer!
If we were to emply the trapezoidal rule we would get

I =

∫ 1

−1

x2dx =
b− a

2

(
(a)2 + (b)2

)
/2 =

1− (−1)

2

(
(−1)2 + (1)2

)
/2 = 1!

With just two points we can calculate exactly the integral for a second-order polynomial since our methods
approximates the exact function with higher order polynomial. How many points do you need with the trape-
zoidal rule in order to achieve a similar accuracy?

4.4.4 General integration intervals for Gauss-Legendre

Note that the Gauss-Legendre method is not limited to an interval [-1,1], since we can always through a change
of variable

t =
b− a

2
x+

b+ a

2
,

rewrite the integral for an interval [a,b]
∫ b

a

f(t)dt =
b− a

2

∫ 1

−1

f

(
(b− a)x

2
+
b+ a

2

)
dx.
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If we have an integral on the form ∫ ∞

0

f(t)dt,

we can choose new mesh points and weights by using the mapping

x̃i = tan
{π

4
(1 + xi)

}
,

and
ω̃i =

π

4

ωi

cos2
(

π
4 (1 + xi)

) ,

wherexi andωi are the original mesh points and weights in the interval[−1, 1], while x̃i andω̃i are the new
mesh points and weights for the interval[0,∞).

To see that this is correct by inserting the the value ofxi = −1 (the lower end of the interval[−1, 1]) into
the expression for̃xi. That gives̃xi = 0, the lower end of the interval[0,∞). Forxi = 1, we obtainx̃i =∞.
To check that the new weights are correct, recall that the weights should correspond to the derivative of the
mesh points. Try to convince yourself that the above expression fulfills this condition.

4.4.5 Other orthogonal polynomials

Laguerre polynomials

If we are able to rewrite our integral of Eq. (4.7) with a weight functionW (x) = xαe−x with integration
limits [0,∞), we could then use the Laguerre polynomials. The polynomials form then the basis for the
Gauss-Laguerre method which can be applied to integrals of the form

I =

∫ ∞

0

f(x)dx =

∫ ∞

0

xαe−xg(x)dx.

These polynomials arise from the solution of the differential equation

(
d2

dx2
− d

dx
+
λ

x
− l(l+ 1)

x2

)
L(x) = 0,

wherel is an integerl ≥ 0 andλ a constant. This equation arises for example from the solution of the
radial Schrödinger equation with a centrally symmetric potential such as the Coulomb potential. The first few
polynomials are

L0(x) = 1,

L1(x) = 1− x,

L2(x) = 2− 4x+ x2,

L3(x) = 6− 18x+ 9x2 − x3,

and
L4(x) = x4 − 16x3 + 72x2 − 96x+ 24.

They fulfil the orthorgonality relation

∫ ∞

−∞
e−xLn(x)2dx = 1,

and the recursion relation

(n+ 1)Ln+1(x) = (2n+ 1− x)Ln(x) − nLn−1(x).
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Hermite polynomials

In a similar way, for an integral which goes like

I =

∫ ∞

−∞
f(x)dx =

∫ ∞

−∞
e−x2

g(x)dx.

we could use the Hermite polynomials in order to extract weights and mesh points. The Hermite polynomials
are the solutions of the following differential equation

d2H(x)

dx2
− 2x

dH(x)

dx
+ (λ − 1)H(x) = 0. (4.18)

A typical example is again the solution of Schrödinger’s equation, but this time with a harmonic oscillator
potential. The first few polynomials are

H0(x) = 1,

H1(x) = 2x,

H2(x) = 4x2 − 2,

H3(x) = 8x3 − 12,

and
H4(x) = 16x4 − 48x2 + 12.

They fulfil the orthorgonality relation
∫ ∞

−∞
e−x2

Hn(x)2dx = 2nn!
√
π,

and the recursion relation
Hn+1(x) = 2xHn(x)− 2nHn−1(x).

4.4.6 Applications to selected integrals

Before we proceed with some selected applications, it is important to keep in mind that since the mesh points
are not evenly distributed, a careful analysis of the behavior of the integrand as function ofx and the location of
mesh points is mandatory. To give you an example, in the Tablebelow we show the mesh points and weights
for the integration interval [0,100] forN = 10 points obtained by the Gauss-Legendre method. Clearly, if

Table 4.1: Mesh points and weights for the integration interval [0,100] withN = 10 using the Gauss-Legendre
method.

i xi ωi

1 1.305 3.334
2 6.747 7.473
3 16.030 10.954
4 28.330 13.463
5 42.556 14.776
6 57.444 14.776
7 71.670 13.463
8 83.970 10.954
9 93.253 7.473

10 98.695 3.334

your function oscillates strongly in any subinterval, thisapproach needs to be refined, either by choosing more
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points or by choosing other integration methods. Note also that for integration intervals like for example
x ∈ [0,∞], the Gauss-Legendre method places more points at the beginning of the integration interval. If your
integrand varies slowly for large values ofx, then this method may be appropriate.

Let us here compare three methods for integrating, namely the trapezoidal rule, Simpson’s method and the
Gauss-Legendre approach. We choose two functions to integrate:

∫ 100

1

exp (−x)
x

dx,

and ∫ 3

0

1

2 + x2
dx.

A program example which uses the trapezoidal rule, Simpson’s rule and the Gauss-Legendre method is in-
cluded here. For the corresponding Fortran program, replace program1.cpp with program1.f90. The Pyhton
program is listed as program1.py.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter07/cpp/program1.cpp

#include <iostream>

#include "lib.h"

using namespace std;

// Here we define various functions called by the main program

// this function defines the function to integrate

double int_function(double x);

// Main function begins here

int main()

{

int n;

double a, b;

cout << "Read in the number of integration points" << endl;

cin >> n;

cout << "Read in integration limits" << endl;

cin >> a >> b;

// reserve space in memory for vectors containing the mesh points

// weights and function values for the use of the gauss-legendre

// method

double *x = new double [n];

double *w = new double [n];

// set up the mesh points and weights

gauss_legendre(a, b,x,w, n);

// evaluate the integral with the Gauss-Legendre method

// Note that we initialize the sum

double int_gauss = 0.;

for ( int i = 0; i < n; i++){

int_gauss+=w[i]*int_function(x[i]);

}

// final output

cout << "Trapez-rule = " << trapezoidal_rule(a, b,n, int_function)

<< endl;

cout << "Simpson's rule = " << simpson(a, b,n, int_function)

<< endl;

cout << "Gaussian quad = " << int_gauss << endl;

delete [] x;

delete [] w;

return 0;

} // end of main program

// this function defines the function to integrate

double int_function(double x)

{

double value = 4./(1.+x*x);

return value;

} // end of function to evaluate
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To be noted in this program is that we can transfer the name of agiven function to integrate. In Table 4.2 we
show the results for the first integral using various mesh points, while Table 4.3 displays the corresponding
results obtained with the second integral. We note here that, since the area over where we integrate is rather

Table 4.2: Results for
∫ 100

1
exp (−x)/xdx using three different methods as functions of the number of mesh

pointsN .
N Trapez Simpson Gauss-Legendre
10 1.821020 1.214025 0.1460448
20 0.912678 0.609897 0.2178091
40 0.478456 0.333714 0.2193834

100 0.273724 0.231290 0.2193839
1000 0.219984 0.219387 0.2193839

large and the integrand goes slowly to zero for large values of x, both the trapezoidal rule and Simpson’s
method need quite many points in order to approach the Gauss-Legendre method. This integrand demonstrates
clearly the strength of the Gauss-Legendre method (and other GQ methods as well), viz., few points are needed
in order to achieve a very high precision.

The second Table however shows that for smaller integrationintervals, both the trapezoidal rule and Simp-
son’s method compare well with the results obtained with theGauss-Legendre approach.

Table 4.3: Results for
∫ 3

0
1/(2 + x2)dx using three different methods as functions of the number of mesh

pointsN .
N Trapez Simpson Gauss-Legendre
10 0.798861 0.799231 0.799233
20 0.799140 0.799233 0.799233
40 0.799209 0.799233 0.799233

100 0.799229 0.799233 0.799233
1000 0.799233 0.799233 0.799233

4.5 Treatment of singular Integrals

So-called principal value (PV) integrals are often employed in physics, from Green’s functions for scattering
to dispersion relations. Dispersion relations are often related to measurable quantities and provide important
consistency checks in atomic, nuclear and particle physics. A PV integral is defined as

I(x) = P
∫ b

a

dt
f(t)

t− x = lim
ǫ→0+

[∫ x−ǫ

a

dt
f(t)

t− x +

∫ b

x+ǫ

dt
f(t)

t− x

]
,

and arises in applications of Cauchy’s residue theorem whenthe polex lies on the real axis within the interval
of integration[a, b]. HereP stands for the principal value.An important assumption is that the functionf(t)

is continuous on the interval of integration.
In casef(t) is a closed form expression or it has an analytic continuation in the complex plane, it may be

possible to obtain an expression on closed form for the aboveintegral.
However, the situation which we are often confronted with isthat f(t) is only known at some pointsti

with corresponding valuesf(ti). In order to obtainI(x) we need to resort to a numerical evaluation.
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To evaluate such an integral, let us first rewrite it as

P
∫ b

a

dt
f(t)

t− x =

∫ x−∆

a

dt
f(t)

t− x +

∫ b

x+∆

dt
f(t)

t− x + P
∫ x+∆

x−∆

dt
f(t)

t− x,

where we have isolated the principal value part in the last integral.
Defining a new variableu = t− x, we can rewrite the principal value integral as

I∆(x) = P
∫ +∆

−∆

du
f(u+ x)

u
. (4.19)

One possibility is to Taylor expandf(u + x) aroundu = 0, and compute derivatives to a certain order as we
did for the Trapezoidal rule or Simpson’s rule. Since all terms with even powers ofu in the Taylor expansion
dissapear, we have that

I∆(x) ≈
Nmax∑

n=0

f (2n+1)(x)
∆2n+1

(2n+ 1)(2n+ 1)!
.

To evaluate higher-order derivatives may be both time consuming and delicate from a numerical point of
view, since there is always the risk of loosing precision when calculating derivatives numerically. Unless we
have an analytic expression forf(u+x) and can evaluate the derivatives in a closed form, the above approach
is not the preferred one.

Rather, we show here how to use the Gauss-Legendre method to compute Eq. (4.19). Let us first introduce
a new variables = u/∆ and rewrite Eq. (4.19) as

I∆(x) = P
∫ +1

−1

ds
f(∆s+ x)

s
. (4.20)

The integration limits are now from−1 to 1, as for the Legendre polynomials. The principal value in Eq.
(4.20) is however rather tricky to evaluate numerically, mainly since computers have limited precision. We
will here use a subtraction trick often used when dealing with singular integrals in numerical calculations. We
introduce first the calculus relation ∫ +1

−1

ds

s
= 0.

It means that the curve1/(s) has equal and opposite areas on both sides of the singular point s = 0.
If we then note thatf(x) is just a constant, we have also

f(x)

∫ +1

−1

ds

s
=

∫ +1

−1

f(x)
ds

s
= 0.

Subtracting this equation from Eq. (4.20) yields

I∆(x) = P
∫ +1

−1

ds
f(∆s+ x)

s
=

∫ +1

−1

ds
f(∆s+ x)− f(x)

s
, (4.21)

and the integrand is no longer singular since we have thatlims→0(f(s+x)− f(x)) = 0 and for the particular
cases = 0 the integrand is now finite.

Eq. (4.21) is now rewritten using the Gauss-Legendre methodresulting in

∫ +1

−1

ds
f(∆s+ x)− f(x)

s
=

N∑

i=1

ωi
f(∆si + x)− f(x)

si
, (4.22)

wheresi are the mesh points (N in total) andωi are the weights.
In the selection of mesh points for a PV integral, it is important to use an even number of points, since an

odd number of mesh points always pickssi = 0 as one of the mesh points. The sum in Eq. (4.22) will then
diverge.
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Let us apply this method to the integral

I(x) = P
∫ +1

−1

dt
et

t
. (4.23)

The integrand diverges atx = t = 0. We rewrite it using Eq. (4.21) as

P
∫ +1

−1

dt
et

t
=

∫ +1

−1

et − 1

t
, (4.24)

sinceex = e0 = 1. With Eq. (4.22) we have then

∫ +1

−1

et − 1

t
≈

N∑

i=1

ωi
eti − 1

ti
. (4.25)

The exact results is2.11450175075..... With just two mesh points we recall from the previous subsection
thatω1 = ω2 = 1 and that the mesh points are the zeros ofL2(x), namelyx1 = −1/

√
3 andx2 = 1/

√
3.

SettingN = 2 and inserting these values in the last equation gives

I2(x = 0) =
√

3
(
e1/

√
3 − e−1/

√
3
)

= 2.1129772845.

With six mesh points we get even the exact result to the tenth digit

I6(x = 0) = 2.11450175075!

We can repeat the above subtraction trick for more complicated integrands. First we modify the integration
limits to±∞ and use the fact that

∫ ∞

−∞

dk

k − k0
=

∫ 0

−∞

dk

k − k0
+

∫ ∞

0

dk

k − k0
= 0.

A change of variableu = −k in the integral with limits from−∞ to 0 gives

∫ ∞

−∞

dk

k − k0
=

∫ 0

∞

−du
−u− k0

+

∫ ∞

0

dk

k − k0
=

∫ ∞

0

dk

−k − k0
+

∫ ∞

0

dk

k − k0
= 0.

It means that the curve1/(k − k0) has equal and opposite areas on both sides of the singular point k0. If we
break the integral into one over positivek and one over negativek, a change of variablek → −k allows us to
rewrite the last equation as ∫ ∞

0

dk

k2 − k2
0

= 0.

We can use this to express a principal values integral as

P
∫ ∞

0

f(k)dk

k2 − k2
0

=

∫ ∞

0

(f(k)− f(k0))dk

k2 − k2
0

, (4.26)

where the right-hand side is no longer singular atk = k0, it is proportional to the derivativedf/dk, and can be
evaluated numerically as any other integral.

Such a trick is often used when evaluating integral equations, as discussed in the next section.

4.6 Scattering equation and principal value integrals

In quantum mechanics, it is often common to rewrite Schrödinger’s equation in momentum space, after having
made a so-called partial wave expansion of the interaction.We will not go into the details of these expressions
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but limit ourselves to study the equivalent problem for so-called scattering states, meaning that the total energy
of two particles which collide is larger than or equal zero. The benefit of rewriting the equation in momentum
space, after having performed a Fourier transformation, isthat the coordinate space equation, being an integro-
differantial equation, is transformed into an integral equation. The latter can be solved by standard matrix
inversion techniques. Furthermore, the results of solvingthese equation can be related directly to experimental
observables like the scattering phase shifts. The latter tell us how much the incoming two-particle wave
function is modified by a collision. Here we take a more technical stand and consider the technical aspects of
solving an integral equation with a principal value.

For scattering states,E > 0, the corresponding equation to solve is the so-called Lippman-Schwinger
equation. This is an integral equation where we have to deal with the amplitudeR(k, k′) (reaction matrix)
defined through the integral equation

Rl(k, k
′) = Vl(k, k

′) +
2

π
P
∫ ∞

0

dqq2Vl(k, q)
1

E − q2/mRl(q, k
′), (4.27)

where the total kinetic energy of the two incoming particlesin the center-of-mass system is

E =
k2
0

m
. (4.28)

The symbolP indicates that Cauchy’s principal-value prescription is used in order to avoid the singularity
arising from the zero of the denominator. We will discuss below how to solve this problem. Equation (4.27)
represents then the problem you will have to solve numerically. The interaction between the two particles is
given by a partial-wave decomposed versionVl(k, k

′), wherel stands for a quantum number like the orbital
momentum. We have assumed that interaction does not coupledto partial waves with different orbital mo-
menta. The variablesk andk′ are the outgoing and incoming relative momenta of the two interacting particles.

The matrixRl(k, k
′) relates to the experimental the phase shiftsδl through its diagonal elements as

Rl(k0, k0) = − tanδl
mk0

, (4.29)

wherem is the reduced mass of the interacting particles. Furthemore, the interaction between the particles,V ,
carries

In order to solve the Lippman-Schwinger equation in momentum space, we need first to write a function
which sets up the integration points. We need to do that sincewe are going to approximate the integral through

∫ b

a

f(x)dx ≈
N∑

i=1

wif(xi),

where we have fixedN integration points through the corresponding weightswi and pointsxi. These points
can for example be determined using Gaussian quadrature.

The principal value in Eq. (4.27) is rather tricky to evaluate numerically, mainly since computers have
limited precision. We will here use a subtraction trick often used when dealing with singular integrals in
numerical calculations. We use the calculus relation from the previous section

∫ ∞

−∞

dk

k − k0
= 0,

or ∫ ∞

0

dk

k2 − k2
0

= 0.

We can use this to express a principal values integral as

P
∫ ∞

0

f(k)dk

k2 − k2
0

=

∫ ∞

0

(f(k)− f(k0))dk

k2 − k2
0

, (4.30)
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where the right-hand side is no longer singular atk = k0, it is proportional to the derivativedf/dk, and can be
evaluated numerically as any other integral.

We can then use the trick in Eq. (4.30) to rewrite Eq. (4.27) as

R(k, k′) = V (k, k′) +
2

π

∫ ∞

0

dq
q2V (k, q)R(q, k′)− k2

0V (k, k0)R(k0, k
′)

(k2
0 − q2)/m

. (4.31)

We are interested in obtainingR(k0, k0), since this is the quantity we want to relate to experimentaldata like
the phase shifts.

How do we proceed in order to solve Eq. (4.31)?

1. Using the mesh pointskj and the weightsωj , we can rewrite Eq. (4.31) as

R(k, k′) = V (k, k′) +
2

π

N∑

j=1

ωjk
2
jV (k, kj)R(kj , k

′)

(k2
0 − k2

j )/m
− 2

π
k2
0V (k, k0)R(k0, k

′)
N∑

n=1

ωn

(k2
0 − k2

n)/m
.

(4.32)
This equation contains now the unknownsR(ki, kj) (with dimensionN ×N ) andR(k0, k0).

2. We can turn Eq. (4.32) into an equation with dimension(N + 1)× (N + 1) with an integration domain
which contains the original mesh pointskj for j = 1, N and the point which corresponds to the energy
k0. Consider the latter as the ’observable’ point. The mesh points become thenkj for j = 1, n and
kN+1 = k0.

3. With these new mesh points we define the matrix

Ai,j = δi,j − V (ki, kj)uj , (4.33)

whereδ is the Kroneckerδ and

uj =
2

π

ωjk
2
j

(k2
0 − k2

j )/m
j = 1, N (4.34)

and

uN+1 = − 2

π

N∑

j=1

k2
0ωj

(k2
0 − k2

j )/m
. (4.35)

The first task is then to set up the matrixA for a givenk0. This is an(N + 1) × (N + 1) matrix. It
can be convenient to have an outer loop which runs over the chosen observable values for the energy
k2
0/m. Note that all mesh pointskj for j = 1, N must be different fromk0. Note also thatV (ki, kj) is

an (N + 1)× (N + 1) matrix.

4. With the matrixA we can rewrite Eq. (4.32) as a matrix problem of dimension(N + 1)× (N + 1). All
matricesR, A andV have this dimension and we get

Ai,lRl,j = Vi,j , (4.36)

or just
AR = V. (4.37)

5. Since we already have definedA andV (these are stored as(N + 1) × (N + 1) matrices) Eq. (4.37)
involves only the unknownR. We obtain it by matrix inversion, i.e.,

R = A−1V. (4.38)

Thus, to obtainR, we need to set up the matricesA andV and invert the matrixA. With the inverse
A−1 we perform a matrix multiplication withV and obtainR.

With R we can in turn evaluate the phase shifts by noting that

R(kN+1, kN+1) = R(k0, k0), (4.39)

and we are done.
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4.7 Parallel computing

We end this chapter by discussing modern supercomputing concepts like parallel computing. In particular,
we will introduce you to the usage of the Message Passing Interface (MPI) library. MPI is a library, not a
programming language. It specifies the names, calling sequences and results of functions or subroutines to
be called from C++ or Fortran programs, and the classes and methods that make up the MPI C++ library.
The programs that users write in Fortran or C++ are compiled with ordinary compilers and linked with the
MPI library. MPI programs should be able to run on all possible machines and run all MPI implementetations
without change. An excellent reference is the text by Karniadakis and Kirby II [17].

4.7.1 Brief survey of supercomputing concepts and terminologies

Since many discoveries in science are nowadays obtained vialarge-scale simulations, there is an ever-lasting
wish and need to do larger simulations using shorter computer time. The development of the capacity for
single-processor computers (even with increased processor speed and memory) can hardly keep up with the
pace of scientific computing. The solution to the needs of thescientific computing and high-performance
computing (HPC) communities has therefore been parallel computing.

The basic ideas of parallel computing is that multiple processors are involved to solve a global problem.
The essence is to divide the entire computation evenly amongcollaborative processors.

Today’s supercomputers are parallel machines and can achieve peak performances almost up to1015 float-
ing point operations per second, so-called peta-scale computers, see for example the list over the world’s top
500 supercomputers atwww.top500.org. This list gets updated twice per year and sets up the rankingaccord-
ing to a given supercomputer’s performance on a benchmark code from the LINPACK library. The benchmark
solves a set of linear equations using the best software for agiven platform.

To understand the basic philosophy, it is useful to have a rough picture of how to classify different hard-
ware models. We distinguish betwen three major groups, (i) conventional single-processor computers, nor-
mally called SISD (single-instruction-single-data)machines, (ii) so-called SIMD machines (single-instruction-
multiple-data), which incorporate the idea of parallel processing using a large number of processing units to
execute the same instruction on different data and finally (iii) modern parallel computers, so-called MIMD
(multiple-instruction- multiple-data) machines that canexecute different instruction streams in parallel on dif-
ferent data. On a MIMD machine the different parallel processing units perform operations independently of
each others, only subject to synchronization via a given message passing interface at specified time intervals.
MIMD machines are the dominating ones among present supercomputers, and we distinguish between two
types of MIMD computers, namely shared memory machines and distributed memory machines. In shared
memory systems the central processing units (CPU) share thesame address space. Any CPU can access any
data in the global memory. In distributed memory systems each CPU has its own memory. The CPUs are con-
nected by some network and may exchange messages. A recent trend are so-called ccNUMA (cache-coherent-
non-uniform-memory- access) systems which are clusters ofSMP (symmetric multi-processing) machines and
have a virtual shared memory.

Distributed memory machines, in particular those based on PC clusters, are nowadays the most widely used
and cost-effective, although farms of PC clusters require large infrastuctures and yield additional expenses for
cooling. PC clusters with Linux as operating systems are easy to setup and offer several advantages, since
they are built from standard commodity hardware with the open source software (Linux) infrastructure. The
designer can improve performance proportionally with added machines. The commodity hardware can be
any of a number of mass-market, stand-alone compute nodes assimple as two networked computers each
running Linux and sharing a file system or as complex as thousands of nodes with a high-speed, low-latency
network. In addition to the increased speed of present individual processors (and most machines come today
with dual cores or four cores, so-called quad-cores) the position of such commodity supercomputers has been
strenghtened by the fact that a library like MPI has made parallel computing portable and easy. Although there
are several implementations, they share the same core commands. Message-passing is a mature programming
paradigm and widely accepted. It often provides an efficientmatch to the hardware.
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4.7.2 Parallelism

When we discuss parallelism, it is common to subdivide different algorithms in three major groups.

– Task parallelism:the work of a global problem can be divided into a number of independent tasks,
which rarely need to synchronize. Monte Carlo simulations and numerical integration are examples of
possible applications. Since there is more or less no communication between different processors, task
parallelism results in almost a perfect mathematical parallelism and is commonly dubbed embarassingly
parallel (EP). The examples in this chapter fall under that category. The use of the MPI library is then
limited to some few function calls and the programming is normally very simple.

– Data parallelism: use of multiple threads (e.g., one thread per processor) todissect loops over arrays etc.
This paradigm requires a single memory address space. Communication and synchronization between
the processors are often hidden, and it is thus easy to program. However, the user surrenders much
control to a specialized compiler. An example of data parallelism is compiler-based parallelization.

– Message-passing: all involved processors have an independent memory address space. The user is
responsible for partitioning the data/work of a global problem and distributing the subproblems to the
processors. Collaboration between processors is achievedby explicit message passing, which is used
for data transfer plus synchronization.

This paradigm is the most general one where the user has full control. Better parallel efficiency is usually
achieved by explicit message passing. However, message-passing programming is more difficult. We
will meet examples of this in connection with the solution eigenvalue problems in chapter 7 and of partial
differential equations in chapter 10.

Before we proceed, let us look at two simple examples. We willalso use these simple examples to define
the speedup factor of a parallel computation. The first case is that of the additions of two vectors of dimension
n,

z = αx + βy,

whereα andβ are two real or complex numbers andz,x,y ∈ Rn or∈ Cn. For every element we have thus

zi = αxi + βyi.

For every elementzi we have three floating point operations, two multiplications and one addition. If we
assume that these operations take the same time∆t, then the total time spent by one processor is

T1 = 3n∆t.

Suppose now that we have access to a parallel supercomputer with P processors. Assume also thatP ≤ n.
We split then these addition and multiplication operationson every processor so that every processor performs
3n/P operations in total, resulting in a timeTP = 3n∆t/P for every single processor. We also assume that
the time needed to gather together these subsums is neglible

If we have perfect parallelism, our speedup should beP , the number of processors available. We see that
this is the case by computing the relation between the time used in case of only one processor and the time
used if we can accessP processors. The speedupSP is defined as

SP =
T1

TP
=

3n∆t

3n∆t/P
= P,

a perfect speedup. As mentioned above, we call calculationsthat yield a perfect speedup for embarassingly
parallel. The efficiency is defined as

η(P ) =
S(P )

P
.
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Our next example is that of the inner product of two vectors defined in Eq. (6.5),

c =
n∑

j=1

xjyj.

We assume again thatP ≤ n and defineI = n/P . Each processor is assigned with its own subset of local
multiplicationscP =

∑
p xpyp, wherep runs over all possible terms for processor P. As an example, assume

that we have four processors. Then we have

c1 =

n/4∑

j=1

xjyj, c2 =

n/2∑

j=n/4+1

xjyj,

c3 =

3n/4∑

j=n/2+1

xjyj , c4 =
n∑

j=3n/4+1

xjyj .

We assume again that the time for every operation is∆t. If we have only one processor, the total time is
T1 = (2n − 1)∆t. For four processors, we must now add the time needed to addc1 + c2 + c3 + c4, which
is 3∆t (three additions) and the time needed to communicate the local resultcP to all other processors. This
takes roughly(P − 1)∆tc, where∆tc need not equal∆t.

The speedup for four processors becomes now

S4 =
T1

T4
=

(2n− 1)∆t

(n/2− 1)∆t+ 3∆t+ 3∆tc
=

4n− 2

10 + n
,

if ∆t = ∆tc. Forn = 100, the speedup isS4 = 3.62 < 4. ForP processors the inner products yields a
speedup

SP =
(2n− 1)

(2I + P − 2)) + (P − 1)γ
,

with γ = ∆tc/∆t. Even withγ = 0, we see that the speedup is less thanP .
The communication time∆tc can reduce significantly the speedup. However, even if it is small, there are

other factors as well which may reduce the efficiencyηp. For example, we may have an uneven load balance,
meaning that not all the processors can perform useful work at all time, or that the number of processors
doesn’t match properly the size of the problem, or memory problems, or that a so-called startup time penalty
known as latency may slow down the transfer of data. Crucial here is the rate at which messages are transferred

4.7.3 MPI with simple examples

When we want to parallelize a sequential algorithm, there are at least two aspects we need to consider, namely

– Identify the part(s) of a sequential algorithm that can be executed in parallel. This can be difficult.

– Distribute the global work and data amongP processors. Stated differently, here you need to understand
how you can get computers to run in parallel. From a practicalpoint of view it means to implement
parallel programming tools.

In this chapter we focus mainly on the last point. MPI is then atool for writing programs to run in parallel,
without needing to know much (in most cases nothing) about a given machine’s architecture. MPI programs
work on both shared memory and distributed memory machines.Furthermore, MPI is a very rich and com-
plicated library. But it is not necessary to use all the features. The basic and most used functions have been
optimized for most machine architectures

Before we proceed, we need to clarify some concepts, in particular the usage of the words process and
processor. We refer to process as a logical unit which executes its own code, in an MIMD style. The processor
is a physical device on which one or several processes are executed. The MPI standard uses the concept process
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consistently throughout its documentation. However, since we only consider situations where one processor is
responsible for one process, we therefore use the two terms interchangeably in the discussion below, hopefully
without creating ambiguities.

The six most important MPI functions are

– MPI_ Init - initiate an MPI computation

– MPI_Finalize - terminate the MPI computation and clean up

– MPI_Comm_size - how many processes participate in a given MPI computation.

– MPI_Comm_rank - which rank does a given process have. The rank is a number between 0 and size-1,
the latter representing the total number of processes.

– MPI_Send - send a message to a particular process within an MPI computation

– MPI_Recv - receive a message from a particular process within an MPI computation.

The first MPI C++ program is a rewriting of our ’hello world’ program (without the computation of the
sine function) from chapter 2. We let every process write "Hello world" on the standard output.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/MPI/chapter07/program2.cpp

// First C++ example of MPI Hello world

using namespace std;

#include <mpi.h>

#include <iostream>

int main (int nargs, char* args[])

{

int numprocs, my_rank;

// MPI initializations

MPI_Init (&nargs, &args);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

cout << "Hello world, I have rank " << my_rank << " out of " << numprocs << endl;

// End MPI

MPI_Finalize ();

return 0;

}

The corresponding Fortran program reads

PROGRAM hello

INCLUDE "mpif.h"

INTEGER:: numprocs, my_rank, ierr

CALL MPI_INIT(ierr)

CALL MPI_COMM_SIZE(MPI_COMM_WORLD, numprocs, ierr)

CALL MPI_COMM_RANK(MPI_COMM_WORLD, my_rank, ierr)

WRITE(*,*)"Hello world, I've rank ",my_rank," out of ",numprocs

CALL MPI_FINALIZE(ierr)

END PROGRAM hello

MPI is a message-passing library where all the routines havea corresponding C++-bindings3 MPI_Command_name

or Fortran-bindings (function names are by convention in uppercase, but can also be in lower case)MPI_COMMAND_NAME

To use the MPI library you must include header files which contain definitions and declarations that are
needed by the MPI library routines. The following line must appear at the top of any source code file that

3The C++ bindings used in practice are the same as the C bindings, although reading older texts like [15–17] one finds extensive
discussions on the difference between C and C++ bindings. Throughout this text we will use the C bindings.
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will make an MPI call. For Fortran you must put in the beginning INCLUDE'mpif.h' while for C++ you need to
include the statement#include"mpi.h". These header files contain the declarations of functions, variabels etc.
needed by the MPI library.

The first MPI call must beMPI_INIT, which initializes the message passing routines, as definedin for
exampleINTEGER::ierr and CALL MPI_INIT(ierr) for the Fortran example. The variableierr is an integer
which holds an error code when the call returns. The value ofierr is however of little use since, by default,
MPI aborts the program when it encounters an error. However,ierr must be included when MPI starts. For the
C++ code we have the call to the functionMPI_Init(int*argc,char*argv) whereargc andargv are arguments
passed to main. MPI does not use these arguments in any way, however, and in MPI-2 implementations, NULL
may be passed instead. When you have finished you must call thefunctionMPI_Finalize. In Fortran you use
the statementCALL MPI_FINALIZE(ierr) while for C++ we use the functionMPI_Finalize(void).

In addition to these calls, we have also included calls to so-called inquiry functions. There are two MPI calls
that are usually made soon after initialization. They are for C++, MPI_COMM_SIZE((MPI_COMM_WORLD,&numprocs)
andCALL MPI_COMM_SIZE(MPI_COMM_WORLD,numprocs,ierr) for Fortran. The functionMPI_COMM_SIZE returns the
number of tasks in a specified MPI communicator (comm when we refer to it in generic function calls below).

In MPI you can divide your total number of tasks into groups, called communicators. What does that
mean? All MPI communication is associated with what one calls a communicator that describes a group
of MPI processes with a name (context). The communicator designates a collection of processes which can
communicate with each other. Every process is then identified by its rank. The rank is only meaningful within
a particular communicator. A communicator is thus used as a mechanism to identify subsets of processes. MPI
has the flexibility to allow you to define different types of communicators, see for example [16]. However, here
we have used the communicatorMPI_COMM_WORLD that contains all the MPI processes that are initiated when we
run the program.

The variablenumprocs refers to the number of processes we have at our disposal. ThefunctionMPI_COMM_RANK
returns the rank (the name or identifier) of the tasks runningthe code. Each task (or processor) in a communi-
cator is assigned a numbermy_rank from 0 to numprocs− 1.

We are now ready to perform our first MPI calculations.

Running codes with MPI

To compile and load the above C++ code (after having understood how to use a local cluster), we can use the
command

mpicxx -O2 -o program2.x program2.cpp

and try to run with ten nodes using the command

mpiexec -np 10 ./program2.x

If we wish to use the Fortran version we need to replace the C++compiler statementmpicc with mpif90 or
equivalent compilers. The name of the compiler is obviouslysystem dependent. The commandmpirun may be
used instead ofmpiexec. Here you need to check your own system.

When we run MPI all processes use the same binary executable version of the code and all processes are
running exactly the same code. The question is then how can wetell the difference between our parallel code
running on a given number of processes and a serial code? There are two major distinctions you should keep in
mind: (i) MPI lets each process have a particular rank to determine which instructions are run on a particular
process and (ii) the processes communicate with each other in order to finalize a task. Even if all processes
receive the same set of instructions, they will normally notexecute the same instructions.We will discuss this
point in connection with our integration example below.

The above example produces the following output

Hello world, I’ve rank 0 out of 10 procs.

Hello world, I’ve rank 1 out of 10 procs.

Hello world, I’ve rank 4 out of 10 procs.
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Hello world, I’ve rank 3 out of 10 procs.

Hello world, I’ve rank 9 out of 10 procs.

Hello world, I’ve rank 8 out of 10 procs.

Hello world, I’ve rank 2 out of 10 procs.

Hello world, I’ve rank 5 out of 10 procs.

Hello world, I’ve rank 7 out of 10 procs.

Hello world, I’ve rank 6 out of 10 procs.

The output to screen is not ordered since all processes are trying to write to screen simultaneously. It is
then the operating system which opts for an ordering. If we wish to have an organized output, starting from
the first process, we may rewrite our program as follows

http://www.fys.uio.no/compphys/cp/programs/FYS3150/MPI/chapter07/program3.cpp

// Second C++ example of MPI Hello world

using namespace std;

#include <mpi.h>

#include <iostream>

int main (int nargs, char* args[])

{

int numprocs, my_rank, i;

// MPI initializations

MPI_Init (&nargs, &args);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

for (i = 0; i < numprocs; i++) {

MPI_Barrier (MPI_COMM_WORLD);

if (i == my_rank) {

cout << "Hello world, I have rank " << my_rank << " out of " << numprocs << endl;

fflush (stdout);

}

}

// End MPI

MPI_Finalize ();

return 0;

}

Here we have used theMPI_Barrier function to ensure that every process has completed its set of instructions
in a particular order. A barrier is a special collective operation that does not allow the processes to continue
until all processes in the communicator (hereMPI_COMM_WORLD) have calledMPI_Barrier. The output is now

Hello world, I’ve rank 0 out of 10 procs.

Hello world, I’ve rank 1 out of 10 procs.

Hello world, I’ve rank 2 out of 10 procs.

Hello world, I’ve rank 3 out of 10 procs.

Hello world, I’ve rank 4 out of 10 procs.

Hello world, I’ve rank 5 out of 10 procs.

Hello world, I’ve rank 6 out of 10 procs.

Hello world, I’ve rank 7 out of 10 procs.

Hello world, I’ve rank 8 out of 10 procs.

Hello world, I’ve rank 9 out of 10 procs.

The barriers make sure that all processes have reached the same point in the code. Many of the collective op-
erations likeMPI_ALLREDUCE to be discussed later, have the same property; viz. no process can exit the operation
until all processes have started. However, this is slightlymore time-consuming since the processes synchronize
between themselves as many times as there are processes. In the next Hello world example we use the send
and receive functions in order to a have a synchronized action.
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http://www.fys.uio.no/compphys/cp/programs/FYS3150/MPI/chapter07/program4.cpp

// Third C++ example of MPI Hello world

using namespace std;

#include <mpi.h>

#include <iostream>

int main (int nargs, char* args[])

{

int numprocs, my_rank, flag;

// MPI initializations

MPI_Status status;

MPI_Init (&nargs, &args);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

// Send and Receive example

if (my_rank > 0)

MPI_Recv (&flag, 1, MPI_INT, my_rank-1, 100, MPI_COMM_WORLD, &status);

cout << "Hello world, I have rank " << my_rank << " out of " << numprocs << endl;

if (my_rank < numprocs-1)

MPI_Send (&my_rank, 1, MPI_INT, my_rank+1, 100, MPI_COMM_WORLD);

// End MPI

MPI_Finalize ();

return 0;

}

The basic sending of messages is given by the functionMPI_SEND, which in C++ is defined as

MPI_Send(void *buf, int count, MPI_Datatype datatype, int dest, int tag, MPI_Comm comm)

while in Fortran we would call this function with the following parameters

CALL MPI_SEND(buf, count, MPI_TYPE, dest, tag, comm, ierr).

This single command allows the passing of any kind of variable, even a large array, to any group of tasks. The
variablebuf is the variable we wish to send whilecount is the number of variables we are passing. If we are
passing only a single value, this should be 1. If we transfer an array, it is the overall size of the array. For
example, if we want to send a 10 by 10 array, count would be10 × 10 = 100 since we are actually passing
100 values.

We define the type of variable usingMPI_TYPE in order to let MPI function know what to expect. The
destination of the send is declared via the variabledest, which gives the ID number of the task we are sending
the message to. The variabletag is a way for the receiver to verify that it is getting the message it expects.
The message tag is an integer number that we can assign any value, normally a large number (larger than the
expected number of processes). The communicatorcomm is the group ID of tasks that the message is going
to. For complex programs, tasks may be divided into groups tospeed up connections and transfers. In small
programs, this will more than likely be inMPI_COMM_WORLD.

Furthermore, when an MPI routine is called, the Fortran or C++ data type which is passed must match the
corresponding MPI integer constant. An integer is defined asMPI_INT in C++ andMPI_INTEGER in Fortran. A
double precision real isMPI_DOUBLE in C++ andMPI_DOUBLE_PRECISION in Fortran and single precision real is
MPI_FLOAT in C++ andMPI_REAL in Fortran. For further definitions of data types see chapterfive of Ref. [16].

Once you have sent a message, you must receive it on another task. The functionMPI_RECV is similar to the
send call. In C++ we would define this as

MPI_Recv( void *buf, int count, MPI_Datatype datatype, int source, int tag, MPI_Comm comm,

MPI_Status *status )

while in Fortran we would use the call

CALL MPI_RECV(buf, count, MPI_TYPE, source, tag, comm, status, ierr)}.
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The arguments that are different from those inMPI_SEND arebuf which is the name of the variable where you
will be storing the received data,source which replaces the destination in the send command. This is the return
ID of the sender.

Finally, we have usedMPI_Status~status; where one can check if the receive was completed. The source
or tag of a received message may not be known if wildcard values are used in the receive function. In C++,
MPI Status is a structure that contains further information. One can obtain this information using

MPI_Get_count (MPI_Status *status, MPI_Datatype datatype, int *count)}

The output of this code is the same as the previous example, but now process 0 sends a message to process 1,
which forwards it further to process 2, and so forth.

Armed with this wisdom, performed all hello world greetings, we are now ready for serious work.

4.7.4 Numerical integration with MPI

To integrate numerically with MPI we need to define how to sendand receive data types. This means also that
we need to specify which data types to send to MPI functions.

The program listed here integrates

π =

∫ 1

0

dx
4

1 + x2

by simply adding up areas of rectangles according to the algorithm discussed in Eq. (4.5), rewritten here

I =

∫ b

a

f(x)dx ≈ h
N∑

i=1

f(xi−1/2),

wheref(x) = 4/(1+x2). This is a brute force way of obtaining an integral but suffices to demonstrate our first
application of MPI to mathematical problems. What we do is tosubdivide the integration rangex ∈ [0, 1] into
n rectangles. Increasingn should obviously increase the precision of the result, as discussed in the beginning
of this chapter. The parallel part proceeds by letting everyprocess collect a part of the sum of the rectangles.
At the end of the computation all the sums from the processes are summed up to give the final global sum. The
program below serves thus as a simple example on how to integrate in parallel. We will refine it in the next
examples and we will also add a simple example on how to implement the trapezoidal rule.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/MPI/chapter07/program5.cpp

1 // Reactangle rule and numerical integration using MPI send and Receive

2 using namespace std;

3 #include <mpi.h>

4 #include <iostream>

5 int main (int nargs, char* args[])

6 {

7 int numprocs, my_rank, i, n = 1000;

8 double local_sum, rectangle_sum, x, h;

9 // MPI initializations

10 MPI_Init (&nargs, &args);

11 MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

12 MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

13 // Read from screen a possible new vaue of n

14 if (my_rank == 0 && nargs > 1) {

15 n = atoi(args[1]);

16 }

17 h = 1.0/n;

18 // Broadcast n and h to all processes

19 MPI_Bcast (&n, 1, MPI_INT, 0, MPI_COMM_WORLD);

20 MPI_Bcast (&h, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

21 // Every process sets up its contribution to the integral

22 local_sum = 0.;
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23 for (i = my_rank; i < n; i += numprocs) {

24 x = (i+0.5)*h;

25 local_sum += 4.0/(1.0+x*x);

26 }

27 local_sum *= h;

28 if (my_rank == 0) {

29 MPI_Status status;

30 rectangle_sum = local_sum;

31 for (i=1; i < numprocs; i++) {

32 MPI_Recv(&local_sum,1,MPI_DOUBLE,MPI_ANY_SOURCE,500,MPI_COMM_WORLD,&status);

33 rectangle_sum += local_sum;

34 }

35 cout << "Result: " << rectangle_sum << endl;

36 } else

37 MPI_Send(&local_sum,1,MPI_DOUBLE,0,500,MPI_COMM_WORLD);

38 // End MPI

39 MPI_Finalize ();

40 return 0;

41 }

After the standard initializations with MPI such as

MPI_Init, MPI_Comm_size, MPI_Comm_rank,

MPI_COMM_WORLD contains now the number of processes defined by using for example

mpirun -np 10 ./prog.x

In line 14 we check if we have read in from screen the number of mesh pointsn. Note that in line 7 we fix
n = 1000, however we have the possibility to run the code with a different number of mesh points as well.
If my_rank equals zero, which correponds to the master node, then we read a new value ofn if the number of
arguments is larger than two. This can be done as follows whenwe run the code

mpiexec -np 10 ./prog.x 10000

In line 17 we define also the step lengthh. In lines 19 and 20 we use the broadcast functionMPI_Bcast. We use
this particular function because we want data on one processor (our master node) to be shared with all other
processors. The broadcast function sends data to a group of processes. The MPI routineMPI_Bcast transfers
data from one task to a group of others. The format for the callis in C++ given by the parameters of

{MPI_Bcast (&n, 1, MPI_INT, 0, MPI_COMM_WORLD);.

In case we have a floating point variable we need to declare

MPI_Bcast (&h, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

The general structure of this function is

MPI_Bcast( void *buf, int count, MPI_Datatype datatype, int root, MPI_Comm comm)

All processes call this function, both the process sending the data (with rank zero) and all the other processes
in MPI_COMM_WORLD. Every process has now copies ofn andh, the number of mesh points and the step length,
respectively.

We transfer the addresses ofn andh. The second argument represents the number of data sent. In case of
a one-dimensional array, one needs to transfer the number ofarray elements. If you have ann×mmatrix, you
must transfern×m. We need also to specify whether the variable type we transfer is a non-numerical such as
a logical or character variable or numerical of the integer,real or complex type.

We transfer also an integer variableint root. This variable specifies the process which has the original
copy of the data. Since we fix this value to zero in the call in lines 19 and 20, it means that it is the master
process which keeps this information. For Fortran, this function is called via the statement
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CALL MPI_BCAST(buff, count, MPI_TYPE, root, comm, ierr).

In lines 23-27, every process sums its own part of the final sumused by the rectangle rule. The receive
statement collects the sums from all other processes in casemy_rank==0, else an MPI send is performed.

The above function is not very elegant. Furthermore, the MPIinstructions can be simplified by using the
functionsMPI_Reduce or MPI_Allreduce. The first function takes information from all processes andsends the
result of the MPI operation to one process only, typically the master node. If we useMPI_Allreduce, the result is
sent back to all processes, a feature which is useful when allnodes need the value of a joint operation. We limit
ourselves toMPI_Reduce since it is only one process which will print out the final number of our calculation,
The arguments toMPI_Allreduce are the same.

TheMPI_Reduce function is defined as follows

MPI_Reduce( void *senddata, void* resultdata, int count, MPI_Datatype datatype, MPI_Op, int root,

MPI_Comm comm)

The two variablessenddata and resultdata are obvious, besides the fact that one sends the address of the
variable or the first element of an array. If they are arrays they need to have the same size. The variable
count represents the total dimensionality, 1 in case of just one variable, whileMPI_Datatype defines the type of
variable which is sent and received. The new feature isMPI_Op. MPI_Op defines the type of operation we want
to do. There are many options, see again Refs. [15–17] for full list. In our case, since we are summing the
rectangle contributions from every process we defineMPI_Op=MPI_SUM. If we have an array or matrix we can
search for the largest og smallest element by sending eitherMPI_MAX or MPI_MIN. If we want the location as well
(which array element) we simply transferMPI_MAXLOC or MPI_MINOC. If we want the product we writeMPI_PROD.
MPI_Allreduce is defined as

MPI_Allreduce( void *senddata, void* resultdata, int count, MPI_Datatype datatype, MPI_Op, MPI_Comm

comm)

The function we list in the next example is the MPI extension of program1.cpp. The difference is that we
employ only the trapezoidal rule. It is easy to extend this code to include gaussian quadrature or other methods.

It is also worth noting that every process has now its own starting and ending point. We read in the number
of integration pointsn and the integration limitsa andb. These are calleda andb. They serve to define the
local integration limits used by every process. The local integration limits are defined as

local_a = a + my_rank *(b-a)/numprocs

local_b = a + (my_rank-1) *(b-a)/numprocs.

These two variables are transfered to the method for the trapezoidal rule. These two methods return the local
sum variablelocal_sum. MPI_Reduce collects all the local sums and returns the total sum, which is written out
by the master node. The program below implements this. We have also added the possibility to measure the
total time used by the code via the calls toMPI_Wtime.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/MPI/chapter07/program6.cpp

// Trapezoidal rule and numerical integration using MPI with MPI_Reduce

using namespace std;

#include <mpi.h>

#include <iostream>

// Here we define various functions called by the main program

double int_function(double );

double trapezoidal_rule(double , double , int , double (*)(double));

// Main function begins here

int main (int nargs, char* args[])

{

int n, local_n, numprocs, my_rank;
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double a, b, h, local_a, local_b, total_sum, local_sum;

double time_start, time_end, total_time;

// MPI initializations

MPI_Init (&nargs, &args);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

time_start = MPI_Wtime();

// Fixed values for a, b and n

a = 0.0 ; b = 1.0; n = 1000;

h = (b-a)/n; // h is the same for all processes

local_n = n/numprocs; // make sure n > numprocs, else integer division gives zero

// Length of each process' interval of

// integration = local_n*h.

local_a = a + my_rank*local_n*h;

local_b = local_a + local_n*h;

total_sum = 0.0;

local_sum = trapezoidal_rule(local_a, local_b, local_n, &int_function);

MPI_Reduce(&local_sum, &total_sum, 1, MPI_DOUBLE, MPI_SUM, 0, MPI_COMM_WORLD);

time_end = MPI_Wtime();

total_time = time_end-time_start;

if ( my_rank == 0) {

cout << "Trapezoidal rule = " << total_sum << endl;

cout << "Time = " << total_time << " on number of processors: " << numprocs << endl;

}

// End MPI

MPI_Finalize ();

return 0;

} // end of main program

// this function defines the function to integrate

double int_function(double x)

{

double value = 4./(1.+x*x);

return value;

} // end of function to evaluate

// this function defines the trapezoidal rule

double trapezoidal_rule(double a, double b, int n, double (*func)(double))

{

double trapez_sum;

double fa, fb, x, step;

int j;

step=(b-a)/((double) n);

fa=(*func)(a)/2. ;

fb=(*func)(b)/2. ;

trapez_sum=0.;

for (j=1; j <= n-1; j++){

x=j*step+a;

trapez_sum+=(*func)(x);

}

trapez_sum=(trapez_sum+fb+fa)*step;

return trapez_sum;

} // end trapezoidal_rule

An obvious extension of this code is to read from file or screenthe integration variables. One could also use
the program library to call a particular integration method.

4.8 An integration class

We end thsi chapter by presenting the usage of the integral class defined in the program library. Here we have
defined two header files, theFunction.h and theIntegral.h files. The program below uses the classes defined
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in these header files to compute the integral

∫ 1

0

exp (x) cos (x).

#include <cmath>

#include <iostream>

#include "Function.h"

#include "Integral.h"

using namespace std;

class ExpCos: public Function{

public:

// Default constructor

ExpCos(){}

// Overloaded function operator().

// Override the function operator() of the parent class.

double operator()(double x){

return exp(x)*cos(x);

}

};

int main(){

// Declare first an object of the function to be integrated

ExpCos f;

// Set integration bounds

double a = 0.0; // Lower bound

double b = 1.0; // Upper bound

int npts = 100; // Number of integration points

// Declared (lhs) and instantiate an integral object of type Trapezoidal

Integral *trapez = new Trapezoidal(a, b, npts, f);

Integral *midpt = new MidPoint(a, b, npts, f);

Integral *gl = new Gauss_Legendre(a,b,npts, f);

// Evaluate the integral of the function ExpCos and assign its

// value to the variable result;

double resultTP = trapez->evaluate();

double resultMP = midpt->evaluate();

double resultGL = gl->evaluate();

// Print the result to screen

cout << "Result with trapezoidal : " << resultTP << endl;

cout << "Result with mid-point : " << resultMP << endl;

cout << "Result with Gauss-Legendre: " << resultGL << endl;

}

The header fileFunction.h is defined as

/**

* @file Function.h

* Interface for mathematical functions with one or more independent variables.

* The subclasses are implemented as functors, i.e., objects behaving as functions.

* They overload the function operator().

*

* Example Usage:

// 1. Declare a functor, i.e., an object which

// overloads the function operator().

class Squared: public Function{

public:

// Overload function operator()
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double operator()(double x=0.0){

return x*x;

}

};

int main(){

// Instance an object Functor

Squared f;

// Use the instance of the object as a normal function

cout << f(3.0) << endl;

}

@endcode

*

**/

#ifndef FUNCTION_H

#define FUNCTION_H

#include "Array.h"

class Function{

public:

//! Destructor

virtual ~Function(){}; // Not needed here.

/**

* @brief Overload the function operator().

*

* Used for evaluating functions with one independent variable.

*

**/

virtual double operator()(double x){}

/**

* @brief Overload the function operator().

*

* Used for evaluating functions with more than one independent variable.

**/

virtual double operator()(const Array<double>& x){}

};

#endif

The header fileIntegral.h contains, with an example on how to use it, the following statements

#ifndef INTEGRAL_H

#define INTEGRAL_H

#include "Array.h"

#include "Function.h"

#include <cmath>

class Integral{

protected: // Access in the subclasses.

double a; // Lower limit of integration.

double b; // Upper limit of integration.

int npts; // Number of integration points.

Function &f; // Function to be integrated.

public:

/**

* @brief Constructor.
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*

* @param lower_. Lower limit of integration.

* @param upper_. Upper limit of integration.

* @param npts_. Number of points of integration.

* @param f_. Reference to a functor representing the function to be integrated.

**/

Integral(double lower_, double upper_, int npts_, Function &f_);

//! Destructor

virtual ~Integral(){}

/**

* @brief Evaluate the integral.

* @return The value of the integral in double precision.

**/

virtual double evaluate()=0;

// virtual forloop

}; // End class Integral

class Trapezoidal: public Integral{

private:

double h; // Step size.

public:

/**

* @brief Constructor.

*

* @param lower_. Lower limit of integration.

* @param upper_. Upper limit of integration.

* @param npts_. Number of points of integration.

* @param f_. Reference to a functor representing the function to be integrated.

**/

Trapezoidal(double lower_, double upper_, int npts_, Function &f_);

//! Destructor

~Trapezoidal(){}

/**

* Evaluate the integral of a function f using the trapezoidal rule.

* @return The value of the integral in double precision.

**/

double evaluate();

}; // End class Trapezoidal

class MidPoint: public Integral{

private:

double h; // Step size.

public:

/**

* @brief Constructor.

*

* @param lower_. Lower limit of integration.

* @param upper_. Upper limit of integration.

* @param npts_. Number of points of integration.

* @param f_. Reference to a functor representing the function to be integrated.

**/
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MidPoint(double lower_, double upper_, int npts_, Function &f_);

//! Destructor

~MidPoint(){}

/**

* Evaluate the integral of a function f using the midpoint approximation.

*

* @return The value of the integral in double precision.

**/

double evaluate();

};

class Gauss_Legendre: public Integral{

private:

static const double ZERO = 1.0E-10;

static const double PI = 3.14159265359;

double h;

public:

/**

* @brief Constructor.

*

* @param lower_. Lower limit of integration.

* @param upper_. Upper limit of integration.

* @param npts_. Number of points of integration.

* @param f_. Reference to a functor representing the function to be integrated.

**/

Gauss_Legendre(double lower_, double upper_, int npts_, Function &f_);

//! Destructor

~Gauss_Legendre(){}

/**

* Evaluate the integral of a function f using the Gauss-Legendre approximation.

*

* @return The value of the integral in double precision.

**/

double evaluate();

};

#endif
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Chapter 5

Non-linear equations and roots of
polynomials

5.1 Introduction

In physics we often encounter the problem of determining theroot of a functionf(x). Especially, we may need
to solve non-linear equations of one variable. Such equations are usually divided into two classes, algebraic
equations involving roots of polynomials and transcendental equations. When there is only one independent
variable, the problem is one-dimensional, namely to find theroot or roots of a function. Except in linear
problems, root finding invariably proceeds by iteration, and this is equally true in one or in many dimensions.
This means that we cannot solve exactly the equations at hand. Rather, we start with some approximate
trial solution. The chosen algorithm will in turn improve the solution until some predetermined convergence
criterion is satisfied. The algoritms we discuss below attempt to implement this strategy. We will deal mainly
with one-dimensional problems.

You may have encountered examples of so-called transcendental equations when solving the Schrödinger
equation (SE) for a particle in a box potential. The one-dimensional SE for a particle with massm is

− ~2

2m

d2u

dx2
+ V (x)u(x) = Eu(x), (5.1)

and our potential is defined as

V (r) =

{
−V0 0 ≤ x < a

0 x > a
(5.2)

Bound states correspond to negative energyE and scattering states are given by positive energies. The SE
takes the form (without specifying the sign ofE)

d2u(x)

dx2
+

2m

~2
(V0 + E) u(x) = 0 x < a, (5.3)

and
d2u(x)

dx2
+

2m

~2
Eu(x) = 0 x > a. (5.4)

If we specialize to bound statesE < 0 and implement the boundary conditions on the wave function we obtain

u(r) = Asin(
√

2m(V0 − |E|)r/~) r < a, (5.5)

and

u(r) = B exp (−
√

2m|E|r/~) r > a, (5.6)
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Figure 5.1: Plot off(E) in Eq. (5.8) as function of energy |E| in MeV. Te functionf(E) is in units of mega-
electronvolts MeV. Note well that the energyE is for bound states.

whereA andB are constants. Using the continuity requirement on the wavefunction atr = a one obtains the
transcendental equation

√
2m(V0 − |E|) cot (

√
2ma2(V0 − |E|)/~) = −

√
2m|E|. (5.7)

This equation is an example of the kind of equations which could be solved by some of the methods
discussed below. The algorithms we discuss are the bisection method, the secant, false position and Brent’s
methods and Newton-Raphson’s method.

In order to find the solution for Eq. (5.7), a simple procedureis to define a function

f(E) =
√

2m(V0 − |E|) cot (
√

2ma2(V0 − |E|)/~) +
√

2m|E|. (5.8)

and with chosen or given values fora andV0 make a plot of this function and find the approximate region
along theE − axis wheref(E) = 0. We show this in Fig. 5.1 forV0 = 20 MeV, a = 2 fm andm = 938

MeV. Fig. 5.1 tells us that the solution is close to|E| ≈ 2.2 (the binding energy of the deuteron). The methods
we discuss below are then meant to give us a numerical solution forE wheref(E) = 0 is satisfied and with
E determined by a given numerical precision.

5.2 Iteration methods

To solve an equation of the typef(x) = 0 means mathematically to find all numberss1 so thatf(s) = 0. In
all actual calculations we are always limited by a given precision when doing numerics. Through an iterative
search of the solution, the hope is that we can approach, within a given toleranceǫ, a valuex0 which is a
solution tof(s) = 0 if

|x0 − s| < ǫ, (5.9)

andf(s) = 0. We could use other criteria as well like
∣∣∣∣
x0 − s
s

∣∣∣∣ < ǫ, (5.10)

1In the following discussion, the variables is reserved for the value ofx where we have a solution.
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and|f(x0)| < ǫ or a combination of these. However, it is not given that the iterative process will converge
and we would like to have some conditions onf which ensures a solution. This condition is provided by the
so-called Lipschitz criterion. If the functionf , defined on the interval[a, b] satisfies for allx1 andx2 in the
chosen interval the following condition

|f(x1)− f(x2)| ≤ k |x1 − x2| , (5.11)

with k a constant, thenf is continuous in the interval[a, b]. If f is continuous in the interval[a, b], then the
secant condition gives

f(x1)− f(x2) = f ′(ξ)(x1 − x2), (5.12)

with x1, x2 within [a, b] andξ within [x1, x2]. We have then

|f(x1)− f(x2)| ≤ |f ′(ξ)| |x1 − x2| . (5.13)

The derivative can be used as the constantk. We can now formulate the sufficient conditions for the conver-
gence of the iterative search for solutions tof(s) = 0.

1. We assume thatf is defined in the interval[a, b].

2. f satisfies the Lipschitz condition withk < 1.

With these conditions, the equationf(x) = 0 has only one solution in the interval[a, b] and it converges after
n iterations towards the solutions irrespective of choice forx0 in the interval[a, b]. If we let xn be the value
of x aftern iterations, we have the condition

|s− xn| ≤
k

1− k |x1 − x2| . (5.14)

The proof can be found in the text of Bulirsch and Stoer. Sinceit is difficult numerically to find exactly the
point wheref(s) = 0, in the actual numerical solution one implements three tests of the type

1.
|xn − s| < ǫ, (5.15)

and

2.
|f(s)| < δ, (5.16)

3. and a maximum number of iterationsNmaxiter in actual calculations.

5.3 Bisection method

This is an extremely simple method to code. The philosophy can best be explained by choosing a region in
e.g., Fig. 5.1 which is close to wheref(E) = 0. In our case|E| ≈ 2.2. Choose a region[a, b] so thata = 1.5

andb = 3. This should encompass the point wheref = 0. Define then the point

c =
a+ b

2
, (5.17)

and calculatef(c). If f(a)f(c) < 0, the solution lies in the region[a, c] = [a, (a+ b)/2]. Change thenb← c

and calculate a new value forc. If f(a)f(c) > 0, the new interval is in[c, b] = [(a+ b)/2, b]. Now you need to
changea ← c and evaluate then a new value forc. We can continue to halve the interval till we have reached
a value forc which fulfills f(c) = 0 to a given numerical precision. The algorithm can be simply expressed in
the following program
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......

fa = f(a);

fb = f(b);

// check if your interval is correct, if not return to main

if ( fa*fb > 0) {

cout << ``\n Error, root not in interval'' << endl;

return;

}

for (j=1; j <= iter_max; j++) {

c=(a+b)/2;

fc=f(c)

// if this test is satisfied, we have the root c

if ( (abs(a-b) < epsilon ) || fc < delta ); return to main

if ( fa*fc < 0){

b=c ; fb=fc;

}

else{

a=c ; fa=fc;

}

}

......

Note that one needs to define the values ofδ, ǫ anditer_max when calling this function.
The bisection method is an almost foolproof method, although it may converge slowly towards the solution

due to the fact that it halves the intervals. Aftern divisions by2 we have a possible solution in the interval
with length

1

2n
|b− a| , (5.18)

and if we setx0 = (a+ b)/2 and letxn be the midpoints in the intervals we obtain aftern iterations that Eq.
(5.14) results in

|s− xn| ≤
1

2n+1
|b− a| , (5.19)

since thenth interval has length|b − a|/2n. Note that this convergence criterion is independent of theactual
functionf(x) as long as this function fulfils the conditions discussed in the conditions discussed in the previous
subsection.

As an example, suppose we wish to find how many iteration stepsare needed in order to obtain a relative
precision of10−12 for xn in the interval[50, 63], that is

|s− xn|
|s| ≤ 10−12. (5.20)

It suffices in our case to studys ≥ 50, which results in

|s− xn|
50

≤ 10−12, (5.21)

and with Eq. (5.19) we obtain
13

2n+150
≤ 10−12, (5.22)

meaningn ≥ 37. The code for the bisection method can look like this

/*

** This function

** calculates a root between x1 and x2 of a function

** pointed to by (*func) using the method of bisection

** The root is returned with an accuracy of +- xacc.

*/

double bisection(double (*func)(double), double x1, double x2, double xacc)
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{

int j;

double dx, f, fmid, xmid, rtb;

f = (*func)(x1);

fmid = (*func)(x2);

if(f*fmid >= 0.0) {

cout << "\n\nError in function bisection():" << endl;

cout << "\nroot in function must be within" << endl;

cout << "x1 ='' << x1 << ``and x2 `` << x2 << endl;

exit(1);

}

rtb = f < 0.0 ? (dx = x2 - x1, x1) : (dx = x1 - x2, x2);

for(j = 0; j < max_iterations; j++) {

fmid = (*func)(xmid = rtb + (dx *= 0.5));

if (fmid <= 0.0) rtb=xmid;

if(fabs(dx) < xacc || fmid == 0.0) return rtb;

}

cout << "Error in the bisection:" << endl; // should never reach this point

cout "Too many iterations!" << endl;

}

// End: function bisection

In this function we transfer the lower and upper limit of the interval where we seek the solution,[x1, x2]. The
variablexacc is the precision we opt for. Note that in this function the test f(s) < δ is not implemented.
Rather, the test is done throughf(s) = 0, which is not necessarily a good option.

Note also that this function transfer a pointer to the name ofthe given function throughdouble(*func)(double).

5.4 Newton-Raphson’s method

Perhaps the most celebrated of all one-dimensional root-finding routines is Newton’s method, also called the
Newton-Raphson method. This method is distinguished from the previously discussed methods by the fact
that it requires the evaluation of both the functionf and its derivativef ′ at arbitrary points. In this sense, it is
taylored to cases with e.g., transcendental equations of the type shown in Eq. (5.8) where it is rather easy to
evaluate the derivative. If you can only calculate the derivative numerically and/or your function is not of the
smooth type, we discourage the use of this method.

The Newton-Raphson formula consists geometrically of extending the tangent line at a current point until
it crosses zero, then setting the next guess to the abscissa of that zero-crossing. The mathematics behind this
method is rather simple. Employing a Taylor expansion forx sufficiently close to the solutions, we have

f(s) = 0 = f(x) + (s− x)f ′(x) +
(s− x)2

2
f ′′(x) + . . . . (5.23)

For small enough values of the function and for well-behavedfunctions, the terms beyond linear are unimpor-
tant, hence we obtain

f(x) + (s− x)f ′(x) ≈ 0, (5.24)

yielding

s ≈ x− f(x)

f ′(x)
. (5.25)

Having in mind an iterative procedure, it is natural to startiterating with

xn+1 = xn −
f(xn)

f ′(xn)
. (5.26)

This is Newton-Raphson’s method. It has a simple geometric interpretation, namelyxn+1 is the point where
the tangent from(xn, f(xn)) crosses thex−axis. Close to the solution, Newton-Raphson converges fastto the
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Figure 5.2: Example of a case where Newton-Raphson’s methoddoes not converge. For the functionf(x) =

x− 2cos(x), we see that if we start atx = 7, the first iteration gives us that the first point where we cross the
x−axis is given byx1. However, usingx1 as a starting point for the next iteration results in a pointx2 which
is close to a local minimum. The tangent here is close to zero and we will never approach the point where
f(x) = 0.

desired result. However, if we are far from a root, where the higher-order terms in the series are important, the
Newton-Raphson formula can give grossly inaccurate results. For instance, the initial guess for the root might
be so far from the true root as to let the search interval include a local maximum or minimum of the function.
If an iteration places a trial guess near such a local extremum, so that the first derivative nearly vanishes, then
Newton-Raphson may fail totally. An example is shown in Fig.5.2

It is also possible to extract the convergence behavior of this method. Assume that the functionf has a
continuous second derivative around the solutions. If we define

en+1 = xn+1 − s = xn −
f(xn)

f ′(xn)
− s, (5.27)

and using Eq. (5.23) we have

en+1 = en +
−enf

′(xn) + e2n/2f
′′(ξ)

f ′(xn)
=
e2n/2f

′′(ξ)

f ′(xn)
. (5.28)

This gives
|en+1|
|en|2

=
1

2

|f ′′(ξ)|
|f ′(xn)|2 =

1

2

|f ′′(s)|
|f ′(s)|2 (5.29)

whenxn → s. Our error constantk is then proportional to|f ′′(s)|/|f ′(s)|2 if the second derivative is different
from zero. Clearly, if the first derivative is small, the convergence is slower. In general, if we are able to start
the iterative procedure near a root and we can easily evaluate the derivative, this is the method of choice. In
cases where we may need to evaluate the derivative numerically, the previously described methods are easier
and most likely safer to implement with respect to loss of numerical precision. Recall that the numerical
evaluation of derivatives involves differences between function values at differentxn.

We can rewrite the last equation as

|en+1| = C|en|2, (5.30)
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withC a constant. If we assume thatC ∼ 1 and leten ∼ 10−8, this results inen+1 ∼ 10−16, and demonstrates
clearly why Newton-Raphson’s method may converge faster than the bisection method.

Summarizing, this method has a solution whenf ′′ is continuous ands is a simple zero off . Then there is
a neighborhood ofs and a constantC such that if Newton-Raphson’s method is started in that neighborhood,
the successive points become steadily closer tos and satisfy

|s− xn+1| ≤ C|s− xn|2,

with n ≥ 0. In some situations, the method guarantees to converge to a desired solution from an arbitrary
starting point. In order for this to take place, the functionf has to belong toC2(R), be increasing, convex and
having a zero. Then this zero is unique and Newton’s method converges to it from any starting point.

As a mere curiosity, suppose we wish to compute the square root of a numberR, i.e.,
√
R. LetR > 0 and

define a function

f(x) = x2 −R.

The variablex is a root iff(x) = 0. Newton-Raphson’s method yields then the following iterative approach
to the root

xn+1 =
1

2

(
xn +

R

xn

)
, (5.31)

a formula credited to Heron, a Greek engineer and architect who lived sometime between 100 B.C. and
A.D. 100.

Suppose we wish to compute
√

13 = 3.6055513 and start withx0 = 5. The first iteration givesx1 = 3.8,
x2 = 3.6105263,x3 = 3.6055547 andx4 = 3.6055513. With just four iterations and a not too optimal choice
of x0 we obtain the exact root to a precision of 8 digits. The above equation, together with range reduction , is
used in the intrisic computational function which computessquare roots.

Newton’s method can be generalized to systems of several non-linear equations and variables. Consider
the case with two equations

f1(x1, x2) = 0

f2(x1, x2) = 0
, (5.32)

which we Taylor expand to obtain

0 = f1(x1 + h1, x2 + h2) = f1(x1, x2) + h1∂f1/∂x1 + h2∂f1/∂x2 + . . .

0 = f2(x1 + h1, x2 + h2) = f2(x1, x2) + h1∂f2/∂x1 + h2∂f2/∂x2 + . . .
. (5.33)

Defining the Jacobian matrix̂J we have

Ĵ =

(
∂f1/∂x1 ∂f1/∂x2

∂f2/∂x1 ∂f2/∂x2

)
, (5.34)

we can rephrase Newton’s method as

(
xn+1

1

xn+1
2

)
=

(
xn

1

xn
2

)
+

(
hn

1

hn
2

)
, (5.35)

where we have defined (
hn

1

hn
2

)
= −Ĵ−1

(
f1(x

n
1 , x

n
2 )

f2(x
n
1 , x

n
2 )

)
. (5.36)

We need thus to compute the inverse of the Jacobian matrix andit is to understand that difficulties may arise
in casêJ is nearly singular.

It is rather straightforward to extend the above scheme to systems of more than two non-linear equations.
The code for Newton-Raphson’s method can look like this
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/*

** This function

** calculates a root between x1 and x2 of a function pointed to

** by (*funcd) using the Newton-Raphson method. The user-defined

** function funcd() returns both the function value and its first

** derivative at the point x,

** The root is returned with an accuracy of +- xacc.

*/

double newtonraphson(void (*funcd)(double, double *, double *), double x1, double x2,

double xacc)

{

int j;

double df, dx, f, rtn;

rtn = 0.5 * (x1 + x2); // initial guess

for(j = 0; j < max_iterations; j++) {

(*funcd)(rtn, &f, &df);

dx = f/df;

rtn -= dx;

if((x1 - rtn) * (rtn - x2) < 0.0) {

cout << "\n\nError in function newtonraphson:" << endl ;

cout << "Jump out of interval bracket" << endl;

}

if (fabs(dx) < xacc) return rtn;

}

cout << "Error in function newtonraphson:" << endl;

cout << "Too many iterations!" << endl;

}

// End: function newtonraphson

We transfer again the lower and upper limit of the interval where we seek the solution,[x1, x2] and the variable
xacc. Firthermore, it transfers a pointer to the name of the givenfunction throughdouble(*func)(double).

5.5 The secant method and other methods

For functions that are smooth near a root, the methods known respectively as false position (or regula falsi)
and secant method generally converge faster than bisectionbut slower than Newton-Raphson. In both of
these methods the function is assumed to be approximately linear in the local region of interest, and the next
improvement in the root is taken as the point where the approximating line crosses the axis.

The algorithm for obtaining the solution for the secant method is rather simple. We start with the definition
of the derivative

f ′(xn) =
f(xn)− f(xn−1)

xn − xn−1

and combine it with the iterative expression of Newton-Raphson’s

xn+1 = xn −
f(xn)

f ′(xn)
,

to obtain

xn+1 = xn − f(xn)

(
xn − xn−1

f(xn)− f(xn−1)

)
, (5.37)

which we rewrite to

xn+1 =
f(xn)xn−1 − f(xn−1)xn

f(xn)− f(xn−1)
. (5.38)

This is the secant formula, implying that we are drawing a straight line from the point(xn−1, f(xn−1)) to
(xn, f(xn)). Where it crosses thex− axis we have the new pointxn+1. This is illustrated in Fig. 5.3.
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Figure 5.3: Plot off(E) Eq. (5.8) as function of energy |E|. The pointc is determined by where the straight
line from (a, f(a)) to (b, f(b)) crosses thex− axis.

In the numerical implementation found in the program library, the quantitiesxn−1, xn, xn+1 are changed
to a, b andc respectively, i.e., we determinec by the point where a straight line from the point(a, f(a)) to
(b, f(b)) crosses thex− axis, that is

c =
f(b)a− f(a)b

f(b)− f(a)
. (5.39)

We then see clearly the difference between the bisection method and the secant method. The convergence
criterion for the secant method is

|en+1| ≈ A|en|α, (5.40)

with α ≈ 1.62. The convergence is better than linear, but not as good as Newton-Raphson’s method which
converges quadratically.

While the secant method formally converges faster than bisection, one finds in practice pathological func-
tions for which bisection converges more rapidly. These canbe choppy, discontinuous functions, or even
smooth functions if the second derivative changes sharply near the root. Bisection always halves the interval,
while the secant method can sometimes spend many cycles slowly pulling distant bounds closer to a root. We
illustrate the weakness of this method in Fig. 5.4 where we show the results of the first three iterations, i.e., the
first point isc = x1, the next iteration givesc = x2 while the third iterations ends withc = x3. We may risk
that one of the endpoints is kept fixed while the other one onlyslowly converges to the desired solution.

The search for the solutions proceeds in much of the same fashion as for the bisection method, namely
after each iteration one of the previous boundary points is discarded in favor of the latest estimate of the
root. A variation of the secant method is the so-called falseposition method (regula falsi from Latin) where
the interval [a,b] is chosen so thatf(a)f(b) < 0, else there is no solution. This is rather similar to the
bisection method. Another possibility is to determine the starting point for the iterative search using three
points(a, f(a)), (b, f(b)) and(c, f(c)). One can use Lagrange’s interpolation formula for a polynomial, see
the discussion in the next chapter. This procedure leads to Brent’s method.
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Figure 5.4: Plot off(x) = 25x4 − x2/2 − 2. The various straight lines correspond to the determination of
the pointc after each iteration.c is determined by where the straight line from(a, f(a)) to (b, f(b)) crosses
thex − axis. Here we have chosen three values forc, x1, x2 andx3 which refer to the first, second and third
iterations respectively.

5.6 Exercises and projects

Exercise 5.1: Comparison of methods

Write a code which implements the bisection method, Newton-Raphson’s method and the secant method.
Find the positive roots of

x2 − 4x sinx+ (2 sinx)2 = 0,

using these three methods and compare the achieved accuracynumber of iterations needed to find the solution.
Give a critical discussion of the methods.

Project 5.1: Schrödinger’s equation

We are going to study the solution of the Schrödinger equation (SE) for a system with a neutron and proton
(the deuteron) moving in a simple box potential.

We begin our discussion of the SE with the neutron-proton (deuteron) system with a box potentialV (r).
We define the radial part of the wave functionR(r) and introduce the definitionu(r) = rR(R) The radial part
of the SE for two particles in their center-of-mass system and with orbital momentuml = 0 is then

−~
2

m

d2u(r)

dr2
+ V (r)u(r) = Eu(r),

with

m = 2
mpmn

mp +mn
,

wheremp andmn are the masses of the proton and neutron, respectively. We use herem = 938 MeV. Our
potential is defined as

V (r) =

{
−V0 0 ≤ r < a

0 r > a
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Bound states correspond to negative energyE and scattering states are given by positive energies. The SE
takes the form (without specifying the sign ofE)

d2u(r)

dr2
+
m

~2
(V0 + E)u(r) = 0 r < a,

and
d2u(r)

dr2
+
m

~2
Eu(r) = 0 r > a.

We are now going to search for eventual bound states, i.e.,E < 0. The deuteron has only one bound state at
energyE = −2.223 MeV. Discuss the boundary conditions on the wave function and use these to show that
the solution to the SE is

u(r) = Asin(kr) r < a,

and
u(r) = B exp (−βr) r > a,

whereA andB are constants. We have also defined

k =
√
m(V0 − |E|)/~,

and
β =

√
m|E|/~.

Show then, using the continuity requirement on the wave function that atr = a you obtain the transcendental
equation

kcot(ka) = −β. (5.41)

Insert values ofV0 = 60 MeV anda = 1.45 fm (1 fm = 10−15 m) and make a plot plotting programs) of
Eq. (5.41) as function of energyE in order to find eventual eigenvalues. See if these values result in a bound
state forE.

When you have localized on your plot the point(s) where Eq. (5.41) is satisfied, obtain a numerical value
for E using Newton-Raphson’s method, the bisection method and the secant method. Make an analysis of
these three methods and discuss how many iterations are needed to find a stable solution.

What is smallest possible value ofV0 which gives a bound state?
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Chapter 6

Linear algebra

In the training of programming for scientific computation the emphasis has historically been on
squeezing out every drop of floating point performance for a given algorithm. ...... This practice,
however, leads to highly tuned racecarlike software codes:delicate, easily broken and difficult
to maintain, but capable of outperforming more user-friendly family cars. Smith, Bjorstad and
Gropp, An introduction to MPI [16]

6.1 Introduction

In this chapter we deal with basic matrix operations, such asthe solution of linear equations, calculate the
inverse of a matrix, its determinant etc. The solution of linear equations is an important part of numerical
mathematics and arises in many applications in the sciences. Here we focus in particular on so-called direct
or elimination methods, which are in principle determined through a finite number of arithmetic operations.
Iterative methods will be discussed in connection with eigenvalue problems in chapter 7.

This chapter serves also the purpose of introducing important programming details such as handling mem-
ory allocation for matrices and the usage of the libraries which follow these lectures. Classes and pertinent
programming aspects are relegated to the appendix.

The algorithms we describe and their original source codes are taken from the widely used software pack-
age LAPACK [27], which follows two other popular packages developed in the 1970s, namely EISPACK and
LINPACK. The latter was developed for linear equations and least square problems while the former was de-
veloped for solving symmetric, unsymmetric and generalized eigenvalue problems. From LAPACK’s website
http://www.netlib.org it is possible to download for free all source codes from thislibrary. Both C++ and
Fortran versions are available. Another important libraryis BLAS [28], which stands for Basic Linear Algebra
Subprogram. It contains efficient codes for algebraic operations on vectors, matrices and vectors and matrices.
Basically all modern supercomputer include this library, with efficient algorithms. Else, Matlab offers a very
efficient programming environment for dealing with matrices. The classic text from where we have taken most
of the formalism exposed here is the book on matrix computations by Golub and Van Loan [29]. Good recent
introductory texts are Kincaid and Cheney [24] and Datta [30]. For more advanced ones see Trefethen and
Bau III [31], Kress [25] and Demmel [32]. Ref. [29] contains an extensive list of textbooks on eigenvalue
problems and linear algebra. LAPACK [27] contains also extensive listings to the research literature on matrix
computations. For the introduction of the auxiliary library Blitz++ [33], which allows for a very efficient way
of handling arrays in C++ we refer to the online manual athttp://www.oonumerics.org and the appendix.
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6.2 Mathematical intermezzo

The matrices we will deal with are primarily square real symmetric or hermitian ones, assuming thereby that
ann×nmatrixA ∈ Rn×n for a real matrix1 andA ∈ Cn×n for a complex matrix. For the sake of simplicity,
we take a matrixA ∈ R

4×4 and a corresponding identity matrixI

A =





a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44



 I =





1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



 , (6.1)

whereaij ∈ R. The inverse of a matrix, if it exists, is defined by

A−1 ·A = I.

In the following discussion, matrices are always two-dimensional arrays while vectors are one-dimensional
arrays. In our nomenclature we will restrict boldfaced capitals letters such asA to represent a general matrix,
which is a two-dimensional array, whileaij refers to a matrix element with row numberi and column number
j. Similarly, a vector being a one-dimensional array, is labelled x and represented as (for a real vector)

x ∈ R
n ⇐⇒





x1

x2

x3

x4



 ,

with pertinent vector elementsxi ∈ R. Note that this notation impliesxi ∈ R4×1 and that the members ofx
are column vectors. The elements ofxi ∈ R

1×4 are row vectors.
Table 6.2 lists some essential features of various types of matrices one may encounter. Some of the matrices

Table 6.1: Matrix properties

Relations Name matrix elements
A = AT symmetric aij = aji

A =
(
AT
)−1

real orthogonal
∑

k aikajk =
∑

k akiakj = δij
A = A∗ real matrix aij = a∗ij
A = A† hermitian aij = a∗ji

A =
(
A†)−1

unitary
∑

k aika
∗
jk =

∑
k a

∗
kiakj = δij

we will encounter are listed here

1. Diagonal ifaij = 0 for i 6= j,

2. Upper triangular ifaij = 0 for i > j, which for a4× 4 matrix is of the form





a11 a12 a13 a14

0 a22 a23 a24

0 0 a33 a34

0 0 0 ann





1A reminder on mathematical symbols may be appropriate here.The symbolR is the set of real numbers. Correspondingly,N, Z and
C represent the set of natural, integer and complex numbers, respectively. A symbol likeRn stands for ann-dimensional real Euclidean
space, whileC[a, b] is the space of real or complex-valued continuous functionson the interval[a, b], where the latter is a closed interval.
Similalry, Cm[a, b] is the space ofm-times continuously differentiable functions on the interval [a, b]. For more symbols and notations,
see the main text.
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3. Lower triangular ifaij = 0 for i < j





a11 0 0 0

a21 a22 0 0

a31 a32 a33 0

a41 a42 a43 a44





4. Upper Hessenberg ifaij = 0 for i > j + 1, which is similar to a upper triangular except that it has
non-zero elements for the first subdiagonal row





a11 a12 a13 a14

a21 a22 a23 a24

0 a32 a33 a34

0 0 a43 a44





5. Lower Hessenberg ifaij = 0 for i < j + 1





a11 a12 0 0

a21 a22 a23 0

a31 a32 a33 a34

a41 a42 a43 a44





6. Tridiagonal ifaij = 0 for |i− j| > 1





a11 a12 0 0

a21 a22 a23 0

0 a32 a33 a34

0 0 a43 a44





There are many more examples, such as lower banded with bandwidth p for aij = 0 for i > j + p, upper
banded with bandwidthp for aij = 0 for i < j + p, block upper triangular, block lower triangular etc.

For a realn× n matrixA the following properties are all equivalent

1. If the inverse ofA exists,A is nonsingular.

2. The equationAx = 0 impliesx = 0.

3. The rows ofA form a basis ofRn.

4. The columns ofA form a basis ofRn.

5. A is a product of elementary matrices.

6. 0 is not an eigenvalue ofA.

The basic matrix operations that we will deal with are addition and subtraction

A = B±C =⇒ aij = bij ± cij , (6.2)

scalar-matrix multiplication
A = γB =⇒ aij = γbij,

vector-matrix multiplication

y = Ax =⇒ yi =

n∑

j=1

aijxj , (6.3)
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matrix-matrix multiplication

A = BC =⇒ aij =
n∑

k=1

bikckj , (6.4)

transposition
A = BT =⇒ aij = bji,

and ifA ∈ Cn×n, conjugation results in

A = B
T

=⇒ aij = bji,

where a variablez = x − ıy denotes the complex conjugate ofz = x + ıy. In a similar way we have the
following basic vector operations, namely addition and subtraction

x = y ± z =⇒ xi = yi ± zi,

scalar-vector multiplication
x = γy =⇒ xi = γyi,

vector-vector multiplication (called Hadamard multiplication)

x = yz =⇒ xi = yizi,

the inner or so-called dot product

c = yT z =⇒ c =

n∑

j=1

yjzj, (6.5)

with c a constant and the outer product, which yields a matrix,

A = yzT =⇒ aij = yizj, (6.6)

Other important operations are vector and matrix norms. A class of vector norms are the so-calledp-norms

||x||p = (|x1|p + |x2|p + · · ·+ |xn|p)
1
p ,

wherep ≥ 1. The most important are the 1, 2 and∞ norms given by

||x||1 = |x1|+ |x2|+ · · ·+ |xn|,

||x||2 = (|x1|2 + |x2|2 + · · ·+ |xn|2)
1
2 = (xT x)

1
2 ,

and
||x||∞ = max |xi|,

for 1 ≤ i ≤ n. From these definitions, one can derive several important relations, of which the so-called
Cauchy-Schwartz inequality is of great importance for manyalgorithms. For anyx andy being real-valued or
complex-valued quantities, the inner product space satisfies

|xT y| ≤ ||x||2||y||2,

and the equality is obeyed only ifx andy are linearly dependent. An important relation which follows from
the Cauchy-Schwartz relation is the famous triangle relation, which states that for anyx andy in a real or
complex, the inner product space satisfies

||x + y||2 ≤ ||x||2 + ||y||2.

Proofs can be found in for example Ref. [29]. As discussed in chapter 2, the analysis of the relative error is
important in our studies of loss of numerical precision. Using a vector norm we can define the relative error
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for the machine representation of a vectorx. We assume thatfl(x) ∈ Rn is the machine representation of a
vectorx ∈ Rn. If x 6= 0, we define the relative error as

ǫ =
||fl(x)− x||
||x|| .

Using the∞-norm one can define a relative error that can be translated into a statement on the correct signifi-
cant digits offl(x),

||fl(x)− x||∞
||x||∞

≈ 10−l,

where the largest component offl(x) has roughlyl correct significant digits.
We can define similar matrix norms as well. The most frequently used are the Frobenius norm

||A||F =

√√√√
m∑

i=1

n∑

j=1

|aij |2,

and thep-norms

||A||p =
||Ax||p
||x||p

,

assuming thatx 6= 0. We refer the reader to the text of Golub and Van Loan [29] for afurther discussion of
these norms.

The way we implement these operations will be discussed below, as it depends on the programming lan-
guage we opt for.

6.3 Programming details

Many programming problems arise from improper treatment ofarrays. In this section we will discuss some
important points such as array declaration, memory allocation and array transfer between functions. We dis-
tinguish between two cases: (a) array declarations where the array size is given at compilation time, and (b)
where the array size is determined during the execution of the program, so-called dymanic memory allocation.
Useful references on C++ programming details, in particular on the use of pointers and memory allocation,
are Reek’s text [34] on pointers in C, Berryhill’s monograph[35] on scientific programming in C++ and fi-
nally Franek’s text [36] on memory as a programming concept in C and C++. Good allround texts on C++
programming in engineering and science are the books by Flowers [19] and Barton and Nackman [20]. See
also the online lecture notes on C++ athttp://heim.ifi.uio.no/~hpl/INF-VERK4830. For Fortran we
recommend the online lectures athttp://folk.uio.no/gunnarw/INF-VERK4820. These web pages con-
tain extensive references to other C++ and Fortran resources. Both web pages contain enough material, lecture
notes and exercises, in order to serve as material for own studies.

6.3.1 Declaration of fixed-sized vectors and matrices

Table 6.2 presents a small program which treats essential features of vector and matrix handling where the
dimensions are declared in the program code.

In line a we have a standard C++ declaration of a vector. The compiler reserves memory to store five
integers. The elements are vec[0], vec[1],....,vec[4]. Note that the numbering of elements starts with zero.
Declarations of other data types are similar, including structure data.

The symbol vec is an element in memory containing the addressto the first element vec[0] and is a pointer
to a vector of five integer elements.
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Figure 6.1: Segmentation fault, again and again! Alas, thisis a situation you must likely will end up in, unless
you initialize, access, allocate and deallocate properly your arrays. Many program development environments
such as Dev C++ atwww.bloodshed.net provide debugging possibilities. Beware however that there may
be segmentation errors which occur due to errors in libraries of the operating system. (Drawing: courtesy by
Victoria Popsueva 2003.)
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In line b we have a standard fixed-size C++ declaration of a matrix. Again the elements start with zero,
matr[0][0], matr[0][1], ....., matr[0][4], matr[1][0],.... . This sequence of elements also shows how data are
stored in memory. For example, the element matr[1][0] follows matr[0][4]. This is important in order to
produce an efficient code and avoid memory stride.

There is one further important point concerning matrix declaration. In a similar way as for the symbolvec,
matr is an element in memory which contains an address to a vector of three elements, but now these elements
are not integers. Each element is a vector of five integers. This is the correct way to understand the declaration
in line b. With respect to pointers this means that matr ispointer-to-a-pointer-to-an-integerwhich we can write
∗∗matr. Furthermore∗matr isa-pointer-to-a-pointerof five integers. This interpretation is important when we
want to transfer vectors and matrices to a function.

In line c we transfer vec[] and matr[][] to the function sub_1(). To bespecific, we transfer the addresses of
vec[] and matr[][] to sub_1().

Table 6.2: Matrix handling program where arrays are defined at compilation time

int main()
{

int k,m, row = 3, col = 5;
int vec[5]; // line a
int matr[3][5]; // line b

for (k = 0; k < col; k++) vec[k] = k; // data into vector[]
for (m = 0; m< row; m++) { // data into matr[][]

for (k = 0; k < col ; k++) matr[m][k] = m + 10∗ k;
}
printf("\n\nVector data in main():\n"); // print vector data
for (k = 0; k < col; k++) printf("vector[%d] = %d ",k, vec[k]);
printf("\n\nMatrix data in main():");

for (m = 0; m< row; m++) {
printf("\n");
for (k = 0; k < col; k++)

printf("matr[%d][[%d] = %d ",m,k,matr[m][k]);
}

}
printf("\n");
sub_1(row, col, vec, matr); // line c
return 0;

} // End: function main()

void sub_1(int row, int col, int vec[], int matr[][5]) // line d
{

int k,m;

printf("\n\nVector data in sub_1():\n"); // print vector data
for (k = 0; k < col; k++) printf("vector[%d] = %d ",k, vec[k]);
printf("\n\nMatrix data in sub_1():");

for (m = 0; m< row; m++) {
printf("\n");
for (k = 0; k < col; k++) {

printf("matr[%d][[%d] = %d ",m, k, matr[m][k]);
}

}
printf("\n");

} // End: function sub_1()

In line d we have the function definition of sub_1(). Theint vec[] is a pointer to an integer. Alternatively
we could writeint ∗vec. The first version is better. It shows that it is a vector ofseveral integers, but not how
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many. The second version could equally well be used to transfer the address to a single integer element. Such
a declaration does not distinguish between the two cases.

The next definition isint matr[][5]. This is a pointer to a vector of five elements and the compiler must be
told that each vector element contains five integers. Here analternative version could be int (∗matr)[5] which
clearly specifies that matr is a pointer to a vector of five integers.

There is at least one drawback with such a matrix declaration. If we want to change the dimension of
the matrix and replace 5 by something else we have to do the same change in all functions where this matrix
occurs.

There is another point to note regarding the declaration of variables in a function which includes vectors
and matrices. When the execution of a function terminates, the memory required for the variables is released.
In the present case memory for all variables in main() are reserved during the whole program execution, but
variables which are declared in sub_1() are released when the execution returns to main().

6.3.2 Runtime declarations of vectors and matrices in C++

As mentioned in the previous subsection a fixed size declaration of vectors and matrices before compilation is
in many cases bad. You may not know beforehand the actually needed sizes of vectors and matrices. In large
projects where memory is a limited factor it could be important to reduce memory requirement for matrices
which are not used any more. In C an C++ it is possible and common to postpone size declarations of arrays
untill you really know what you need and also release memory reservations when it is not needed any more.
The details are shown in Table 6.3.

In line a we declare a pointer to an integer which later will be used to store an address to the first element
of a vector. Similarily,line b declares a pointer-to-a-pointer which will contain the address to a pointer of row
vectors, each with col integers. This will then become a matrix with dimensionality [col][col]

In line c we read in the size of vec[] and matr[][] through the numbers row and col.
Next we reserve memory for the vector inline d. In line e we use a user-defined function to reserve

necessary memory for matrix[row][col] and again matr contains the address to the reserved memory location.
The remaining part of the function main() are as in the previous case down toline f. Here we have a call

to a user-defined function which releases the reserved memory of the matrix. In this case this is not done
automatically.

In line g the same procedure is performed for vec[]. In this case the standard C++ library has the necessary
function.

Next, in line h an important difference from the previous case occurs. First, the vector declaration is the
same, but the matr declaration is quite different. The corresponding parameter in the call to sub_1[] inline g
is a double pointer. Consequently, matr inline h must be a double pointer.

Except for this difference sub_1() is the same as before. Thenew feature in Table 6.3 is the call to the
user-defined functionsmatrix andfree_matrix. These functions are defined in the library filelib.cpp. The
code for the dynamic memory allocation is given below.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/cpp/cpluspluslibrary/lib.cpp

/*

* The function

* void **matrix()

* reserves dynamic memory for a two-dimensional matrix

* using the C++ command new . No initialization of the elements.

* Input data:

* int row - number of rows

* int col - number of columns

* int num_bytes- number of bytes for each

* element

* Returns a void **pointer to the reserved memory location.

*/

void **matrix(int row, int col, int num_bytes)

{
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Table 6.3: Matrix handling program with dynamic array allocation.

int main()
{

int ∗vec; // line a
int ∗∗matr; // line b
int m, k, row, col, total = 0;

printf("\n\nRead in number of rows = "); // line c
scanf("%d",&row);
printf("\n\nRead in number of column = ");
scanf("%d", &col);

vec =new int [col]; // line d
matr = (int ∗∗)matrix(row, col,sizeof(int )); // line e
for (k = 0; k < col; k++) vec[k] = k; // store data in vector[]
for (m = 0; m< row; m++) { // store data in array[][]

for (k = 0; k < col; k++) matr[m][k] = m + 10∗ k;
}
printf("\n\nVector data in main():\n"); // print vector data
for (k = 0; k < col; k++) printf("vector[%d] = %d ",k,vec[k]);
printf("\n\nArray data in main():");
for (m = 0; m< row; m++) {

printf("\n");
for (k = 0; k < col; k++) {

printf("matrix[%d][[%d] = %d ",m, k, matr[m][k]);
}

}
printf("\n");
for (m = 0; m< row; m++) { // access the array

for (k = 0; k < col; k++) total += matr[m][k];
}
printf("\n\nTotal = %d\n",total);
sub_1(row, col, vec, matr);
free_matrix((void ∗∗)matr); // line f
delete[] vec; // line g
return 0;

} // End: function main()

void sub_1(int row, int col, int vec[], int ∗∗matr) // line h
{

int k,m;

printf("\n\nVector data in sub_1():\n"); // print vector data
for (k = 0; k < col; k++) printf("vector[%d] = %d ",k, vec[k]);
printf("\n\nMatrix data in sub_1():");
for (m = 0; m< row; m++) {

printf("\n");
for (k = 0; k < col; k++) {

printf("matrix[%d][[%d] = %d ",m,k,matr[m][k]);
}

}
printf("\n");

} // End: function sub_1()
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int i, num;

char **pointer, *ptr;

pointer = new(nothrow) char* [row];

if(!pointer) {

cout << "Exception handling: Memory allocation failed";

cout << " for "<< row << "row addresses !" << endl;

return NULL;

}

i = (row * col * num_bytes)/sizeof(char);

pointer[0] = new(nothrow) char [i];

if(!pointer[0]) {

cout << "Exception handling: Memory allocation failed";

cout << " for address to " << i << " characters !" << endl;

return NULL;

}

ptr = pointer[0];

num = col * num_bytes;

for(i = 0; i < row; i++, ptr += num ) {

pointer[i] = ptr;

}

return (void **)pointer;

} // end: function void **matrix()

As an alternative, you could write your own allocation and deallocation of matrices. This can be done
rather straightforwardly with the following statements. Recall first that a matrix is represented by a double
pointer that points to a contiguous memory segment holding asequence of double* pointers in case our matrix
is a double precision variable. Then each double* pointer points to a row in the matrix. A declaration like
double**A; means that A[i] is a pointer to thei+ 1-th row A[i] and A[i][j] is matrix entry(i, j). The way we
would allocate memory for such a matrix of dimensionalityn× n is for example using the following piece of
code

int n;

double ** A;

A = new double*[n]

for ( i = 0; i < n; i++)

A[i] = new double[N];

When we declare a matrix (a two-dimensional array) we must first declare an array of double variables. To
each of this variables we assign an allocation of a single-dimensional array. A conceptual picture on how a
matrixA is stored in memory is shown in Fig. 6.2.

Allocated memory should always be deleted when it is no longer needed. We free memory using the
statements

for ( i = 0; i < n; i++)

delete[] A[i];

delete[] A;

delete[]A;, which frees an array of pointers to matrix rows.
However, including a library like Blitz++http://www.oonumerics.org makes life much easier when

dealing with matrices. This is discussed in the appendix.

6.3.3 Matrix operations and C++ and Fortran features of matrix handling

Many program libraries for scientific computing are writtenin Fortran, often also in older version such as
Fortran 77. When using functions from such program libraries, there are some differences between C++ and
Fortran encoding of matrices and vectors worth noticing. Here are some simple guidelines in order to avoid
some of the most common pitfalls.
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double ∗ ∗A =⇒ double ∗A[0 . . . 3]

A[0][0] A[0][1] A[0][2] A[0][3]

A[1][0] A[1][1] A[1][2] A[1][3]

A[2][0] A[2][1] A[2][2] A[2][3]

A[3][0] A[3][1] A[3][2] A[3][3]

A[0]

A[1]

A[2]

A[2]

Figure 6.2: Conceptual representation of the allocation ofa matrix in C++.

First of all, when we think of ann×nmatrix in Fortran and C++, we typically would have a mental picture
of a two-dimensional block of stored numbers. The computer stores them however as sequential strings of
numbers. The latter could be stored as row-major order or column-major order. What do we mean by that?
Recalling that for our matrix elementsaij , i refers to rows andj to columns, we could store a matrix in the
sequencea11a12 . . . a1na21a22 . . . a2n . . . ann if it is row-major order (we go along a given rowi and pick up
all column elementsj) or it could be stored in column-major ordera11a21 . . . an1a12a22 . . . an2 . . . ann.

Fortran stores matrices in the latter way, i.e., by column-major, while C++ stores them by row-major. It
is crucial to keep this in mind when we are dealing with matrices, because if we were to organize the matrix
elements in the wrong way, important properties like the transpose of a real matrix or the inverse can be
wrong, and obviously yield wrong physics. Fortran subscripts begin typically with1, although it is no problem
in starting with zero, while C++ starts with0 for the first element. This means thatA(1, 1) in Fortran is
equivalent toA[0][0] in C++. Moreover, since the sequential storage in memory means that nearby matrix
elements are close to each other in the memory locations (andthereby easier to fetch) , operations involving
e.g., additions of matrices may take more time if we do not respect the given ordering.

To see this, consider the following coding of matrix addition in C++ and Fortran. We haven× n matrices
A, B andC and we wish to evaluateA = B + C according to Eq. (6.2). In C++ this would be coded like

for(i=0 ; i < n ; i++) {

for(j=0 ; j < n ; j++) {

a[i][j]=b[i][j]+c[i][j]

}

}

while in Fortran we would have

DO j=1, n

DO i=1, n
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a11 a12 a13

a21 a22 a23

a31 a32 a33

=⇒⇐=

a11

a12

a13

a21

a22

a23

a31

a32

a33

a11

a21

a31

a12

a22

a32

a13

a23

a33

Figure 6.3: Row-major storage of a matrix to the left (C++ way) and column-major to the right (Fortran way).

a(i,j)=b(i,j)+c(i,j)

ENDDO

ENDDO

Fig. 6.3 shows how a3× 3 matrixA is stored in both row-major and column-major ways.
Interchanging the order ofi andj can lead to a considerable enhancement in process time. In Fortran we

write the above statements in a much simpler waya=b+c. However, the addition still involves∼ n2 operations.
Matrix multiplication or taking the inverse requires∼ n3 operations. The matrix multiplication of Eq. (6.4) of
two matricesA = BC could then take the following form in C++

for(i=0 ; i < n ; i++) {

for(j=0 ; j < n ; j++) {

for(k=0 ; k < n ; k++) {

a[i][j]+=b[i][k]*c[k][j]

}

}

}
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and in Fortran we have

DO j=1, n

DO i=1, n

DO k = 1, n

a(i,j)=a(i,j)+b(i,k)*c(k,j)

ENDDO

ENDDO

ENDDO

However, Fortran has an intrisic function called MATMUL, and the above three loops can be coded in a
single statementa=MATMUL(b,c). Fortran contains several array manipulation statements,such as dot product of
vectors, the transpose of a matrix etc etc. The outer productof two vectors is however not included in Fortran.
The coding of Eq. (6.6) takes then the following form in C++

for(i=0 ; i < n ; i++) {

for(j=0 ; j < n ; j++) {

a[i][j]+=x[i]*y[j]

}

}

and in Fortran we have

DO j=1, n

DO i=1, n

a(i,j)=a(i,j)+x(j)*y(i)

ENDDO

ENDDO

A matrix-matrix multiplication of a generaln× n matrix with

a(i, j) = a(i, j) + b(i, k) ∗ c(k, j),

in its inner loops requires a multiplication and an addition. We define now a flop (floating point operation) as
one of the following floating point arithmetic operations, viz addition, subtraction, multiplication and division.
The above two floating point operations (flops) are donen3 times meaning that a general matrix multiplication
requires2n3 flops if we have a square matrix. If we assume that our computerperforms109 flops per second,
then to perform a matrix multiplication of a1000× 1000 case should take two seconds. This can be reduced
if we multiply two matrices which are upper triangular such as

A =





a11 a12 a13 a14

0 a22 a23 a24

0 0 a33 a34

0 0 0 a44



 .

The multiplication of two upper triangular matricesBC yields another upper triangular matrixA, resulting in
the following C++ code

for(i=0 ; i < n ; i++) {

for(j=i ; j < n ; j++) {

for(k=i ; k < j ; k++) {

a[i][j]+=b[i][k]*c[k][j]

}

}

}

The fact that we have the constrainti ≤ j leads to the requirement for the computation ofaij of 2(j − i+ 1)

flops. The total number of flops is then

n∑

i=1

n∑

j=1

2(j − i+ 1) =

n∑

i=1

n−i+1∑

j=1

2j ≈
n∑

i=1

2(n− i+ 1)2

2
,
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where we used that
∑n

j=1 j = n(n+1)/2 ≈ n2/2 for largen values. Using in addition that
∑n

j=1 j
2 ≈ n3/3

for largen values, we end up with approximatelyn3/3 flops for the multiplication of two upper triangular
matrices. This means that if we deal with matrix multiplication of upper triangular matrices, we reduce the
number of flops by a factor six if we code our matrix multiplication in an efficient way.

It is also important to keep in mind that computers are finite,we can thus not store infinitely large matrices.
To calculate the space needed in memory for ann × n matrix with double precision, 64 bits or 8 bytes for
every matrix element, one needs simply computen× n× 8 bytes . Thus, ifn = 10000, we will need close to
1GB of storage. Decreasing the precision to single precision, only halves our needs.

A further point we would like to stress, is that one should in general avoid fixed (at compilation time)
dimensions of matrices. That is, one could always specify that a given matrixA should have sizeA[100][100],
while in the actual execution one may use onlyA[10][10]. If one has several such matrices, one may run out of
memory, while the actual processing of the program does not imply that. Thus, we will always recommend that
you use dynamic memory allocation, and deallocation of arrays when they are no longer needed. In Fortran
one uses the intrisic functionsALLOCATE andDEALLOCATE , while C++ employs the functionsnewand
delete.

Fortran allocate statement and mathematical operations onarrays

An array is declared in the declaration section of a program,module, or procedure using the dimension at-
tribute. Examples include

REAL, DIMENSION (10) :: x,y

REAL, DIMENSION (1:10) :: x,y

INTEGER, DIMENSION (-10:10) :: prob

INTEGER, DIMENSION (10,10) :: spin

The default value of the lower bound of an array is 1. For this reason the first two statements are equivalent to
the first. The lower bound of an array can be negative. The lasttwo statements are examples of two-dimensional
arrays.

Rather than assigning each array element explicitly, we canuse an array constructor to give an array a set
of values. An array constructor is a one-dimensional list ofvalues, separated by commas, and delimited by "(/"
and "/)". An example is

a(1:3) = (/ 2.0, -3.0, -4.0 /)

is equivalent to the separate assignments

a(1) = 2.0

a(2) = -3.0

a(3) = -4.0

One of the better features of Fortran is dynamic storage allocation. That is, the size of an array can be
changed during the execution of the program. To see how the dynamic allocation works in Fortran, consider
the following simple example where we set up a4× 4 unity matrix.

......

IMPLICIT NONE

! The definition of the matrix, using dynamic allocation

REAL, ALLOCATABLE, DIMENSION(:,:) :: unity

! The size of the matrix

INTEGER :: n

! Here we set the dim n=4

n=4

! Allocate now place in memory for the matrix

ALLOCATE ( unity(n,n) )

! all elements are set equal zero
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unity=0.

! setup identity matrix

DO i=1,n

unity(i,i)=1.

ENDDO

DEALLOCATE ( unity)

.......

We always recommend to use the deallocation statement, since this frees space in memory. If the matrix is
transferred to a function from a calling program, one can transfer the dimensionalityn of that matrix with
the call. Another possibility is to determine the dimensionality with theSIZE function. Writing a statement
like n=SIZE(unity,DIM=1) gives the number of rows, while using DIM=2 gives the number of columns. Note
however that this involves an extra call to a function. If speed matters, one should avoid such calls.

6.4 Linear Systems

In this section we outline some of the most used algorithms tosolve sets of linear equations. These algorithms
are based on Gaussian elimination [25, 29] and will allow us to catch several birds with a stone. We will show
how to rewrite a matrixA in terms of an upper and a lower triangular matrix, from whichwe easily can solve
linear equation, compute the inverse ofA and obtain the determinant. We start with Gaussian elimination,
move to the more efficient LU-algorithm, which forms the basis for many linear algebra applications, and end
the discussion with special cases such as the Cholesky decomposition and linear system of equations with a
tridiagonal matrix.

We begin however with an example which demonstrates the importance of being able to solve linear equa-
tions. Suppose we want to solve the following boundary valueequation

−d
2u(x)

dx2
= f(x, u(x)),

with x ∈ (a, b) and with boundary conditionsu(a) = u(b) = 0. We assume thatf is a continuous function in
the domainx ∈ (a, b). Since, except the few cases where it is possible to find analytic solutions, we will seek
approximate solutions, we choose to represent the approximation to the second derivative from the previous
chapter

f ′′ =
fh − 2f0 + f−h

h2
+O(h2).

We subdivide our intervalx ∈ (a, b) into n subintervals by settingxi = a+ ih, with i = 0, 1, . . . , n+ 1. The
step size is then given byh = (b − a)/(n + 1) with n ∈ N. For the internal grid pointsi = 1, 2, . . . n we
replace the differential operator with the above formula resulting in

u′′(xi) ≈
u(xi + h)− 2u(xi) + u(xi − h)

h2
,

which we rewrite as

u
′′

i ≈
ui+1 − 2ui + ui−i

h2
.

We can rewrite our original differential equation in terms of a discretized equation with approximations to the
derivatives as

−ui+1 − 2ui + ui−i

h2
= f(xi, u(xi)),

with i = 1, 2, . . . , n. We need to add to this system the two boundary conditionsu(a) = u0 andu(b) = un+1.
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If we define a matrix

A =
1

h2





2 −1

−1 2 −1

−1 2 −1

. . . . . . . . . . . . . . .

−1 2 −1

−1 2





and the corresponding vectorsu = (u1, u2, . . . , un)T andf(u) = f(x1, x2, . . . , xn, u1, u2, . . . , un)T we can
rewrite the differential equation including the boundary conditions as a system of linear equations with a large
number of unknowns

Au = f(u). (6.7)

We assume that the solutionu exists and is unique for the exact differential equation, viz that the boundary
value problem has a solution. But the discretization of the above differential equation leads to several questions,
such as how well does the approximate solution resemble the exact one ash→ 0, or does a given small value
of h allow us to establish existence and uniqueness of the solution.

Here we specialize to two particular cases. Assume first thatthe functionf does not depend onu(x). Then
our linear equation reduces to

Au = f , (6.8)

which is nothing but a simple linear equation with a tridiagonal matrixA. We will solve such a system of
equations in subsection 6.4.3.

If we assume that our boundary value problem is that of a quantum mechanical particle confined by a
harmonic oscillator potential, then our functionf takes the form (assuming that all constantsm = ~ = ω = 1)
f(xi, u(xi)) = −x2

iu(xi) + 2λu(xi) with λ being the eigenvalue. Inserting this into our equation, we define
first a new matrixA as

A =





2
h2 + x2

1 − 1
h2

− 1
h2

2
h2 + x2

2 − 1
h2

− 1
h2

2
h2 + x2

3 − 1
h2

. . . . . . . . . . . . . . .

− 1
h2

2
h2 + x2

n−1 − 1
h2

− 1
h2

2
h2 + x2

n




, (6.9)

which leads to the following eigenvalue problem




2
h2 + x2

1 − 1
h2

− 1
h2

2
h2 + x2

2 − 1
h2

− 1
h2

2
h2 + x2

3 − 1
h2

. . . . . . . . . . . . . . .

− 1
h2

2
h2 + x2

n−1 − 1
h2

− 1
h2

2
h2 + x2

n









u1

u2

un




= 2λ





u1

u2

un




.

We will solve this type of equations in chapter 7. These lecture notes contain however several other examples
of rewriting mathematical expressions into matrix problems. In chapter 4 we show how a set of linear integral
equation when discretized can be transformed into a simple matrix inversion problem. The specific example
we study in that chapter is the rewriting of Schrödinger’s equation for scattering problems. Other examples of
linear equations will appear in our discussion of ordinary and partial differential equations.

6.4.1 Gaussian elimination

Any discussion on the solution of linear equations should start with Gaussian elimination. This text is no
exception. We start with the linear set of equations

Ax = w.
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We assume also that the matrixA is non-singular and that the matrix elements along the diagonal satisfy
aii 6= 0. We discuss later how to handle such cases. In the discussionwe limit ourselves again to a matrix
A ∈ R4×4, resulting in a set of linear equations of the form





a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44









x1

x2

x3

x4



 =





w1

w2

w3

w4



 .

or

a11x1 + a12x2 + a13x3 + a14x4 = w1

a21x1 + a22x2 + a23x3 + a24x4 = w2

a31x1 + a32x2 + a33x3 + a34x4 = w3

a41x1 + a42x2 + a43x3 + a44x4 = w4.

The basic idea of Gaussian elimination is to use the first equation to eliminate the first unknownx1 from the
remainingn − 1 equations. Then we use the new second equation to eliminate the second unknownx2 from
the remainingn − 2 equations. Withn − 1 such eliminations we obtain a so-called upper triangular set of
equations of the form

b11x1 + b12x2 + b13x3 + b14x4 = y1

b22x2 + b23x3 + b24x4 = y2

b33x3 + b34x4 = y3

b44x4 = y4.

We can solve this system of equations recursively starting fromxn (in our casex4) and proceed with what is
called a backward substitution. This process can be expressed mathematically as

xm =
1

bmm

(
ym −

n∑

k=m+1

bmkxk

)
m = n− 1, n− 2, . . . , 1.

To arrive at such an upper triangular system of equations, westart by eliminating the unknownx1 for j = 2, n.
We achieve this by multiplying the first equation byaj1/a11 and then subtract the result from thejth equation.
We assume obviously thata11 6= 0 and thatA is not singular. We will come back to this problem below.

Our actual4× 4 example reads after the first operation





a11 a12 a13 a14

0 (a22 − a21a12

a11
) (a23 − a21a13

a11
) (a24 − a21a14

a11
)

0 (a32 − a31a12

a11
) (a33 − a31a13

a11
) (a34 − a31a14

a11
)

0 (a42 − a41a12

a11
) (a43 − a41a13

a11
) (a44 − a41a14

a11
)









x1

x2

x3

x4



 =





y1

w
(2)
2

w
(2)
3

w
(2)
4




.

or

b11x1 + b12x2 + b13x3 + b14x4 = y1

a
(2)
22 x2 + a

(2)
23 x3 + a

(2)
24 x4 = w

(2)
2

a
(2)
32 x2 + a

(2)
33 x3 + a

(2)
34 x4 = w

(2)
3

a
(2)
42 x2 + a

(2)
43 x3 + a

(2)
44 x4 = w

(2)
4 ,

(6.10)

with the new coefficients
b1k = a

(1)
1k k = 1, . . . , n,
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where eacha(1)
1k is equal to the originala1k element. The other coefficients are

a
(2)
jk = a

(1)
jk −

a
(1)
j1 a

(1)
1k

a
(1)
11

j, k = 2, . . . , n,

with a new right-hand side given by

y1 = w
(1)
1 , w

(2)
j = w

(1)
j −

a
(1)
j1 w

(1)
1

a
(1)
11

j = 2, . . . , n.

We have also setw(1)
1 = w1, the original vector element. We see that the system of unknownsx1, . . . , xn is

transformed into an(n− 1)× (n− 1) problem.
This step is called forward substitution. Proceeding with these substitutions, we obtain the general expres-

sions for the new coefficients

a
(m+1)
jk = a

(m)
jk −

a
(m)
jm a

(m)
mk

a
(m)
mm

j, k = m+ 1, . . . , n,

with m = 1, . . . , n− 1 and a right-hand side given by

w
(m+1)
j = w

(m)
j −

a
(m)
jm w

(m)
m

a
(m)
mm

j = m+ 1, . . . , n.

This set ofn − 1 elimations leads us to Eq. (6.10), which is solved by back substitution. If the arithmetics is
exact and the matrixA is not singular, then the computed answer will be exact. However, as discussed in the
two preceeding chapters, computer arithmetics is not exact. We will always have to cope with truncations and
possible losses of precision. Even though the matrix elements along the diagonal are not zero, numerically
small numbers may appear and subsequent divisions may lead to large numbers, which, if added to a small
number may yield losses of precision. Suppose for example that our first division in(a22−a21a12/a11) results
in −107, that isa21a12/a11. Assume also thata22 is one. We are then adding107 + 1. With single precision
this results in107. Already at this stage we see the potential for producing wrong results.

The solution to this set of problems is called pivoting, and we distinguish between partial and full pivoting.
Pivoting means that if small values (especially zeros) do appear on the diagonal we remove them by rearranging
the matrix and vectors by permuting rows and columns. As a simple example, let us assume that at some stage
during a calculation we have the following set of linear equations





1 3 4 6

0 10−8 198 19

0 −91 51 9

0 7 76 541









x1

x2

x3

x4



 =





y1
y2
y3
y4



 .

The element at rowi = 2 and column2 is 10−8 and may cause problems for us in the next forward substitution.
The elementi = 2, j = 3 is the largest in the second row and the elementi = 3, j = 2 is the largest in the
third row. The small element can be removed by rearranging the rows and/or columns to bring a larger value
into thei = 2, j = 2 element.

In partial or column pivoting, we rearrange the rows of the matrix and the right-hand side to bring the
numerically largest value in the column onto the diagonal. For our example matrix the largest value of column
two is in elementi = 3, j = 2 and we interchange rows 2 and 3 to give





1 3 4 6

0 −91 51 9

0 10−8 198 19

0 7 76 541









x1

x2

x3

x4



 =





y1
y3
y2
y4



 .
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Note that our unknown variablesxi remain in the same order which simplifies the implementationof this
procedure. The right-hand side vector, however, has been rearranged. Partial pivoting may be implemented for
every step of the solution process, or only when the diagonalvalues are sufficiently small as to potentially cause
a problem. Pivoting for every step will lead to smaller errors being introduced through numerical inaccuracies,
but the continual reordering will slow down the calculation.

The philosophy behind full pivoting is much the same as that behind partial pivoting. The main difference
is that the numerically largest value in the column or row containing the value to be replaced. In our example
above the magnitude of elementi = 2, j = 3 is the greatest in row 2 or column 2. We could rearrange the
columns in order to bring this element onto the diagonal. This will also entail a rearrangement of the solution
vectorx. The rearranged system becomes, interchanging columns twoand three,





1 6 3 4

0 198 10−8 19

0 51 −91 9

0 76 7 541









x1

x3

x2

x4



 =





y1
y2
y3
y4



 .

The ultimate degree of accuracy can be provided by rearranging both rows and columns so that the numerically
largest value in the submatrix not yet processed is brought onto the diagonal. This process may be undertaken
for every step, or only when the value on the diagonal is considered too small relative to the other values in
the matrix. In our case, the matrix element ati = 4, j = 4 is the largest. We could here interchange rows two
and four and then columns two and four to bring this matrix element at the diagonal positioni = 2, j = 2.
When interchanging columns and rows, one needs to keep trackof all permutations performed. Partial and full
pivoting are discussed in most texts on numerical linear algebra. For an in-depth discussion we recommend
again the text of Golub and Van Loan [29], in particular chapter three. See also the discussion of chapter two
in Ref. [37]. The library functions you end up using, be it viaMatlab, the library included with this text or
other ones, do all include pivoting.

If it is not possible to rearrange the columns or rows to remove a zero from the diagonal, then the matrix A
is singular and no solution exists.

Gaussian elimination requires however many floating point operations. Ann × n matrix requires for the
simultaneous solution of a set ofr different right-hand sides, a total ofn3/3 + rn2 − n/3 multiplications.
Adding the cost of additions, we end up with2n3/3 + O(n2) floating point operations, see Kress [25] for a
proof. Ann × n matrix of dimensionaltyn = 103 requires, on a modern PC with a processor that allows for
something like109 floating point operations per second (flops), approximatelyone second. If you increase the
size of the matrix ton = 104 you need 1000 seconds, or roughly 16 minutes.

Although the direct Gaussian elmination algorithm allows you to compute the determinant ofA via the
product of the diagonal matrix elements of the triangular matrix, it is seldomly used in normal applications. The
more practical elimination is provided by what is called lower and upper decomposition. Once decomposed,
one can use this matrix to solve many other linear systems which use the same matrixA, viz with different
right-hand sides. With an LU decomposed matrix, the number of floating point operations for solving a set of
linear equations scales asO(n2). One should however note that to obtain the LU decompsed matrix requires
roughlyO(n3) floating point operations. Finally, LU decomposition allows for an efficient computation of the
inverse ofA.

6.4.2 LU decomposition of a matrix

A frequently used form of Gaussian elimination is L(ower)U(pper) factorization also known as LU Decom-
position or Crout or Dolittle factorisation. In this section we describe how one can decompose a matrixA

in terms of a matrixL with elements only below the diagonal (and thereby the naming lower) and a matrix
U which contains both the diagonal and matrix elements above the diagonal (leading to the labelling upper).
Consider again the matrixA given in Eq. (6.1). The LU decomposition method means that wecan rewrite this
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matrix as the product of two matricesL andU where

A = LU =





a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44



 =





1 0 0 0

l21 1 0 0

l31 l32 1 0

l41 l42 l43 1









u11 u12 u13 u14

0 u22 u23 u24

0 0 u33 u34

0 0 0 u44



 . (6.11)

LU decomposition forms the backbone of other algorithms in linear algebra, such as the solution of linear
equations given by

a11x1 + a12x2 + a13x3 + a14x4 = w1

a21x1 + a22x2 + a23x3 + a24x4 = w2

a31x1 + a32x2 + a33x3 + a34x4 = w3

a41x1 + a42x2 + a43x3 + a44x4 = w4.

The above set of equations is conveniently solved by using LUdecomposition as an intermediate step, see the
next subsection for more details on how to solve linear equations with an LU decomposed matrix.

The matrixA ∈ Rn×n has an LU factorization if the determinant is different fromzero. If the LU
factorization exists andA is non-singular, then the LU factorization is unique and thedeterminant is given by

det{A} = u11u22 . . . unn.

For a proof of this statement, see chapter 3.2 of Ref. [29].
The algorithm for obtainingL andU is actually quite simple. We start always with the first column. In our

simple (4× 4) case we obtain then the following equations for the first column

a11 = u11

a21 = l21u11

a31 = l31u11

a41 = l41u11,

which determine the elementsu11, l21, l31 andu41 in L andU. Writing out the equations for the second column
we get

a12 = u12

a22 = l21u12 + u22

a32 = l31u12 + l32u22

a42 = l41u12 + l42u22.

Here the unknowns areu12, u22, l32 andl42 which can all be evaluated by means of the results from the
first column and the elements ofA. Note an important feature. When going from the first to the second column
we do not need any further information from the matrix elements ai1. This is a general property throughout
the whole algorithm. Thus the memory locations for the matrix A can be used to store the calculated matrix
elements ofL andU. This saves memory.

We can generalize this procedure into three equations

i < j : li1u1j + li2u2j + · · ·+ liiuij = aij

i = j : li1u1j + li2u2j + · · ·+ liiujj = aij

i > j : li1u1j + li2u2j + · · ·+ lijujj = aij

which gives the following algorithm:
Calculate the elements inL andU columnwise starting with column one. For each column(j):

– Compute the first elementu1j by
u1j = a1j .
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– Next, we calculate all elementsuij , i = 2, . . . , j − 1

uij = aij −
i−1∑

k=1

likukj .

– Then calculate the diagonal elementujj

ujj = ajj −
j−1∑

k=1

ljkukj . (6.12)

– Finally, calculate the elementslij , i > j

lij =
1

ujj

(
aij −

i−1∑

k=1

likukj

)
, (6.13)

The algorithm is known as Doolittle’s algorithm since the diagonal matrix elements ofL are1. For the case
where the diagonal elements ofU are1, we have what is called Crout’s algorithm. For the case whereU = LT

so thatuii = lii for 1 ≤ i ≤ n we can use what is called the Cholesky factorization algorithm. In this case the
matrixA has to fulfill several features; namely, it should be real, symmetric and positive definite. A matrix is
positive definite if the quadratic formxT Ax > 0. Establishing this feature is not easy since it implies the use
of an arbitrary vectorx 6= 0. If the matrix is positive definite and symmetric, its eigenvalues are always real
and positive. We discuss the Cholesky factorization below.

A crucial point in the LU decomposition is obviously the casewhereujj is close to or equals zero, a case
which can lead to serious problems. Consider the following simple2× 2 example taken from Ref. [31]

A =

(
0 1

1 1

)
.

The algorithm discussed above fails immediately, the first step simple states thatu11 = 0. We could change
slightly the above matrix by replacing0 with 10−20 resulting in

A =

(
10−20 1

1 1

)
,

yielding
u11 = 10−20

l21 = 1020

andu12 = 1 and
u22 = a11 − l21 = 1− 1020,

we obtain

L =

(
1 0

1020 1

)
,

and

U =

(
10−20 1

0 1− 1020

)
,

With the change from 0 to a small number like10−20 we see that the LU decomposition is now stable, but it is
not backward stable. What do we mean by that? First we note that the matrixU has an elementu22 = 1−1020.
Numerically, since we do have a limited precision, which fordouble precision is approximatelyǫM ∼ 10−16 it
means that this number is approximated in the machine asu22 ∼ −1020 resulting in a machine representation
of the matrix as

U =

(
10−20 1

0 −1020

)
.

169



Linear algebra

If we multiply the matricesLU we have

(
1 0

1020 1

)(
10−20 1

0 −1020

)
=

(
10−20 1

1 0

)
6= A.

We do not get back the original matrixA!
The solution is pivoting (interchanging rows in this case) around the largest element in a columnj. Then

we are actually decomposing a rowwise permutation of the original matrixA. The key point to notice is that
Eqs. (6.12) and (6.13) are equal except for the case that we divide byujj in the latter one. The upper limits
are always the samek = j − 1(= i− 1). This means that we do not have to choose the diagonal elementujj

as the one which happens to fall along the diagonal in the firstinstance. Rather, we could promote one of the
undividedlij ’s in the columni = j + 1, . . .N to become the diagonal ofU . The partial pivoting in Crout’s
or Doolittle’s methods means then that we choose the largestvalue forujj (the pivot element) and then do the
divisions by that element. Then we need to keep track of all permutations performed. For the above matrixA

it would have sufficed to interchange the two rows and start the LU decomposition with

A =

(
1 1

0 1

)
.

The error which is done in the LU decomposition of ann × n matrix if no zero pivots are encountered is
given by, see chapter 3.3 of Ref. [29],

LU = A + H,

with
|H| ≤ 3(n− 1)u (|A|+ |L||U|) +O(u2),

with |H| being the absolute value of a matrix andu is the error done in representing the matrix elements of the
matrixA as floating points in a machine with a given precisionǫM , viz. every matrix element ofu is

|fl(aij)− aij | ≤ uij ,

with |uij | ≤ ǫM resulting in
|fl(A)−A| ≤ u|A|.

The programs which perform the above described LU decomposition are called as follows

C++: ludcmp(double∗∗a, int n, int∗indx, double∗d)
Fortran: CALL lu_decompose(a, n, indx, d)

Both the C++ and Fortran 90/95 programs receive as input the matrix to be LU decomposed. In C++ this is
given by the double pointer**a. Further, both functions need the size of the matrixn. It returns the variable
d, which is±1 depending on whether we have an even or odd number of row interchanges, a pointerindx that
records the row permutation which has been effected and the LU decomposed matrix. Note that the original
matrix is destroyed.

Cholesky’s factorization

If the matrixA is real, symmetric and positive definite, then it has a uniquefactorization (called Cholesky
factorization)

A = LU = LLT

whereLT is the upper matrix, implying that
LT

ij = Lji.

The algorithm for the Cholesky decomposition is a special case of the general LU-decomposition algorithm.
The algorithm of this decomposition is as follows
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– Calculate the diagonal elementLii by setting up a loop fori = 0 to i = n−1 (C++ indexing of matrices
and vectors)

Lii =

(
Aii −

i−1∑

k=0

L2
ik

)1/2

.

– within the loop overi, introduce a new loop which goes fromj = i+ 1 to n− 1 and calculate

Lji =
1

Lii

(
Aij −

i−1∑

k=0

Likljk

)
.

For the Cholesky algorithm we have always thatLii > 0 and the problem with exceedingly large matrix
elements does not appear and hence there is no need for pivoting.

To decide whether a matrix is positive definite or not needs some careful analysis. To find criteria for
positive definiteness, one needs two statements from matrixtheory, see Golub and Van Loan [29] for examples.
First, the leading principal submatrices of a positive definite matrix are positive definite and non-singular
and secondly a matrix is positive definite if and only if it hasanLDLT factorization with positive diagonal
elements only in the diagonal matrixD. A positive definite matrix has to be symmetric and have only positive
eigenvalues.

The easiest way therefore to test whether a matrix is positive definite or not is to solve the eigenvalue
problemAx = λx and check that all eigenvalues are positive.

6.4.3 Solution of linear systems of equations

With the LU decomposition it is rather simple to solve a system of linear equations

a11x1 + a12x2 + a13x3 + a14x4 = w1

a21x1 + a22x2 + a23x3 + a24x4 = w2

a31x1 + a32x2 + a33x3 + a34x4 = w3

a41x1 + a42x2 + a43x3 + a44x4 = w4.

This can be written in matrix form as
Ax = w.

whereA andw are known and we have to solve forx. Using the LU dcomposition we write

Ax ≡ LUx = w. (6.14)

This equation can be calculated in two steps

Ly = w; Ux = y. (6.15)

To show that this is correct we use to the LU decomposition to rewrite our system of linear equations as

LUx = w,

and since the determinat ofL is equal to 1 (by construction since the diagonals ofL equal 1) we can use the
inverse ofL to obtain

Ux = L−1w = y,

which yields the intermediate step
L−1w = y

and multiplying withL on both sides we reobtain Eq. (6.15). As soon as we havey we can obtainx through
Ux = y.

171



Linear algebra

For our four-dimentional example this takes the form

y1 = w1

l21y1 + y2 = w2

l31y1 + l32y2 + y3 = w3

l41y1 + l42y2 + l43y3 + y4 = w4.

and

u11x1 + u12x2 + u13x3 + u14x4 = y1

u22x2 + u23x3 + u24x4 = y2

u33x3 + u34x4 = y3

u44x4 = y4

This example shows the basis for the algorithm needed to solve the set ofn linear equations. The algorithm
goes as follows

– Set up the matrixA and the vectorw with their correct dimensions. This determines the
dimensionality of the unknown vectorx.

– Then LU decompose the matrixA through a call to the function

C++: ludcmp(double a, int n, int indx, double &d)
Fortran: CALL lu_decompose(a, n, indx, d)

This functions returns the LU decomposed matrixA, its determinant and the vector indx which
keeps track of the number of interchanges of rows. If the determinant is zero, the solution is
malconditioned.

– Thereafter you call the function

C++: lubksb(double a, int n, int indx, double w)
Fortran: CALL lu_linear_equation(a, n, indx, w)

which uses the LU decomposed matrixA and the vectorw and returnsx in the same place as
w. Upon exit the original content inw is destroyed. If you wish to keep this information, you
should make a backup of it in your calling function.

6.4.4 Inverse of a matrix and the determinant

The basic definition of the determinant ofA is

det{A} =
∑

p

(−1)pa1p1
· a2p2

· · ·anpn ,

where the sum runs over all permutationsp of the indices1, 2, . . . , n, altogethern! terms. To calculate the
inverse ofA is a formidable task. Here we have to calculatethe complementary cofactoraij of each element
aij which is the(n− 1)determinant obtained by striking out the rowi and columnj in which the elementaij

appears. The inverse ofA is then constructed as the transpose of a matrix with the elements(−)i+jaij . This
involves a calculation ofn2 determinants using the formula above. A simplified method ishighly needed.
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With the LU decomposed matrixA in Eq. (6.11) it is rather easy to find the determinant

det{A} = det{L} × det{U} = det{U},

since the diagonal elements ofL equal 1. Thus the determinant can be written

det{A} =

N∏

k=1

ukk.

The inverse is slightly more difficult to obtain from the LU decomposition. It is formally defined as

A−1 = U−1L−1.

We use this form since the computation of the inverse goes through the inverse of the matricesL andU. The
reason is that the inverse of a lower (upper) triangular matrix is also a lower (upper) triangular matrix. If we
call D for the inverse ofL , we can determine the matrix elements ofD through the equation





1 0 0 0

l21 1 0 0

l31 l32 1 0

l41 l42 l43 1









1 0 0 0

d21 1 0 0

d31 d32 1 0

d41 d42 d43 1



 =





1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



 ,

which gives the following general algorithm

dij = −lij −
i−1∑

k=j+1

likdkj , (6.16)

which is valid fori > j. The diagonal is 1 and the upper matrix elements are zero. We solve this equation
column by column (increasing order ofj). In a similar way we can define an equation which gives us the
inverse of the matrixU, labelledE in the equation below. This contains only non-zero matrix elements in the
upper part of the matrix (plus the diagonal ones)





e11 e12 e13 e14
0 e22 e23 e24
0 0 e33 e34
0 0 0 e44









u11 u12 u13 u14

0 u22 u23 u24

0 0 u33 u34

0 0 0 u44



 =





1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



 ,

with the following general equation

eij = − 1

ujj

j−1∑

k=1

eikukj . (6.17)

for i ≤ j.
A calculation of the inverse of a matrix could then be implemented in the following way:

– Set up the matrix to be inverted.

– Call the LU decomposition function.

– Check whether the determinant is zero or not.

– Then solve column by column Eqs. (6.16, 6.17).
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The following codes compute the inverse of a matrix using either C++ or Fortran as programming languages.
They are both included in the library packages, but we include them explicitely here as well as two distinct
programs. We list first the C++ code

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter04/cpp/program1.cpp

/* The function

** inverse()

** perform a mtx inversion of the input matrix a[][] with

** dimension n.

*/

void inverse(double **a, int n)

{

int i,j, *indx;

double d, *col, **y;

// allocate space in memory

indx = new int[n];

col = new double[n];

y = (double **) matrix(n, n, sizeof(double));

// first we need to LU decompose the matrix

ludcmp(a, n, indx, &d);

// find inverse of a[][] by columns

for(j = 0; j < n; j++) {

// initialize right-side of linear equations

for(i = 0; i < n; i++) col[i] = 0.0;

col[j] = 1.0;

lubksb(a, n, indx, col);

// save result in y[][]

for(i = 0; i < n; i++) y[i][j] = col[i];

}

// return the inverse matrix in a[][]

for(i = 0; i < n; i++) {

for(j = 0; j < n; j++) a[i][j] = y[i][j];

}

free_matrix((void **) y); // release local memory

delete [] col;

delete []indx;

} // End: function inverse()

We first need to LU decompose the matrix. Thereafter we solve Eqs. (6.16) and (6.17) by using the back
substitution method calling the functionlubksb and obtain finally the inverse matrix.

An example of a C++ function which calls this function is alsogiven in the program and reads

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter04/cpp/program1.cpp

// Simple matrix inversion example

#include <iostream>

#include <new>

#include <cstdio>

#include <cstdlib>

#include <cmath>

#include <cstring>

#include "lib.h"

using namespace std;

/* function declarations */

void inverse(double **, int);

/*

** This program sets up a simple 3x3 symmetric matrix
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** and finds its determinant and inverse

*/

int main()

{

int i, j, k, result, n = 3;

double **matr, sum,

a[3][3] = { {1.0, 3.0, 4.0},

{3.0, 4.0, 6.0},

{4.0, 6.0, 8.0}};

// memory for inverse matrix

matr = (double **) matrix(n, n, sizeof(double));

// various print statements in the original code are omitted

inverse(matr, n); // calculate and return inverse matrix

....

return 0;

} // End: function main()

In order to use the program library you need to include thelib.h file using the#include "lib.h" statement. This
function utilizes the library functionmatrix andfree_matrix to allocate and free memory during execution.
The matrixa[3][3] is set at compilation time. The corresponding Fortran program for the inverse of a matrix
reads

http://www.fys.uio.no/compphys/cp/programs/FYS3150/f90library/f90lib.f90

!

! Routines to do mtx inversion, from Numerical

! Recipes, Teukolsky et al. Routines included

! below are MATINV, LUDCMP and LUBKSB. See chap 2

! of Numerical Recipes for further details

!

SUBROUTINE matinv(a,n, indx, d)

IMPLICIT NONE

INTEGER, INTENT(IN) :: n

INTEGER :: i, j

REAL(DP), DIMENSION(n,n), INTENT(INOUT) :: a

REAL(DP), ALLOCATABLE :: y(:,:)

REAL(DP) :: d

INTEGER, , INTENT(INOUT) :: indx(n)

ALLOCATE (y( n, n))

y=0.

! setup identity matrix

DO i=1,n

y(i,i)=1.

ENDDO

! LU decompose the matrix just once

CALL lu_decompose(a,n,indx,d)

! Find inverse by columns

DO j=1,n

CALL lu_linear_equation(a,n,indx,y(:,j))

ENDDO

! The original matrix a was destroyed, now we equate it with the inverse y

a=y

DEALLOCATE ( y )

END SUBROUTINE matinv

The Fortran programmatinv receives as input the same variables as the C++ program and calls the function
for LU decompositionlu_decomposeand the function to solve sets of linear equationslu_linear_equation.
The program listed under programs/chapter4/program1.f90performs the same action as the C++ listed above.
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In order to compile and link these programs it is convenient to use a so-calledmakefile. Examples of these are
found under the same catalogue as the above programs.

Inverse of the Vandermonde matrix

In chapter 3 we discussed how to interpolate a functionf which is known only atn+1 pointsx0, x1, x2, . . . , xn

with corresponding valuesf(x0), f(x1), f(x2), . . . , f(xn). The latter is often a typical outcome of a large
scale computation or from an experiment. In most cases in thesciences we do not have a closed-form expres-
sion for a functionf . The function is only known at specific points.

We seek a functional form for a functionf which passes through the above pairs of values

(x0, f(x0)), (x1, f(x1)), (x2, f(x2)), . . . , (xn, f(xn)).

This is normally achieved by expanding the functionf(x) in terms of well-known polynomialsφi(x), such as
Legendre, Chebyshev, Laguerre etc. The function is then approximated by a polynomial of degreen pn(x)

f(x) ≈ pn(x) =

n∑

i=0

aiφi(x),

whereai are unknown coefficients andφi(x) are a priori well-known functions. The simplest possible case is
to assume thatφi(x) = xi, resulting in an approximation

f(x) ≈ a0 + a1x+ a2x
2 + · · ·+ anx

n.

Our function is known at the pointsn+ 1 pointsx0, x1, x2, . . . , xn, leading ton+ 1 equations of the type

f(xi) ≈ a0 + a1xi + a2x
2
i + · · ·+ anx

n
i .

We can then obtain the unknown coefficients by rewriting our problem as





1 x0 x2
0 . . . . . . xn

0

1 x1 x2
1 . . . . . . xn

1

1 x2 x2
2 . . . . . . xn

2

1 x3 x2
3 . . . . . . xn

3

. . . . . . . . . . . . . . . . . .

1 xn x2
n . . . . . . xn

n









a0

a1

a2

a3

. . .

an




=





f(x0)

f(x1)

f(x2)

f(x3)

. . .

f(xn)




,

an expression which can be rewritten in a more compact form as

Xa = f ,

with

X =





1 x0 x2
0 . . . . . . xn

0

1 x1 x2
1 . . . . . . xn

1

1 x2 x2
2 . . . . . . xn

2

1 x3 x2
3 . . . . . . xn

3

. . . . . . . . . . . . . . . . . .

1 xn x2
n . . . . . . xn

n




.

. This matrix is called a Vandermonde matrix and is by definition non-singular since all pointsxi are different.
The inverse exists and we can obtain the unknown coefficientsby invertingX, resulting in

a = X−1f .

Although this algorithm for obtaining an interpolating polynomial which approximates our data set looks
very simple, it is an inefficient algorithm since the computation of the inverse requiresO(n3) flops. The
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methods we discussed in chapter 3, together with spline interpolation discussed in the next section, are much
more effective from a numerical point of view. There is also another subtle point. Although we have a data set
with n + 1 points, this does not necessarily mean that our functionf(x) is well represented by a polynomial
of degreen. On the contrary, our functionf(x) may be a parabola (second-order inn), meaning that we have
a large excess of data points. In such cases a least-square fitor a spline interpolation may be better approaches
to represent the function. Spline interpolation will be discussed in the next section.

6.4.5 Tridiagonal systems of linear equations

We start with the linear set of equations from Eq. (6.8), viz

Au = f ,

whereA is a tridiagonal matrix which we rewrite as

A =





b1 c1 0 . . . . . . . . .

a2 b2 c2 . . . . . . . . .

a3 b3 c3 . . . . . .

. . . . . . . . . . . . . . .

an−2 bn−1 cn−1

an−1 bn





wherea, b, c are one-dimensional arrays of length1 : n. In the example of Eq. (6.8) the arraysa andc are
equal, namelyai = ci = −1/h2. We can rewrite Eq. (6.8) as

Au =





b1 c1 0 . . . . . . . . .

a2 b2 c2 . . . . . . . . .

a3 b3 c3 . . . . . .

. . . . . . . . . . . . . . .

an−2 bn−1 cn−1

an−1 bn









u1

u2

. . .

. . .

. . .

un




=





f1
f2
. . .

. . .

. . .

fn




.

A tridiagonal matrix is a special form of banded matrix whereall the elements are zero except for those on and
immediately above and below the leading diagonal. The abovetridiagonal system can be written as

aiui−1 + biui + ciui+1 = fi,

for i = 1, 2, . . . , n. We see thatu−1 andun+1 are not required and we can seta1 = cn = 0. In many
applications the matrix is symmetric and we haveai = ci. The algorithm for solving this set of equations is
rather simple and requires two steps only, a forward substitution and a backward substitution. These steps are
also common to the algorithms based on Gaussian eliminationthat we discussed previously. However, due to
its simplicity, the number of floating point operations is inthis case proportional withO(n) while Gaussian
elimination requires2n3/3 + O(n2) floating point operations. In case your system of equations leads to a
tridiagonal matrix, it is clearly an overkill to employ Gaussian elimination or the standard LU decomposition.
You will encounter several applications involving tridiagonal matrices in our discussion of partial differential
equations in chapter 10.

Our algorithm starts with forward substitution with a loop over of the elementsi and can be expressed via
the following piece of code taken from the Numerical Recipe text of Teukolskyet al [37]

btemp = b[1];

u[1] = f[1]/btemp;

for(i=2 ; i <= n ; i++) {

temp[i] = c[i-1]/btemp;

btemp = b[i]-a[i]*temp[i];

u[i] = (f[i] - a[i]*u[i-1])/btemp;

}
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Note that you should avoid cases withb1 = 0. If that is the case, you should rewrite the equations as a setof
ordern− 1 with u2 eliminated. Finally we perform the backsubstitution leading to the following code

for(i=n-1 ; i >= 1 ; i--) {

u[i] -= temp[i+1]*u[i+1];

}

Note that our sums start withi = 1 and that one should avoid cases withb1 = 0. If that is the case, you should
rewrite the equations as a set of ordern−1 with u2 eliminated. However, a tridiagonal matrix problem is not a
guarantee that we can find a solution. The matrixA which rephrases a second derivative in a discretized form

A =





2 −1 0 0 0 0

−1 2 −1 0 0 0

0 −1 2 −1 0 0

0 . . . . . . . . . . . . . . .

0 0 0 −1 2 −1

0 0 0 0 −1 2




,

fulfills the condition of a weak dominance of the diagonal, with |b1| > |c1|, |bn| > |an| and|bk| ≥ |ak|+ |ck|
for k = 2, 3, . . . , n− 1. This is a relevant but not sufficient condition to guaranteethat the matrixA yields a
solution to a linear equation problem. The matrix needs alsoto be irreducible. A tridiagonal irreducible matrix
means that all the elementsai andci are non-zero. If these two conditions are present, thenA is nonsingular
and has a unique LU decomposition.

We can obviously extend our boundary value problem to include a first derivative as well

−d
2u(x)

dx2
+ g(x)

du(x)

dx
+ h(x)u(x) = f(x),

with x ∈ [a, b] and with boundary conditionsu(a) = u(b) = 0. We assume thatf , g andh are continuous
functions in the domainx ∈ [a, b] and thath(x) ≥ 0. Then the differential equation has a unique solution. We
subdivide our intervalx ∈ [a, b] into n subintervals by settingxi = a+ ih, with i = 0, 1, . . . , n+ 1. The step
size is then given byh = (b − a)/(n+ 1) with n ∈ N. For the internal grid pointsi = 1, 2, . . . n we replace
the differential operators with

u
′′

i ≈
ui+1 − 2ui + ui−i

h2
.

for the second derivative while the first derivative is givenby

u
′

i ≈
ui+1 − ui−i

2h
.

We rewrite our original differential equation in terms of a discretized equation as

−ui+1 − 2ui + ui−i

h2
+ gi

ui+1 − ui−i

2h
+ hiui = fi,

with i = 1, 2, . . . , n. We need to add to this system the two boundary conditionsu(a) = u0 andu(b) = un+1.
This equation can again be rewritten as a tridiagonal matrixproblem. We leave it as an exercise to the reader
to find the matrix elements, find the conditions for having weakly dominant diagonal elements and that the
matrix is irreducible.

6.5 Spline interpolation

Cubic spline interpolation is among one of the mostly used methods for interpolating between data points
where the arguments are organized as ascending series. In the library program we supply such a function,
based on the so-called cubic spline method to be described below. The linear equation solver we developed in
the previous section for tridiagonal matrices can be reusedfor spline interpolation.
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A spline function consists of polynomial pieces defined on subintervals. The different subintervals are
connected via various continuity relations.

Assume we have at our disposaln+ 1 pointsx0, x1, . . . xn arranged so thatx0 < x1 < x2 < . . . xn−1 <

xn (such points are called knots). A spline functions of degreek with n+ 1 knots is defined as follows

– On every subinterval[xi−1, xi) s is a polynomial of degree≤ k.

– s hask − 1 continuous derivatives in the whole interval[x0, xn].

As an example, consider a spline function of degreek = 1 defined as follows

s(x) =






s0(x) = a0x+ b0 x ∈ [x0, x1)

s1(x) = a1x+ b1 x ∈ [x1, x2)

. . . . . .

sn−1(x) = an−1x+ bn−1 x ∈ [xn−1, xn]

(6.18)

In this case the polynomial consists of series of straight lines connected to each other at every endpoint.
The number of continuous derivatives is thenk − 1 = 0, as expected when we deal with straight lines. Such a
polynomial is quite easy to construct givenn+1 pointsx0, x1, . . . xn and their corresponding function values.

The most commonly used spline function is the one withk = 3, the so-called cubic spline function. As-
sume that we have in addition to then+1 knots a series of functions valuesy0 = f(x0), y1 = f(x1), . . . yn =

f(xn). By definition, the polynomialssi−1 andsi are thence supposed to interpolate the same pointi, i.e.,

si−1(xi) = yi = si(xi), (6.19)

with 1 ≤ i ≤ n− 1. In total we haven polynomials of the type

si(x) = ai0 + ai1x+ ai2x
2 + ai3x

3, (6.20)

yielding4n coefficients to determine. Every subinterval provides in addition two conditions

yi = s(xi), (6.21)

and
yi+1 = s(xi+1), (6.22)

to be fulfilled. If we also assume thats′ ands′′ are continuous, then

s′i−1(xi) = s′i(xi), (6.23)

yieldsn− 1 conditions. Similarly,
s′′i−1(xi) = s′′i (xi), (6.24)

results in additionaln−1 conditions. In total we have4n coefficients and4n−2 equations to determine them,
leaving us with2 degrees of freedom to be determined.

Using the last equation we define two values for the second derivative, namely

s′′i (xi) = fi, (6.25)

and
s′′i (xi+1) = fi+1, (6.26)

and setting up a straight line betweenfi andfi+1 we have

s′′i (x) =
fi

xi+1 − xi
(xi+1 − x) +

fi+1

xi+1 − xi
(x − xi), (6.27)
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and integrating twice one obtains

si(x) =
fi

6(xi+1 − xi)
(xi+1 − x)3 +

fi+1

6(xi+1 − xi)
(x− xi)

3 + c(x− xi) + d(xi+1 − x). (6.28)

Using the conditionssi(xi) = yi andsi(xi+1) = yi+1 we can in turn determine the constantsc andd resulting
in

si(x) = fi

6(xi+1−xi)
(xi+1 − x)3 + fi+1

6(xi+1−xi)
(x− xi)

3

+ ( yi+1

xi+1−xi
− fi+1(xi+1−xi)

6 )(x− xi) + ( yi

xi+1−xi
− fi(xi+1−xi)

6 )(xi+1 − x). (6.29)

How to determine the values of the second derivativesfi andfi+1? We use the continuity assumption of
the first derivatives

s′i−1(xi) = s′i(xi), (6.30)

and setx = xi. Defininghi = xi+1 − xi we obtain finally the following expression

hi−1fi−1 + 2(hi + hi−1)fi + hifi+1 =
6

hi
(yi+1 − yi)−

6

hi−1
(yi − yi−1), (6.31)

and introducing the shorthandsui = 2(hi +hi−1), vi = 6
hi

(yi+1− yi)− 6
hi−1

(yi− yi−1), we can reformulate
the problem as a set of linear equations to be solved through e.g., Gaussian elemination, namely





u1 h1 0 . . .

h1 u2 h2 0 . . .

0 h2 u3 h3 0 . . .

. . . . . . . . . . . . . . . . . .

. . . 0 hn−3 un−2 hn−2

0 hn−2 un−1









f1
f2
f3
. . .

fn−2

fn−1




=





v1
v2
v3
. . .

vn−2

vn−1




. (6.32)

Note that this is a set of tridiagonal equations and can be solved through onlyO(n) operations. The functions
supplied in the program library arespline andsplint. In order to use cubic spline interpolation you need first
to call

spline(double x[], double y[], int n, double yp1, double yp2, double y2[])

This function takes as inputx[0, .., n−1] andy[0, .., n−1] containing a tabulationyi = f(xi) with x0 < x1 <

.. < xn−1 together with the first derivatives off(x) at x0 andxn−1, respectively. Then the function returns
y2[0, .., n−1] which contanin the second derivatives off(xi) at each pointxi. n is the number of points. This
function provides the cubic spline interpolation for all subintervals and is called only once. Thereafter, if you
wish to make various interpolations, you need to call the function

splint(double x[], double y[], double y2a[], int n, double x, double *y)

which takes as input the tabulated valuesx[0, .., n − 1] andy[0, .., n − 1] and the output y2a[0,..,n - 1] from
spline. It returns the valuey corresponding to the pointx.

6.6 A vector and matrix class

We end this chapter by presenting a class which allows to manipulated one- and two-dimensional arrays. We
first give an example of a function which use the header fileArray.h.

180



6.6 – A vector and matrix class

#include "Array.h"

#include <iostream>

using namespace std;

int main(){

// Create an array with (default) nrows = 1, ncols = 1:

Array<double> v1;

// Redimension the array to have length n:

int n1 = 3;

v1.redim(n1);

// Extract the length of the array:

const int length = v1.getLength();

// Create a narray of specific length:

int n2 = 5;

Array<double> v2(n2);

// Create an array as a copy of another one:

Array<double> v5(v1);

// Assign the entries in an array:

v5(0) = 3.0;

v5(1) = 2.5;

v5(2) = 1.0;

for(int i=0; i<3; i++){

cout << v5(i) << endl;

}

// Extract the ith component of an array:

int i = 2;

double value = v5(1);

cout << "value: " << value << endl;

// Set an array equal another one:

Array<double> v6 = v5;

for(int i=0; i<3; i++){

v1(i) = 1.0;

v2(i) = 2.0;

}

// Create a two-dimensional array (matrix):

Array<double> matrix(2, 2);

// Fill the array:

matrix(0,0) = 1;

matrix(0,1) = 2;

matrix(1,0) = 3;

matrix(1,1) = 4;

// Get the entries in the array:

cout << "\nMatrix: " << endl;

for(int i=0; i<2; i++){

for(int j=0; j<2; j++){

cout << matrix(i,j) << " ";

}

cout << endl;

}
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// Assign an entry of the matrix to a variable:

double scalar = matrix(0,0);

const double b = matrix(1,1);

Array<double> vector(2);

vector(0) = 1.0;

vector(1) = 2.0;

Array<double> v = vector;

Array<double> A = matrix;

Array<double> u(2);

cout << "\nMatrix: " << endl;

for(int i=0; i<2; i++){

for(int j=0; j<2; j++){

cout << matrix(i,j) << " ";

}

cout << endl;

}

Array<double> a(2,2);

a(1,1) = 5.0;

// Arithmetic operations with arrays using a

// syntax close to the mathematical language

Array<double> w = v1 + 2.0*v2;

// Create multidimensional matrices and assign values to them:

int N = 3;

Array<double> multiD; multiD.redim(N,N,N);

for(int i=0; i<N; i++){

for(int j=0; j<N; j++){

for(int k=0; k<N; k++){

cout << "multD(i,j,k) = " << multiD(i,j,k) << endl;

}

}

}

multiD(1,2,3) = 4.0;

cout << "multiD(1,2,3) = " << multiD(1,2,3) << endl;

}

The header file follows here

#ifndef ARRAY_H

#define ARRAY_H

#include <iostream>

#include <sstream>

#include <iomanip>

#include <cstdlib>

using namespace std;

template<class T>

class Array{

private:

static const int MAXDIM = 6;

T *data ; /**> One-dimensional array of data.*/

int size[MAXDIM]; /**> Size of each dimension.*/

int ndim; /**> Number of dimensions occupied. */

int length; /**> Total number of entries.*/

int dx1, dx2, dx3, dx4, dx5;
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void allocate(int ni=0, int nj=0, int nk=0, int nl=0, int nm=0, int nn=0){

ndim = MAXDIM;

// Set the number of entries in each dimension.

size[0]=ni;

size[1]=nj;

size[2]=nk;

size[3]=nl;

size[4]=nm;

size[5]=nn;

// Set the number of dimensions used.

if(size[5] == 0)

ndim--;

if(size[4] == 0)

ndim--;

if(size[3] == 0)

ndim--;

if(size[2] == 0)

ndim--;

if(size[1] == 0)

ndim--;

if(size[0] == 0){

ndim = 0;

length = 0;

data = NULL;

}else{

try{

int i;

// Set the length (total number of entries) of the one-dimensional array.

length = 1;

for(i=0; i<ndim; i++)

length *= size[i];

data = new T[length];

dx1 = size[0];

dx2 = dx1*size[1];

dx3 = dx2*size[2];

dx4 = dx3*size[3];

dx5 = dx4*size[4];

}catch(std::bad_alloc&){

std::cerr << "Array::allocate -- unable to allocate array of length " << length << std::endl;

exit(1);

}

}

}

public:

/**

* @brief Constructor with default arguments.

*

* Creates an array with one or two-dimensions.

*

* @param int nrows. Number of rows in the array.

* @param int ncolsd. Number of columns in the array.

**/
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Array(int ni=0, int nj=0, int nk=0, int nl=0, int nm=0, int nn=0){

// Allocate memory

allocate(ni,nj,nk,nl,nm,nn);

} // end constructor

//! Constructor

Array(T* array, int ndim_, int size_[]){

ndim = ndim_;

length = 1;

int i;

for(i=0; i<ndim; i++){

size[i] = size_[i]; // Copy only the ndim entries. The rest is zero by default.

length *= size[i];

}

// Now when we known the length, we should not forget to allocate memory!!!!

data = new T[length];

// Copy the entries from array to data:

for(i=0; i<length; i++){

data[i] = array[i];

}

} // End constructor.

//! Copy constructor

Array(const Array<T>& array);

//! Destructor

~Array();

/**

* @brief Checks the validity of the indexing.

* @param i, an integer for indexing the rows.

* @param j, an integer for indexing the columns.

**/

bool indexOk(int i, int j=0) const;

/**

* @brief Change the dimensions of an array.

* @param ni number of entries in the first dimension.

* @param nj number of entries in the second dimension.

* @param nk number of entries in the third dimension.

* @param nl number of entries in the fourth dimension.

* @param nm number of entries in the fifth dimension.

* @param nn number of entries in the sixth dimension.

**/

bool redim(int ni, int nj=0, int nk=0, int nl=0, int nm=0, int nn=0);

/**

* @return The total number of entries in the array, i.e., the sum of the entries in all the

dimensions.

**/

int getLength()const{return length;}

/**

* @return The number of rows in a matrix.
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**/

int getRows() const {return size[0];}

/**

* @return Returns the number of columns in a matrix.

**/

int getColumns() const {return size[1];}

/** @brief Gives the number of entries in a dimension.

*

* @param i An integer from 0 to 5 indicating the dimension we want to explore.

* @return size[i] An integer for the number of elements in the dimension number i.

**/

int dimension(int i) const{return size[i];}

/**

* The number of dimensions in the array.

**/

int getNDIM()const{return ndim;}

/**

* @return A constant pointer to the array of data.

* This function can be used to interface C++ with Python/Fortran/C.

**/

const T* getPtr() const;

/**

* @return A pointer to the array of data.

* This function can be used to interface C++ with Python/Fortran/C.

**/

T* getPtr();

/**

* @return A pointer to an array with information on the length of each dimension.

**/

int* getPtrSize();

/************************************************************/

/* OPERATORS */

/************************************************************/

//! Assignment operator

Array<T>& operator=(const Array<T>& array);

//! Sum operator

Array<T> operator+(const Array<T>& array);

//! Substraction operator

Array<T> operator-(const Array<T>& array)const; /// w=u-v;

//! Multiplication operator

//Array<T> operator*(const Array<T>& array);

//! Assigment by addition operator
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Array<T>& operator+=(const Array<T>& w);

//! Assignment by substraction operator

Array<T>& operator-=(const Array<T>& w);

//! Assignment by scalar product operator

Array<T>& operator*=(double scalar);

//! Assignment by division operator

Array<T>& operator/=(double scalar);

//! Index operators

const T& operator()(int i)const;

const T& operator()(int i, int j)const;

const T& operator()(int i, int j, int k)const;

const T& operator()(int i, int j, int k, int l)const;

const T& operator()(int i, int j, int k, int l, int m)const;

const T& operator()(int i, int j, int k, int l, int m, int n)const;

T& operator()(int i);

T& operator()(int i, int j);

T& operator()(int i, int j, int k);

T& operator()(int i, int j, int k, int l);

T& operator()(int i, int j, int k, int l, int m);

T& operator()(int i, int j, int k, int l, int m, int n);

/**************************************************************/

/* FRIEND FUNCTIONS */

/**************************************************************/

//! Unary operator +

template <class T2>

friend Array<T> operator+ (const Array<T>&); // u = + v

//! Unary operator -

template <class T2>

friend Array<T> operator-(const Array<T>&); // u = - v

/**

* Premultiplication by a floating point number:

* \f$\mathbf{u} = a \mathbf{v}\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a array.

**/

template <class T2>

friend Array<T> operator*(double, const Array<T>&); // u = a*v

/**

* Postmultiplication by a floating point number:

* \f$\mathbf{u} = \mathbf{v} a\f$,

* where \f$a\f$ is a scalar and \f$\mathbf{v}\f$ is a array.

**/

template <class T2>

friend Array<T> operator*(const Array<T>&, double); // u = v*a

/**

* Division of the entries of a array by a scalar.

**/
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template <class T2>

friend Array<T> operator/(const Array<T>&, double); // u = v/a

};

#include "Array.cpp"

// Destructor

template <class T>

inline Array<T>::~Array(){delete[] data;}

// Index operators

template <class T>

inline const T& Array<T>::operator()(int i)const {

#if CHECKBOUNDS_ON

indexOk(i);

#endif

return data[i];

}

template <class T>

inline const T& Array<T>::operator()(int i, int j)const {

#if CHECKBOUNDS_ON

indexOk(i,j);

#endif

return data[i + j*dx1];

}

template <class T>

inline const T& Array<T>::operator()(int i, int j, int k)const {

#if CHECKBOUNDS_ON

indexOk(i,j,k);

#endif

return data[i + j*dx1 + k*dx2];

}

template <class T>

inline const T& Array<T>::operator()(int i, int j, int k, int l)const {

#if CHECKBOUNDS_ON

indexOk(i,j,k,l);

#endif

return data[i + j*dx1 + k*dx2 + l*dx3];

}

template <class T>

inline const T& Array<T>::operator()(int i, int j, int k, int l, int m)const {

#if CHECKBOUNDS_ON

indexOk(i,j,k,l, m);

#endif

return data[i + j*dx1 + k*dx2 + l*dx3 + m*dx4];

}
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template <class T>

inline const T& Array<T>::operator()(int i, int j, int k, int l, int m, int n)const {

#if CHECKBOUNDS_ON

indexOk(i,j,k,l,m,n);

#endif

return data[i + j*dx1 + k*dx2 + l*dx3 + m*dx4 + n*dx5];

}

template <class T>

inline T& Array<T>::operator()(int i) {

#if CHECKBOUNDS_ON

indexOk(i);

#endif

return data[i];

}

template <class T>

inline T& Array<T>::operator()(int i, int j) {

#if CHECKBOUNDS_ON

indexOk(i,j);

#endif

return data[i + j*dx1];

}

template <class T>

inline T& Array<T>::operator()(int i, int j, int k) {

#if CHECKBOUNDS_ON

indexOk(i,j,k);

#endif

return data[i + j*dx1 + k*dx2];

}

template <class T>

inline T& Array<T>::operator()(int i, int j, int k, int l) {

#if CHECKBOUNDS_ON

indexOk(i,j,k,l);

#endif

return data[i + j*dx1 + k*dx2 + l*dx3];

}

template <class T>

inline T& Array<T>::operator()(int i, int j, int k, int l, int m) {

#if CHECKBOUNDS_ON

indexOk(i,j,k,l,m);

#endif

return data[i + j*dx1 + k*dx2 + l*dx3 + m*dx4];

}

template <class T>

inline T& Array<T>::operator()(int i, int j, int k, int l, int m, int n) {

#if CHECKBOUNDS_ON

indexOk(i,j,k,l,m,n);
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#endif

return data[i + j*dx1 + k*dx2 + l*dx3 + m*dx4 + n*dx5];

}

template <class T>

inline const T* Array<T>::getPtr() const {return data;}

template <class T>

inline T* Array<T>::getPtr(){return data; }

template <class T>

inline int* Array<T>::getPtrSize(){return size;}

// template <class T>

// inline int Array<T>::dim()const{return ndim;}

/******************************************************************/

/* IMPLEMENTATION OF FRIEND FUNCTIONS */

/******************************************************************/

/******************************************************************/

/* (Arithmetic) Unary operators */

/******************************************************************/

//! Unary operator +

template <class T>

inline Array<T> operator+(const Array<T>& v){ // u = + v

return v;

}

//! Unary operator -

template <class T>

inline Array<T> operator-(const Array<T>& v){ // u = - v

return Array<T>(v.size[0],v.size[1]) -v;

}

//! Postmultiplication operator

template <class T>

inline Array<T> operator*(const Array<T>& v, double scalar){ // u = v*a

return Array<T>(v) *= scalar;

}

//! Premultiplication operator.

template <class T>

inline Array<T> operator*(double scalar, const Array<T>& v){ // u = a*v

return v*scalar; // Note the call to postmultiplication operator defined above

}

//! Division of the entries in a array by a scalar

template <class T>

inline Array<T> operator/(const Array<T>& v, double scalar){

if(!scalar) std::cout << "Division by zero!" << std::endl;

return (1.0/scalar)*v;
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}

#endif

6.7 Exercises and projects

Exercise 6.1: Write your own Gaussian elimination code

(a) Consider the linear system of equations

a11x1 + a12x2 + a13x3 = w1

a21x1 + a22x2 + a23x3 = w2

a31x1 + a32x2 + a33x3 = w3.

This can be written in matrix form as
Ax = w.

We specialize here to the following case

− x1 + x2 − 4x3 = 0

2x1 + 2x2 = 1

3x1 + 3x2 + 2x3 = 1
2 .

Obtain the solution (by hand) of this system of equations by doing Gaussian elimination.

(b) Write therafter a program which implements Gaussian elimination (with pivoting) and solve the above
system of linear equations. How many floating point operations are involved in the solution via Gaussian
elimination without pivoting? Can you estimate the number of floating point operations with pivoting?

Exercise 6.2: Cholesky factorization

If the matrixA is real, symmetric and positive definite, then it has a uniquefactorization (called Cholesky
factorization)

A = LU = LLT

whereLT is the upper matrix, implying that
LT

ij = Lji.

The algorithm for the Cholesky decomposition is a special case of the general LU-decomposition algorithm.
The algorithm of this decomposition is as follows

– Calculate the diagonal elementLii by setting up a loop fori = 0 to i = n−1 (C++ indexing of matrices
and vectors)

Lii =

(
Aii −

i−1∑

k=0

L2
ik

)1/2

. (6.33)

– within the loop overi, introduce a new loop which goes fromj = i+ 1 to n− 1 and calculate

Lji =
1

Lii

(
Aij −

i−1∑

k=0

Likljk

)
. (6.34)
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For the Cholesky algorithm we have always thatLii > 0 and the problem with exceedingly large matrix ele-
ments does not appear and hence there is no need for pivoting.Write a function which performs the Cholesky
decomposition. Test your program against the standard LU decomposition by using the matrix

A =




6 3 2

3 2 1

2 1 1



 (6.35)

Finally, use the Cholesky method to solve

0.05x1 + 0.07x2 + 0.06x3 + 0.05x4 = 0.23

0.07x1 + 0.10x2 + 0.08x3 + 0.07x4 = 0.32

0.06x1 + 0.08x2 + 0.10x3 + 0.09x4 = 0.33

0.05x1 + 0.07x2 + 0.09x3 + 0.10x4 = 0.31

You can also use the LU codes for linear equations to check theresults.

Project 6.1: The one-dimensional Poisson equation

(a) We are going to solve the one-dimensional Poisson equation with Dirichlet boundary conditions by
rewriting it as a set of linear equations.

The three-dimensional Poisson equation is a partial differential equation,

∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2
= −ρ(x, y, z)

ǫ0
,

whose solution we will discuss in chapter 10. The functionρ(x, y, z) is the charge density andφ is
the electrostatic potential. In this project we consider the one-dimensional case since there are a few
situations, possessing a high degree of symmetry, where it is possible to find analytic solutions. Let us
discuss some of these solutions.

Suppose, first of all, that there is no variation of the various quantities in they- andz-directions. In
this case, Poisson’s equation reduces to an ordinary differential equation inx, the solution of which is
relatively straightforward. Consider for example a vacuumdiode, in which electrons are emitted from
a hot cathode and accelerated towards an anode. The anode is held at a large positive potentialV0 with
respect to the cathode. We can think of this as an essentiallyone-dimensional problem. Suppose that the
cathode is atx = 0 and the anode atx = d. Poisson’s equation takes the form

d2φ

dx2
= −ρ(x)

ǫ0
,

whereφ(x) satisfies the boundary conditionsφ(0) = 0 andφ(d) = V0. By energy conservation, an
electron emitted from rest at the cathode has anx-velocityv(x) which satisfies

1

2
mev

2(x)− eφ(x) = 0.

Furthermore, we assume that the currentI is independent ofx between the anode and cathode, otherwise,
charge will build up at some points. From electromagnetism one can then show that the currentI is given
by I = −ρ(x)v(x)A, whereA is the cross-sectional area of the diode. The previous equations can be
combined to give

d2φ

dx2
=

I

ǫ0A

(me

2e

)1/2

φ−1/2.

The solution of the above equation which satisfies the boundary conditions is

φ = V0

(x
d

)4/3

,

191



Linear algebra

with

I =
4

9

ǫ0A

d2

(
2e

me

)1/2

V
3/2
0 .

This relationship between the current and the voltage in a vacuum diode is called the Child-Langmuir
law.

Another physics example in one dimension is the famous Thomas-Fermi model, widely used as a mean-
field model in simulations of quantum mechanical systems [38, 39], see Lieb for a newer and updated
discussion [40]. Thomas and Fermi assumed the existence of an energy functional, and derived an
expression for the kinetic energy based on the density of electrons,ρ(r) in an infinite potential well.
For a large atom or molecule with a large number of electrons.Schrödinger’s equation, which would
give the exact density and energy, cannot be easily handled for large numbers of interacting particles.
Since the Poisson equation connects the electrostatic potential with the charge density, one can derive
the following equation for potentialV

d2V

dx2
=
V 3/2

√
x
,

with V (0) = 1.

In our case we will rewrite Poisson’s equation in terms of dimensionless variables. We can then rewrite
the equation as

−u′′(x) = f(x), x ∈ (0, 1), u(0) = u(1) = 0.

and we define the discretized approximation tou asvi with grid pointsxi = ih in the interval from
x0 = 0 to xn+1 = 1. The step length or spacing is defined ash = 1/(n + 1). We have then the
boundary conditionsv0 = vn+1 = 0. We approximate the second derivative ofu with

−vi+1 + vi−1 − 2vi

h2
= fi for i = 1, . . . , n,

wherefi = f(xi). Show that you can rewrite this equation as a linear set of equations of the form

Av = b̃,

whereA is ann× n tridiagonal matrix which we rewrite as

A =





2 −1 0 . . . . . . 0

−1 2 −1 0 . . . . . .

0 −1 2 −1 0 . . .

. . . . . . . . . . . . . . .

0 . . . −1 2 −1

0 . . . 0 −1 2





andb̃i = h2fi.

In our case we will assume thatf(x) = (3x+x2)ex, and keep the same interval and boundary conditions.
Then the above differential equation has an analytic solution given byu(x) = x(1 − x)ex (convince
yourself that this is correct by inserting the solution in the Poisson equation). We will compare our
numerical solution with this analytic result in the next exercise.

(b) We can rewrite our matrixA in terms of one-dimensional vectorsa, b, c of length1 : n. Our linear
equation reads

A =





b1 c1 0 . . . . . . . . .

a2 b2 c2 . . . . . . . . .

a3 b3 c3 . . . . . .

. . . . . . . . . . . . . . .

an−2 bn−1 cn−1

an bn









v1
v2
. . .

. . .

. . .

vn




=





b̃1
b̃2
. . .

. . .

. . .

b̃n





.
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A tridiagonal matrix is a special form of banded matrix whereall the elements are zero except for those
on and immediately above and below the leading diagonal. Theabove tridiagonal system can be written
as

aivi−1 + bivi + civi+1 = b̃i,

for i = 1, 2, . . . , n. The algorithm for solving this set of equations is rather simple and requires two
steps only, a decomposition and forward substitution and finally a backward substitution.

Your first task is to set up the algorithm for solving this set of linear equations. Find also the num-
ber of operations needed to solve the above equations. Show that they behave likeO(n) with n the
dimensionality of the problem. Compare this with standard Gaussian elimination.

Then you should code the above algorithm and solve the problem for matrices of the size10 × 10,
100× 100 and1000× 1000. That means that you choosen = 10, n = 100 andn = 1000 grid points.

Compare your results (make plots) with the analytic resultsfor the different number of grid points in the
intervalx ∈ (0, 1). The different number of grid points corresponds to different step lengthsh.

Compute also the maximal relative error in the data seti = 1, . . . , n,by setting up

ǫi = log10

(∣∣∣∣
vi − ui

ui

∣∣∣∣

)
,

as function oflog10(h) for the function valuesui andvi. For each step length extract the max value of
the relative error. Try to increasen to n = 10000 andn = 105. Comment your results.

(c) Compare your results with those from the LU decomposition codes for the matrix of size1000× 1000.
Use for example the unix functiontimewhen you run your codes and compare the time usage between
LU decomposition and your tridiagonal solver. Can you run the standard LU decomposition for a matrix
of the size105 × 105? Comment your results.

Solution to exercise b)

The program listed below encodes a possible solution to partb) of the above project. Note that we have
employed Blitz++ as library and that the range of the variousvectors are now shifted from their default ranges
(0 : n− 1) to (1 : n) and that we access vector elements asa(i) instead of the standard C++ declarationa[i].

The program reads from screen the name of the ouput file and thedimension of the problem, which in
our case corresponds to the number of mesh points as well, in addition to the two endpoints. The function
f(x) = (3x + x2) exp (x) is included explicitely in the code. An obvious change is to define a separate
function, allowing thereby for a generalization to other functionf(x).

/*
Program to solve the one-dimensional Poisson equation

-u''(x) = f(x) rewritten as a set of linear equations

A u = f where A is an n x n matrix, and u and f are 1 x n vectors

In this problem f(x) = (3x+x*x)exp(x) with solution u(x) = x(1-x)exp(x)

The program reads from screen the name of the output file.

Blitz++ is used here, with arrays starting from 1 to n

*/

#include <iomanip>

#include <fstream>

#include <blitz/array.h>

#include <iostream>

using namespace std;

using namespace blitz;

ofstream ofile;

// Main program only, no other functions

int main(int argc, char* argv[])

{

char *outfilename;
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int i, j, n;

double h, btemp;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

cout << "Read in number of mesh points" << endl;

cin >> n;

h = 1.0/( (double) n+1);

// Use Blitz to allocate arrays

// Use range to change default arrays from 0:n-1 to 1:n

Range r(1,n);

Array<double,1> a(r), b(r), c(r), y(r), f(r), temp(r);

// set up the matrix defined by three arrays, diagonal, upper and lower diagonal band

b = 2.0; a = -1.0 ; c = -1.0;

// Then define the value of the right hand side f (multiplied by h*h)

for(i=1; i <= n; i++){

// Explicit expression for f, could code as separate function

f(i) = h*h*(i*h*3.0+(i*h)*(i*h))*exp(i*h);

}

// solve the tridiagonal system, first forward substitution

btemp = b(1);

for(i = 2; i <= n; i++) {

temp(i) = c(i-1) / btemp;

btemp = b(i) - a(i) * temp(i);

y(i) = (f(i) - a(i) * y(i-1)) / btemp;

}

// then backward substitution, the solution is in y()

for(i = n-1; i >= 1; i--) {

y(i) -= temp(i+1) * y(i+1);

}

// write results to the output file

for(i = 1; i <= n; i++){

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(15) << setprecision(8) << i*h;

ofile << setw(15) << setprecision(8) << y(i);

ofile << setw(15) << setprecision(8) << i*h*(1.0-i*h)*exp(i*h) <<endl;

}

ofile.close();

}

The program writes also the exact solution to file. In Fig. 6.4we show the results obtained withn = 10.
Even with so few points, the numerical solution is very closeto the analytic answer. Withn = 100 it is
almost impossible to distinguish the numerical solution from the analytical one, as shown in Fig. 6.5. It is
therefore instructive to study the relative error, which wedisplay in Table 6.4 as function of the step length
h = 1/(n+ 1).

The mathematical truncation we made when computing the second derivative goes likeO(h2). Our results
for n from n = 10 to somewhere betweenn = 104 andn = 105 result in a slope which is almost exactly
equal2,in good agreement with the mathematical truncation made. Beyondn = 105 the relative error becomes
bigger, telling us that there is no point in increasingn. For most practical application a relative error between
10−6 and10−8 is more than sufficient, meaning thatn = 104 may be an acceptable number of mesh points.
Beyondn = 105, numerical round off errors take over, as discussed in the previous chapter as well.
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Figure 6.4: Numerical solution obtained withn = 10 compared with the analytical solution.
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Figure 6.5: Numerical solution obtained withn = 10 compared with the analytical solution.

Table 6.4:log10 values for the relative error and the step lengthh computed atx = 0.5.
n log10(h) ǫi = log10 (|(vi − ui)/ui|)

10 -1.04 -2.29
100 -2.00 -4.19

1000 -3.00 -6.18
104 -4.00 -8.18
105 -5.00 -9.19
106 -6.00 -6.08
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Chapter 7

Eigensystems

7.1 Introduction

Together with linear equations and least squares, the thirdmajor problem in matrix computations deals with
the algebraic eigenvalue problem. Here we limit our attention to the symmetric case. We focus in particular
on two similarity transformations, the Jacobi method, the famous QR algoritm with Householder’s method for
obtaining a triangular matrix and Francis’ algorithm for the final eigenvalues. Our presentation follows closely
that of Golub and Van Loan, see Ref. [29].

7.2 Eigenvalue problems

Let us consider the matrixA of dimension n. The eigenvalues ofA are defined through the matrix equation

Ax(ν) = λ(ν)x(ν), (7.1)

whereλ(ν) are the eigenvalues andx(ν) the corresponding eigenvectors. Unless otherwise stated,when we use
the wording eigenvector we mean the right eigenvector. The left eigenvector is defined as

x(ν)
LA = λ(ν)x(ν)

L

The above right eigenvector problem is equivalent to a set ofn equations withn unknownsxi

a11x1 + a12x2 + · · ·+ a1nxn = λx1

a21x1 + a22x2 + · · ·+ a2nxn = λx2

. . . . . .

an1x1 + an2x2 + · · ·+ annxn = λxn.

We can rewrite Eq. (7.1) as

(
A− λ(ν)I

)
x(ν) = 0,

with I being the unity matrix. This equation provides a solution tothe problem if and only if the determinant
is zero, namely ∣∣∣A− λ(ν)I

∣∣∣ = 0,

which in turn means that the determinant is a polynomial of degreen in λ. The eigenvalues of a matrix
A ∈ Cn×n are thus then roots of its characteristic polynomial

P (λ) = det(λI−A), (7.2)
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or

P (λ) =

n∏

i=1

(λi − λ) . (7.3)

The set of these roots is called the spectrum and is denoted asλ(A). If λ(A) = {λ1, λ2, . . . , λn} then we
have

det(A) = λ1λ2 . . . λn,

the trace ofA is Tr(A) = λ1 + λ2 + · · ·+ λn.
Procedures based on these ideas can be used if only a small fraction of all eigenvalues and eigenvectors are

required or if the matrix is on a tridiagonal form, but the standard approach to solve Eq. (7.1) is to perform a
given number of similarity transformations so as to render the original matrixA in either a diagonal form or
as a tridiagonal matrix which then can be be diagonalized by computational very effective procedures.

The first method leads us to Jacobi’s method whereas the second one is given by Householder’s algorithm
for tridiagonal transformations. We will discuss both methods below.

7.3 Similarity transformations

In the present discussion we assume that our matrix is real and symmetric, that isA ∈ R
n×n. The matrixA

hasn eigenvaluesλ1 . . . λn (distinct or not). LetD be the diagonal matrix with the eigenvalues on the diagonal

D =





λ1 0 0 0 . . . 0 0

0 λ2 0 0 . . . 0 0

0 0 λ3 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . λn−1

0 . . . . . . . . . . . . 0 λn




.

If A is real and symmetric then there exists a real orthogonal matrix S such that

ST AS = diag(λ1, λ2, . . . , λn),

and forj = 1 : n we haveAS(:, j) = λjS(:, j). See chapter 8 of Ref. [29] for proof.
To obtain the eigenvalues ofA ∈ Rn×n, the strategy is to perform a series of similarity transformations on

the original matrixA, in order to reduce it either into a diagonal form as above or into a tridiagonal form.
We say that a matrixB is a similarity transform ofA if

B = ST AS, where STS = S−1S = I.

The importance of a similarity transformation lies in the fact that the resulting matrix has the same eigenvalues,
but the eigenvectors are in general different. To prove thiswe start with the eigenvalue problem and a similarity
transformed matrixB.

Ax = λx and B = ST AS.

We multiply the first equation on the left byST and insertSTS = I betweenA andx. Then we get

(STAS)(STx) = λSTx, (7.4)

which is the same as
B
(
STx

)
= λ

(
STx

)
.

The variableλ is an eigenvalue ofB as well, but with eigenvectorSTx.
The basic philosophy is to
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– either apply subsequent similarity transformations so that

ST
N . . .ST

1 AS1 . . .SN = D, (7.5)

– or apply subsequent similarity transformations so thatA becomes tridiagonal. Thereafter, techniques for
obtaining eigenvalues from tridiagonal matrices can be used.

Let us look at the first method, better known as Jacobi’s method or Given’s rotations.

7.4 Jacobi’s method

Consider an (n× n) orthogonal transformation matrix

S =





1 0 . . . 0 0 . . . 0 0

0 1 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . 0 . . .

0 0 . . . cosθ 0 . . . 0 sinθ

0 0 . . . 0 1 . . . 0 0

. . . . . . . . . . . . . . . . . . 0 . . .

0 0 . . . 0 0 . . . 1 0

0 0 . . . −sinθ . . . . . . 0 cosθ





with propertyST = S−1. It performs a plane rotation around an angleθ in the Euclideann−dimensional
space. It means that the matrix elements that differ from zero are given by

skk = sll = cosθ, skl = −slk = −sinθ, sii = −sii = 1 i 6= k i 6= l,

A similarity transformation
B = STAS,

results in

bii = aii, i 6= k, i 6= l

bik = aikcosθ − ailsinθ, i 6= k, i 6= l

bil = ailcosθ + aiksinθ, i 6= k, i 6= l

bkk = akkcos
2θ − 2aklcosθsinθ + allsin

2θ

bll = allcos
2θ + 2aklcosθsinθ + akksin

2θ

bkl = (akk − all)cosθsinθ + akl(cos
2θ − sin2θ)

The angleθ is arbitrary. The recipe is to chooseθ so that all non-diagonal matrix elementsbkl become zero.
The algorithm is then quite simple. We perform a number of iterations until the sum over the squared

non-diagonal matrix elements are less than a prefixed test (ideally equal zero). The algorithm is more or less
foolproof for all real symmetric matrices, but becomes muchslower than methods based on tridiagonalization
for large matrices.

The main idea is thus to reduce systematically the norm of theoff-diagonal matrix elements of a matrixA

off(A) =

√√√√
n∑

i=1

n∑

j=1,j 6=i

a2
ij .

To demonstrate the algorithm, we consider the simple2 × 2 similarity transformation of the full matrix. The
matrix is symmetric, we single out1 ≤ k < l ≤ n and use the abbreviationsc = cos θ ands = sin θ to obtain

199



Eigensystems

(
bkk 0

0 bll

)
=

(
c −s
s c

)(
akk akl

alk all

)(
c s

−s c

)
.

We require that the non-diagonal matrix elementsbkl = blk = 0, implying that

akl(c
2 − s2) + (akk − all)cs = bkl = 0.

If akl = 0 one sees immediately thatcos θ = 1 andsin θ = 0.
The Frobenius norm of an orthogonal transformation is always preserved. The Frobenius norm is defined

as

||A||F =

√√√√
n∑

i=1

n∑

j=1

|aij |2.

This means that for our2× 2 case we have

2a2
kl + a2

kk + a2
ll = b2kk + b2ll,

which leads to

off(B)2 = ||B||2F −
n∑

i=1

b2ii = off(A)2 − 2a2
kl,

since

||B||2F −
n∑

i=1

b2ii = ||A||2F −
n∑

i=1

a2
ii + (a2

kk + a2
ll − b2kk − b2ll).

This result means that the matrixA moves closer to diagonal form for each transformation.
Defining the quantitiestan θ = t = s/c and

τ =
all − akk

2akl
,

we obtain the quadratic equation
t2 + 2τt− 1 = 0,

resulting in

t = −τ ±
√

1 + τ2,

andc ands are easily obtained via

c =
1√

1 + t2
,

ands = tc. Choosingt to be the smaller of the roots ensures that|θ| ≤ π/4 and has the effect of minimizing
the difference between the matricesB andA since

||B−A||2F = 4(1− c)
n∑

i=1,i6=k,l

(a2
ik + a2

il) +
2a2

kl

c2
.

The main idea is thus to reduce systematically the norm of theoff-diagonal matrix elements of a matrixA

off(A) =

√√√√
n∑

i=1

n∑

j=1,j 6=i

a2
ij .

To implement the Jacobi algorithm we can proceed as follows
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– Choose a toleranceǫ, making it a small number, typically10−8 or smaller.

– Setup awhile-test where one compares the norm of the newly computed off-diagonal matrix
elements

off(A) =

√√√√
n∑

i=1

n∑

j=1,j 6=i

a2
ij > ǫ.

This is however a very time-comsuming test which can be replaced by the simpler test

max(a2
ij) > ǫ.

– Now choose the matrix elementsakl so that we have those with largest value, that is|akl| =
maxi6=j |aij |.

– Compute thereafterτ = (all − akk)/2akl, tan θ, cos θ andsin θ.

– Compute thereafter the similarity transformation for thisset of values(k, l), obtaining the new
matrixB = S(k, l, θ)TAS(k, l, θ).

– Continue till
max(a2

ij) ≤ ǫ.

The convergence rate of the Jacobi method is however poor, one needs typically3n2 − 5n2 rotations and
each rotation requires4n operations, resulting in a total of12n3 − 20n3 operations in order to zero out non-
diagonal matrix elements. Although the classical Jacobi algorithm performs badly compared with methods
based on tridiagonalization, it is easy to parallelize.

The slow convergence is related to the fact that when a new rotation is performed, matrix elements which
were previously zero, may change to non-zero values in the next rotation. To see this, consider the following
simple example.

We specialize to a symmetric3× 3 matrixA. We start the process as follows (assuming thata23 = a32 is
the largest non-diagonal matrix element) withc = cos θ ands = sin θ

B =




1 0 0

0 c −s
0 s c








a11 a12 a13

a21 a22 a23

a31 a32 a33








1 0 0

0 c s

0 −s c



 .

We will choose the angleθ in order to haveb23 = b32 = 0. We get the new symmetric matrix

B =




a11 a12c− a13s a12s+ a13c

a12c− a13s a22c
2 + a33s

2 − 2a23sc (a22 − a33)sc+ a23(c
2 − s2)

a12s+ a13c (a22 − a33)sc+ a23(c
2 − s2) a22s

2 + a33c
2 + 2a23sc



 .

Note thata11 is unchanged! As it should.
We have then

b11 = a11

b12 = a12cosθ − a13sinθ, 1 6= 2, 1 6= 3

b13 = a13cosθ + a12sinθ, 1 6= 2, 1 6= 3

b22 = a22cos
2θ − 2a23cosθsinθ + a33sin

2θ

b33 = a33cos
2θ + 2a23cosθsinθ + a22sin

2θ

b23 = (a22 − a33)cosθsinθ + a23(cos
2θ − sin2θ)
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We will fix the angleθ so thatb23 = 0.
We get then a new matrix

B =




b11 b12 b13
b12 b22 0

b13 0 a33



 .

We repeat assuming thatb12 is the largest non-diagonal matrix element and get a new matrix

C =




c −s 0

s c 0

0 0 1








b11 b12 b13
b12 b22 0

b13 0 b33








c s 0

−s c 0

0 0 1



 .

We continue this process till all non-diagonal matrix elements are zero. It is easy to convince oneself that
when performing the above operations, the matrix elementb23 which was previously set to zero may become
different from zero. This is one of the problems which slows down the Jacobi procedure.

7.5 Diagonalization through the Householder’s method for tridiagonalization

In this case the diagonalization is performed in two steps: First, the matrix is transformed into tridiagonal
form by the Householder similarity transformation. Secondly, the tridiagonal matrix is then diagonalized. The
reason for this two-step process is that diagonalizing a tridiagonal matrix is computational much faster than
the corresponding diagonalization of a general symmetric matrix. Let us discuss the two steps in more detail.

7.5.1 The Householder’s method for tridiagonalization

The first step consists in finding an orthogonal matrixS which is the product of(n− 2) orthogonal matrices

S = S1S2 . . .Sn−2,

each of which successively transforms one row and one columnof A into the required tridiagonal form. Only
n − 2 transformations are required, since the last two elements are already in tridiagonal form. In order to
determine eachSi let us see what happens after the first multiplication, namely,

ST
1 AS1 =





a11 e1 0 0 . . . 0 0

e1 a′22 a′23 . . . . . . . . . a′2n

0 a′32 a′33 . . . . . . . . . a′3n

0 . . . . . . . . . . . . . . .

0 a′n2 a′n3 . . . . . . . . . a′nn





where the primed quantities represent a matrixA′ of dimensionn−1 which will subsequentely be transformed
by S2. The factore1 is a possibly non-vanishing element. The next transformation produced byS2 has the
same effect asS1 but now on the submatirxA

′

only

(S1S2)
T

AS1S2 =





a11 e1 0 0 . . . 0 0

e1 a′22 e2 0 . . . . . . 0

0 e2 a′′33 . . . . . . . . . a′′3n

0 . . . . . . . . . . . . . . .

0 0 a′′n3 . . . . . . . . . a′′nn





Note that the effective size of the matrix on which we apply the transformation reduces for every new step.
In the previous Jacobi method each similarity transformation is in principle performed on the full size of the
original matrix.

After a series of such transformations, we end with a set of diagonal matrix elements

a11, a
′
22, a

′′
33 . . . a

n−1
nn ,
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and off-diagonal matrix elements
e1, e2, e3, . . . , en−1.

The resulting matrix reads

STAS =





a11 e1 0 0 . . . 0 0

e1 a′22 e2 0 . . . 0 0

0 e2 a′′33 e3 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . a
(n−1)
n−1n−1 en−1

0 . . . . . . . . . . . . en−1 a
(n−1)
nn





.

It remains to find a recipe for determining the transformation Sn. We illustrate the method forS1 which
we assume takes the form

S1 =

(
1 0T

0 P

)
,

with 0T being a zero row vector,0T = {0, 0, · · · } of dimension(n − 1). The matrixP is symmetric with
dimension ((n− 1)× (n− 1)) satisfyingP2 = I andPT = P. A possible choice which fulfills the latter two
requirements is

P = I− 2uuT ,

whereI is the(n − 1) unity matrix andu is ann − 1 column vector with normuTu = 1, that is its inner
product.

Note thatuuT is an outer product giving a dimension ((n− 1)× (n− 1)). Each matrix element ofP then
reads

Pij = δij − 2uiuj,

wherei andj range from1 to n− 1. Applying the transformationS1 results in

ST
1 AS1 =

(
a11 (Pv)T

Pv A′

)
,

wherevT = {a21, a31, · · · , an1} andP must satisfy (Pv)T = {k, 0, 0, · · · }. Then

Pv = v − 2u(uTv) = ke, (7.6)

with eT = {1, 0, 0, . . .0}. Solving the latter equation gives usu and thus the needed transformationP. We do
first however need to compute the scalark by taking the scalar product of the last equation with its transpose
and using the fact thatP2 = I. We get then

(Pv)T Pv = k2 = vT v = |v|2 =

n∑

i=2

a2
i1,

which determines the constantk = ±v. Now we can rewrite Eq. (7.6) as

v − ke = 2u(uTv),

and taking the scalar product of this equation with itself and obtain

2(uT v)2 = (v2 ± a21v), (7.7)

which finally determines

u =
v − ke
2(uTv)

.

In solving Eq. (7.7) great care has to be exercised so as to choose those values which make the right-hand largest
in order to avoid loss of numerical precision. The above steps are then repeated for every transformations till
we have a tridiagonal matrix suitable for obtaining the eigenvalues.
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7.5.2 Diagonalization of a tridiagonal matrix via Francis’algorithm

The matrix is now transformed into tridiagonal form and the last step is to transform it into a diagonal matrix
giving the eigenvalues on the diagonal1.

Before we discuss the algorithms, we note that the eigenvalues of a tridiagonal matrix can be obtained
using the characteristic polynomial

P (λ) = det(λI−A) =

n∏

i=1

(λi − λ) ,

which rewritten in matrix form reads

P (λ) =





d1 − λ e1 0 0 . . . 0 0

e1 d2 − λ e2 0 . . . 0 0

0 e2 d3 − λ e3 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . dNstep−2 − λ eNstep−1

0 . . . . . . . . . . . . eNstep−1 dNstep−1 − λ





We can solve this equation in a recursive manner. We letPk(λ) be the value ofk subdeterminant of the above
matrix of dimensionn×n. The polynomialPk(λ) is clearly a polynomial of degreek. Starting withP1(λ) we
haveP1(λ) = d1−λ. The next polynomial readsP2(λ) = (d2−λ)P1(λ)−e21. By expanding the determinant
for Pk(λ) in terms of the minors of thenth column we arrive at the recursion relation

Pk(λ) = (dk − λ)Pk−1(λ) − e2k−1Pk−2(λ).

Together with the starting valuesP1(λ) andP2(λ) and good root searching methods we arrive at an efficient
computational scheme for finding the roots ofPn(λ). However, for large matrices this algorithm is rather
inefficient and time-consuming.

The programs which performs these transformations are matrix A −→ tridiagonal matrix−→ diagonal matrix

C: void trd2(double∗∗a, int n, double d[], double e[])
void tqli(double d[], double[], int n, double∗∗z)

Fortran: CALL tred2(a, n, d, e)
CALL tqli(d, e, n, z)

The last step through the functiontqli() involves several technical details. Let us describe the basic idea in
terms of a four-dimensional example. For more details, see Ref. [29], in particular chapters seven and eight.

The current tridiagonal matrix takes the form

A =





d1 e1 0 0

e1 d2 e2 0

0 e2 d3 e3
0 0 e3 d4



 .

As a first observation, if any of the elementsei are zero the matrix can be separated into smaller pieces before
diagonalization. Specifically, ife1 = 0 thend1 is an eigenvalue. Thus, let us introduce a transformationS1

S1 =





cos θ 0 0 sin θ

0 0 0 0

0 0 0 0

− sin θ 0 0 cos θ





1This section is not complete it will be finished end of fall 2009.
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Then the similarity transformation

ST
1 AS1 = A′ =





d′1 e′1 0 0

e′1 d2 e2 0

0 e2 d3 e′3
0 0 e′3 d′4





produces a matrix where the primed elements inA′ have been changed by the transformation whereas the
unprimed elements are unchanged. If we now chooseθ to give the elementa

′

21 = e
′

= 0 then we have the first
eigenvalue= a

′

11 = d
′

1.
This procedure can be continued on the remaining three-dimensional submatrix for the next eigenvalue.

Thus after four transformations we have the wanted diagonalform.

7.6 The QR algorithm for finding eigenvalues

In preparation for 2010

7.7 Schrödinger’s equation through diagonalization

Instead of solving the Schrödinger equation as a differential equation, we will solve it through diagonalization
of a large matrix. However, in both cases we need to deal with aproblem with boundary conditions, viz., the
wave function goes to zero at the endpoints.

To solve the Schrödinger equation as a matrix diagonalization problem, let us study the radial part of the
Schrödinger equation. The radial part of the wave function,R(r), is a solution to

− ~2

2m

(
1

r2
d

dr
r2
d

dr
− l(l + 1)

r2

)
R(r) + V (r)R(r) = ER(r).

Then we substituteR(r) = (1/r)u(r) and obtain

− ~2

2m

d2

dr2
u(r) +

(
V (r) +

l(l+ 1)

r2
~2

2m

)
u(r) = Eu(r).

We introduce a dimensionless variableρ = (1/α)r whereα is a constant with dimension length and get

− ~2

2mα2

d2

dρ2
u(r) +

(
V (ρ) +

l(l+ 1)

ρ2

~2

2mα2

)
u(ρ) = Eu(ρ).

In the example below, we will replace the latter equation with that for the one-dimensional harmonic oscillator.
Note however that the procedure which we give below applies equally well to the case of e.g., the hydrogen
atom. We replaceρ with x, take away the centrifugal barrier term and set the potential equal to

V (x) =
1

2
kx2,

with k being a constant. In our solution we will use units so thatk = ~ = m = α = 1 and the Schrödinger
equation for the one-dimensional harmonic oscillator becomes

− d2

dx2
u(x) + x2u(x) = 2Eu(x).

Let us now see how we can rewrite this equation as a matrix eigenvalue problem. First we need to compute the
second derivative. We use here the following expression forthe second derivative of a functionf

f ′′ =
f(x+ h)− 2f(x) + f(x− h)

h2
+O(h2), (7.8)
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whereh is our step. Next we define minimum and maximum values for the variablex, Rmin andRmax,
respectively. With a given number of steps,Nstep, we then define the steph as

h =
Rmax −Rmin

Nstep
.

If we now define an arbitrary value ofx as

xi = Rmin + ih i = 1, 2, . . . , Nstep − 1

we can rewrite the Schrödinger equation forxi as

−u(xk + h)− 2u(xk) + u(xk − h)
h2

+ x2
ku(xk) = 2Eu(xk),

or in a more compact way

−uk+1 − 2uk + uk−1

h2
+ x2

kuk = −uk+1 − 2uk + uk−1

h2
+ Vkuk = 2Euk,

whereuk = u(xk), uk±1 = u(xk ± h) andVk = x2
k, the given potential. Let us see how this recipe may lead

to a matrix reformulation of the Schrödinger equation. Define first the diagonal matrix element

dk =
2

h2
+ Vk,

and the non-diagonal matrix element

ek = − 1

h2
.

In this case the non-diagonal matrix elements are given by a mere constant.All non-diagonal matrix elements
are equal. With these definitions the Schrödinger equation takes the following form

dkuk + ek−1uk−1 + ek+1uk+1 = 2Euk,

whereuk is unknown. Since we haveNstep − 1 values ofk we can write the latter equation as a matrix
eigenvalue problem





d1 e1 0 0 . . . 0 0

e1 d2 e2 0 . . . 0 0

0 e2 d3 e3 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . dNstep−2 eNstep−1

0 . . . . . . . . . . . . eNstep−1 dNstep−1









u1

u2

. . .

. . .

. . .

uNstep−1




= 2E





u1

u2

. . .

. . .

. . .

uNstep−1




(7.9)

or if we wish to be more detailed, we can write the tridiagonalmatrix as





2
h2 + V1 − 1

h2 0 0 . . . 0 0

− 1
h2

2
h2 + V2 − 1

h2 0 . . . 0 0

0 − 1
h2

2
h2 + V3 − 1

h2 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . 2
h2 + VNstep−2 − 1

h2

0 . . . . . . . . . . . . − 1
h2

2
h2 + VNstep−1




(7.10)

This is a matrix problem with a tridiagonal matrix of dimensionNstep− 1×Nstep − 1 and will thus yield
Nstep−1 eigenvalues. It is important to notice that we do not set up a matrix of dimensionNstep×Nstep since
we can fix the value of the wave function atk = Nstep. Similarly, we know the wave function at the other end
point, that is forx0.
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The above equation represents an alternative to the numerical solution of the differential equation for the
Schrödinger equation discussed in chapter 9.

The eigenvalues of the harmonic oscillator in one dimensionare well known. In our case, with all constants
set equal to1, we have

En = n+
1

2
,

with the ground state beingE0 = 1/2. Note however that we have rewritten the Schrödinger equation so that
a constant 2 stands in front of the energy. Our program will then yield twice the value, that is we will obtain
the eigenvalues1, 3, 5, 7.. . . . .

In the next subsection we will try to delineate how to solve the above equation. A program listing is also
included.

7.7.1 Numerical solution of the Schrödinger equation by diagonalization

The algorithm for solving Eq. (7.12) may take the following form

– Define values forNstep, Rmin andRmax. These values define in turn the step sizeh. Typical values
for Rmax andRmin could be10 and−10 respectively for the lowest-lying states. The number of mesh
pointsNstep could be in the range 100 to some thousands. You can check the stability of the results as
functions ofNstep − 1 andRmax andRmin against the exact solutions.

– Construct then two one-dimensional arrays which contain all values ofxk and the potentialVk. For the
latter it can be convenient to write a small function which sets up the potential as function ofxk. For the
three-dimensional case you may also need to include the centrifugal potential. The dimension of these
two arrays should go from0 up toNstep.

– Construct thereafter the one-dimensional vectorsd ande, whered stands for the diagonal matrix el-
ements ande the non-diagonal ones. Note that the dimension of these two arrays runs from1 up to
Nstep − 1, since we know the wave functionu at both ends of the chosen grid.

– We are now ready to obtain the eigenvalues by calling the function tqli which can be found on the web
page of the course. Callingtqli, you have to transfer the matricesd ande, their dimensionn = Nstep−1

and a matrixz of dimensionNstep − 1 × Nstep − 1 which returns the eigenfunctions. On return, the
arrayd contains the eigenvalues. Ifz is given as the unity matrix on input, it returns the eigenvectors.
For a given eigenvaluek, the eigenvector is given by the columnk in z, that is z[][k] in C, or z(:,k) in
Fortran.

– TQLI does however not return an ordered sequence of eigenvalues. You may then need to sort them as
e.g., an ascending series of numbers. The program we provideincludes a sorting function as well.

– Finally, you may perhaps need to plot the eigenfunctions as well, or calculate some other expectation
values. Or, you would like to compare the eigenfunctions with the analytical answers for the harmonic
oscillator or the hydrogen atom. We provide a functionplot which has as input one eigenvalue cho-
sen from the output oftqli. This function gives you a normalized wave functionu where the norm is
calculated as

∫ Rmax

Rmin

|u(x)|2 dx→ h

Nstep∑

i=0

u2
i = 1,

and we have used the trapezoidal rule for integration discussed in chapter 4.

7.7.2 Program example and results for the one-dimensional harmonic oscillator

We present here a program example which encodes the above algorithm.
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http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter12/cpp/program1.cpp

/*
Solves the one-particle Schrodinger equation

for a potential specified in function

potential(). This example is for the harmonic oscillator

*/

#include <cmath>

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file as global variable

ofstream ofile;

// function declarations

void initialise(double&, double&, int&, int&) ;

double potential(double);

int comp(const double *, const double *);

void output(double, double, int, double *);

int main(int argc, char* argv[])

{

int i, j, max_step, orb_l;

double r_min, r_max, step, const_1, const_2, orb_factor,

*e, *d, *w, *r, **z;

char *outfilename;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

// Read in data

initialise(r_min, r_max, orb_l, max_step);

// initialise constants

step = (r_max - r_min) / max_step;

const_2 = -1.0 / (step * step);

const_1 = - 2.0 * const_2;

orb_factor = orb_l * (orb_l + 1);

// local memory for r and the potential w[r]

r = new double[max_step + 1];

w = new double[max_step + 1];

for(i = 0; i <= max_step; i++) {

r[i] = r_min + i * step;

w[i] = potential(r[i]) + orb_factor / (r[i] * r[i]);

}

// local memory for the diagonalization process

d = new double[max_step]; // diagonal elements

e = new double[max_step]; // tridiagonal off-diagonal elements

z = (double **) matrix(max_step, max_step, sizeof(double));

for(i = 0; i < max_step; i++) {

d[i] = const_1 + w[i + 1];

e[i] = const_2;

z[i][i] = 1.0;

for(j = i + 1; j < max_step; j++) {

z[i][j] = 0.0;

}
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}

// diagonalize and obtain eigenvalues

tqli(d, e, max_step - 1, z);

// Sort eigenvalues as an ascending series

qsort(d,(UL) max_step - 1,sizeof(double),

(int(*)(const void *,const void *))comp);

// send results to ouput file

output(r_min , r_max, max_step, d);

delete [] r; delete [] w; delete [] e; delete [] d;

free_matrix((void **) z); // free memory

ofile.close(); // close output file

return 0;

} // End: function main()

/*
The function potential()

calculates and return the value of the

potential for a given argument x.

The potential here is for the 1-dim harmonic oscillator

*/

double potential(double x)

{

return x*x;

} // End: function potential()

/*
The function int comp()

is a utility function for the library function qsort()

to sort double numbers after increasing values.

*/

int comp(const double *val_1, const double *val_2)

{

if((*val_1) <= (*val_2)) return -1;

else if((*val_1) > (*val_2)) return +1;

else return 0;

} // End: function comp()

// read in min and max radius, number of mesh points and l

void initialise(double& r_min, double& r_max, int& orb_l, int& max_step)

{

cout << "Min vakues of R = ";

cin >> r_min;

cout << "Max value of R = ";

cin >> r_max;

cout << "Orbital momentum = ";

cin >> orb_l;

cout << "Number of steps = ";

cin >> max_step;

} // end of function initialise

// output of results

void output(double r_min , double r_max, int max_step, double *d)

{

int i;

ofile << "RESULTS:" << endl;

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile <<"R_min = " << setw(15) << setprecision(8) << r_min << endl;

ofile <<"R_max = " << setw(15) << setprecision(8) << r_max << endl;

ofile <<"Number of steps = " << setw(15) << max_step << endl;

ofile << "Five lowest eigenvalues:" << endl;

for(i = 0; i < 5; i++) {

ofile << setw(15) << setprecision(8) << d[i] << endl;
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}

} // end of function output

There are several features to be noted in this program.
The main program calls the functioninitialise, which reads in the minimum and maximum values ofr, the

number of steps and the orbital angular momentuml. Thereafter we allocate place for the vectors containing
r and the potential, given by the variablesr[i] andw[i], respectively. We also set up the vectorsd[i] ande[i]
containing the diagonal and non-diagonal matrix elements.Calling the functiontqli we obtain in turn the
unsorted eigenvalues. The latter are sorted by the intrinsic C-functionqsort.

The calculaton of the wave function for the lowest eigenvalue is done in the functionplot, while all output
of the calculations is directed to the fuctionoutput.

The included table exhibits the precision achieved as function of the number of mesh pointsN . The exact
values are1, 3, 5, 7, 9.

Table 7.1: Five lowest eigenvalues as functions of the number of mesh pointsN with rmin = −10 and
rmax = 10.

N E0 E1 E2 E3 E4

50 9.898985E-01 2.949052E+00 4.866223E+00 6.739916E+00 8.568442E+00
100 9.974893E-01 2.987442E+00 4.967277E+00 6.936913E+008.896282E+00
200 9.993715E-01 2.996864E+00 4.991877E+00 6.984335E+008.974301E+00
400 9.998464E-01 2.999219E+00 4.997976E+00 6.996094E+008.993599E+00

1000 1.000053E+00 2.999917E+00 4.999723E+00 6.999353E+00 8.999016E+00

The agreement with the exact solution improves with increasing numbers of mesh points. However, the
agreement for the excited states is by no means impressive. Moreover, as the dimensionality increases, the
time consumption increases dramatically. Matrix diagonalization scales typically as≈ N3. In addition, there
is a maximum size of a matrix which can be stored in RAM.

The obvious question which then arises is whether this scheme is nothing but a mere example of matrix
diagonalization, with few practical applications of interest. In chapter 3, where we dealt with interpolation and
extrapolation, we discussed also called Richardson’s deferred extrapolation scheme. Applied to this particualr
case, the philosophy of this scheme would be to diagonalize the above matrix for a set of values ofN and
thereby the step lengthh. Thereafter, an extrapolation is made toh→ 0. The obtained eigenvalues agree then
with a remarkable precision with the exact solution. The algorithm is then as follows

– Perform a series of diagonalizations of the matrix in Eq. (7.13 ) for different values of the step
sizeh. We obtain then a series of eigenvaluesE(h/2k) with k = 0, 1, 2, . . . . That will give us
an array of ’x-values’h, h/2, h/4, . . . and an array of ’y-values’E(h), E(h/2), E(h/4), . . . .
Note that you will have such a set for each eigenvalue.

– Use these values to perform an extrapolation calling e.g., the function POLINT with the point
where we wish to extrapolate to given byh = 0.

– End the iteration overk when the error returned by POLINT is smaller than a fixed test.

The results for the 10 lowest-lying eigenstates for the one-dimensional harmonic oscillator are listed below
after just 3 iterations, i.e., the step size has been reducedto h/8 only. The exact results are1, 3, 5, . . . , 19 and
we see that the agreement is just excellent for the extrapolated results. The results after diagonalization differ
already at the fourth-fifth digit.
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Table 7.2: Result for numerically calculated eigenvalues of the one-dimensional harmonic oscillator after three
iterations starting with a matrix of size100 × 100 and ending with a matrix of dimension800 × 800. These
four values are then used to extrapolate the 10 lowest-lyingeigenvalues toh = 0.. The values ofx span from
−10 to 10, that means that the starting step wash = 20/100 = 0.2. We list here only the results after three
iterations. The error test was set equal10−6.

Extrapolation Diagonalization Error
0.100000D+01 0.999931D+00 0.206825D-10
0.300000D+01 0.299965D+01 0.312617D-09
0.500000D+01 0.499910D+01 0.174602D-08
0.700000D+01 0.699826D+01 0.605671D-08
0.900000D+01 0.899715D+01 0.159170D-07
0.110000D+02 0.109958D+02 0.349902D-07
0.130000D+02 0.129941D+02 0.679884D-07
0.150000D+02 0.149921D+02 0.120735D-06
0.170000D+02 0.169899D+02 0.200229D-06
0.190000D+02 0.189874D+02 0.314718D-06

Parts of a Fortran program which includes Richardson’s extrapolation scheme is included here. It performs
five diagonalizations and establishes results for various step lengths and interpolates using the functionPOLINT.

! start loop over interpolations, here we set max interpolations to 5

DO interpol=1, 5

IF ( interpol == 1) THEN

max_step=start_step

ELSE

max_step=(interpol-1)*2*start_step

ENDIF

n=max_step-1

ALLOCATE ( e(n) , d(n) )

ALLOCATE ( w(0:max_step), r(0:max_step))

d=0. ; e =0.

! define the step size

step=(rmax-rmin)/FLOAT(max_step)

hh(interpol)=step*step

! define constants for the matrix to be diagonalized

const1=2./(step*step)

const2=-1./(step*step)

! set up r, the distance from the nucleus and the function w for energy =0

! w corresponds then to the potential

! values at

DO i=0, max_step

r(i) = rmin+i*step

w(i) = potential(r(i))

ENDDO

! setup the diagonal d and the non-diagonal part e of

! the tridiagonal matrix matrix to be diagonalized

d(1:n)=const1+w(1:n) ; e(1:n)=const2

! allocate space for eigenvector info

ALLOCATE ( z(n,n) )

! obtain the eigenvalues

CALL tqli(d,e,n,z)

! sort eigenvalues as an ascending series

CALL eigenvalue_sort(d,n)

DEALLOCATE (z)

err1=0.

! the interpolation part starts here
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DO l=1,20

err2=0.

value(interpol,l)=d(l)

inp=d(l)

IF ( interpol > 1 ) THEN

CALL polint(hh,value(:,l),interpol,0.d0 ,inp,err2)

err1=MAX(err1,err2)

WRITE(6,'(D12.6,2X,D12.6,2X,D12.6)') inp, d(l), err1

ELSE

WRITE(6,'(D12.6,2X,D12.6,2X,D12.6)') d(l), d(l), err1

ENDIF

ENDDO

DEALLOCATE ( w, r, d, e)

ENDDO

7.8 Exercises and projects

Project 7.1: Schrödinger’s equation for two electrons in a three-dimensional harmonic os-
cillator well

The aim of this project is to solve Schrödinger’s equation for two electrons in a three-dimensional harmonic
oscillator well with and without a repulsive Coulomb interaction. Your task is to solve this equation by refor-
mulating it in a discretized form as an eigenvalue equation to be solved with Jacobi’s method. To achieve this
you will have to write your own code which implements Jacobi’s method.

Electrons confined in small areas in semiconductors, so-called quantum dots, form a hot research area in
modern solid-state physics, with applications spanning from such diverse fields as quantum nano-medicine to
the contruction of quantum gates.

Here we will assume that these electrons move in a three-dimensional harmonic oscillator potential (they
are confined by for example quadrupole fields) and repel each other via the static Colulomb interaction. We
assume spherical symmetry.

We are first interested in the solution of the radial part of Schrödinger’s equation for one electron. This
equation reads

− ~2

2m

(
1

r2
d

dr
r2
d

dr
− l(l + 1)

r2

)
R(r) + V (r)R(r) = ER(r).

In our caseV (r) is the harmonic oscillator potential(1/2)kr2 with k = mω2 andE is the energy of the
harmonic oscillator in three dimensions. The oscillator frequency isω and the energies are

Enl = ~ω

(
2n+ l +

3

2

)
,

with n = 0, 1, 2, . . . andl = 0, 1, 2, . . . .
Since we have made a transformation to spherical coordinates it means thatr ∈ [0,∞). The quantum

numberl is the orbital momentum of the electron. Then we substituteR(r) = (1/r)u(r) and obtain

− ~2

2m

d2

dr2
u(r) +

(
V (r) +

l(l + 1)

r2
~2

2m

)
u(r) = Eu(r).

The boundary conditions areu(0) = 0 andu(∞) = 0.
We introduce a dimensionless variableρ = (1/α)r whereα is a constant with dimension length and get

− ~2

2mα2

d2

dρ2
u(ρ) +

(
V (ρ) +

l(l+ 1)

ρ2

~2

2mα2

)
u(ρ) = Eu(ρ).
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We will set in this projectl = 0. InsertingV (ρ) = (1/2)kα2ρ2 we end up with

− ~2

2mα2

d2

dρ2
u(ρ) +

k

2
α2ρ2u(ρ) = Eu(ρ).

We multiply thereafter with2mα2/~2 on both sides and obtain

− d2

dρ2
u(ρ) +

mk

~2
α4ρ2u(ρ) =

2mα2

~2
Eu(ρ).

The constantα can now be fixed so that
mk

~2
α4 = 1,

or

α =

(
~2

mk

)1/4

.

Defining

λ =
2mα2

~2
E,

we can rewrite Schrödinger’s equation as

− d2

dρ2
u(ρ) + ρ2u(ρ) = λu(ρ).

This is the first equation to solve numerically. In three dimensions the eigenvalues forl = 0 areλ0 = 3, λ1 =

7, λ2 = 11, . . . .

We use the by now standard expression for the second derivative of a functionu

u′′ =
u(ρ+ h)− 2u(ρ) + u(ρ− h)

h2
+O(h2), (7.11)

whereh is our step. Next we define minimum and maximum values for the variableρ, ρmin = 0 andρmax,
respectively. You need to check your results for the energies against different valuesρmax, since we cannot set
ρmax =∞.

With a given number of steps,nstep, we then define the steph as

h =
ρmax − ρmin

nstep
.

Define an arbitrary value ofρ as

ρi = ρmin + ih i = 0, 1, 2, . . . , nstep

we can rewrite the Schrödinger equation forρi as

−u(ρi + h)− 2u(ρi) + u(ρi − h)
h2

+ ρ2
iu(ρi) = λu(ρi),

or in a more compact way

−ui+1 − 2ui + ui−1

h2
+ ρ2

iui = −ui+1 − 2ui + ui−1

h2
+ Viui = λui,

whereVi = ρ2
i is the harmonic oscillator potential. Define first the diagonal matrix element

di =
2

h2
+ Vi,

213



Eigensystems

and the non-diagonal matrix element

ei = − 1

h2
.

In this case the non-diagonal matrix elements are given by a mere constant.All non-diagonal matrix elements
are equal. With these definitions the Schrödinger equation takes the following form

diui + ei−1ui−1 + ei+1ui+1 = λui,

whereui is unknown. We can write the latter equation as a matrix eigenvalue problem





d1 e1 0 0 . . . 0 0

e1 d2 e2 0 . . . 0 0

0 e2 d3 e3 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . dnstep−2 enstep−1

0 . . . . . . . . . . . . enstep−1 dnstep









u1

u2

. . .

. . .

. . .

unstep−1




= λ





u1

u2

. . .

. . .

. . .

unstep−1




(7.12)

or if we wish to be more detailed, we can write the tridiagonalmatrix as





2
h2 + V1 − 1

h2 0 0 . . . 0 0

− 1
h2

2
h2 + V2 − 1

h2 0 . . . 0 0

0 − 1
h2

2
h2 + V3 − 1

h2 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . 2
h2 + Vnstep−2 − 1

h2

0 . . . . . . . . . . . . − 1
h2

2
h2 + Vnstep−1




(7.13)

Recall that the solutions are known via the boundary conditions ati = nstep and at the other end point,
that is forρ0. The solution is zero in both cases.

a) Your task here is to write a function which implements Jacobi’s rotation algorithm in order to solve
Eq. (7.12).

We Define the quantitiestan θ = t = s/c, with s = sin θ andc = cos θ and

cot 2θ = τ =
all − akk

2akl
.

We can then define the angleθ so that the non-diagonal matrix elements of the transformedmatrix akl

become non-zero and we obtain the quadratic equation (usingcot 2θ = 1/2(cot θ − tan θ)

t2 + 2τt− 1 = 0,

resulting in

t = −τ ±
√

1 + τ2,

andc ands are easily obtained via

c =
1√

1 + t2
,

ands = tc. Explain why we should chooset to be the smaller of the roots. Show that these choice
ensures that|θ| ≤ π/4) and has the effect of minimizing the difference between thematricesB andA

since

||B−A||2F = 4(1− c)
n∑

i=1,i6=k,l

(a2
ik + a2

il) +
2a2

kl

c2
.
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b) How many pointsnstep do you need in order to get the lowest three eigenvalues with four leading digits?
Remember to check the eigenvalues for the dependency on the choice ofρmax.

How many similarity transformations are needed before you reach a result where all non-diagonal matrix
elements are essentially zero? Try to estimate the number oftransformations and extract a behavior as
function of the dimensionality of the matrix.

You can check your results against the code based on Householder’s algorithm,tqli in the file lib.cpp.

Comment your results (here you could for example compute thetime needed for both algorithms for a
given dimensionality of the matrix).

c) We will now study two electrons in a harmonic oscillator well which also interact via a repulsive
Coulomb interaction. Let us start with the single-electronequation written as

− ~2

2m

d2

dr2
u(r) +

1

2
kr2u(r) = E(1)u(r),

whereE(1) stands for the energy with one electron only. For two electrons with no repulsive Coulomb
interaction, we have the following Schrödinger equation

(
− ~2

2m

d2

dr21
− ~2

2m

d2

dr22
+

1

2
kr21 +

1

2
kr22

)
u(r1, r2) = E(2)u(r1, r2).

Note that we deal with a two-electron wave functionu(r1, r2) and two-electron energyE(2).

With no interaction this can be written out as the product of two single-electron wave functions, that is
we have a solution on closed form.

We introduce the relative coordinater = r1 − r2 and the center-of-mass coordinateR = 1/2(r1 + r2).
With these new coordinates, the radial Schrödinger equation reads

(
−~2

m

d2

dr2
− ~2

4m

d2

dR2
+

1

4
kr2 + kR2

)
u(r,R) = E(2)u(r,R).

The equations forr andR can be separated via the ansatz for the wave functionu(r,R) = ψ(r)φ(R)

and the energy is given by the sum of the relative energyEr and the center-of-mass energyER, that is

E(2) = Er + ER.

We add then the repulsive Coulomb interaction between two electrons, namely a term

V (r1, r2) =
βe2

|r1 − r2|
=
βe2

r
,

with βe2 = 1.44 eVnm.

Adding this term, ther-dependent Schrödinger equation becomes

(
−~2

m

d2

dr2
+

1

4
kr2 +

βe2

r

)
ψ(r) = Erψ(r).

This equation is similar to the one we had previously in (a) and we introduce again a dimensionless
variableρ = r/α. Repeating the same steps as in (a), we arrive at

− d2

dρ2
ψ(ρ) +

mk

~2
α4ρ2ψ(ρ) +

mαβe2

ρ~2
ψ(ρ) =

mα2

~2
Erψ(ρ).
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We want to manipulate this equation further to make it as similar to that in (a) as possible. We define
kr = 1/4k The constantα is then again fixed so that

mkr

~2
α4 = 1,

or

α =

(
~2

mkr

)1/4

.

Defining

λ =
mα2

~2
E,

we can rewrite Schrödinger’s equation as

− d2

dρ2
ψ(ρ) + ρ2ψ(ρ) +

γ

ρ
= λψ(ρ),

with

γ =
mαβe2

~2
.

We treatγ as a parameter which reflects the strength of the oscillator potential.

Here we will study the casesγ = 0, γ = 0.5, γ = 1, γ = 2 andγ = 4. for the ground state only, that is
the lowest-lying state.

Forγ = 0 you should get a result which corresponds to the relative energy of a non-interacting system.
The way we have written the equations means you get the same asin (a) for γ = 0. Make sure your
results are stable as functions ofρmax and the number of steps.

We are only interested in the ground state withl = 0. We omit the center-of-mass energy.

You can reuse the code you wrote for (a), but you need to changethe potential fromρ2 to ρ2 + γ/ρ.

Comment the results for the lowest state (ground state) as function of varying strengths ofγ.

For specific oscillator frequencies, the above equation hasanalytic answers, see the article by M. Taut,
Phys. Rev. A 48, 3561 - 3566 (1993). The article can be retrieved from the following web address
http://prola.aps.org/abstract/PRA/v48/i5/p3561_1.

d) In this exercise we want to plot the wave function for two electrons as functions of the relative coordinate
r and different values ofγ. For γ = 0 your wave function should correspond to that of a harmonic
oscillator. Varyingγ, the shape of the wave function will change.

We are only interested in the wave function for the ground state with l = 0 and omit again the center-of-
mass motion.

You can choose between two approaches; the first is to use the existing tqli function. Here the eigenvec-
tors are obtained from the matrixz[i][j], where the indexj refers to eigenvaluej. The indexi points to
the value of the wave function in positionρj . That is,u(λj)(ρi) = z[i][j].

The eigenvectors are normalized. Plot then the normalized wave functions for different values ofγ and
comment the results.

The other alternative is to add a piece to your Jacobi routinewhich also returns the eigenvectors. This is
the more difficult part. You will need to normalize the eigenvectors.
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Chapter 8

Differential equations

If God has made the world a perfect mechanism, he has at least conceded so much to our im-
perfect intellect that in order to predict little parts of it, we need not solve innumerable differential
equations, but can use dice with fair success.Max Born, quoted in H. R. Pagels, The Cosmic
Code [41]

8.1 Introduction

We may trace the origin of differential equations back to Newton in 16871 and his treatise on the gravitational
force and what is known to us as Newton’s second law in dynamics.

Needless to say, differential equations pervade the sciences and are to us the tools by which we attempt
to express in a concise mathematical language the laws of motion of nature. We uncover these laws via
the dialectics between theories, simulations and experiments, and we use them on a daily basis which spans
from applications in engineering or financial engineering to basic research in for example biology, chemistry,
mechanics, physics, ecological models or medicine.

We have already met the differential equation for radioactive decay in nuclear physics. Other famous dif-
ferential equations are Newton’s law of cooling in thermodynamics. the wave equation, Maxwell’s equations in
electromagnetism, the heat equation in thermodynamic, Laplace’s equation and Poisson’s equation, Einstein’s
field equation in general relativity, Schrödinger equationin quantum mechanics, the Navier-Stokes equations
in fluid dynamics, the Lotka-Volterra equation in population dynamics, the Cauchy-Riemann equations in
complex analysis and the Black-Scholes equation in finance,just to mention a few. Excellent texts on differ-
ential equations and computations are the texts of Eriksson, Estep, Hansbo and Johnson [42], Butcher [43] and
Hairer, Nørsett and Wanner [44].

There are five main types of differential equations,

– ordinary differential equations (ODEs), discussed in thischapter for initial value problems only. They
contain functions of one independent variable, and derivatives in that variable. The next chapter deals
with ODEs and boundary value problems.

– Partial differential equations with functions of multipleindependent variables and their partial deriva-
tives, covered in chapter 10.

– So-called delay differential equations that involve functions of one dependent variable, derivatives in
that variable, and depend on previous states of the dependent variables.

1Newton had most of the relations for his laws ready 22 years earlier, when according to legend he was contemplating falling apples.
However, it took more than two decades before he published his theories, chiefly because he was lacking an essential mathematical tool,
differential calculus.
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– Stochastic differential equations (SDEs) are differential equations in which one or more of the terms is
a stochastic process, thus resulting in a solution which is itself a stochastic process.

– Finally we have so-called differential algebraic equations (DAEs). These are differential equation com-
prising differential and algebraic terms, given in implicit form.

In this chapter we restrict the attention to ordinary differential equations. We focus on initial value problems
and present some of the more commonly used methods for solving such problems numerically. The physical
systems which are discussed range from the classical pendulum with non-linear terms to the physics of a
neutron star or a white dwarf.

8.2 Ordinary differential equations

In this section we will mainly deal with ordinary differential equations and numerical methods suitable for
dealing with them. However, before we proceed, a brief remainder on differential equations may be appropri-
ate.

– The order of the ODE refers to the order of the derivative on the left-hand side in the equation

dy

dt
= f(t, y). (8.1)

This equation is of first order andf is an arbitrary function. A second-order equation goes typically like

d2y

dt2
= f(t,

dy

dt
, y). (8.2)

A well-known second-order equation is Newton’s second law

m
d2x

dt2
= −kx, (8.3)

wherek is the force constant. ODE depend only on one variable, whereas

– partial differential equations like the time-dependent Schrödinger equation

i~
∂ψ(x, t)

∂t
=

~2

2m

(
∂2ψ(r, t)

∂x2
+
∂2ψ(r, t)

∂y2
+
∂2ψ(r, t)

∂z2

)
+ V (x)ψ(x, t), (8.4)

may depend on several variables. In certain cases, like the above equation, the wave function can be
factorized in functions of the separate variables, so that the Schrödinger equation can be rewritten in
terms of sets of ordinary differential equations.

– We distinguish also between linear and non-linear differential equation where e.g.,

dy

dt
= g3(t)y(t), (8.5)

is an example of a linear equation, while

dy

dt
= g3(t)y(t)− g(t)y2(t), (8.6)

is a non-linear ODE. Another concept which dictates the numerical method chosen for solving an ODE,
is that of initial and boundary conditions. To give an example, in our study of neutron stars below, we
will need to solve two coupled first-order differential equations, one for the total massm and one for the
pressureP as functions ofρ

dm

dr
= 4πr2ρ(r)/c2,
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and
dP

dr
= −Gm(r)

r2
ρ(r)/c2.

whereρ is the mass-energy density. The initial conditions are dictated by the mass being zero at the
center of the star, i.e., whenr = 0, yieldingm(r = 0) = 0. The other condition is that the pressure
vanishes at the surface of the star. This means that at the point where we haveP = 0 in the solution of
the integral equations, we have the total radiusR of the star and the total massm(r = R). These two
conditions dictate the solution of the equations. Since thedifferential equations are solved by stepping
the radius fromr = 0 to r = R, so-called one-step methods (see the next section) or Runge-Kutta
methods may yield stable solutions.

In the solution of the Schrödinger equation for a particle ina potential, we may need to apply boundary
conditions as well, such as demanding continuity of the wavefunction and its derivative.

– In many cases it is possible to rewrite a second-order differential equation in terms of two first-order
differential equations. Consider again the case of Newton’s second law in Eq. (8.3). If we define the
positionx(t) = y(1)(t) and the velocityv(t) = y(2)(t) as its derivative

dy(1)(t)

dt
=
dx(t)

dt
= y(2)(t), (8.7)

we can rewrite Newton’s second law as two coupled first-orderdifferential equations

m
dy(2)(t)

dt
= −kx(t) = −ky(1)(t), (8.8)

and
dy(1)(t)

dt
= y(2)(t). (8.9)

8.3 Finite difference methods

These methods fall under the general class of one-step methods. The algoritm is rather simple. Suppose we
have an initial value for the functiony(t) given by

y0 = y(t = t0). (8.10)

We are interested in solving a differential equation in a region in space [a,b]. We define a steph by splitting
the interval inN sub intervals, so that we have

h =
b− a
N

. (8.11)

With this step and the derivative ofy we can construct the next value of the functiony at

y1 = y(t1 = t0 + h), (8.12)

and so forth. If the function is rather well-behaved in the domain [a,b], we can use a fixed step size. If not,
adaptive steps may be needed. Here we concentrate on fixed-step methods only. Let us try to generalize the
above procedure by writing the stepyi+1 in terms of the previous stepyi

yi+1 = y(t = ti + h) = y(ti) + h∆(ti, yi(ti)) +O(hp+1), (8.13)

whereO(hp+1) represents the truncation error. To determine∆, we Taylor expand our functiony

yi+1 = y(t = ti + h) = y(ti) + h

(
y′(ti) + · · ·+ y(p)(ti)

hp−1

p!

)
+O(hp+1), (8.14)
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where we will associate the derivatives in the parenthesis with

∆(ti, yi(ti)) = (y′(ti) + · · ·+ y(p)(ti)
hp−1

p!
). (8.15)

We define
y′(ti) = f(ti, yi) (8.16)

and if we truncate∆ at the first derivative, we have

yi+1 = y(ti) + hf(ti, yi) +O(h2), (8.17)

which when complemented withti+1 = ti + h forms the algorithm for the well-known Euler method. Note
that at every step we make an approximation error of the orderof O(h2), however the total error is the sum
over all stepsN = (b− a)/h, yielding thus a global error which goes likeNO(h2) ≈ O(h). To make Euler’s
method more precise we can obviously decreaseh (increaseN ). However, if we are computing the derivative
f numerically by e.g., the two-steps formula

f ′
2c(x) =

f(x+ h)− f(x)

h
+O(h),

we can enter into roundoff error problems when we subtract two almost equal numbersf(x+ h)− f(x) ≈ 0.
Euler’s method is not recommended for precision calculation, although it is handy to use in order to get a first
view how a solution may look like. As an example, consider Newton’s equation rewritten in Eqs. (8.8) and
(8.9). We definey0 = y(1)(t = 0) anv0 = y(2)(t = 0). The first steps in Newton’s equations are then

y
(1)
1 = y0 + hv0 +O(h2) (8.18)

and
y
(2)
1 = v0 − hy0k/m+O(h2). (8.19)

The Euler method is asymmetric in time, since it uses information about the derivative at the beginning of
the time interval. This means that we evaluate the position at y(1)

1 using the velocity aty(2)
0 = v0. A simple

variation is to determiney(1)
n+1 using the velocity aty(2)

n+1, that is (in a slightly more generalized form)

y
(1)
n+1 = y(1)

n + hy
(2)
n+1 +O(h2) (8.20)

and
y
(2)
n+1 = y(2)

n + han +O(h2). (8.21)

The accelerationan is a function ofan(y
(1)
n , y

(2)
n , t) and needs to be evaluated as well. This is the Euler-Cromer

method.
Let us then include the second derivative in our Taylor expansion. We have then

∆(ti, yi(ti)) = f(ti) +
h

2

df(ti, yi)

dt
+O(h3). (8.22)

The second derivative can be rewritten as

y′′ = f ′ =
df

dt
=
∂f

∂t
+
∂f

∂y

∂y

∂t
=
∂f

∂t
+
∂f

∂y
f (8.23)

and we can rewrite Eq. (8.14) as

yi+1 = y(t = ti + h) = y(ti) + hf(ti) +
h2

2

(
∂f

∂t
+
∂f

∂y
f

)
+O(h3), (8.24)
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which has a local approximation errorO(h3) and a global errorO(h2). These approximations can be general-
ized by using the derivativef to arbitrary order so that we have

yi+1 = y(t = ti + h) = y(ti) + h(f(ti, yi) + . . . f (p−1)(ti, yi)
hp−1

p!
) +O(hp+1). (8.25)

These methods, based on higher-order derivatives, are in general not used in numerical computation, since
they rely on evaluating derivatives several times. Unless one has analytical expressions for these, the risk of
roundoff errors is large.

8.3.1 Improvements of Euler’s algorithm, higher-order methods

The most obvious improvements to Euler’s and Euler-Cromer’s algorithms, avoiding in addition the need for
computing a second derivative, is the so-called midpoint method. We have then

y
(1)
n+1 = y(1)

n +
h

2

(
y
(2)
n+1 + y(2)

n

)
+ O(h2) (8.26)

and
y
(2)
n+1 = y(2)

n + han +O(h2), (8.27)

yielding

y
(1)
n+1 = y(1)

n + hy(2)
n +

h2

2
an +O(h3) (8.28)

implying that the local truncation error in the position is now O(h3), whereas Euler’s or Euler-Cromer’s
methods have a local error ofO(h2). Thus, the midpoint method yields a global error with second-order
accuracy for the position and first-order accuracy for the velocity. However, although these methods yield
exact results for constant accelerations, the error increases in general with each time step.

One method that avoids this is the so-called half-step method. Here we define

y
(2)
n+1/2 = y

(2)
n−1/2 + han +O(h2), (8.29)

and
y
(1)
n+1 = y(1)

n + hy
(2)
n+1/2 +O(h2). (8.30)

Note that this method needs the calculation ofy
(2)
1/2. This is done using e.g., Euler’s method

y
(2)
1/2 = y

(2)
0 +

h

2
a0 +O(h2). (8.31)

As this method is numerically stable, it is often used instead of Euler’s method. Another method which one
may encounter is the Euler-Richardson method with

y
(2)
n+1 = y(2)

n + han+1/2 + O(h2), (8.32)

and
y
(1)
n+1 = y(1)

n + hy
(2)
n+1/2 +O(h2). (8.33)

8.3.2 Predictor-Corrector methods

Consider again the first-order differential equation

dy

dt
= f(t, y),

which solved with Euler’s algorithm results in the following algorithm

yi+1 ≈ y(ti) + hf(ti, yi)
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with ti+1 = ti + h. This means geometrically that we compute the slope atyi and use it to predictyi+1 at a
later timeti+1. We introducek1 = f(ti, yi) and rewrite our prediction foryi+1 as

yi+1 ≈ y(ti) + hk1.

We can then use the predictionyi+1 to compute a new slope atti+1 by definingk2 = f(ti+1, yi+1). We define
the new value ofyi+1 by taking the average of the two slopes, resulting in

yi+1 ≈ y(ti) +
h

2
(k1 + k2).

The algorithm is very simple,namely

1. Compute the slope atti, that is define the quantityk1 = f(ti, yi).

2. Make a predicition for the solution by computingyi+1 ≈ y(ti) + hk1 by Euler’s method.

3. Use the predicitionyi+1 to compute a new slope atti+1 defining the quantityk2 = f(ti+1, yi+1).

4. Correct the value ofyi+1 by taking the average of the two slopes yieldingyi+1 ≈ y(ti) + h
2 (k1 + k2).

It can be shown [25] that this procedure results in a mathematical truncation which goes likeO(h2), to be
contrasted with Euler’s method which runs asO(h). One additional function evaluation yields a better error
estimate.

This simple algorithm conveys the philosophy of a large class of methods called predictor-corrector meth-
ods, see chapter 15 of Ref. [37] for additional algorithms. Asimple extension is obviously to use Simpson’s
method to approximate the integral

yi+1 = yi +

∫ ti+1

ti

f(t, y)dt,

when we solve the differential equation by successive integrations. The next section deals with a particular
class of efficient methods for solving ordinary differential equations, namely various Runge-Kutta methods.

8.4 More on finite difference methods, Runge-Kutta methods

Runge-Kutta (RK) methods are based on Taylor expansion formulae, but yield in general better algorithms for
solutions of an ODE. The basic philosophy is that it providesan intermediate step in the computation ofyi+1.

To see this, consider first the following definitions

dy

dt
= f(t, y), (8.34)

and

y(t) =

∫
f(t, y)dt, (8.35)

and

yi+1 = yi +

∫ ti+1

ti

f(t, y)dt. (8.36)

To demonstrate the philosophy behind RK methods, let us consider the second-order RK method, RK2. The
first approximation consists in Taylor expandingf(t, y) around the center of the integration intervalti to ti+1,
i.e., atti + h/2, h being the step. Using the midpoint formula for an integral, definingy(ti + h/2) = yi+1/2

andti + h/2 = ti+1/2, we obtain

∫ ti+1

ti

f(t, y)dt ≈ hf(ti+1/2, yi+1/2) +O(h3). (8.37)
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This means in turn that we have

yi+1 = yi + hf(ti+1/2, yi+1/2) +O(h3). (8.38)

However, we do not know the value ofyi+1/2. Here comes thus the next approximation, namely, we use
Euler’s method to approximateyi+1/2. We have then

y(i+1/2) = yi +
h

2

dy

dt
= y(ti) +

h

2
f(ti, yi). (8.39)

This means that we can define the following algorithm for the second-order Runge-Kutta method, RK2.

k1 = hf(ti, yi), (8.40)

k2 = hf(ti+1/2, yi + k1/2), (8.41)

with the final value
yi+1 ≈ yi + k2 +O(h3). (8.42)

The difference between the previous one-step methods is that we now need an intermediate step in our
evaluation, namelyti + h/2 = t(i+1/2) where we evaluate the derivativef . This involves more operations,
but the gain is a better stability in the solution. The fourth-order Runge-Kutta, RK4, which we will employ in
the solution of various differential equations below, is easily derived. The steps are as follows. We start again
with the equation

yi+1 = yi +

∫ ti+1

ti

f(t, y)dt,

but instead of approximating the integral with the midpointrule, we use now Simpsons’ rule atti + h/2, h
being the step. Using Simpson’s formula for an integral, definingy(ti +h/2) = yi+1/2 andti +h/2 = ti+1/2,
we obtain

∫ ti+1

ti

f(t, y)dt ≈ h

6

[
f(ti, yi) + 4f(ti+1/2, yi+1/2) + f(ti+1, yi+1)

]
+O(h5). (8.43)

This means in turn that we have

yi+1 = yi +
h

6

[
f(ti, yi) + 4f(ti+1/2, yi+1/2) + f(ti+1, yi+1)

]
+O(h5). (8.44)

However, we do not know the values ofyi+1/2 andyi+1. The fourth-order Runge-Kutta method splits the
midpoint evaluations in two steps, that is we have

yi+1 ≈ yi +
h

6

[
f(ti, yi) + 2f(ti+1/2, yi+1/2) + 2f(ti+1/2, yi+1/2) + f(ti+1, yi+1)

]
,

since we want to approximate the slope atyi+1/2 in two steps. The first two function evaluations are as for the
second order Runge-Kutta method. The algorithm is as follows

1. We compute first
k1 = hf(ti, yi), (8.45)

which is nothing but the slope atti.If we stop here we have Euler’s method.

2. Then we compute the slope at the midpoint using Euler’s method to predictyi+1/2, as in the second-order
Runge-Kutta method. This leads to the computation of

k2 = hf(ti + h/2, yi + k1/2). (8.46)

3. The improved slope at the midpoint is used to further improve the slope ofyi+1/2 by computing

k3 = hf(ti + h/2, yi + k2/2). (8.47)
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4. With the latter slope we can in turn predict the value ofyi+1 via the computation of

k4 = hf(ti + h, yi + k3). (8.48)

5. The final algorithm becomes then

yi+1 = yi +
1

6
(k1 + 2k2 + 2k3 + k4) . (8.49)

Thus, the algorithm consists in first calculatingk1 with ti, y1 andf as inputs. Thereafter, we increase the step
size byh/2 and calculatek2, thenk3 and finallyk4. With this caveat, we can then obtain the new value for the
variabley. It results in four function evaluations, but the accuracy is increased by two orders compared with
the second-order Runge-Kutta method. The fourth order Runge-Kutta method has a global truncation error
which goes likeO(h4). Fig. 8.1 gives a geometrical interpretation of the fourth-order Runge-Kutta method.

-

y

t

6

ti

yi andk1

yi+1 andk4

yi+1/2 andk2

yi+1/2 andk3

ti + h/2 ti + h

Figure 8.1: Geometrical interpretation of the fourth-order Runge-Kutta method. The derivative is evaluated
at four points, once at the intial point, twice at the trial midpoint and once at the trial endpoint. These four
derivatives constitute one Runge-Kutta step resulting in the final value foryi+1 = yi+1/6(k1+2k2+2k3+k4).

8.5 Adaptive Runge-Kutta and multistep methods

In preparation.
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x

k
m v

Figure 8.2: Block tied to a wall with a spring tension acting on it.

8.6 Physics examples

8.6.1 Ideal harmonic oscillations

Our first example is the classical case of simple harmonic oscillations, namely a block sliding on a horizontal
frictionless surface. The block is tied to a wall with a spring, portrayed in e.g., Fig. 8.2. If the spring is not
compressed or stretched too far, the force on the block at a given positionx is

F = −kx. (8.50)

The negative sign means that the force acts to restore the object to an equilibrium position. Newton’s
equation of motion for this idealized system is then

m
d2x

dt2
= −kx, (8.51)

or we could rephrase it as
d2x

dt2
= − k

m
x = −ω2

0x, (8.52)

with the angular frequencyω2
0 = k/m.

The above differential equation has the advantage that it can be solved analytically with solutions on the
form

x(t) = Acos(ω0t+ ν),

whereA is the amplitude andν the phase constant. This provides in turn an important test for the numerical
solution and the development of a program for more complicated cases which cannot be solved analytically.

As mentioned earlier, in certain cases it is possible to rewrite a second-order differential equation as two
coupled first-order differential equations. With the position x(t) and the velocityv(t) = dx/dt we can refor-
mulate Newton’s equation in the following way

dx(t)

dt
= v(t), (8.53)

and
dv(t)

dt
= −ω2

0x(t). (8.54)
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We are now going to solve these equations using the Runge-Kutta method to fourth order discussed previ-
ously. Before proceeding however, it is important to note that in addition to the exact solution, we have at least
two further tests which can be used to check our solution.

Since functions likecos are periodic with a period2π, then the solutionx(t) has also to be periodic. This
means that

x(t+ T ) = x(t), (8.55)

with T the period defined as

T =
2π

ω0
=

2π√
k/m

. (8.56)

Observe thatT depends only onk/m and not on the amplitude of the solution or the constantν.
In addition to the periodicity test, the total energy has also to be conserved.
Suppose we choose the initial conditions

x(t = 0) = 1 m v(t = 0) = 0 m/s, (8.57)

meaning that block is at rest att = 0 but with a potential energy

E0 =
1

2
kx(t = 0)2 =

1

2
k. (8.58)

The total energy at any timet has however to be conserved, meaning that our solution has tofulfil the condition

E0 =
1

2
kx(t)2 +

1

2
mv(t)2. (8.59)

An algorithm which implements these equations is included below.

1. Choose the initial position and speed, with the most common choicev(t = 0) = 0 and some fixed
value for the position. Since we are going to test our resultsagainst the periodicity requirement, it is
convenient to set the final time equaltf = 2π, where we choosek/m = 1. The initial time is set equal
to ti = 0. You could alternatively read in the ratiok/m.

2. Choose the method you wish to employ in solving the problem. In the enclosed program we have chosen
the fourth-order Runge-Kutta method. Subdivide the time interval[ti, tf ] into a grid with step size

h =
tf − ti
N

,

whereN is the number of mesh points.

3. Calculate now the total energy given by

E0 =
1

2
kx(t = 0)2 =

1

2
k.

and use this when checking the numerically calculated energy from the Runge-Kutta iterations.

4. The Runge-Kutta method is used to obtainxi+1 andvi+1 starting from the previous valuesxi andvi..

5. When we have computedx(v)i+1 we upgradeti+1 = ti + h.

6. This iterative process continues till we reach the maximum timetf = 2π.

7. The results are checked against the exact solution. Furthermore, one has to check the stability of the
numerical solution against the chosen number of mesh pointsN .
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Program to solve the differential equations for a sliding block

The program which implements the above algorithm is presented here, with a corresponding

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter13/cpp/program1.cpp

/* This program solves Newton's equation for a block

sliding on a horizontal frictionless surface. The block

is tied to a wall with a spring, and Newton's equation

takes the form

m d^2x/dt^2 =-kx

with k the spring tension and m the mass of the block.

The angular frequency is omega^2 = k/m and we set it equal

1 in this example program.

Newton's equation is rewritten as two coupled differential

equations, one for the position x and one for the velocity v

dx/dt = v and

dv/dt = -x when we set k/m=1

We use therefore a two-dimensional array to represent x and v

as functions of t

y[0] == x

y[1] == v

dy[0]/dt = v

dy[1]/dt = -x

The derivatives are calculated by the user defined function

derivatives.

The user has to specify the initial velocity (usually v_0=0)

the number of steps and the initial position. In the programme

below we fix the time interval [a,b] to [0,2*pi].

*/

#include <cmath>

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file as global variable

ofstream ofile;

// function declarations

void derivatives(double, double *, double *);

void initialise ( double&, double&, int&);

void output( double, double *, double);

void runge_kutta_4(double *, double *, int, double, double,

double *, void (*)(double, double *, double *));

int main(int argc, char* argv[])

{

// declarations of variables

double *y, *dydt, *yout, t, h, tmax, E0;

double initial_x, initial_v;

int i, number_of_steps, n;

char *outfilename;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];
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}

ofile.open(outfilename);

// this is the number of differential equations

n = 2;

// allocate space in memory for the arrays containing the derivatives

dydt = new double[n];

y = new double[n];

yout = new double[n];

// read in the initial position, velocity and number of steps

initialise (initial_x, initial_v, number_of_steps);

// setting initial values, step size and max time tmax

h = 4.*acos(-1.)/( (double) number_of_steps); // the step size

tmax = h*number_of_steps; // the final time

y[0] = initial_x; // initial position

y[1] = initial_v; // initial velocity

t=0.; // initial time

E0 = 0.5*y[0]*y[0]+0.5*y[1]*y[1]; // the initial total energy

// now we start solving the differential equations using the RK4 method

while (t <= tmax){

derivatives(t, y, dydt); // initial derivatives

runge_kutta_4(y, dydt, n, t, h, yout, derivatives);

for (i = 0; i < n; i++) {

y[i] = yout[i];

}

t += h;

output(t, y, E0); // write to file

}

delete [] y; delete [] dydt; delete [] yout;

ofile.close(); // close output file

return 0;

} // End of main function

// Read in from screen the number of steps,

// initial position and initial speed

void initialise (double& initial_x, double& initial_v, int& number_of_steps)

{

cout << "Initial position = ";

cin >> initial_x;

cout << "Initial speed = ";

cin >> initial_v;

cout << "Number of steps = ";

cin >> number_of_steps;

} // end of function initialise

// this function sets up the derivatives for this special case

void derivatives(double t, double *y, double *dydt)

{

dydt[0]=y[1]; // derivative of x

dydt[1]=-y[0]; // derivative of v

} // end of function derivatives

// function to write out the final results

void output(double t, double *y, double E0)

{

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(15) << setprecision(8) << t;

ofile << setw(15) << setprecision(8) << y[0];

ofile << setw(15) << setprecision(8) << y[1];

ofile << setw(15) << setprecision(8) << cos(t);

ofile << setw(15) << setprecision(8) <<

0.5*y[0]*y[0]+0.5*y[1]*y[1]-E0 << endl;

} // end of function output

/* This function upgrades a function y (input as a pointer)
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and returns the result yout, also as a pointer. Note that

these variables are declared as arrays. It also receives as

input the starting value for the derivatives in the pointer

dydx. It receives also the variable n which represents the

number of differential equations, the step size h and

the initial value of x. It receives also the name of the

function *derivs where the given derivative is computed

*/

void runge_kutta_4(double *y, double *dydx, int n, double x, double h,

double *yout, void (*derivs)(double, double *, double *))

{

int i;

double xh,hh,h6;

double *dym, *dyt, *yt;

// allocate space for local vectors

dym = new double [n];

dyt = new double [n];

yt = new double [n];

hh = h*0.5;

h6 = h/6.;

xh = x+hh;

for (i = 0; i < n; i++) {

yt[i] = y[i]+hh*dydx[i];

}

(*derivs)(xh,yt,dyt); // computation of k2, eq. 3.60

for (i = 0; i < n; i++) {

yt[i] = y[i]+hh*dyt[i];

}

(*derivs)(xh,yt,dym); // computation of k3, eq. 3.61

for (i=0; i < n; i++) {

yt[i] = y[i]+h*dym[i];

dym[i] += dyt[i];

}

(*derivs)(x+h,yt,dyt); // computation of k4, eq. 3.62

// now we upgrade y in the array yout

for (i = 0; i < n; i++){

yout[i] = y[i]+h6*(dydx[i]+dyt[i]+2.0*dym[i]);

}

delete []dym;

delete [] dyt;

delete [] yt;

} // end of function Runge-kutta 4

In Fig. 8.3 we exhibit the development of the difference between the calculated energy and the exact energy at
t = 0 after two periods and withN = 1000 andN = 10000 mesh points. This figure demonstrates clearly the
need of developing tests for checking the algorithm used. Wesee that even forN = 1000 there is an increasing
difference between the computed energy and the exact energyafter only two periods.

8.6.2 Damping of harmonic oscillations and external forces

Most oscillatory motion in nature does decrease until the displacement becomes zero. We call such a motion
for damped and the system is said to be dissipative rather than conservative. Considering again the simple
block sliding on a plane, we could try to implement such a dissipative behavior through a drag force which is
proportional to the first derivative ofx, i.e., the velocity. We can then expand Eq. (8.52) to

d2x

dt2
= −ω2

0x− ν
dx

dt
, (8.60)

whereν is the damping coefficient, being a measure of the magnitude of the drag term.
We could however counteract the dissipative mechanism by applying e.g., a periodic external force

F (t) = Bcos(ωt), (8.61)
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Figure 8.3: Plot of∆E(t) = E0−Ecomputed forN = 1000 andN = 10000 time steps up to two periods. The
initial positionx0 = 1 m and initial velocityv0 = 0 m/s. The mass and spring tension are set tok = m = 1.
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V

L

C

R

Figure 8.4: Simple RLC circuit with a voltage sourceV .

and we rewrite Eq. (8.60) as
d2x

dt2
= −ω2

0x− ν
dx

dt
+ F (t). (8.62)

Although we have specialized to a block sliding on a surface,the above equations are rather general for
quite many physical systems.

If we replacex by the chargeQ, ν with the resistanceR, the velocity with the currentI, the inductanceL
with the massm, the spring constant with the inverse capacitanceC and the forceF with the voltage dropV ,
we rewrite Eq. (8.62) as

L
d2Q

dt2
+
Q

C
+R

dQ

dt
= V (t). (8.63)

The circuit is shown in Fig. 8.4.
How did we get there? We have defined an electric circuit whichconsists of a resistanceR with volt-

age dropIR, a capacitor with voltage dropQ/C and an inductorL with voltage dropLdI/dt. The circuit
is powered by an alternating voltage source and using Kirchhoff’s law, which is a consequence of energy
conservation, we have

V (t) = IR+ LdI/dt+Q/C, (8.64)

and using

I =
dQ

dt
, (8.65)

we arrive at Eq. (8.63).
This section was meant to give you a feeling of the wide range of applicability of the methods we have

discussed. However, before leaving this topic entirely, we’ll dwelve into the problems of the pendulum, from
almost harmonic oscillations to chaotic motion!

8.6.3 The pendulum, a nonlinear differential equation

Consider a pendulum with massm at the end of a rigid rod of lengthl attached to say a fixed frictionless pivot
which allows the pendulum to move freely under gravity in thevertical plane as illustrated in Fig. 8.5.

The angular equation of motion of the pendulum is again givenby Newton’s equation, but now as a non-
linear differential equation

ml
d2θ

dt2
+mgsin(θ) = 0, (8.66)

with an angular velocity and acceleration given by

v = l
dθ

dt
, (8.67)
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mg
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pivot

θ

Figure 8.5: A simple pendulum.

and

a = l
d2θ

dt2
. (8.68)

For small angles, we can use the approximation

sin(θ) ≈ θ.

and rewrite the above differential equation as

d2θ

dt2
= −g

l
θ, (8.69)

which is exactly of the same form as Eq. (8.52). We can thus check our solutions for small values ofθ against
an analytical solution. The period is now

T =
2π√
l/g

. (8.70)

We do however expect that the motion will gradually come to anend due a viscous drag torque acting on
the pendulum. In the presence of the drag, the above equationbecomes

ml
d2θ

dt2
+ ν

dθ

dt
+mgsin(θ) = 0, (8.71)

whereν is now a positive constant parameterizing the viscosity of the medium in question. In order to maintain
the motion against viscosity, it is necessary to add some external driving force. We choose here, in analogy
with the discussion about the electric circuit, a periodic driving force. The last equation becomes then

ml
d2θ

dt2
+ ν

dθ

dt
+mgsin(θ) = Acos(ωt), (8.72)

with A andω two constants representing the amplitude and the angular frequency respectively. The latter is
called the driving frequency.
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If we now define the natural frequency
ω0 =

√
g/l, (8.73)

the so-called natural frequency and the new dimensionless quantities

t̂ = ω0t, (8.74)

with the dimensionless driving frequency

ω̂ =
ω

ω0
, (8.75)

and introducing the quantityQ, called thequality factor,

Q =
mg

ω0ν
, (8.76)

and the dimensionless amplitude

Â =
A

mg
(8.77)

we can rewrite Eq. (8.72) as
d2θ

dt̂2
+

1

Q

dθ

dt̂
+ sin(θ) = Âcos(ω̂t̂). (8.78)

This equation can in turn be recast in terms of two coupled first-order differential equations as follows

dθ

dt̂
= v̂, (8.79)

and
dv̂

dt̂
= − v̂

Q
− sin(θ) + Âcos(ω̂t̂). (8.80)

These are the equations to be solved. The factorQ represents the number of oscillations of the undriven
system that must occur before its energy is significantly reduced due to the viscous drag. The amplitudeÂ

is measured in units of the maximum possible gravitational torque whileω̂ is the angular frequency of the
external torque measured in units of the pendulum’s naturalfrequency.

8.6.4 Spinning magnet

Another simple example is that of e.g., a compass needle thatis free to rotate in a periodically reversing
magnetic field perpendicular to the axis of the needle. The equation is then

d2θ

dt2
= −µ

I
B0cos(ωt)sin(θ), (8.81)

whereθ is the angle of the needle with respect to a fixed axis along thefield, µ is the magnetic moment of
the needle,I its moment of inertia andB0 andω the amplitude and angular frequency of the magnetic field
respectively.

8.7 Physics Project: the pendulum

8.7.1 Analytic results for the pendulum

Although the solution to the equations for the pendulum can only be obtained through numerical efforts, it is
always useful to check our numerical code against analytic solutions. For small anglesθ, we havesinθ ≈ θ

and our equations become
dθ

dt̂
= v̂, (8.82)
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and
dv̂

dt̂
= − v̂

Q
− θ + Âcos(ω̂t̂). (8.83)

These equations are linear in the angleθ and are similar to those of the sliding block or the RLC circuit. With
given initial conditionŝv0 andθ0 they can be solved analytically to yield

θ(t) =
[
θ0 − Â(1−ω̂2)

(1−ω̂2)2+ω̂2/Q2

]
e−τ/2Qcos(

√
1− 1

4Q2 τ) (8.84)

+
[
v̂0 + θ0

2Q −
Â(1−3ω̂2)/2Q

(1−ω̂2)2+ω̂2/Q2

]
e−τ/2Qsin(

√
1− 1

4Q2 τ) +
Â(1−ω̂2)cos(ω̂τ)+ ω̂

Q sin(ω̂τ)

(1−ω̂2)2+ω̂2/Q2 ,

and

v̂(t) =
[
v̂0 − Âω̂2/Q

(1−ω̂2)2+ω̂2/Q2

]
e−τ/2Qcos(

√
1− 1

4Q2 τ) (8.85)

−
[
θ0 + v̂0

2Q −
Â[(1−ω̂2)−ω̂2/Q2]
(1−ω̂2)2+ω̂2/Q2

]
e−τ/2Qsin(

√
1− 1

4Q2 τ) +
ω̂Â[−(1−ω̂2)sin(ω̂τ)+ ω̂

Q cos(ω̂τ)]

(1−ω̂2)2+ω̂2/Q2 ,

with Q > 1/2. The first two terms depend on the initial conditions and decay exponentially in time. If we
wait long enough for these terms to vanish, the solutions become independent of the initial conditions and the
motion of the pendulum settles down to the following simple orbit in phase space

θ(t) =
Â(1− ω̂2)cos(ω̂τ) + ω̂

Qsin(ω̂τ)

(1− ω̂2)2 + ω̂2/Q2
, (8.86)

and

v̂(t) =
ω̂Â[−(1− ω̂2)sin(ω̂τ) + ω̂

Qcos(ω̂τ)]

(1− ω̂2)2 + ω̂2/Q2
, (8.87)

tracing the closed phase-space curve (
θ

Ã

)2

+

(
v̂

ω̂Ã

)2

= 1 (8.88)

with

Ã =
Â√

(1− ω̂2)2 + ω̂2/Q2
. (8.89)

This curve forms an ellipse whose principal axes areθ and v̂. This curve is closed, as we will see from the
examples below, implying that the motion is periodic in time, the solution repeats itself exactly after each
periodT = 2π/ω̂. Before we discuss results for various frequencies, quality factors and amplitudes, it is
instructive to compare different numerical methods. In Fig. 8.6 we show the angleθ as function of timeτ for
the case withQ = 2, ω̂ = 2/3 andÂ = 0.5. The length is set equal to1 m and mass of the pendulum is set
equal to1 kg. The inital velocity isv̂0 = 0 andθ0 = 0.01. Four different methods have been used to solve
the equations, Euler’s method from Eq. (8.17), Euler-Richardson’s method in Eqs. (8.32)-(8.33) and finally the
fourth-order Runge-Kutta scheme RK4. We note that after fewtime steps, we obtain the classical harmonic
motion. We would have obtained a similar picture if we were toswitch off the external force,̂A = 0 and
set the frictional damping to zero, i.e.,Q = 0. Then, the qualitative picture is that of an idealized harmonic
oscillation without damping. However, we see that Euler’s method performs poorly and after a few steps its
algorithmic simplicity leads to results which deviate considerably from the other methods. In the discussion
hereafter we will thus limit ourselves to present results obtained with the fourth-order Runge-Kutta method.

The corresponding phase space plot is shown in Fig. 8.7, for the same parameters as in Fig. 8.6. We
observe here that the plot moves towards an ellipse with periodic motion. This stable phase-space curve is
called a periodic attractor. It is called attractor because, irrespective of the initial conditions, the trajectory in
phase-space tends asymptotically to such a curve in the limit τ → ∞. It is called periodic, since it exhibits
periodic motion in time, as seen from Fig. 8.6. In addition, we should note that this periodic motion shows
what we call resonant behavior since the the driving frequency of the force approaches the natural frequency
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Figure 8.6: Plot ofθ as function of timeτ with Q = 2, ω̂ = 2/3 andÂ = 0.5. The mass and length of the
pendulum are set equal to1. The initial velocity isv̂0 = 0 andθ0 = 0.01. Four different methods have been
used to solve the equations, Euler’s method from Eq. (8.17),the half-step method, Euler-Richardson’s method
in Eqs. (8.32)-(8.33) and finally the fourth-order Runge-Kutta scheme RK4. OnlyN = 100 integration points
have been used for a time intervalt ∈ [0, 10π].
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Figure 8.7: Phase-space curve of a linear damped pendulum with Q = 2, ω̂ = 2/3 andÂ = 0.5. The inital
velocity is v̂0 = 0 andθ0 = 0.01.
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of oscillation of the pendulum. This is essentially due to the fact that we are studying a linear system, yielding
the well-known periodic motion. The non-linear system exhibits a much richer set of solutions and these can
only be studied numerically.

In order to go beyond the well-known linear approximation wechange the initial conditions to sayθ0 =

0.3 but keep the other parameters equal to the previous case. Thecurve forθ is shown in Fig. 8.8. The
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Figure 8.8: Plot ofθ as function of timeτ with Q = 2, ω̂ = 2/3 andÂ = 0.5. The mass of the pendulum is
set equal to1 kg and its length to 1 m. The inital velocity iŝv0 = 0 andθ0 = 0.3.

corresponding phase-space curve is shown in Fig. 8.9. This curve demonstrates that with the above given sets
of parameters, after a certain number of periods, the phase-space curve stabilizes to the same curve as in the
previous case, irrespective of initial conditions. However, it takes more time for the pendulum to establish a
periodic motion and when a stable orbit in phase-space is reached the pendulum moves in accordance with the
driving frequency of the force. The qualitative picture is much the same as previously. The phase-space curve
displays again a final periodic attractor.

If we now change the strength of the amplitude toÂ = 1.35 we see in Fig. 8.10 thatθ as function of time
exhibits a rather different behavior from Fig. 8.8, even though the initial conditions and all other parameters
exceptÂ are the same. The phase-space curve is shown in Fig. 8.11.

We will explore these topics in more detail in Section 8.8.1 where we extend our discussion to the phe-
nomena of period doubling and its link to chaotic motion.

8.7.2 The pendulum code

The program used to obtain the results discussed above is presented here. The enclosed code solves the
pendulum equations for any angleθ with an external forceAcos(ωt). It employes several methods for solving
the two coupled differential equations, from Euler’s method to adaptive size methods coupled with fourth-order
Runge-Kutta. It is straightforward to apply this program toother systems which exhibit harmonic oscillations
or change the functional form of the external force.

We have also introduced the class concept, where we define various methods for solving ordinary and
coupled first order differential equations via the .classpendulum. This methods access variables which belong
only to this particular class via theprivate declaration. As such, the methods we list here can easily be reused
by other types of ordinary differential equations. In the code below, we list only the fourth order Runge Kutta
method, which was used to generate the above figures. For the full code see programs/chapter13/program2.cpp.
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Figure 8.9: Phase-space curve withQ = 2, ω̂ = 2/3 andÂ = 0.5. The mass of the pendulum is set equal to1

kg and its lengthl = 1 m.. The inital velocity iŝv0 = 0 andθ0 = 0.3.
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Figure 8.10: Plot ofθ as function of timeτ with Q = 2, ω̂ = 2/3 andÂ = 1.35. The mass of the pendulum
is set equal to1 kg and its length to 1 m. The inital velocity iŝv0 = 0 andθ0 = 0.3. Every timeθ passes the
value±π we reset its value to swing betweenθ ∈ [−π, pi]. This gives the vertical jumps in amplitude.
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Figure 8.11: Phase-space curve after 10 periods withQ = 2, ω̂ = 2/3 and Â = 1.35. The mass of the
pendulum is set equal to1 kg and its lengthl = 1 m. The inital velocity iŝv0 = 0 andθ0 = 0.3.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter13/cpp/program2.cpp

#include <stdio.h>

#include <iostream.h>

#include <math.h>

#include <fstream.h>

/*
Different methods for solving ODEs are presented

We are solving the following eqation:

m*l*(phi)'' + viscosity*(phi)' + m*g*sin(phi) = A*cos(omega*t)

If you want to solve similar equations with other values you have to

rewrite the methods 'derivatives' and 'initialise' and change the variables in the private

part of the class Pendulum

At first we rewrite the equation using the following definitions:

omega_0 = sqrt(g*l)

t_roof = omega_0*t

omega_roof = omega/omega_0

Q = (m*g)/(omega_0*reib)

A_roof = A/(m*g)

and we get a dimensionless equation

(phi)'' + 1/Q*(phi)' + sin(phi) = A_roof*cos(omega_roof*t_roof)

This equation can be written as two equations of first order:

(phi)' = v

(v)' = -v/Q - sin(phi) +A_roof*cos(omega_roof*t_roof)

All numerical methods are applied to the last two equations.

The algorithms are taken from the book "An introduction to computer simulation methods"

*/
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class pendelum

{

private:

double Q, A_roof, omega_0, omega_roof,g; //

double y[2]; //for the initial-values of phi and v

int n; // how many steps

double delta_t,delta_t_roof;

// Definition of methods to solve ODEs

public:

void derivatives(double,double*,double*);

void initialise();

void euler();

void euler_cromer();

void midpoint();

void euler_richardson();

void half_step();

void rk2(); //runge-kutta-second-order

void rk4_step(double,double*,double*,double); // we need it in function rk4() and asc()

void rk4(); //runge-kutta-fourth-order

void asc(); //runge-kutta-fourth-order with adaptive stepsize control

};

// This function defines the particular coupled first order ODEs

void pendelum::derivatives(double t, double* in, double* out)

{ /* Here we are calculating the derivatives at (dimensionless) time t

'in' are the values of phi and v, which are used for the calculation

The results are given to 'out' */

out[0]=in[1]; //out[0] = (phi)' = v

if(Q)

out[1]=-in[1]/((double)Q)-sin(in[0])+A_roof*cos(omega_roof*t); //out[1] = (phi)''

else

out[1]=-sin(in[0])+A_roof*cos(omega_roof*t); //out[1] = (phi)''

}

// Here we define all input parameters.

void pendelum::initialise()

{

double m,l,omega,A,viscosity,phi_0,v_0,t_end;

cout<<"Solving the differential eqation of the pendulum!\n";

cout<<"We have a pendulum with mass m, length l. Then we have a periodic force with amplitude A

and omega\n";

cout<<"Furthermore there is a viscous drag coefficient.\n";

cout<<"The initial conditions at t=0 are phi_0 and v_0\n";

cout<<"Mass m: ";

cin>>m;

cout<<"length l: ";

cin>>l;

cout<<"omega of the force: ";

cin>>omega;

cout<<"amplitude of the force: ";

cin>>A;

cout<<"The value of the viscous drag constant (viscosity): ";

cin>>viscosity;

cout<<"phi_0: ";

cin>>y[0];

cout<<"v_0: ";

cin>>y[1];

cout<<"Number of time steps or integration steps:";

cin>>n;

cout<<"Final time steps as multiplum of pi:";

cin>>t_end;

t_end *= acos(-1.);

g=9.81;
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// We need the following values:

omega_0=sqrt(g/((double)l)); // omega of the pendulum

if (viscosity) Q= m*g/((double)omega_0*viscosity);

else Q=0; //calculating Q

A_roof=A/((double)m*g);

omega_roof=omega/((double)omega_0);

delta_t_roof=omega_0*t_end/((double)n); //delta_t without dimension

delta_t=t_end/((double)n);

}

// fourth order Run

void pendelum::rk4_step(double t,double *yin,double *yout,double delta_t)

{

/*
The function calculates one step of fourth-order-runge-kutta-method

We will need it for the normal fourth-order-Runge-Kutta-method and

for RK-method with adaptive stepsize control

The function calculates the value of y(t + delta_t) using fourth-order-RK-method

Input: time t and the stepsize delta_t, yin (values of phi and v at time t)

Output: yout (values of phi and v at time t+delta_t)

*/

double k1[2],k2[2],k3[2],k4[2],y_k[2];

// Calculation of k1

derivatives(t,yin,yout);

k1[1]=yout[1]*delta_t;

k1[0]=yout[0]*delta_t;

y_k[0]=yin[0]+k1[0]*0.5;

y_k[1]=yin[1]+k1[1]*0.5;

/*Calculation of k2 */

derivatives(t+delta_t*0.5,y_k,yout);

k2[1]=yout[1]*delta_t;

k2[0]=yout[0]*delta_t;

y_k[0]=yin[0]+k2[0]*0.5;

y_k[1]=yin[1]+k2[1]*0.5;

/* Calculation of k3 */

derivatives(t+delta_t*0.5,y_k,yout);

k3[1]=yout[1]*delta_t;

k3[0]=yout[0]*delta_t;

y_k[0]=yin[0]+k3[0];

y_k[1]=yin[1]+k3[1];

/*Calculation of k4 */

derivatives(t+delta_t,y_k,yout);

k4[1]=yout[1]*delta_t;

k4[0]=yout[0]*delta_t;

/*Calculation of new values of phi and v */

yout[0]=yin[0]+1.0/6.0*(k1[0]+2*k2[0]+2*k3[0]+k4[0]);

yout[1]=yin[1]+1.0/6.0*(k1[1]+2*k2[1]+2*k3[1]+k4[1]);

}

void pendelum::rk4()

{

/*We are using the fourth-order-Runge-Kutta-algorithm

We have to calculate the parameters k1, k2, k3, k4 for v and phi,

so we use to arrays k1[2] and k2[2] for this

k1[0], k2[0] are the parameters for phi,

k1[1], k2[1] are the parameters for v

*/

int i;

double t_h;

double yout[2],y_h[2]; //k1[2],k2[2],k3[2],k4[2],y_k[2];

t_h=0;
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y_h[0]=y[0]; //phi

y_h[1]=y[1]; //v

ofstream fout("rk4.out");

fout.setf(ios::scientific);

fout.precision(20);

for(i=1; i<=n; i++){

rk4_step(t_h,y_h,yout,delta_t_roof);

fout<<i*delta_t<<"\t\t"<<yout[0]<<"\t\t"<<yout[1]<<"\n";

t_h+=delta_t_roof;

y_h[0]=yout[0];

y_h[1]=yout[1];

}

fout.close;

}

int main()

{

pendelum testcase;

testcase.initialise();

testcase.rk4();

return 0;

} // end of main function

We can generalize the above by defining a class which includesseveral methods by defining the classes
ODESolver and ODEProblem. The header files of these classes are included here.

ODESolver.h

/**

* @file ODESolver.h

* @class ODESolver

* @brief Interface for solvers of ordinary differential equations.

*

*

* @see ODEProblem

*

* Example usage:

*
@code

#include "ODEProblem.h"

#include "ODESolver.h"

#include "SlidingBlock.h"

#include <cmath>

#include <fstream>

#include <iomanip>

#include <iostream>

ofstream ofile;

// Because an ODEProblem can have an ODESolver and an ODESolver can have

// an ODEProblem, we need pointers in both direction. This results often

// is so-called circular references. Deallocation of memory in one of these

// classes results in segmentation fault in the other, which can be tricky

// to fix for new begynner. To avoid this problem, we create the following

// and administrating the simulation herefrom.

// A more elaborate solution consists in using handles.

void run(ODEProblem *problem, ODESolver* solver, char* outputfile){

ofile.open(outputfile);

double x = problem->xmin();

double xf = problem->xmax();

double nsteps = solver->getSteps();

double dx = 4.*acos(-1.)/( (double) nsteps); // the step size
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Array<double> y = problem->getIC();

// Write initial conditions to file

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(15) << setprecision(8) << x ;

ofile << setw(15) << setprecision(8) << y(0);

ofile << setw(15) << setprecision(8) << y(1) << endl;

while(x <= xf){

// Do an step of the algorithm for solving ODEs

solver->stepper(y, x, dx);

// Write the results of this step to file

ofile << setw(15) << setprecision(8) << x ;

ofile << setw(15) << setprecision(8) << y(0);

ofile << setw(15) << setprecision(8) << y(1) << endl;

}

}

int main(int argc, char** argv){

char* outputfile = argv[1]; // Name of the output file

int neqs = 2; // Number of equations

int nsteps = 100; // Number of integration points

// Set an ODE problem

ODEProblem *problem = new SlidingBlock(neqs);

// Set the initial conditions of the problem

problem->init();

// Set a ODE solver

ODESolver *solver = new ForwardEuler(problem, nsteps);

///new RungeKutta4(problem, nsteps);

/// new RungeKutta2(problem, nsteps);

// Run the simulation and print results to file

run(problem, solver, outputfile);

} // End main()

@endcode

***/

#ifndef ODESOLVER_H

#define ODESOLVER_H

#include "Array.h"

#include "Function.h"

#include "ODEProblem.h"

#include <cmath>

#include <iostream>

using namespace std;

/**************************************************************/

/* ODE SOLVER */

/**************************************************************/
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class ODESolver{

protected: // Access in the subclasses

ODEProblem* problem; ///< An ODESolver "has an" ODEProblem.

int nsteps; ///< Number of steps used in the numerical scheme.

public: // Access from outside the class

/**

* @brief Constructor

*

* @param problem_ Pointer to an object of the ordinary differential problem to be solved.

* @param nsteps_ Number of steps used in the numerical scheme.

**/

ODESolver(ODEProblem* problem_, int nsteps_): problem(problem_), nsteps(nsteps_){}

//! Destructor

virtual ~ODESolver();

/**

* @return Number of steps used in the numerical scheme.

**/

double getSteps()const{return nsteps;}

/**

* @brief Implement one step of the base algorithm.

*

* Base algorithms are ForwardEuler, BackwardEuler,

* RungeKutta2, RungeKutta4, etc and they has to be coded

* in the subclasses.

*

* @param y Dependent scalar/vectorial variable, i.e., the solution.

* @param t Independent variable.

* @param dt Step size of the independent variable in \f$t_{n+1} = t_n + dt\f$

**/

virtual void stepper(Array<double>& y, double& t, double& dt)=0;

};

// Note: It is very important to define a destructor in the superclass.

// In this way we avoid memory problems in case we forget to remove the pointer

// to ODEProblem in the subclasses.

inline ODESolver::~ODESolver(){delete problem;}

/**************************************************************/

/* RUNGE-KUTTA 2 */

/**************************************************************/

/**

* @file ODESolver.h

* @class RungeKutta2

* @brief Class implementing the Runge-Kutta 2 method for solving (systems of) ordinary differential

* equations.

***/

class RungeKutta2: public ODESolver{
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private:

Array<double> yt; // Temporary array

Array<double> k1; // Arrays needed in the algorithm

Array<double> k2;

public:

/**

* @brief Constructor

*

* @param problem_ Pointer to an object of the ordinary differential problem to be solved.

* @param nsteps_ Number of steps used in the numerical scheme.

**/

RungeKutta2(ODEProblem *problem_, int nsteps): ODESolver(problem_, nsteps){

int n = problem->size();

yt.redim(n);

k1.redim(n);

k2.redim(n);

}

//! Destructor. Override the destructor in the superclass ODESolver.

~RungeKutta2(){delete problem;}

/**

* @brief Implement one step of the base algorithm.

*

* Base algorithms are ForwardEuler, BackwardEuler,

* RungeKutta2, RungeKutta4, etc and they has to be coded

* in the subclasses.

*

* @param y Dependent scalar/vectorial variable, i.e., the solution.

* @param t Independent variable.

* @param dt Step size of the independent variable in \f$t_{n+1} = t_n + dt\f$

**/

void stepper(Array<double>& y, double& x, double& h);

};

/**************************************************************/

/* RUNGE-KUTTA 4 */

/**************************************************************/

/**

* @file ODESolver.h

* @class RungeKutta4

* @brief Class implementing the Runge-Kutta 4 method for solving (systems of) ordinary differential

* equations.

***/

class RungeKutta4: public ODESolver{

private:

// Arrays needed in the algorithm

Array<double> k1;

Array<double> k2;

Array<double> k3;

Array<double> yt; // temporary array

public:

/**

* @brief Constructor

*

* @param problem_ Pointer to an object of the ordinary differential problem to be solved.
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**/

RungeKutta4(ODEProblem* problem_, int nsteps): ODESolver(problem_, nsteps){

int n = problem->size();

k1.redim(n);

k2.redim(n);

k3.redim(n);

yt.redim(n);

}

//! Destructor. Override the destructor in the superclass ODESolver.

~RungeKutta4(){delete problem;}

/**

* @brief Advance the solution one step in the Runge-Kutta 4 algorithm.

*

* @param y A scalar/vectorial quantity representing the solution, i.e., dependent variable.

* @param x Independent variable.

* @param h Step size in \f$x_{n+1} = x_n + h\f$.

*

**/

void stepper(Array<double>& y, double& x, double& h);

};

/**************************************************************/

/* FORWARD EULER */

/**************************************************************/

/**

* @file ODESolver.h

* @class ForwardEuler

* @brief Class implementing the forward Euler method for solving (systems of) ordinary differential

* equations.

***/

class ForwardEuler: public ODESolver{

private:

Array<double> dydx; // Derivative

public:

/**

* @brief Constructor

*

* @param problem_ Pointer to an object of the ordinary differential problem to be solved.

**/

ForwardEuler(ODEProblem *problem_, int nsteps): ODESolver(problem_, nsteps){

int n = problem->size();

dydx.redim(n);

}

//! Destructor. Override the destructor in the superclass ODESolver.

~ForwardEuler(){delete problem;}

/**

* @brief Advance the solution one step in the forward algorithm.

*

* @param y A scalar/vectorial quantity representing the solution, i.e., dependent variable.

* @param x Independent variable.

* @param h Step size in \f$x_{n+1} = x_n + h\f$.
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**/

void stepper(Array<double>& y, double& x, double& h);

};

#endif

The ODEProblem class is defined in the file ODEProblem.h, included here for the sake of completeness.

ODEProblem.h

/**

* @file ODEProblem.h

* @class ODEProblem

* @brief Class describing an ordinary differential problem in general terms.

*

* The ordinary differential problem can be represented mathematically by a

* system of N-ordinary differential equations. For an initial value problem,

* for example:

*

* \f{eqnarray}{

* \frac{dy_i}{dt} &=& f(t, y_1, y_2,\cdots,y_N), \label{eq} \\

y_i(0) &=& y_{i}^{0}, \, i=1, 2,\cdots, N \label{ic}

\f}

*

*

* The scheme can also be applied to boundary value problems (BVP), etc.

*

* The specific ordinary differential equation is implemented in @ref equation, while

* the initial/boundary conditions are set in @ref init, in the respective subclases.

*

* Example usage:

*

**/

#ifndef ODEPROBLEM_H

#define ODEPROBLEM_H

#include "Array.h"

/*****************************************************************************/

/* ODEPROBLEM CLASS */

/*****************************************************************************/

class ODEProblem{

protected:

int neqs; ///< Size of the odes system.

Array<double> y0; ///< Initial conditions.

// Variables used in the time loop:

double x0; ///< Initial value of the independent variable .

double xf; ///< Final value of the independent variable.

public:

/**

* @brief Constructor. Create an ordinary differential equation (ODE) problem object.

* @param neqs_ Number of equations or size of the ordinary differential equation problem.

**/

ODEProblem(int neqs_): neqs(neqs_){y0.redim(neqs);}

/**

* @brief Set the equation constituting the ODE problem.
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*

* The right hand side function in the ODEs problem is defined according to:

*

* \f$ \frac{d\mathbf{y}}{dt} = \frac{d}{dt}\left(

\begin{array}{c}

y_1 \\

y_2

\end{array} \right)=\mathbf{f}(\mathbf{y}(t), t)

\f$

*

**/

virtual void equation(double x, const Array<double>& y, Array<double>& f)=0;

/**

* @brief Get the initial conditions of the ODE problem.

* @return An array of doubles with the initial conditions of the ODE problem.

**/

Array<double>& getIC(){return y0;}

/**

* @return The minimum value of the independent variable.

**/

double xmin()const{return x0;}

/**

* @return The maximum value of the independent variable.

**/

double xmax()const{return xf;}

//! Set initial conditions defined in \ref{ic}.

virtual void init()=0;

/**

* @return The size of the ODEs system.

**/

int size()const{return neqs;}

}; // End ODEProblem class definition

#endif

8.8 Exercises and projects

Project 8.1: studies of neutron stars

In the pendulum example we rewrote the equations as two differential equations in terms of so-called dimen-
sionless variables. One should always do that. There are at least two good reasons for doing this.

– By rewriting the equations as dimensionless ones, the program will most likely be easier to read, with
hopefully a better possibility of spotting eventual errors. In addtion, the various constants which are
pulled out of the equations in the process of rendering the equations dimensionless, are reintroduced at
the end of the calculation. If one of these constants is not correctly defined, it is easier to spot an eventual
error.
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– In many physics applications, variables which enter a differential equation, may differ by orders of
magnitude. If we were to insist on not using dimensionless quantities, such differences can cause serious
problems with respect to loss of numerical precision.

An example which demonstrates these features is the set of equations for gravitational equilibrium of a
neutron star. We will not solve these equations numericallyhere, rather, we will limit ourselves to merely
rewriting these equations in a dimensionless form.

The equations for a neutron star

The discovery of the neutron by Chadwick in 1932 prompted Landau to predict the existence of neutron stars.
The birth of such stars in supernovae explosions was suggested by Baade and Zwicky 1934. First theoretical
neutron star calculations were performed by Tolman, Oppenheimer and Volkoff in 1939 and Wheeler around
1960. Bell and Hewish were the first to discover a neutron starin 1967 as aradio pulsar. The discovery of
the rapidly rotating Crab pulsar ( rapidly rotating neutronstar) in the remnant of the Crab supernova observed
by the chinese in 1054 A.D. confirmed the link to supernovae. Radio pulsars are rapidly rotating with periods
in the range0.033 s≤ P ≤ 4.0 s. They are believed to be powered by rotational energy loss and are rapidly
spinning down with period derivatives of orderṖ ∼ 10−12 − 10−16. Their high magnetic fieldB leads to
dipole magnetic braking radiation proportional to the magnetic field squared. One estimates magnetic fields of
the order ofB ∼ 1011 − 1013 G. The total number of pulsars discovered so far has just exceeded 1000 before
the turn of the millenium and the number is increasing rapidly.

The physics of compact objects like neutron stars offers an intriguing interplay between nuclear processes
and astrophysical observables, see Refs. [45–47] for further information and references on the physics of neu-
tron stars. Neutron stars exhibit conditions far from thoseencountered on earth; typically, expected densities
ρ of a neutron star interior are of the order of103 or more times the densityρd ≈ 4 · 1011 g/cm3 at ’neutron
drip’, the density at which nuclei begin to dissolve and merge together. Thus, the determination of an equation
of state (EoS) for dense matter is essential to calculationsof neutron star properties. The EoS determines
properties such as the mass range, the mass-radius relationship, the crust thickness and the cooling rate. The
same EoS is also crucial in calculating the energy released in a supernova explosion.

Clearly, the relevant degrees of freedom will not be the samein the crust region of a neutron star, where the
density is much smaller than the saturation density of nuclear matter, and in the center of the star, where density
is so high that models based solely on interacting nucleons are questionable. Neutron star models including
various so-called realistic equations of state result in the following general picture of the interior of a neutron
star. The surface region, with typical densitiesρ < 106 g/cm3, is a region in which temperatures and magnetic
fields may affect the equation of state. The outer crust for106 g/cm3 < ρ < 4 · 1011g/cm3 is a solid region
where a Coulomb lattice of heavy nuclei coexist inβ-equilibrium with a relativistic degenerate electron gas.
The inner crust for4 ·1011 g/cm3 < ρ < 2 ·1014g/cm3 consists of a lattice of neutron-rich nuclei together with
a superfluid neutron gas and an electron gas. The neutron liquid for 2 · 1014 g/cm3 < ρ < ·1015g/cm3 contains
mainly superfluid neutrons with a smaller concentration of superconducting protons and normal electrons. At
higher densities, typically2 − 3 times nuclear matter saturation density, interesting phase transitions from a
phase with just nucleonic degrees of freedom to quark mattermay take place. Furthermore, one may have a
mixed phase of quark and nuclear matter, kaon or pion condensates, hyperonic matter, strong magnetic fields
in young stars etc.

Equilibrium equations

If the star is in thermal equilibrium, the gravitational force on every element of volume will be balanced by
a force due to the spacial variation of the pressureP . The pressure is defined by the equation of state (EoS),
recall e.g., the ideal gasP = NkBT . The gravitational force which acts on an element of volume at a distance
r is given by

FGrav = −Gm
r2

ρ/c2, (8.90)
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whereG is the gravitational constant,ρ(r) is the mass density andm(r) is the total mass inside a radiusr. The
latter is given by

m(r) =
4π

c2

∫ r

0

ρ(r′)r′2dr′ (8.91)

which gives rise to a differential equation for mass and density

dm

dr
= 4πr2ρ(r)/c2. (8.92)

When the star is in equilibrium we have

dP

dr
= −Gm(r)

r2
ρ(r)/c2. (8.93)

The last equations give us two coupled first-order differential equations which determine the structure of a
neutron star when the EoS is known.

The initial conditions are dictated by the mass being zero atthe center of the star, i.e., whenr = 0, we
havem(r = 0) = 0. The other condition is that the pressure vanishes at the surface of the star. This means
that at the point where we haveP = 0 in the solution of the differential equations, we get the total radiusR of
the star and the total massm(r = R). The mass-energy density whenr = 0 is called the central densityρs.
Since both the final massM and total radiusR will depend onρs, a variation of this quantity will allow us to
study stars with different masses and radii.

Dimensionless equations

When we now attempt the numerical solution, we need however to rescale the equations so that we deal with
dimensionless quantities only. To understand why, consider the value of the gravitational constantG and the
possible final massm(r = R) = MR. The latter is normally of the order of some solar massesM⊙, with
M⊙ = 1.989× 1030 Kg. If we wish to translate the latter into units of MeV/c2, we will have thatMR ∼ 1060

MeV/c2. The gravitational constant is in units ofG = 6.67× 10−45 × ~c (MeV/c2)−2. It is then easy to see
that including the relevant values for these quantities in our equations will most likely yield large numerical
roundoff errors when we add a huge numberdP

dr to a smaller numberP in order to obtain the new pressure.
We list here the units of the various quantities and in case ofphysical constants, also their values. A bracketed
symbol like[P ] stands for the unit of the quantity inside the brackets.

Quantity Units

[P ] MeVfm−3

[ρ] MeVfm−3

[n] fm−3

[m] MeVc−2

M⊙ 1.989× 1030 Kg= 1.1157467× 1060 MeVc−2

1 Kg = 1030/1.78266270D0 MeVc−2

[r] m
G ~c6.67259× 10−45 MeV−2c−4

~c 197.327 MeVfm

We introduce therefore dimensionless quantities for the radius r̂ = r/R0, mass-energy densitŷρ = ρ/ρs,
pressurêP = P/ρs and masŝm = m/M0.

The constantsM0 andR0 can be determined from the requirements that the equations for dm
dr and dP

dr

should be dimensionless. This gives
dM0m̂

dR0r̂
= 4πR2

0r̂
2ρsρ̂, (8.94)
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yielding
dm̂

dr̂
= 4πR3

0r̂
2ρsρ̂/M0. (8.95)

If these equations should be dimensionless we must demand that

4πR3
0ρs/M0 = 1. (8.96)

Correspondingly, we have for the pressure equation

dρsP̂

dR0r̂
= −GM0

m̂ρsρ̂

R2
0r̂

2
(8.97)

and since this equation should also be dimensionless, we will have

GM0/R0 = 1. (8.98)

This means that the constantsR0 andM0 which will render the equations dimensionless are given by

R0 =
1√

ρsG4π
, (8.99)

and

M0 =
4πρs

(
√
ρsG4π)3

. (8.100)

However, since we would like to have the radius expressed in units of 10 km, we should multiplyR0 by 10−19,
since 1 fm =10−15 m. Similarly,M0 will come in units of MeV/c2, and it is convenient therefore to divide it
by the mass of the sun and express the total mass in terms of solar massesM⊙.

The differential equations read then

dP̂

dr̂
= −m̂ρ̂

r̂2
,

dm̂

dr̂
= r̂2ρ̂. (8.101)

In the solution of our problem, we will assume that the mass-energy density is given by a simple parametriza-
tion from Bethe and Johnson [48]. This parametrization givesρ as a function of the number densityn = N/V ,
with N the total number of baryons in a volumeV . It reads

ρ(n) = 236× n2.54 + nmn, (8.102)

wheremn = 938.926MeV/c2, the mass of the neutron (averaged). This means that since[n] =fm−3, we have
that the dimension ofρ is [ρ] =MeV/c2fm−3. Through the thermodynamic relation

P = −∂E
∂V

, (8.103)

whereE is the energy in units of MeV/c2 we have

P (n) = n
∂ρ(n)

∂n
− ρ(n) = 363.44× n2.54. (8.104)

We see that the dimension of pressure is the same as that of themass-energy density, i.e.,[P ] =MeV/c2fm−3.
Here comes an important point you should observe when solving the two coupled first-order differential

equations. When you obtain the new pressure given by

Pnew =
dP

dr
+ Pold, (8.105)

this comes as a function ofr. However, having obtained the new pressure, you will need touse Eq. (8.104)
in order to find the number densityn. This will in turn allow you to find the new value of the mass-energy
densityρ(n) at the relevant value ofr.

In solving the differential equations for neutron star equilibrium, you should proceed as follows
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1. Make first a dimensional analysis in order to be sure that all equations are really dimensionless.

2. Define the constantsR0 andM0 in units of 10 km and solar massM⊙. Find their values. Explain why
it is convenient to insert these constants in the final results and not at each intermediate step.

3. Set up the algorithm for solving these equations and writea main program where the various variables
are defined.

4. Write thereafter a small function which uses the expressions for pressure and mass-energy density from
Eqs. (8.104) and (8.102).

5. Write then a function which sets up the derivatives

− m̂ρ̂

r̂2
, r̂2ρ̂. (8.106)

6. Employ now the fourth order Runge-Kutta algorithm to obtain new values for the pressure and the mass.
Play around with different values for the step size and compare the results for mass and radius.

7. Replace the fourth order Runge-Kutta method with the simple Euler method and compare the results.

8. Replace the non-relativistic expression for the derivative of the pressure with that from General Relativ-
ity (GR), the so-called Tolman-Oppenheimer-Volkov equation

dP̂

dr̂
= − (P̂ + ρ̂)(r̂3P̂ + m̂)

r̂2 − 2m̂r̂
, (8.107)

and solve again the two differential equations.

9. Compare the non-relatistic and the GR results by plottingmass and radius as functions of the central
density.

Project 8.2: studies of white dwarf stars

This project contains a long description of the physics of compact objects such as white dwarfs. It serves as a
background for understanding the final differential equations you need to solve. This project is taken from the
text of Koonin and Meredith [4].

White dwarfs are cold objects which consist mainly of heavy nuclei such as56Fe, with 26 protons, 30
neutrons and their respective electrons, see for example Ref. [45]. Charge equilibrium results in an equal
quantity of electrons and protons. You can read more about white dwarfs, neutron stars and black holes at the
website of the Joint Institute for Nuclear Astrophysics www.jinaweb.org or NASA’s website www.nasa.org.
These stars are the endpoints of stars with masses of the sizeor smaller than our sun. They are the outcome
of standard nuclear processes and end their lives as cold objects like white dwarfs when they have used up all
their nuclear fuel.

Where a star ends up at the end of its life depends on the mass, or amount of matter, it was born with. Stars
that have a lot of mass may end their lives as black holes or neutron stars. Low and medium mass stars will
become something called a white dwarf. A typical white dwarfis half as massive as the Sun, yet only slightly
bigger than the Earth. This makes white dwarfs one of the densest forms of matter, surpassed only by neutron
stars.

Medium mass stars, like our Sun, live by burning the hydrogenthat dwells within their cores, turning it
into helium. This is what our Sun is doing now. The heat the Sungenerates by its nuclear fusion of hydrogen
into helium creates an outward pressure. In another 5 billion years, the Sun will have used up all the hydrogen
in its core.

This situation in a star is similar to a pressure cooker. Heating something in a sealed container causes
a build up in pressure. The same thing happens in the Sun. Although the Sun may not strictly be a sealed
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container, gravity causes it to act like one, pulling the star inward, while the pressure created by the hot gas in
the core pushes to get out. The balance between pressure and gravity is very delicate.

Because a white dwarf is no longer able to create internal pressure, gravity unopposedly crushes it down
until even the very electrons that make up a white dwarf’s atoms are mashed together. In normal circumstances,
identical electrons (those with the same "spin") are not allowed to occupy the same energy level. Since there
are only two ways an electron can spin, only two electrons canoccupy a single energy level. This is what’s
know in physics as the Pauli Exclusion Principle. And in a normal gas, this isn’t a problem; there aren’t enough
electrons floating around to completely fill up all the energylevels. But in a white dwarf, all of its electrons are
forced close together; soon all the energy levels in its atoms are filled up with electrons. If all the energy levels
are filled, and it is impossible to put more than two electronsin each level, then our white dwarf has become
degenerate. For gravity to compress the white dwarf anymore, it must force electrons where they cannot go.
Once a star is degenerate, gravity cannot compress it any more because quantum mechanics tells us there is no
more available space to be taken up. So our white dwarf survives, not by internal combustion, but by quantum
mechanical principles that prevent its complete collapse.

With a surface gravity of 100,000 times that of the earth, theatmosphere of a white dwarf is very strange.
The heavier atoms in its atmosphere sink and the lighter onesremain at the surface. Some white dwarfs have
almost pure hydrogen or helium atmospheres, the lightest ofelements. Also, the very strong gravity pulls the
atmosphere close around it in a very thin layer, that, if wereit on earth, would be lower than the tops of our
skyscrapers!

8.8.1 Equilibrium equations

We assume that the star is in thermal equilibrium. It exhibits also charge equilibrium, meaning the number of
electrons has to balance the number of protons. The gravitational pull on every element of volume is balanced
by the pressure set up by a degenerate gas of electrons atT = 0, since the temperature of the star is well
below the so-called Fermi temperature of the electrons. Theelectrons are assumed to be relativistic and since
the protons and neutrons have much lower kinetic energy, we assume that the pressure which balances the
gravitational force is mainly set up by the relativistic electrons. The kinetic energy of the electrons is also
much larger than the electron-electron repulsion or the attraction from the nuclei. This means that we can treat
the system as a gas of free degenerate electrons atT = 0 moving in between a lattice of nuclei like iron. This
is our ansatz. Based on this we can derive the pressure which counterbalances the gravitational force given by
(for every element of volume in a distancer from the center of the star)

FGrav = −Gm(r)

r2
ρ(r),

with G being the gravitational constant,ρ(r) the mass density (mass per volume) of a volume element a
distancer from the center of the star, andm(r) is the integrated mass within a radiusr. The latter reads

m(r) = 4π

∫ r

0

ρ(r′)r′2dr′

which yields a differential equation between the total massand the mass density

dm

dr
= 4πr2ρ(r).

In equilibrium, the pressureP balances the gravitational force

dP

dr
= −Gm(r)

r2
ρ(r),

and usingdP/dρ = (dρ/dr)(dP/dρ) we obtain

dρ

dr
= −

(
dP

dρ

)−1
Gm

r2
ρ.
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Together withdm
dr = 4πr2ρ(r) we have now two coupled first-order ordinary differential equations which

determine the structure of the white dwarf given an equationof stateP (ρ). The total radius is given by the
conditionρ(R) = 0. Similarly, the mass forr = 0 is m = 0. The density atr = 0 is given by the central
densityρc, a parameter you will have to play with as input parameter.

By integrating the last equation, we find the density profile of the star. The radiusR is determined by the
point where the density distribution isρ = 0. The mass is then given byM = m(R). Since both the total mass
and the radiusR will depend on the central densityρc, a variation of this parameter will allow us to study stars
with different masses. However, before we can proceed, we need the pressure for a relativistic gas of electrons.

Equation of state for a white dwarf

We will treat the electrons as a relativistic gas of fermionsat T = 0. From statistical physics we can then
obtain the particle density as

n = N/V =
1

π2

∫ kF

0

k2dk =
k3

F

3π2
,

wherekF is the Fermi momentum, here represented by the wave numberkF . The wave number is connected
to the momentum viakF = pF /~. The energy density is given by

ε = E/V =
1

π2

∫ kF

0

k2dk
√

(~ck)2 +m2
ec

4.

This expression is of the form
∫
y2
√
y2 + a2. Performing the integration we obtain

E/V = n0mec
2x3ǫ(x),

where we have defined

ǫ(x) =
3

8x3

(
x(1 + 2x2)

√
1 + x2 − ln(x+

√
1 + x2)

)
,

with the variablex defined as

x =
~kF

mec
.

We can rewritex in terms of the particle density as well

n = N/V =
k3

F

3π2
,

so that
~kF

mec
=

(
n~3π2

m3
ec

3

)1/3

,

where we definen0 =
(mc)3e

3π2(~)3 with me the electron mass. Using the constantn0 results finally in

x =
~kF

mec
=

(
n

n0

)1/3

.

Since the mass of the protons and neutrons are larger by a factor 103 than the mass of the electronsme, we can
approximate the total mass of the star by the mass density of the nucleons (protons and neutrons). This mass
density is given by

ρ = Mpnp,

with Mp being the mass of the proton andnp the particle density of the nucleons. The mass of the proton and
the neutron are almost equal and we have set them equal here. The particle densitynp can be related to the
electron densityn, which is the quantity we can calculate. The relation is simple,

np = n/Ye,
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whereYe is the number of electrons per nucleon. For56Fe we getYe = 26
56 = 0.464, since we need to have as

many electrons as protons in order to obtain a total charge ofzero. Inserting numerical values for the electron
mass we get

n0 = 5.89× 1029cm−3.

The mass density is now
ρ = Mpn/Ye,

and with

x =

(
n

n0

)1/3

=

(
ρ

ρ0

)1/3

,

and inserting the numerical value for the proton mass we obtain

ρ0 =
Mpn0

Ye
= 9.79× 105Y −1

e g cm−3.

Using the parameterYe we can then study stars with different compositions. The only input parameters to your
code are thenρc andYe.

Now we want the equation for the pressure, based on the energydensity. Using the thermodynamical
relation

P = −∂E
∂V

= −∂E
∂x

∂x

∂V
,

we can find the pressure as a function of the mass densityρ. Thereafter we can finddP
dρ , which allows us to

determine the mass and the radius of the star.
The term

∂x

∂V
,

can be found using the fact thatx ∝ n1/3 ∝ V −3. This results in

∂x

∂V
= − x

3V
.

Taking the derivative with respect tox we obtain

P =
1

3
n0mec

2x4 dǫ

dx
.

We want the derivative ofP in terms of the mass densityρ. Usingx =
(

ρ
ρ0

)1/3

, we obtain

dP

dρ
=
dP

dx

dx

dρ
.

With
dP

dx
=

1

3
n0me

(
dx4 dǫ

dx

dx

)
,

and
dx

dρ
=

1ρ
2/3
0

3ρ0ρ2/3
=

1

3ρ0x2
,

we find
dP

dρ
= Ye

mec
2

Mp
γ(x),

where we defined

γ(x) =
x2

3
√

1 + x2
.

This is the equation for the derivative of the pressure to be used to find

dρ

dr
= −

(
dP

dρ

)−1
Gm

r2
ρ.

Note thatx andγ(x) are dimensionless quantities.
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Dimensionless form of the differential equations

In the numerical treatment of the two differential equations we need to rescale our equations in terms of
dimensionless quantities, since several of the involved constants are either extremely large or very small.
Furthermore, the total mass is of the order of the mass of the sun, approximately2× 1030kg while the mass of
the electron is9× 10−31 kg.

We introduce therefore a dimensionless radiusr = r/R0, a dimensionless densityρ = ρ/ρ0 (recall that
x3 = ρ/ρ0) and a dimensionless massm = m/M0.

We determine below the constantsM0 andR0 by requiring that the equations fordm
dr and dρ

dr have to be
dimensionless. We get then

dM0m

dR0r
= 4πR2

0r
2ρ0ρ,

resulting in
dm

dr
= 4πR3

0r
2ρ0ρ/M0.

If we want this equation to be dimensionless, we must require

4πR3
0ρ0/M0 = 1.

Correspondingly, we have
dρ0ρ

dR0r
= −

(
GM0Mp

Yemec2

)
m

γR2
0r

2 ρ0ρ,

with R0

R0 =

(
Yemec

2

4πρ0GMp

)1/2

= 7.72× 108Yecm.

in order to yield a dimensionless equation. This results in

M0 = 4πR3
0ρ0 = 5.67× 1033Y 2

e g.

The radius of the sun isR⊙ = 6.95× 1010 cm and the mass of the sun isM⊙ = 1.99× 1033 g.
Our final differential equationsρ andm read

dρ

dr
= −m

γ

ρ

r2
,

dm

dr
= r2ρ.

These are the equations you need to code.

a) Verify the steps in the above derivations. Write a programwhich solves the two coupled differential
equations

dρ

dr
= −m

γ

ρ

r2
,

and
dm

dr
= r2ρ,

using the fourth order Runge-Kutta method by integrating outward fromr = 0. ChooseYe = 1 and
calculate the mass and radius of the star by varying the central densityρc ranging from10−1 to 106.
Check the stability of your solutions by varying the radial steph. Discuss your results.

b) Compute also the density profiles for the above input parameters and calculate the total kinetic energy
and rest energy of the electrons given by

U =

∫ R

0

4π

(
E

V

)
r2dr,
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where we have defined

E/V = n0mec
2x3ǫ(x),

with

ǫ(x) =
3

8x3

(
x(1 + 2x2)

√
1 + x2 − ln(x+

√
1 + x2)

)
,

and the variablex defined as

x =
~kF

mec
.

Compute also the gravitational energy

W = −
∫ R

0

Gm(r)ρ(r)

r
4πr2dr.

You need to make these equations dimensionless.

Try to discuss your results and trends through simple physical reasoning.

c) Scale the mass-radius relation you found in a) to the casescorresponding to56Fe and12C. Three white
dwarf stars, Sirius B, 40 Eri B and Stein 2051, have masses andradii in units of solar values determined
from observations to be(1.053±0.028M⊙, 0.0074±0.0006R⊙), (0.48±0.02M⊙, 0.0124±0.0005R⊙),
and(0.72±0.08M⊙, 0.0115±0.0012R⊙), respectively. Verify that these values are consistent with the
model you have developed. Can you say something about the compositions of these stars?

Project 8.3: Period doubling and chaos

The angular equation of motion of the pendulum is given by Newton’s equation and with no external force it
reads

ml
d2θ

dt2
+mgsin(θ) = 0, (8.108)

with an angular velocity and acceleration given by

v = l
dθ

dt
, (8.109)

and

a = l
d2θ

dt2
. (8.110)

We do however expect that the motion will gradually come to anend due a viscous drag torque acting on
the pendulum. In the presence of the drag, the above equationbecomes

ml
d2θ

dt2
+ ν

dθ

dt
+mgsin(θ) = 0, (8.111)

whereν is now a positive constant parameterizing the viscosity of the medium in question. In order to maintain
the motion against viscosity, it is necessary to add some external driving force. We choose here a periodic
driving force. The last equation becomes then

ml
d2θ

dt2
+ ν

dθ

dt
+mgsin(θ) = Asin(ωt), (8.112)

with A andω two constants representing the amplitude and the angular frequency respectively. The latter is
called the driving frequency.

a) Rewrite Eqs. (8.111) and (8.112) as dimensionless equations.
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b) Write then a code which solves Eq. (8.111) using the fourth-order Runge Kutta method. Perform cal-
culations for at least ten periods withN = 100, N = 1000 andN = 10000 mesh points and values of
ν = 1, ν = 5 andν = 10. Setl = 1.0 m, g = 1 m/s2 andm = 1 kg. Choose as initial conditions
θ(0) = 0.2 (radians) andv(0) = 0 (radians/s). Make plots ofθ (in radians) as function of time and
phase space plots ofθ versus the velocityv. Check the stability of your results as functions of time and
number of mesh points. Which case corresponds to damped, underdamped and overdamped oscillatory
motion? Comment your results.

c) Now we switch to Eq. (8.112) for the rest of the project. Addan external driving force and setl = g = 1,
m = 1, ν = 1/2 andω = 2/3. Choose as initial conditionsθ(0) = 0.2 andv(0) = 0 andA = 0.5 and
A = 1.2. Make plots ofθ (in radians) as function of time for at least 300 periods and phase space plots
of θ versus the velocityv. Choose an appropriate time step. Comment and explain the results for the
different values ofA.

d) Keep now the constants from the previous exercise fixed butset nowA = 1.35, A = 1.44 andA =

1.465. Plotθ (in radians) as function of time for at least 300 periods for these values ofA and comment
your results.

e) We want to analyse further these results by making phase space plots ofθ versus the velocityv using
only the points where we haveωt = 2nπ wheren is an integer. These are normally called the drive
periods. This is an example of what is called a Poincare section and is a very useful way to plot and
analyze the behavior of a dynamical system. Comment your results.
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Chapter 9

Two point boundary value problems

9.1 Introduction

When diffential equations are required to satisfy boundaryconditions at more than one value of the independent
variable, the resulting problem is called aboundary value problem. The most common case by far is when
boundary conditions are supposed to be satisfied at two points - usually the starting and ending values of the
integration. The Schrödinger equation is an important example of such a case. Here the eigenfunctions are
typically restricted to be finite everywhere (in particularat r = 0) and for bound states the functions must go
to zero at infinity.

In the previous chapter we discussed the solution of differential equations determined by conditions im-
posed at one point only, the so-called initial condition. Here we move on to differential equations where the
solution is required to satisfy conditions at more than one point. Typically these are the endpoints of the in-
terval under consideration. When discussing differentialequations with boundary conditions, there are three
main groups of numerical methods, shooting methods, finite difference and finite element methods. In this
chapter we focus on the so-called shooting method, whereas chapters 7 and 10 focus on finite difference meth-
ods. Chapter 7 solves the finite difference problem as an eigenvalue problem for a one variable differential
equation while in chapter 10 we present the simplest finite difference methods for solving partial differential
equations with more than one variable. The finite element method is not discussed in this text, see for example
Ref. [49] for a computational presentation of the finite element method.

In the discussion here we will limit ourselves to the simplest possible case, that of a linear second-order
differential equation whose solution is specified at two distinct points, for more complicated systems and equa-
tions see for example Refs. [50, 51]. The reader should also note that the techniques discussed in this chapter
are restricted to ordinary differential equations only, while finite difference and finite element methods can
also be applied to boundary value problems for partial differential equations. The discussion in this chapter
and chapter 7 serves therefore as an intermediate step and model to the chapter on partial differential equa-
tions. Partial differential equations involve both boundary conditions and differential equations with functions
depending on more than one variable.

In this chapter we will discuss in particular the solution ofthe one-particle Schödinger equation and apply
the method to hydrogen-atom like problems. We start howeverwith a familiar problem from mechanics,
namely that of a tightly stretched and flexible string or rope, fixed at the endpoints. This problem has an
analytic solution which allows us to define our numerical algorithms based on the shooting methods.
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9.2 Shooting methods

In many physics applications we encounter differential equations like

d2y

dx2
+ k2(x)y = F (x); a ≤ x ≤ b, (9.1)

with boundary conditions
y(a) = α, y(b) = β. (9.2)

We can interpretF (x) as an inhomogenous driving force whilek(x) is a real function. If it is positive the
solutionsy(x) will be oscillatory functions, and if negative they are exponentionally growing or decaying
functions.

To solve this equation we could start with for example the Runge-Kutta method or various improvements
to Euler’s method, as discussed in the previous chapter. Then we would need to transform this equation to a set
of coupled first-order equations. We could however start with the discretized version for the second derivative.
We discretise our equation and introduce a step lengthh = (b − a)/N , with N being the number of equally
spaced mesh points. Our discretised second derivative reads at a stepxi = a+ ih with i = 0, 1, . . .

y′′i =
yi+1 + yi−1 − 2yi

h2
+O(h2),

leading to a discretised differential equation

yi+1 + yi−1 − 2yi

h2
+O(h2) + k2

i yi = Fi. (9.3)

Recall that the fourth-order Runge-Kutta method has a localerror ofO(h4).
Since we want to integrate our equation fromx0 = a to xN = b, we rewrite it as

yi+1 ≈ −yi−1 + yi

(
2− h2k2

i + h2Fi

)
. (9.4)

Starting ati = 1 we have after one step

y2 ≈ −y0 + y1
(
2− h2k2

1 + h2F1

)
.

Irrespective of method to approximate the second derivative, this equation uncovers our first problem. While
y0 = y(a) = 0, our function valuey1 is unknown, unless we have an analytic expression fory(x) atx = 0.
Knowingy1 is equivalent to knowingy′ atx = 0 since the first derivative is given by

y′i ≈
yi+1 − yi

h
. (9.5)

This means that we havey1 ≈ y0 + hy′0.

9.2.1 Improved approximation to the second derivative, Numerov’s method

Before we proceed, we mention how to improve the local truncation error fromO(h2) to O(h6) without too
many additional function evaluations.

Our equation is a second order differential equation without any first order derivatives. Let us also for
the sake of simplicity assume thatF (x) = 0. Numerov’s method is designed to solve such an equation
numerically, achieving a local truncation errorO(h6).

We start with the Taylor expansion of the desired solution

y(x+ h) = y(x) + hy(1)(x) +
h2

2!
y(2)(x) +

h3

3!
y(3)(x) +

h4

4!
y(4)(x) + · · ·
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Herey(n)(x) is a shorthand notation for the nth derivativedny/dxn. Because the corresponding Taylor
expansion ofy(x− h) has odd powers ofh appearing with negative signs, all odd powers cancel when weadd
y(x+ h) andy(x− h)

y(x+ h) + y(x− h) = 2y(x) + h2y(2)(x) +
h4

12
y(4)(x) +O(h6).

We obtain

y(2)(x) =
y(x+ h) + y(x− h)− 2y(x)

h2
− h2

12
y(4)(x) +O(h6).

To eliminate the fourth-derivative term we apply the operator (1 + h2

12
d2

dx2 ) on the differential equation

y(2)(x) +
h2

12
y(4)(x) + k2(x)y(x) +

h2

12

d2

dx2

(
k2(x)y(x)

)
≈ 0.

In this expression they(4) terms cancel. To treat the generalx dependence ofk2(x) we approximate the
second derivative of(k2(x)y(x) by

d2(k2y(x))

dx2
≈
(
k2(x+ h)y(x+ h) + k2(x)y(x)

)
+
(
k2(x− h)y(x− h) + k2(x)y(x)

)

h2
.

We replace theny(x+ h) with the shorthandyi+1 (and similarly for the other variables) and obtain a final
discretised algorithm for obtainingyi+1

yi+1 =
2
(
1− 5

12h
2k2

i

)
yi −

(
1 + 1

12h
2k2

i−1

)
yi−1

1 + h2

12k
2
i+1

+O(h6),

wherexi = ih, ki = k(xi = ih) andyi = y(xi = ih) etc.
It is easy to add the termFi since we need only to take the second derivative. The final algorithm reads

then

yi+1 =
2
(
1− 5

12h
2k2

i

)
yi −

(
1 + 1

12h
2k2

i−1

)
yi−1

1 + h2

12k
2
i+1

+
h2

12
(Fi+1 + Fi−1 − 2Fi) +O(h6).

Starting ati = 1 results in, using the boundary conditiony0 = 0,

y2 =
2
(
1− 5

12h
2k1y1

)
−
(
1 + 1

12h
2k2

0y0
)

1 + h2

12k
2
2

+
h2

12
(F2 + F0 − 2F1) +O(h6).

This equation carries a local truncation error proportional to h6. This is an order better than the fourth-order
Runge-Kutta method which has a local error proportional toh5. The global for the fourth-order Runge-Kutta
is proportional toh4 while Numerov’s method has an error proportional toh5. With few additional function
evulations, we have achieved an increased accuracy.

But even with an improved accuracy we end up with one unknown on the right hand side, namelyy1.
The value ofy1 can again be determined from the derivative aty0, or by a good guess on its value. We need
therefore an additional constraint on our set of equations before we start. We could then add to the boundary
conditions

y(a) = α, y(b) = β,

the requirementy′(a) = δ, whereδ could be an arbitrary constant. In quantum mechanical applications with
homogenous differential equations the normalization of the solution is normally not known. The choice of the
constantδ can therefore reflect specific symmetry requirements of the solution.
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9.2.2 Wave equation with constant acceleration

We start with a well-known problem from mechanics, that of a whirling string or rope fixed at both ends. We
could think of this as an idealization of a jumping rope and ask questions about its shape as it spins. Obviously,
in deriving the equations we will make several assumptions in order to obtain an analytic solution. However,
the general differential equation it leads to, with added complications not allowing an analytic solution, can be
solved numerically. We discuss the shooting methods as one possible numerical approach in the next section.

Our aim is to arrive at a differential equation which takes the following form

y′′ + λy = 0; y(0) = 0, y(L) = 0,

whereL is the length of the string andλ a constant or function of the variablex to be defined below.
We derive an equation fory(x) using Newton’s second lawF = ma acting on a piece of the string with

massρ∆x, whereρ is the mass density per unit length and∆x is small displacement in the intervalx, x+∆x.
The change∆x is our step length.

We assume that the only force acting on this string element isa constant tensionT acting on both ends.
The net vertical force in the positivey-direction is

F = Tsin(θ + ∆θ)− Tsin(θ) = Tsin(θi+1)− Tsin(θi).

For the angles we employ a finite difference approximation

sin(θi+1) =
yi+1 − yi

∆x
+O(∆x2).

Using Newton’s second lawF = ma, with m = ρ∆x = ρh and a constant angular velocityω which relates
to the acceleration asa = −ω2y we arrive at

T
yi+1 + yi−1 − 2yi

∆x2
≈ −ρω2y,

and taking the limit∆x→ 0 we can rewrite the last equation as

Ty′′ + ρω2y = 0,

and definingλ = ρω2/T and imposing the condition that the ends of the string are fixed we arrive at our final
second-order differential equation with boundary conditions

y′′ + λy = 0; y(0) = 0, y(L) = 0. (9.6)

The reader should note that we have assumed a constant acceleration. Replacing the constant acceleration with
the second derivative ofy as function of both position and time, we arrive at the well-known wave equation
for y(x, t) in 1 + 1 dimension, namely

∂2y

∂t2
= λ

∂2y

∂x2
.

We discuss the solution of this equation in chapter 10.
If λ > 0 the above wave equation has a solution of the form

y(x) = Acos(αx) +Bsin(αx), (9.7)

and imposing the boundary conditions results in an infinite sequence of solutions of the form

yn(x) = sin(
nπx

L
), n = 1, 2, 3, . . . (9.8)

with eigenvalues

λn =
n2π2

L2
, n = 1, 2, 3, . . . (9.9)
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Table 9.1: Integrated and exact solution of the differential equationy′′ + λy = 0 with boundary conditions
y(0) = 0 andy(1) = 0.

xi = ih sin(πxi) y(xi)

0.000000E+00 0.000000E+00 0.000000E+00
0.100000E+00 0.951057E+00 0.125664E+01
0.200000E+00 0.587785E+00 0.528872E+00
0.300000E+00 -.587785E+00 -.103405E+01
0.400000E+00 -.951056E+00 -.964068E+00
0.500000E+00 0.268472E-06 0.628314E+00
0.600000E+00 0.951057E+00 0.122850E+01
0.700000E+00 0.587785E+00 -.111283E+00
0.800000E+00 -.587786E+00 -.127534E+01
0.900000E+00 -.951056E+00 -.425460E+00
0.100000E+01 0.000000E+00 0.109628E+01

Forλ = 0 we have
y(x) = Ax+B, (9.10)

and due to the boundary conditions we havey(x) = 0, the trivial solution, which is not an eigenvalue of the
problem. The classical problem has no negative eigenvalues, viz we cannot find a solution forλ < 0. The
trivial solution means that the string remains in its equilibrium position with no deflection.

If we relate the constant angular speedω to the eigenvaluesλn we have

ωn =

√
λnT

ρ
=
nπ

L

√
T

ρ
, n = 1, 2, 3, . . . , (9.11)

resulting in a series of discretised critical speeds of angular rotation. Only at these critical speeds can the string
change from its equilibrium position.

There is one important observation to made here, since laterwe will discuss Schrödinger’s equation. We
observe that the eigenvalues and solutions exist only for certain discretised valuesλn, yn(x). This is a con-
sequence of the fact that we have imposed boundary conditions. Thus, the boundary conditions, which are a
consequence of the physical case we wish to explore, yield only a set of possible solutions. In quantum physics,
we would say that the eigenvaluesλn are quantized, which is just another word for discretised eigenvalues.

We have then an analytic solution

yn(x) = sin(
nπx

L
),

from

y′′ +
n2π2

L2
y = 0; y(0) = 0, y(1) = 0.

Choosingn = 4 andL = 1, we havey(x) = sin(4πx) as our solution. The derivative is obviously4πcos(πx).
We can start to integrate our equation using the exact expression for the derivative aty1. This yields

y2 ≈ −y0 + y1
(
2− h2k2

1 + h
)

= 4hπcos(4πx0)
(
2− 16h2π2

)
= 4π

(
2− 16h2π2

)
.

If we split our intervalx ∈ [0, 1] into 10 equally spaced points we arrive at the results displayed in Table
9.1. We note that the error at the endpoint is much larger thanthe chosen mathematical approximationO(h2),
resulting in an error of approximately0.01. We would have expected a smaller error. We can obviously get
better precision by increasing the number of integration points, but it would not cure the increasing discrepancy
we see towards the endpoints. WithN = 100, we have0.829944E− 02 atx = 1.0, while the error is∼ 10−4

with 100 integration points.
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It is also important to notice that in general we do not know the eigenvalue and the eigenfunctions, except
some of their limiting behaviors close to the boundaries. One method for searching for these eigenvalues is to
set up an iterative process. We guess a trial eigenvalue and generate a solution by integrating the differential
equation as an initial value problem, as we did above except that we have here the exact solution. If the
resulting solution does not satisfy the boundary conditions, we change the trial eigenvalue and integrate again.
We repeat this process until a trial eigenvalue satisfies theboundary conditions to within a chosen numerical
error. This approach is what constitutes the so-called shooting method.

Upon integrating to our other boundary,x = 1 in the above example, we obtain normally a non-vanishing
value fory(1), since the trial eigenvalue is normally not the correct one.We can then readjust the guess for
the eigenvalue and integrate and repeat this process till weobtain a value fory(1) which agrees to within the
precision we have chosen. As we will show in the next section,this results in a root-finding problem, which
can be solved with for example the bisection or Newton methods discussed in chapter 5.

The example we studied here hides however an important problem. Our two solutions are rather similar,
they are either represented by asin(x) form or acos(x) solution. This means that the solutions do not differ
dramatically in behavior at the boundaries. Furthermore, the wave function is zero beyond the boundaries. For
a quantum mechanical system, we would get the same solutionsif a particle is trapped in an infinitely high
potential well. Then the wave function cannot exist outsidethe potential. However, for a finite potential well,
there is always a quantum mechanical probability that the particle can be found outside the classical region.
The classical region defines the so-called turning points, viz points from where a classical solution cannot
exist. These turning points are useful when we want to solve quantum mechanical problems.

Let us however perform our brute force integration for another differential equation as well, namely that of
the quantum mechanical harmonic oscillator.

The situation worsens dramatically now. We have then a one-dimensional differential equation of the type,
see Eq. (14.6), (all physical costants are set equal to one, that ism = c = ~ = k = 1)

− 1

2

d2y

dx2
+

1

2
x2y = ǫy; −∞ < x <∞, (9.12)

with boundary conditionsy(−∞) = y(∞) = 0. For the lowest lying state, the eigenvalue isǫ = 1/2 and the
eigenfunction is

y(x) =

(
1

π

)1/4

exp (−x2/2).

The reader should observe that this solution is imposed by the boundary conditions, which again follow from
the quantum mechanical properties we require for the solution. We repeat the integration exercise which we
did for the previous example, starting from a large negativenumber (x0 = −10, which gives a value for the
eigenfunction close to zero) and choose the lowest energy and its corresponding eigenfunction. We obtain for
y2

y2 ≈ −y0 + y1
(
2 + h2x2 − h2

)
,

and using the exact eigenfunction we can replacey1 with the derivative atx0. We use nowN = 1000 and
integrate our equation fromx0 = −10 to xN = 10. The results are shown in Table 9.2 for selected values of
xi. In the beginning of our integrational interval, we obtain an integrated quantity which resembles the analytic
solution, but then our integrated solution simply explodesand diverges. What is happening? We started with
the exact solution for both the eigenvalue and the eigenfunction!

The problem is due to the fact that our differential equationhas two possible solution for eigenvalues which
are very close (−1/2 and+1/2), either

y(x) ∼ exp (−x2/2),

or

y(x) ∼ exp (x2/2).
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Table 9.2: Integrated and exact solution of the differential equation−y′′+x2y = 2ǫy with boundary conditions
y(−∞) = 0 andy(∞) = 0.

xi = ih exp (−x2/2) y(xi)

-.100000E+02 0.192875E-21 0.192875E-21
-.800000E+01 0.126642E-13 0.137620E-13
-.600000E+01 0.152300E-07 0.157352E-07
-.400000E+01 0.335462E-03 0.331824E-03
-.200000E+01 0.135335E+00 0.128549E+00
0.000000E-00 0.100000E+01 0.912665E+00
0.200000E+01 0.135335E+00 0.118573E+00
0.400000E+01 0.335463E-03 -.165045E-01
0.600000E+01 0.152300E-07 -.250865E+03
0.800000E+01 0.126642E-13 -.231385E+09
0.900000E+01 0.257677E-17 -.101904E+13

The boundary conditions, imposed by our physics requirements, rule out the last possibility. However, our
algorithm, which is nothing but an approximation to the differential equation we have chosen, picks up demo-
cratically both solutions. Thus, although we start with thecorrect solution, when integrating we pick up the
undesired solution. In the next subsections we discuss how to cure this problem.

9.2.3 Schrödinger equation for spherical potentials

We discuss the numerical solution of the Schrödinger equation for the case of a particle with massm moving
in a spherical symmetric potential.

The initial eigenvalue equation reads

Ĥψ(r) = (T̂ + V̂)ψ(r) = Eψ(r). (9.13)

In detail this gives (
− ~2

2m
∇2 + V (r)

)
ψ(r) = Eψ(r). (9.14)

The eigenfunction in spherical coordinates takes the form

ψ(r) = R(r)Y m
l (θ, φ), (9.15)

and the radial partR(r) is a solution to

− ~2

2m

(
1

r2
d

dr
r2
d

dr
− l(l + 1)

r2

)
R(r) + V (r)R(r) = ER(r). (9.16)

Then we substituteR(r) = (1/r)u(r) and obtain

− ~2

2m

d2

dr2
u(r) +

(
V (r) +

l(l + 1)

r2
~2

2m

)
u(r) = Eu(r). (9.17)

We introduce a dimensionless variableρ = (1/α)r whereα is a constant with dimension length and get

− ~2

2mα2

d2

dρ2
u(ρ) +

(
V (ρ) +

l(l + 1)

ρ2

~2

2mα2

)
u(ρ) = Eu(ρ). (9.18)

In our case we are interested in attractive potentials

V (r) = −V0f(r), (9.19)
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whereV0 > 0 and analyze bound states whereE < 0. The final equation can be written as

d2

dρ2
u(ρ) + k(ρ)u(ρ) = 0, (9.20)

where

k(ρ) = γ

(
f(ρ)− 1

γ

l(l+ 1)

ρ2
− ǫ
)

γ =
2mα2V0

~2

ǫ =
|E|
V0

(9.21)

Schrödinger equation for a spherical box potential

Let us now specify the spherical symmetric potential to

f(r) =

{
1

−0
for

r ≤ a
r > a

(9.22)

and chooseα = a. Then

k(ρ) = γ

{
1− ǫ− 1

γ
l(l+1)

ρ2

−ǫ−− 1
γ

l(l+1)
ρ2

for
r ≤ a
r > a

(9.23)

The eigenfunctions in Eq. (9.14) are subject to conditions which limit the possible solutions. Of importance for
the present example is thatu(r) must be finite everywhere and

∫
|u(r)|2dτ must be finite. The last condition

means thatrR(r) −→ 0 for r −→∞. These conditions imply thatu(r) must be finite atr = 0 andu(r) −→ 0

for r −→∞.

Analysis ofu(ρ) at ρ = 0

For smallρ Eq. (9.20) reduces to
d2

dρ2
u(ρ)− l(l + 1)

ρ2
u(ρ) = 0, (9.24)

with solutionsu(ρ) = ρl+1 or u(ρ) = ρ−l. Since the final solution must be finite everywhere we get the
condition for our numerical solution

u(ρ) = ρl+1 for smallρ (9.25)

Analysis ofu(ρ) for ρ −→∞

For largeρ Eq. (9.20) reduces to
d2

dρ2
u(ρ)− γǫu(ρ) = 0 γ > 0, (9.26)

with solutionsu(ρ) = exp(±γǫρ) and the condition for largeρmeans that our numerical solution must satisfy

u(ρ) = e−γǫρ for largeρ (9.27)

As for the harmonic oscillator, we have two solutions at the boundaries which are very different and can
easily lead to totally worng and even diverging solutions ifwe just integrate from one endpoint to the other. In
the next section we discuss how to solve such problems.
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9.3 Numerical procedure, shooting and matching

The eigenvalue problem in Eq. (9.20) can be solved by the so-called shooting methods. In order to find a
bound state we start integrating, with a trial negative value for the energy, from small values of the variable
ρ, usually zero, and up to some large value ofρ. As long as the potential is significantly different from zero
the function oscillates. Outside the range of the potentialthe function will approach an exponential form. If
we have chosen a correct eigenvalue the function decreases exponentially asu(ρ) = e−γǫρ. However, due
to numerical inaccuracy the solution will contain small admixtures of the undesireable exponential growing
functionu(ρ) = e+γǫρ. The final solution will then become unstable. Therefore, itis better to generate two
solutions, with one starting from small values ofρ and integrate outwards to some matching pointρ = ρm.
We call that functionu<(ρ). The next solutionu>(ρ) is then obtained by integrating from some large value
ρ where the potential is of no importance, and inwards to the same matching pointρm. Due to the quantum
mechanical requirements the logarithmic derivative at thematching pointρm should be well defined. We
obtain the following condition

d
dρu

<(ρ)

u<(ρ)
=

d
dρu

>(ρ)

u>(ρ)
at ρ = ρm. (9.28)

We can modify this expression by normalizing the functionu<u<(ρm) = Cu>u>(ρm). Then Eq. (9.28)
becomes

d

dρ
u<(ρ) =

d

dρ
u>(ρ) at ρ = ρm (9.29)

For an arbitary value of the eigenvalue Eq. (9.28) will not besatisfied. Thus the numerical procedure will be
to iterate for different eigenvalues until Eq. (9.29) is satisfied.

We can calculate the first order derivatives by

d

dρ
u<(ρm) ≈ u<(ρm)− u<(ρm − h)

h

d

dρ
u>(ρm) ≈ u>(ρm)− u>(ρm + h)

h
(9.30)

Thus the criterium for a proper eigenfunction will be

f = u>(ρm + h)− u<(ρm − h) = 0. (9.31)

9.3.1 Algorithm for solving Schrödinger’s equation

Here we outline the solution of Schrödinger’s equation as a common differential equation but with boundary
conditions. The method combines shooting and matching. Theshooting part involves a guess on the exact
eigenvalue. This trial value is then combined with a standard method for root searching, e.g., the secant or
bisection methods discussed in chapter 5.

The algorithm could then take the following form

– Initialise the problem by choosing minimum and maximum values for the energy,Emin andEmax, the
maximum number of iterationsmax_iter and the desired numerical precision.

– Search then for the roots of the functionf , where the root(s) is(are) in the intervalE ∈ [Emin, Emax]

using for example the bisection method. Newton’s method, also discussed in chapter 5 requires an
analytic expression forf . A possible approach is to use the standard bisection methodfor localizing the
eigenvalue and then use the secant method to obtain a better estimate.

The pseudocode for such an approach can be written as

do {

i++;

e = (e_min+e_max)/2.; /* bisection */

if ( f(e)*f(e_max) > 0 ) {
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e_max = e; /* change search interval */

}

else {

e_min = e;

}

} while ( (fabs(f(e) > convergence_test) !! (i <= max_iterations))

The use of a root-searching method forms the shooting part ofthe algorithm. We have however not yet
specified the matching part.

– The matching part is given by the functionf(e) which receives as argument the present value ofE. This
function forms the core of the method and is based on an integration of Schrödinger’s equation from
ρ = 0 andρ =∞. If our choice ofE satisfies Eq. (9.31) we have a solution. The matching code is given
below. To choose the matching point it is convenient to startintegrating inwards, that is from the large
r-values. When the wave function turns, we use that point to define the matching point. The reason for
this is that we start integrating from a region which corresponds normally to classically forbidden ones,
and integrating into such regions leads normally to inaccurate solutions and the pick up of the undesired
solutions. The consequence is that the solution diverges. We can therefore define as a matching point
the classical turning point and start to integrate from large r-values. In the absence of such a point, we
can use the point where the wave function turns.

The functionf(E) above receives as input a guess for the energy. In the versionimplemented below, we
use the standard three-point formula for the second derivative, namely

f ′′
0 ≈

fh − 2f0 + f−h

h2
.

We leave it as an exercise to the reader to implement Numerov’s algorithm.

//

// The function

// f()

// calculates the wave function at fixed energy eigenvalue.

//

double f(double step, int max_step, double energy, double *w, double *wf)

{

int loop, loop_1,match;

double const sqrt_pi = 1.77245385091;

double fac, wwf, norm;

// adding the energy guess to the array containing the potential

for(loop = 0; loop <= max_step; loop ++) {

w[loop] = (w[loop] - energy) * step * step + 2;

}

// integrating from large r-values

wf[max_step] = 0.0;

wf[max_step - 1] = 0.5 * step * step;

// search for matching point

for(loop = max_step - 2; loop > 0; loop--) {

wf[loop] = wf[loop + 1] * w[loop + 1] - wf[loop + 2];

if(wf[loop] <= wf[loop + 1]) break;

}

match = loop + 1;

wwf = wf[match];

// start integrating up to matching point from r =0

wf[0] = 0.0;

wf[1] = 0.5 * step * step;

for(loop = 2; loop <= match; loop++) {

wf[loop] = wf[loop -1] * w[loop - 1] - wf[loop - 2];

if(fabs(wf[loop]) > INFINITY) {

for(loop_1 = 0; loop_1 <= loop; loop_1++) {
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wf[loop_1] /= INFINITY;

}

}

}

// now implement the test of Eq. (10.25)

return (wf[match-1]-wf[match+1]);

} // End: funtion plot()

The approach we have described here suffers from the fact that the matching point is not properly de-
fined. Using a Green’s function approach we can easily determine the matching point as the midpoint of the
integration interval and compute safely the solution. Thisis the topic of the next section.

9.4 Green’s function approach

A slightly different approach, which however still keeps the matching procedure discussed above, is based on
the computation of the Green’s function and its relation to the solution of a differential equation with boundary
values.

Consider the differential equation

− u(x)′′ = f(x), x ∈ (0, 1), u(0) = u(1) = 0, (9.32)

and using the fundamental theorem of calculus, there is a constantc1 such that

u(x) = c1 +

∫ x

0

u′(y)dy,

and a constantc2

u′(y) = c2 +

∫ y

0

u′′(z)dz.

This is true for any twice continuously differentiable function u
If u satisfies the above differential equation we have then

u′(y) = c2 −
∫ y

0

f(z)dz.

which inserted into the equation foru gives

u(x) = c1 + c2x−
∫ x

0

(∫ y

0

f(z)dz

)
dy,

and defining

F (y) =

∫ y

0

f(z)dz,

and performing an integration by parts we obtain
∫ x

0

F (y)dy =

∫ x

0

(∫ y

0

f(z)dz

)
dy =

∫ x

0

(x− y)f(y)dy.

This gives us

u(x) = c1 + c2x−
∫ x

0

(x− y)f(y)dy.

The boundary conditionu(0) = 0 yieldsc1 = 0 andu(1) = 0, resulting in

c2 =

∫ 1

0

(1− y)f(y)dy,
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meaning that we can write the solution as

u(x) = x

∫ 1

0

(1 − y)f(y)dy −
∫ x

0

(x− y)f(y)dy

The solution to our differential equation can be represented in a compact way using the so-called Green’s
functions, which are also solutions to our differential equation withf(x) = 0. If we then define the Green’s
function as

G(x, y) =

{
y(1− x) if 0 ≤ y ≤ x
x(1 − y) if x ≤ y ≤ 1

we can write the solution as

u(x) =

∫ 1

0

G(x, y)f(y)dy,

The Green’s function, see for example Refs. [51, 52] is

1. continuous

2. it is symmetric in the sense thatG(x, y) = G(y, x)

3. it has the propertiesG(0, y) = G(1, y) = G(x, 0) = G(x, 1) = 0

4. it is a piecewise linear function ofx for fixedy and vice versa.G′ is discontinuos aty = x.

5. G(x, y) ≥ 0 for all x, y ∈ [0, 1]

6. it is the solution of the differential equation

d2

dx2
G(x, y) = −δ(x− y).

The Green’s function can now be used to define the solution before and after a specific matching point in the
domain.

The Green’s function satisfies the homogeneous equation fory 6= x and its derivative is discontinuous at
x = y. We can see this if we integrate the differential equation

d2

dx2
G(x, y) = −δ(x− y)

from x = y − ǫ to x = y + ǫ, with ǫ as an infinitesmally small number. We obtain then

dG

dx
|x=y+ǫ −

dG

dx
|x=y−ǫ = 1.

The problem is obvioulsy to findG.
We can obtain this by considering two solutions of the homogenous equation. We choose a general domain

x ∈ [a, b] with a boundary condition on the general solutionu(a) = u(b) = 0.
One solution is obtained by integrating froma to b (calledu<) and one by integrating inward fromb to a,

labelledu>.
Using the continuity requirement on the function and its derivative we can compute the Wronskian [51, 52]

W =
du>

dx
u< −

du<

dx
u>,

and using
dG

dx
|x=y+ǫ −

dG

dx
|x=y−ǫ = 1,

and one can then show that the Green’s function reads

G(x, y) = u<(x<)u>(x>), (9.33)

272



9.4 – Green’s function approach

wherex< is defined forx = y − ǫ andx> = y + ǫ. Using the definition of the Green’s function in Eq. (9.33)
we can now solve Eq. (9.32) forx ∈ [a, b] using

u(x) = u>(x)

∫ x

a

u<(x′)f(x′)dx′ + u<(x)

∫ b

x

u>(x′)f(x′)dr′ (9.34)

The algorithm for solving Eq. (9.32) proceed now as follows:Your task is to choose a matching point, say
the midpoint, and then compute the Greens’ function after you have used Numerov’s algo to findu (inward
and outward integration for all points). Findu integrating with the Green’s function.

– Compute the solution of the homogeneous part of Eq. (9.32) using Numerov’s method. You should then
have both the inward and the outward solutions.

– Compute the Wronskian at the matching point using

du

dx
≈ u(x+ h)− u(x+ h)

2h
,

for the first derivative and choose the matching point as the midpoint. You should try the stability of the
solution by choosing other matching points as well.

– Compute then the outward integral of the Green’s function approach, including the inhomogeneous term.
For the integration one can employ for example Simpson’s rule discussed in chapter 4.

– Compute thereafter the inward integral of the Green’s function approach. Adding these two integrals
gives the resulting wave function of Eq. (9.34).

An example of a code which performs all these steps is listed here

void wfn(Array<double,2> &k, Array<double,2> &ubasis, Array<double,1> &r, Array<double,2>

&F,Array<double,1> &uin, Array<double,1> &uout)

{

int loop, loop_1, midpoint, j;

double norm, wronskian, sum, term;

ubasis=0;uin=0;uout=0;

// Compute inwards homogenous solution

for(j=0;j<mat_size;j++){

uin(max_step) = 0.0;

uin(max_step-1) = 1.0E-10;

for(loop = max_step-2; loop >= 0; loop--) {

uin(loop) = (2.0*(1.0-5.0*k(loop+1,j)/12.0)* uin(loop+1)- (1.0+k(loop+2,j)/12.0)*
uin(loop+2))/(1.0+k(loop,j)/12.0);

}

// Compute outwards homogenous solution

uout(0) = 0.0;

uout(1) = 1.0E-10;

for(loop = 2; loop <= max_step; loop++) {

uout(loop) = (2.0*(1.0-5.0*k(loop-1,j)/12.0)* uout(loop-1)-

(1.0+k(loop-2,j)/12.0)*uout(loop-2))/(1.0+k(loop,j)/12.0);

}

// Compute Wronskian at matching mid-point

midpoint = (max_step)/2;
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// first part of Wronskian

wronskian = (uin(midpoint+1)-uin(midpoint-1))* uout(midpoint)/(2*step);

// second part

wronskian -= (uout(midpoint+1)-uout(midpoint-1))* uin(midpoint)/(2*step);

// Outward integral of Greens function

sum = 0.0;

for(loop = 0; loop <= max_step; loop++) {

term = uout(loop)*F(loop,j);

sum += term;

ubasis(loop,j) = uin(loop)*sum*step;

}

// Inward integral of Greens function

sum = 0.0;

for(loop = max_step; loop >= 0; loop--) {

term = uin(loop)*F(loop,j);

sum += term;

ubasis(loop,j) = (ubasis(loop,j)+uout(loop)*sum*step)/wronskian;

}

// Compute the norm

for(loop = 0, norm = 0.0; loop <= max_step; loop++) {

norm += ubasis(loop,j)*ubasis(loop,j) * step;//wf[loop] * step;//fabs(wf[loop] *
step);//wf[loop]* wf[loop] * step;

}

if(fabs(norm) < 1.0e-15) {

printf("\n\nError in norm in function wfn(): ");

//exit(1);

}

norm = 1./sqrt(norm); //

for(loop = 0; loop <= max_step; loop++) {

ubasis(loop,j) *= norm;

}

}

} // End: funtion wfn()

9.5 Projects and exercises

Exercise 9.1: Solution of Poisson’s equation with the Green’s function method

In this project we will solve the one-dimensional Poissson equation

−u′′(x) = f(x), x ∈ (0, 1), u(0) = u(1) = 0.

with the inhomogeneous given byf(x) = 100e−10x. This equation hasu(x) = 1 − (1 − e−10)x − e−10x as
analytic solution.

Write a code which solves the above differential equation using Numerov’s algorithm and the Green’s
function method. Can you find an analytic expression for the Green’s function?

Compare these results with those obtained by solving the above differential equation as a set of linear
equations, as done in chapter 6. Which method would you prefer?
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Project 9.1: Solution of Schrödinger’s equation

We are going to study the solution of the Schrödinger equation for a system with a neutron and a proton
(the deuteron) for a simple box potential. This potential will later be replaced with a realistic one fitted to
experimental phase shifts.

We begin our discussion of the Schrödinger equation with theneutron-proton (deuteron) system with a box
potentialV (r). We define the radial part of the wave functionR(r) and introduce the definitionu(r) = rR(R)

The radial part of the SE for two particles in their center-of-mass system and with orbital momentuml = 0 is
then

− ~
2

2m

d2u(r)

dr2
+ V (r)u(r) = Eu(r), (9.35)

with

m = 2
mpmn

mp +mn
, (9.36)

wheremp andmn are the masses of the proton and neutron, respectively. We use herem = 938 MeV. Our
potential is defined as

V (r) =






0 r > a

−V0 0 < r ≤ a
∞ r ≤ 0

, (9.37)

displayed in Fig 9.1.

- x
0 a

−V0

V (x)

Figure 9.1: Example of a finite box potential with value−V0 in 0 < x ≤ a, infinitely large forx ≤ 0 and zero
else.

Bound states correspond to negative energyE and scattering states are given by positive energies. The SE
takes the form (without specifying the sign ofE)

d2u(r)

dr2
+
m

~2
(V0 + E)u(r) = 0 r < a, (9.38)
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and
d2u(r)

dr2
+
m

~2
Eu(r) = 0 r > a. (9.39)

a) We are now going to search for eventual bound states, i.e.,E < 0. The deuteron has only one bound
state at energyE = −2.223 MeV. Discuss the boundary conditions on the wave function and use these
to show that the solution to the SE is

u(r) = Asin(kr) r < a, (9.40)

and
u(r) = B exp (−βr) r > a, (9.41)

whereA andB are constants. We have also defined

k =
√
m(V0 − |E|)/~, (9.42)

and
β =

√
m|E|/~. (9.43)

Show then, using the continuity requirement on the wave function that atr = a you obtain the transcen-
dental equation

kcot(ka) = −β. (9.44)

b) Insert values ofV0 = 60 MeV anda = 1.45 fm (1 fm = 10−15 m) and make a plot of Eq. (9.44) as
function of energyE in order to find eventual eigenvalues. See if these values result in a bound state for
E.

When you have localized on your plot the point(s) where Eq. (9.44) is satisfied, obtain a numerical value
for E using for example Newton-Raphson’s method or similar methods, see chapter 5. To use these
functions you need to provide the functionkcot(ka) + β and its derivative as function ofE.

What is smallest possible value ofV0 which gives one bound state only?

c) Write a program which implements the Green’s function method using Numerov’s method for this po-
tential and find the lowest eigenvalue for the case thatV0 supports only one bound state. Use the results
from b) to guide your choice of trial eigenvalues. Plot the wave function and discuss your results.

d) We turn now to a fitted interaction which reproduces the low-lying phase shifts for scattering between
a proton and neutron. The parametrized version of this potential fits the experimental phase-shifts. It is
given by

V (r) = Va
e−ax

x
+ Vb

e−bx

x
+ Vc

e−cx

x
(9.45)

with x = µr, µ = 0.7 fm−1 (the inverse of the pion mass),Va = −10.463 MeV anda = 1, Vb =

−1650.6 MeV andb = 4 andVc = 6484.3 MeV andc = 7. Replace the box potential from point c) and
find the wave function and possible eigenvalues for this potential as well. Discuss your results.
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Chapter 10

Partial differential equations

10.1 Introduction

In the Natural Sciences we often encounter problems with many variables constrained by boundary conditions
and initial values. Many of these problems can be modelled aspartial differential equations. One case which
arises in many situations is the so-called wave equation whose one-dimensional form reads

∂2u

∂x2
= A

∂2u

∂t2
, (10.1)

whereA is a constant. The solutionu depends on both spatial and temporal variables, viz.u = u(x, t). In two
dimension we haveu = u(x, y, t). We will, unless otherwise stated, simply useu in our discussion below.
Familiar situations which this equation can model are waveson a string, pressure waves, waves on the surface
of a fjord or a lake, electromagnetic waves and sound waves tomention a few. For e.g., electromagnetic waves
we have the constantA = c2, with c the speed of light. It is rather straightforward to extend this equation to
two or three dimension. In two dimensions we have

∂2u

∂x2
+
∂2u

∂y2
= A

∂2u

∂t2
, (10.2)

In Chapter 12 we saw another case of a partial differential equation widely used in the Natural Sciences,
namely the diffusion equation whose one-dimensional version we derived from a Markovian random walk. It
reads

∂2u

∂x2
= A

∂u

∂t
, (10.3)

andA is in this case called the diffusion constant. It can be used to model a wide selection of diffusion
processes, from molecules to the diffusion of heat in a givenmaterial.

Another familiar equation from electrostatics is Laplace’s equation, which looks similar to the wave equa-
tion in Eq. (10.1) except that we have setA = 0

∂2u

∂x2
+
∂2u

∂y2
= 0, (10.4)

or if we have a finite electric charge represented by a charge densityρ(x) we have the familiar Poisson equation

∂2u

∂x2
+
∂2u

∂y2
= −4πρ(x). (10.5)

Other famous partial differential equations are the Helmholtz (or eigenvalue) equation, here specialized to
two dimensions only

− ∂2u

∂x2
− ∂2u

∂y2
= λu, (10.6)
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the linear transport equation (in2 + 1 dimensions) familiar from Brownian motion as well

∂u

∂x
+
∂u

∂x
+
∂u

∂y
= 0, (10.7)

and Schrödinger’s equation

−∂
2u

∂x2
− ∂2u

∂y2
+ f(x, y)u = ı

∂u

∂t
.

Important systems of linear partial differential equations are the famous Maxwell equations

∂E

∂t
= curlB; −curlE = B; divE = divB = 0.

Similarly, famous systems of non-linear partial differential equations are for example Euler’s equations for
incompressible, inviscid flow

∂u

∂t
+ u∇u = −Dp; divu = 0,

with p being the pressure and

∇ =
∂

∂x
ex +

∂

∂y
ey,

in the two dimensions. The unit vectors areex andey. Another example is the set of Navier-Stokes equations
for incompressible, viscous flow

∂u

∂t
+ u∇u−∆u = −Dp; divu = 0.

Ref. [53] contains a long list of interesting partial differential equations.
In this chapter we focus on so-called finite difference schemes and explicit and implicit methods. The

more advanced topic of finite element methods are not treatedin this text. For texts with several numerical
examples, see for example Refs. [49, 54].

As in the previous chapters we will focus mainly on widely used algorithms for solutions of partial dif-
ferential equations. A text like Evans’ [53] is highly recommended if one wishes to study the mathematical
foundations for partial differential equations, in particular how to determine the uniqueness and existence of a
solution. We assume that our problems are well-posed, strictly meaning that the problem has a solution, this
solution is unique and the solution depends continuously onthe data given by the problem. While Evans’ text
provides a rigorous mathematical exposition, the texts of Langtangen, Ramdas-Mohan, Winther and Tveito
and Evanset al. contain a more practical algorithmic approach see Refs. [49, 51, 54, 55].

A general partial differential equation with two given dimensions reads

A(x, y)
∂2u

∂x2
+B(x, y)

∂2u

∂x∂y
+ C(x, y)

∂2u

∂y2
= F (x, y, u,

∂u

∂x
,
∂u

∂y
), (10.8)

and if we set
B = C = 0, (10.9)

we recover the1 + 1-dimensional diffusion equation which is an example of a so-called parabolic partial
differential equation. With

B = 0, AC < 0 (10.10)

we get the2+1-dim wave equation which is an example of a so-called elliptic PDE, where more generally we
haveB2 > AC. ForB2 < AC we obtain a so-called hyperbolic PDE, with the Laplace equation in Eq. (10.4)
as one of the classical examples. These equations can all be easily extended to non-linear partial differential
equations and3 + 1 dimensional cases.

The aim of this chapter is to present some of the more familiardifference methods and their possible
implementations.
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10.2 – Diffusion equation

10.2 Diffusion equation

The diffusion equation describes in typical applications the evolution in time of the densityu of a quantity like
the particle density, energy density, temperature gradient, chemical concentrations etc.

The basis is the assumption that the flux densityρ obeys the Gauss-Green theorem
∫

V

divρdx =

∫

∂V

ρndS,

wheren is the unit outer normal field andV is a smooth region with the space where we seek a solution. The
Gauss-Green theorem leads to

divρ = 0.

Assuming that the flux is proportional to the gradient∇u but pointing in the opposite direction since the flow
is from regions of high concetration to lower concentrations, we obtain

ρ = −D∇u,

resulting in
div∇u = D∆u = 0,

which is Laplace’s equation, an equation whose one-dimensional version we met in chapter 6. The constantD

can be coupled with various physical constants, such as the diffusion constant or the specific heat and thermal
conductivity discussed below. We will discuss the solutionof the Laplace equation later in this chapter.

If we letu denote the concetration of a particle species, this resultsin Fick’s law of diffusion, see Ref. [56].
If it denotes the temperature gradient, we have Fourier’slaw of heat conduction and if it refers to the electro-
static potential we have Ohm’s law of electrical conduction.

Coupling the rate of change (temporal dependence) ofu with the flux density we have

∂u

∂t
= −divρ,

which results in
∂u

∂t
= Ddiv∇u = D∆u,

the diffusion equation, or heat equation.
If we specialize to the heat equation, we assume that the diffusion of heat through some material is pro-

portional with the temperature gradientT (x, t) and using conservation of energy we arrive at the diffusion
equation

κ

Cρ
∇2T (x, t) =

∂T (x, t)

∂t
(10.11)

whereC is the specific heat andρ the density of the material. Here we let the density be represented by a
constant, but there is no problem introducing an explicit spatial dependence, viz.,

κ

Cρ(x, t)
∇2T (x, t) =

∂T (x, t)

∂t
. (10.12)

Setting all constants equal to the diffusion constantD, i.e.,

D =
Cρ

κ
, (10.13)

we arrive at

∇2T (x, t) = D
∂T (x, t)

∂t
. (10.14)

Specializing to the1 + 1-dimensional case we have

∂2T (x, t)

∂x2
= D

∂T (x, t)

∂t
. (10.15)
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We note that the dimension ofD is time/length2. Introducing the dimensionless variablesαx̂ = x we get

∂2T (x, t)

α2∂x̂2
= D

∂T (x, t)

∂t
, (10.16)

and sinceα is just a constant we could defineα2D = 1 or use the last expression to define a dimensionless
time-variablêt. This yields a simplified diffusion equation

∂2T (x̂, t̂)

∂x̂2
=
∂T (x̂, t̂)

∂t̂
. (10.17)

It is now a partial differential equation in terms of dimensionless variables. In the discussion below, we will
however, for the sake of notational simplicity replacex̂ → x and t̂ → t. Moreover, the solution to the
1 + 1-dimensional partial differential equation is replaced byT (x̂, t̂)→ u(x, t).

10.2.1 Explicit scheme

In one dimension we have the following equation

∇2u(x, t) =
∂u(x, t)

∂t
, (10.18)

or
uxx = ut, (10.19)

with initial conditions, i.e., the conditions att = 0,

u(x, 0) = g(x) 0 < x < L (10.20)

with L = 1 the length of thex-region of interest. The boundary conditions are

u(0, t) = a(t) t ≥ 0, (10.21)

and
u(L, t) = b(t) t ≥ 0, (10.22)

wherea(t) andb(t) are two functions which depend on time only, whileg(x) depends only on the position
x. Our next step is to find a numerical algorithm for solving this equation. Here we recur to our familiar
equal-step methods discussed in Chapter 3 and introduce different step lengths for the space-variablex and
time t through the step length forx

∆x =
1

n+ 1
(10.23)

and the time step length∆t. The position afteri steps and time at time-stepj are now given by
{

tj = j∆t j ≥ 0

xi = i∆x 0 ≤ i ≤ n+ 1
(10.24)

If we then use standard approximations for the derivatives we obtain

ut ≈
u(x, t+ ∆t)− u(x, t)

∆t
=
u(xi, tj + ∆t)− u(xi, tj)

∆t
(10.25)

with a local approximation errorO(∆t) and

uxx ≈
u(x+ ∆x, t)− 2u(x, t) + u(x−∆x, t)

∆x2
, (10.26)

or

uxx ≈
u(xi + ∆x, tj)− 2u(xi, tj) + u(xi −∆x, tj)

∆x2
, (10.27)
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with a local approximation errorO(∆x2). Our approximation is to higher order in coordinate space. This can
be justified since in most cases it is the spatial dependence which causes numerical problems. These equations
can be further simplified as

ut ≈
ui,j+1 − ui,j

∆t
, (10.28)

and

uxx ≈
ui+1,j − 2ui,j + ui−1,j

∆x2
. (10.29)

The one-dimensional diffusion equation can then be rewritten in its discretized version as

ui,j+1 − ui,j

∆t
=
ui+1,j − 2ui,j + ui−1,j

∆x2
. (10.30)

Definingα = ∆t/∆x2 results in the explicit scheme

ui,j+1 = αui−1,j + (1− 2α)ui,j + αui+1,j . (10.31)

Since all the discretized initial values

a(t)

t

g(x)

b(t)

x

ui−1,j ui,j

ui,j+1

ui+1,j

-

6

Figure 10.1: Discretization of the integration area used inthe solution of the1 + 1-dimensional diffusion
equation. This discretization is often called calculational molecule.

ui,0 = g(xi), (10.32)

are known, then after one time-step the only unknown quantity is ui,1 which is given by

ui,1 = αui−1,0 + (1− 2α)ui,0 + αui+1,0 = αg(xi−1) + (1 − 2α)g(xi) + αg(xi+1). (10.33)

We can then obtainui,2 using the previously calculated valuesui,1 and the boundary conditionsa(t) andb(t).
This algorithm results in a so-called explicit scheme, since the next functionsui,j+1 are explicitely given by
Eq. (10.31). The procedure is depicted in Fig. 10.1.
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We specialize to the casea(t) = b(t) = 0 which results inu0,j = un+1,j = 0. We can then reformulate
our partial differential equation through the vectorVj at the timetj = j∆t

Vj =





u1,j

u2,j

. . .

un,j



 . (10.34)

This results in a matrix-vector multiplication

Vj+1 = ÂVj (10.35)

with the matrixÂ given by

Â =





1− 2α α 0 0 . . .

α 1− 2α α 0 . . .

. . . . . . . . . . . .

0 . . . 0 . . . α 1− 2α



 (10.36)

which means we can rewrite the original partial differential equation as a set of matrix-vector multiplications

Vj+1 = ÂVj = · · · = Âj+1V0, (10.37)

whereV0 is the initial vector at timet = 0 defined by the initial valueg(x). In the numerical implementation
one should avoid to treat this problem as a matrix vector multiplication since the matrix is triangular and at
most three elements in each row are different from zero.

It is rather easy to implement this matrix-vector multiplication as seen in the following piece of code

// First we set initialise the new and old vectors

// Here we have chosen the boundary conditions to be zero.

// n+1 is the number of mesh points in x

u[0] = unew[0] = u[n] = unew = 0.0;

for (int i = 1; i < n; i++) {

x = i*step;

// initial condition

u[i] = func(x);

// intitialise the new vector

unew[i] = 0;

}

// Time iteration

for (int t = 1; t <= tsteps; t++) {

for (int i = 1; i < n; i++) {

// Discretized diff eq

unew[i] = alpha * u[i-1] + (1 - 2*alpha) * u[i] + alpha * u[i+1];

}

// note that the boundaries are not changed.

However, although the explicit scheme is easy to implement,it has a very weak stability condition, given
by

∆t/∆x2 ≤ 1/2. (10.38)

This means that if∆x2 = 0.01, then∆ = 5× 10−5. This has obviously bad consequences if our time interval
is large. In order to derive this relation we need some results from studies of iterative schemes. If we require
that our solution approaches a definite value after a certainamount of time steps we need to require that the
so-called spectral radiusρ(Â) of our matrixÂ satisfies the condition

ρ(Â) < 1, (10.39)

see for example chapter 10 of Ref. [29] or chapter 4 of [24] forproofs. The spectral radius is defined as

ρ(Â) = max
{
|λ| : det(Â− λÎ) = 0

}
, (10.40)
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which is interpreted as the smallest number such that a circle with radius centered at zero in the complex plane
contains all eigenvalues of̂A. If the matrix is positive definite, the condition in Eq. (10.39) is always satisfied.

We can obtain analytic expressions for the eigenvalues ofÂ. To achieve this it is convenient to rewrite the
matrix as

Â = Î − αB̂,
with

B̂ =





2 −1 0 0 . . .

−1 2 −1 0 . . .

. . . . . . . . . . . .

0 . . . 0 . . . −1 2

.





The eigenvalues of̂A areλi = 1−αµi, with µi being the eigenvalues of̂B. To findµi we note that the matrix
elements ofB̂ are

bij = 2δij − δi+1j − δi−1j ,

meaning that we have the following set of eigenequations forcomponenti

(B̂x̂)i = µixi, (10.41)

resulting in

(B̂x̂)i =

n∑

j=1

(2δij − δi+1j − δi−1j)xj = 2xi − xi+1 − xi−1 = µixi. (10.42)

If we assume thatx can be expanded in a basis ofx = (sin(θ), sin(2θ), . . . , sin(nθ)) with θ = lπ/n + 1,
where we have the endpoints given byx0 = 0 andxn+1 = 0, we can rewrite the last equation as

2sin(iθ)− sin((i+ 1)θ)− sin((i− 1)θ) = µisin(iθ),

or
2 (1− cos(θ)) sin(iθ) = µisin(iθ),

which is nothing but
2 (1− cos(θ)) xi = µixi,

with eigenvaluesµi = 2− 2cos(θ).
Our requirement in Eq. (10.39) results in

−1 < 1− α2 (1− cos(θ)) < 1,

which is satisfied only ifα < (1− cos(θ))−1 resulting inα ≤ 1/2 or ∆t/∆x2 ≤ 1/2.

10.2.2 Implicit scheme

In deriving the equations for the explicit scheme we startedwith the so-called forward formula for the first
derivative, i.e., we used the discrete approximation

ut ≈
u(xi, tj + ∆t)− u(xi, tj)

∆t
. (10.43)

However, there is nothing which hinders us from using the backward formula

ut ≈
u(xi, tj)− u(xi, tj −∆t)

∆t
, (10.44)

still with a truncation error which goes likeO(∆t). We could also have used a midpoint approximation for the
first derivative, resulting in

ut ≈
u(xi, tj + ∆t)− u(xi, tj −∆t)

2∆t
, (10.45)
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with a truncation errorO(∆t2). Here we will stick to the backward formula and come back to the latter below.
For the second derivative we use however

uxx ≈
u(xi + ∆x, tj)− 2u(xi, tj) + u(xi −∆x, tj)

∆x2
, (10.46)

and define againα = ∆t/∆x2. We obtain now

ui,j−1 = −αui−1,j + (1 − 2α)ui,j − αui+1,j . (10.47)

Hereui,j−1 is the only unknown quantity. Defining the matrix̂A

Â =





1 + 2α −α 0 0 . . .

−α 1 + 2α −α 0 . . .

. . . . . . . . . . . .

0 . . . 0 . . . −α 1 + 2α



 , (10.48)

we can reformulate again the problem as a matrix-vector multiplication

ÂVj = Vj−1 (10.49)

meaning that we can rewrite the problem as

Vj = Â−1Vj−1 = Â−1
(
Â−1Vj−2

)
= · · · = Â−jV0. (10.50)

This is an implicit scheme since it relies on determining thevectorui,j−1 instead ofui,j+1. If α does not
depend on timet, we need to invert a matrix only once. Alternatively we can solve this system of equations
using our methods from linear algebra discussed in chapter 6. These are however very cumbersome ways of
solving since they involve∼ O(N3) operations for aN × N matrix. It is much faster to solve these linear
equations using methods for tridiagonal matrices, since these involve only∼ O(N) operations. The function
tridag of Ref. [37] is suitbale for these tasks.

The implicit scheme is always stable since the spectral radius satisfiesρ(Â) < 1. We could have inferred
this by noting that the matrix is positive definite, viz. all eigenvalues are larger than zero. We see this from
the fact thatÂ = Î + αB̂ has eigenvaluesλi = 1 + α(2 − 2cos(θ)) which satisfyλi > 1. Since it is the
inverse which stands to the right of our iterative equation,we haveρ(Â−1) < 1 and the method is stable for
all combinations of∆t and∆x. The calculational molecule for the implicit scheme is shown in Fig. 10.2.

Program example for implicit equation

We show here parts of a simple example of how to solve the one-dimensional diffusion equation using the
implicit scheme discussed above. The program uses the function to solve linear equations with a tridiagonal
matrix discussed in chapter 6.

// parts of the function for backward Euler

void backward_euler(int xsteps, int tsteps, double delta_x, double alpha)

{

double *v, *r, a, b, c;

v = new double[xsteps+1]; // This is u

r = new double[xsteps+1]; // Right side of matrix equation Av=r

// Initialize vectors

for (int i = 0; i < xsteps; i++) {

r[i] = v[i] = func(delta_x*i);

}

r[xsteps] = v[xsteps] = 0;

// Matrix A, only constants

a = c = - alpha;
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b = 1 + 2*alpha;

// Time iteration

for (int t = 1; t <= tsteps; t++) {

// here we solve the tridiagonal linear set of equations

tridag(a, b, c, r, v, x_steps+1);

// boundary conditions

v[0] = 0;

v[xsteps] = 0;

for (int i = 0; i <= x_steps; i++) {

r[i] = v[i];

}

}

...

}

// Function used to solve systems of equations for tridiagonal matrices

void tridag(double a, double b, double c, double *r, double *u, int n)

{

double bet, *gam;

gam = new double[n];

bet = b;

// forward substitution

u[0]=r[0]/bet;

for (int j=1;j<n;j++) {

gam[j] = c/bet;

bet = b - a*gam[j];

if (bet == 0.0) {cout << "Error 2 in tridag" << endl;}

u[j] = (r[j] - a*u[j-1])/bet;

}

// backward substitution

for (int j=n-2; j>=0; j--) {u[j] -= gam[j+1]*u[j+1];}

delete [] gam;

}

10.2.3 Crank-Nicolson scheme

It is possible to combine the implicit and explicit methods in a slightly more general approach. Introducing a
parameterθ (the so-calledθ-rule) we can set up an equation

θ

∆x2
(ui−1,j − 2ui,j + ui+1,j) +

1− θ
∆x2

(ui+1,j−1 − 2ui,j−1 + ui−1,j−1) =
1

∆t
(ui,j − ui,j−1) , (10.51)

which forθ = 0 yields the forward formula for the first derivative and the explicit scheme, whileθ = 1 yields
the backward formula and the implicit scheme. These two schemes are called the backward and forward Euler
schemes, respectively. Forθ = 1/2 we obtain a new scheme after its inventors, Crank and Nicolson. This
scheme yields a truncation in time which goes likeO(∆t2) and it is stable for all possible combinations of∆t

and∆x.
Using our previous definition ofα = ∆t/∆x2 we can rewrite the latter equation as

− αui−1,j + (2 + 2α)ui,j − αui+1,j = αui−1,j−1 + (2− 2α)ui,j−1 + αui+1,j−1, (10.52)

or in matrix-vector form as (
2Î + αB̂

)
Vj =

(
2Î − αB̂

)
Vj−1, (10.53)

where the vectorVj is the same as defined in the implicit case while the matrixB̂ is

B̂ =





2 −1 0 0 . . .

−1 2 −1 0 . . .

. . . . . . . . . . . .

0 . . . 0 . . . 2



 (10.54)
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We can rewrite the Crank-Nicolson scheme as follows

Vj =
(
2Î + αB̂

)−1 (
2Î − αB̂

)
Vj−1. (10.55)

We have already obtained the eigenvalues for the two matrices
(
2Î + αB̂

)
and

(
2Î − αB̂

)
. This means that

the spectral function has to satisfy

ρ(
(
2Î + αB̂

)−1 (
2Î − αB̂

)
) < 1,

meaning that ∣∣∣((2 + αµi)
−1

(2− αµi)
∣∣∣ < 1,

and sinceµi = 2 − 2cos(θ) we have0 < µi < 4. A little algebra shows that the algorithm is stable for all
possible values of∆t and∆x.

The calculational molecule for the Crank-Nicolson scheme is shown in Fig. 10.3.

Parts of code for the Crank-Nicolson scheme

We can code in an efficient way the Crank-Nicolson algortihm by first multplying the matrix

Ṽj−1 =
(
2Î − αB̂

)
Vj−1,

with our previous vectorVj−1 using the matrix-vector multiplication algorithm for a tridiagonal matrix, as
done in the forward-Euler scheme. Thereafter we can solve the equation

(
2Î + αB̂

)
Vj = Ṽj−1,

using our method for systems of linear equations with a tridiagonal matrix, as done for the backward Euler
scheme.

We illustrate this in the following part of our program.

void crank_nicolson(int xsteps, int tsteps, double delta_x, double alpha)

{

double *v, a, b, c, *r;

v = new double[xsteps+1]; // This is u

r = new double[xsteps+1]; // Right side of matrix equation Av=r

....

// setting up the matrix

a = c = - alpha;

b = 2 + 2*alpha;

// Time iteration

for (int t = 1; t <= tsteps; t++) {

// Calculate r for use in tridag, right hand side of the Crank Nicolson method

for (int i = 1; i < xsteps; i++) {

r[i] = alpha*v[i-1] + (2 - 2*alpha)*v[i] + alpha*v[i+1];

}

r[0] = 0;

r[xsteps] = 0;

// Then solve the tridiagonal matrix

tridag(a, b, c, r, v, xsteps+1);

v[0] = 0;

v[xsteps] = 0;

....

}
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Figure 10.2: Calculational molecule for the implicit scheme.
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Figure 10.3: Calculational molecule for the Crank-Nicolson scheme.
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10.2.4 Numerical truncation

We start with the forward Euler scheme and Taylor expandu(x, t+ ∆t), u(x+ ∆x, t) andu(x−∆x, t)

u(x+ ∆x, t) = u(x, t) + ∂u(x,t)
∂x ∆x+ ∂2u(x,t)

2∂x2 ∆x2 +O(∆x3), (10.56)

u(x−∆x, t) = u(x, t)− ∂u(x,t)
∂x ∆x+ ∂2u(x,t)

2∂x2 ∆x2 +O(∆x3),

u(x, t+ ∆t) = u(x, t) + ∂u(x,t)
∂t ∆t+O(∆t2).

With these Taylor expansions the approximations for the derivatives takes the form

[
∂u(x,t)

∂t

]

approx
= ∂u(x,t)

∂t +O(∆t), (10.57)
[

∂2u(x,t)
∂x2

]

approx
= ∂2u(x,t)

∂x2 +O(∆x2).

It is easy to convince oneself that the backward Euler methodmust have the same truncation errors as the
forward Euler scheme.

For the Crank-Nicolson scheme we also need to Taylor expandu(x+ ∆x, t+ ∆t) andu(x−∆x, t+ ∆t)

aroundt′ = t+ ∆t/2.

u(x+ ∆x, t+ ∆t) = u(x, t′) + ∂u(x,t′)
∂x ∆x+ ∂u(x,t′)

∂t
∆t
2 + ∂2u(x,t′)

2∂x2 ∆x2 + ∂2u(x,t′)
2∂t2

∆t2

4 +

∂2u(x,t′)
∂x∂t

∆t
2 ∆x+O(∆t3)

u(x−∆x, t+ ∆t) = u(x, t′)− ∂u(x,t′)
∂x ∆x+ ∂u(x,t′)

∂t
∆t
2 + ∂2u(x,t′)

2∂x2 ∆x2 + ∂2u(x,t′)
2∂t2

∆t2

4 −
∂2u(x,t′)

∂x∂t
∆t
2 ∆x+O(∆t3)

u(x+ ∆x, t) = u(x, t′) + ∂u(x,t′)
∂x ∆x− ∂u(x,t′)

∂t
∆t
2 + ∂2u(x,t′)

2∂x2 ∆x2 + ∂2u(x,t′)
2∂t2

∆t2

4 −
∂2u(x,t′)

∂x∂t
∆t
2 ∆x+O(∆t3)

u(x−∆x, t) = u(x, t′)− ∂u(x,t′)
∂x ∆x− ∂u(x,t′)

∂t
∆t
2 + ∂2u(x,t′)

2∂x2 ∆x2 + ∂2u(x,t′)
2∂t2

∆t2

4 +

∂2u(x,t′)
∂x∂t

∆t
2 ∆x+O(∆t3)

u(x, t+ ∆t) = u(x, t′) + ∂u(x,t′)
∂t

∆t

2 + ∂2u(x,t′)
2∂t2 ∆t2 +O(∆t3)

u(x, t) = u(x, t′)− ∂u(x,t′)
∂t

∆t
2 + ∂2u(x,t′)

2∂t2 ∆t2 +O(∆t3)

We now insert these expansions in the approximations for thederivatives to find

[
∂u(x,t′)

∂t

]

approx
= ∂u(x,t′)

∂t +O(∆t2), (10.58)
[

∂2u(x,t′)
∂x2

]

approx
= ∂2u(x,t′)

∂x2 +O(∆x2).

The following table summarizes the three methods.

Scheme: Truncation Error: Stability requirements:

Crank-Nicolson O(∆x2) andO(∆t2) Stable for all∆t and∆x.
Backward Euler O(∆x2) andO(∆t) Stable for all∆t and∆x.
Forward Euler O(∆x2) andO(∆t) ∆t ≤ 1

2∆x2

Table 10.1: Comparison of the different schemes.
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10.2.5 Analytic solution for the one-dimensional diffusion equation

It cannot be repeated enough, it is always useful to find caseswhere one can compare the numerics and the
developed algorithms and codes with analytic solution. Theabove case is also particularly simple. We have
the following partial differential equation

∇2u(x, t) =
∂u(x, t)

∂t
,

with initial conditions
u(x, 0) = g(x) 0 < x < L.

The boundary conditions are

u(0, t) = 0 t ≥ 0, u(L, t) = 0 t ≥ 0,

We assume that we have solutions of the form (separation of variable)

u(x, t) = F (x)G(t). (10.59)

which inserted in the partial differential equation results in

F ′′

F
=
G′

G
, (10.60)

where the derivative is with respect tox on the left hand side and with respect tot on right hand side. This
equation should hold for allx andt. We must require the rhs and lhs to be equal to a constant. We call this
constant−λ2. This gives us the two differential equations,

F ′′ + λ2F = 0; G′ = −λ2G, (10.61)

with general solutions

F (x) = A sin(λx) +B cos(λx); G(t) = Ce−λ2t. (10.62)

To satisfy the boundary conditions we requireB = 0 andλ = nπ/L. One solution is therefore found to be

u(x, t) = An sin(nπx/L)e−n2π2t/L2

. (10.63)

But there are infinitely many possiblen values (infinite number of solutions). Moreover, the diffusion equation
is linear and because of this we know that a superposition of solutions will also be a solution of the equation.
We may therefore write

u(x, t) =

∞∑

n=1

An sin(nπx/L)e−n2π2t/L2

. (10.64)

The coefficientAn is in turn determined from the initial condition. We require

u(x, 0) = g(x) =

∞∑

n=1

An sin(nπx/L). (10.65)

The coefficientAn is the Fourier coefficients for the functiong(x). Because of this,An is given by (from the
theory on Fourier series)

An =
2

L

∫ L

0

g(x) sin(nπx/L)dx. (10.66)

Differentg(x) functions will obviously result in different results forAn. A good discussion on Fourier series
and their links with partial differential equations can be found in Ref. [51].
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10.3 Laplace’s and Poisson’s equations

Laplace’s equation reads
∇2u(x) = uxx + uyy = 0. (10.67)

with possible boundary conditionsu(x, y) = g(x, y) on the borderδΩ. There is no time-dependence. We seek
a solution in the regionΩ and we choose a quadratic mesh with equally many steps in bothdirections. We
could choose the grid to be rectangular or following polar coordinatesr, θ as well. Here we choose equal steps
lengths in thex and they directions. We set

h = ∆x = ∆y =
L

n+ 1
,

whereL is the length of the sides and we haven+ 1 points in both directions.
The discretized version reads

uxx ≈
u(x+ h, y)− 2u(x, y) + u(x− h, y)

h2
, (10.68)

and

uyy ≈
u(x, y + h)− 2u(x, y) + u(x, y − h)

h2
, (10.69)

which we rewrite as

uxx ≈
ui+1,j − 2ui,j + ui−1,j

h2
, (10.70)

and

uyy ≈
ui,j+1 − 2ui,j + ui,j−1

h2
, (10.71)

which gives when inserted in Laplace’s equation

ui,j =
1

4
[ui,j+1 + ui,j−1 + ui+1,j + ui−1,j ] . (10.72)

This is our final numerical scheme for solving Laplace’s equation. Poisson’s equation adds only a minor
complication to the above equation since in this case we have

uxx + uyy = −ρ(x, y),

and we need only to add a discretized version ofρ(x) resulting in

ui,j =
1

4
[ui,j+1 + ui,j−1 + ui+1,j + ui−1,j ] +

h2

4
ρi,j . (10.73)

The boundary condtions read
ui,0 = gi,0 0 ≤ i ≤ n+ 1,

ui,L = gi,0 0 ≤ i ≤ n+ 1,

u0,j = g0,j 0 ≤ j ≤ n+ 1,

and
uL,j = gL,j 0 ≤ j ≤ n+ 1.

The calculational molecule for the Laplace operator of Eq. (10.72) is shown in Fig. 10.4.
With n+ 1 mesh points the equations foru result in a system of(n+ 1)2 linear equations in the(n+ 1)2

unknownui,j . One can show that there exist unique solutions for the Laplace and Poisson problems, see for
example Ref. [51] for proofs. However, solving these equations using for example the LU decomposition
techniques discussed in chapter 6 becomes inefficient sincethe matrices are sparse. The relaxation techniques
discussed below are more efficient.
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10.3.1 Jacobi Algorithm for solving Laplace’s equation

It is fairly straightforward to extend this equation to the three-dimensional case. Whether we solve Eq. (10.72)
or Eq. (10.73), the solution strategy remains the same. We know the values ofu at i = 0 or i = n + 1 and at
j = 0 or j = n+ 1 but we cannot start at one of the boundaries and work our way into and across the system
since Eq. (10.72) requires the knowledge ofu at all of the neighbouring points in order to calculateu at any
given point.

The way we solve these equations is based on an iterative scheme called the Jacobi method or relaxation
method. See for example Refs. [51, 53] for a discussion of therelaxation method and its pertinent proofs. Its
steps are rather simple. We start with an initial guess foru

(0)
i,j where all values are known. To obtain a new

solution we solve Eq. (10.72) or Eq. (10.73) in order to obtain a new solutionu(1)
i,j . Most likely this solution

will not be a solution to Eq. (10.72). This solution is in turnused to obtain a new and improvedu(2)
i,j . We

continue this process till we obtain a result which satisfiessome specific convergence criterion. Summarized,
this algorithm reads

1. Make an initial guess forui,j at all interior points(i, j) for all i = 1 : n andj = 1 : n

2. Use Eq. (10.72) to computeum at all interior points(i, j). The indexm stands for iteration numberm.

3. Stop if prescribed convergence threshold is reached, otherwise continue on next step.

4. Update the new value ofu for the given iteration

5. Go to step 2

A simple example may help in visualizing this method. We consider a condensator with parallel plates
separated at a distanceL resulting in e.g., the voltage differencesu(x, 0) = 100sin(2πx/L) andu(x, 1) =

−100sin(2πx/L). These are our boundary conditions and we ask what is the voltageu between the plates?
To solve this problem numerically we provide below a Fortranprogram which solves iteratively Eq. (10.72).
Only the part which computes Eq. (10.72) is included here.

....

! define the step size

h = (xmax-xmin)/FLOAT(ndim+1)

length = xmax-xmin

! allocate space for the vector u and the temporary vector to

! be upgraded in every iteration

ALLOCATE ( u( ndim, ndim) )

ALLOCATE ( u_temp( ndim, ndim) )

pi = ACOS(-1.)

! set up of initial conditions at t = 0 and boundary conditions

u = 0.

DO i=1, ndim

x = i*h*pi/length

u(i,1) = func(x)

u(i,ndim) = -func(x)

ENDDO

! iteration algorithm starts here

iterations = 0

DO WHILE ( (iterations <= 20) .OR. ( diff > 0.00001) )

u_temp = u; diff = 0.

DO j = 2, ndim - 1

DO l = 2, ndim -1

u(j,l) = 0.25*(u_temp(j+1,l)+u_temp(j-1,l)+ &

u_temp(j,l+1)+u_temp(j,l-1))

diff = diff + ABS(u_temp(i,j)-u(i,j))

ENDDO

ENDDO

iterations = iterations + 1

diff = diff/(ndim+1)**2

ENDDO
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The important part of the algorithm is applied in the function which sets up the two-dimensional Laplace
equation. There we have a do-while statement which tests thedifference between the temporary vector and
the solutionui,j . Moreover, we have fixed the number of iterations to be at most20. This is sufficient for the
above problem, but for more general applications you need totest the convergence of the algorithm.

While the Jacobi iteration scheme is very simple and parallelizable, its slow convergence rate renders it
impractical for any "real world" applications. One way to speed up the convergent rate would be to "over
predict" the new solution by linear extrapolation. This leads to the Successive Over Relaxation scheme, see
chapter 19.5 on relaxation methods for boundary value problems of Ref. [37].

10.4 Wave equation in two dimensions

The1 + 1-dimensional wave equation reads

∂2u

∂x2
=
∂2u

∂t2
, (10.74)

with u = u(x, t) and we have assumed that we operate with dimensionless variables. Possible boundary and
initial conditions withL = 1 are






uxx = utt x ∈ (0, 1), t > 0

u(x, 0) = g(x) x ∈ (0, 1)

u(0, t) = u(1, t) = 0 t > 0

∂u/∂t|t=0 = 0 x ∈ (0, 1)

. (10.75)

We discretize again time and position,

uxx ≈
u(x+ ∆x, t)− 2u(x, t) + u(x−∆x, t)

∆x2
, (10.76)

and

utt ≈
u(x, t+ ∆t)− 2u(x, t) + u(x, t−∆t)

∆t2
, (10.77)

which we rewrite as

uxx ≈
ui+1,j − 2ui,j + ui−1,j

∆x2
, (10.78)

and

utt ≈
ui,j+1 − 2ui,j + ui,j−1

∆t2
, (10.79)

resulting in

ui,j+1 = 2ui,j − ui,j−1 +
∆t2

∆x2
(ui+1,j − 2ui,j + ui−1,j) . (10.80)

If we assume that all values at timest = j andt = j − 1 are known, the only unknown variable isui,j+1

and the last equation yields thus an explicit scheme for updating this quantity. We have thus an explicit finite
difference scheme for computing the wave functionu. The only additional complication in our case is the
initial condition given by the first derivative in time, namely ∂u/∂t|t=0 = 0. The discretized version of this
first derivative is given by

ut ≈
u(xi, tj + ∆t)− u(xi, tj −∆t)

2∆t
, (10.81)

and att = 0 it reduces to
ut ≈

ui,+1 − ui,−1

2∆t
= 0, (10.82)

implying thatui,+1 = ui,−1. If we insert this condition in Eq. (10.80) we arrive at a special formula for the
first time step

ui,1 = ui,0 +
∆t2

2∆x2
(ui+1,0 − 2ui,0 + ui−1,0) . (10.83)
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We need seemingly two different equations, one for the first time step given by Eq. (10.83) and one for all other
time-steps given by Eq. (10.80). However, it suffices to use Eq. (10.80) for all times as long as we provide
u(i,−1) using

ui,−1 = ui,0 +
∆t2

2∆x2
(ui+1,0 − 2ui,0 + ui−1,0) , (10.84)

in our setup of the initial conditions.
The situation is rather similar for the2 + 1-dimensional case, except that we now need to discretize the

spatialy-coordinate as well. Our equations will now depend on three variables whose discretized versions are
now 





tl = l∆t l ≥ 0

xi = i∆x 0 ≤ i ≤ nx

yj = j∆y 0 ≤ j ≤ ny

, (10.85)

and we will let∆x = ∆y = h andnx = ny for the sake of simplicity. The equation with initial and boundary
conditions reads now 





uxx + uyy = utt x, y ∈ (0, 1), t > 0

u(x, y, 0) = g(x, y) x, y ∈ (0, 1)

u(0, 0, t) = u(1, 1, t) = 0 t > 0

∂u/∂t|t=0 = 0 x, y ∈ (0, 1)

. (10.86)

We have now the following discretized partial derivatives

uxx ≈
ul

i+1,j − 2ul
i,j + ul

i−1,j

h2
, (10.87)

and

uyy ≈
ul

i,j+1 − 2ul
i,j + ul

i,j−1

h2
, (10.88)

and

utt ≈
ul+1

i,j − 2ul
i,j + ul−1

i,j

∆t2
, (10.89)

which we merge into the discretized2 + 1-dimensional wave equation as

ul+1
i,j = 2ul

i,j − ul−1
i,j +

∆t2

h2

(
ul

i+1,j − 4ul
i,j + ul

i−1,j + ul
i,j+1 + ul

i,j−1

)
, (10.90)

where again we have an explicit scheme withul+1
i,j as the only unknown quantity. It is easy to account for

different step lengths forx andy. The partial derivative is treated in much the same way as forthe one-
dimensional case, except that we now have an additional index due to the extra spatial dimension, viz., we
need to computeu−1

i,j through

u−1
i,j = u0

i,j +
∆t

2h2

(
u0

i+1,j − 4u0
i,j + u0

i−1,j + u0
i,j+1 + u0

i,j−1

)
, (10.91)

in our setup of the initial conditions.

10.4.1 Analytic solution

We develop here the analytic solution for the2 + 1 dimensional wave equation with the following boundary
and initial conditions 





c2(uxx + uyy) = utt x, y ∈ (0, L), t > 0

u(x, y, 0) = f(x, y) x, y ∈ (0, L)

u(0, 0, t) = u(L,L, t) = 0 t > 0

∂u/∂t|t=0 = g(x, y) x, y ∈ (0, L)

.

Our first step is to make the ansatz
u(x, y, t) = F (x, y)G(t),
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resulting in the equation
FGtt = c2(FxxG+ FyyG),

or
Gtt

c2G
=

1

F
(Fxx + Fyy) = −ν2.

The lhs and rhs are independent of each other and we obtain twodifferential equations

Fxx + Fyy + Fν2 = 0,

and
Gtt +Gc2ν2 = Gtt +Gλ2 = 0,

with λ = cν. We can in turn make the following ansatz for thex andy dependent part

F (x, y) = H(x)Q(y),

which results in
1

H
Hxx = − 1

Q
(Qyy +Qν2) = −κ2.

Since the lhs and rhs are again independent of each other, we can separate the latter equation into two inde-
pendent equations, one forx and one fory, namely

Hxx + κ2H = 0,

and
Qyy + ρ2Q = 0,

with ρ2 = ν2 − κ2.
The second step is to solve these differential equations, which all have trigonometric functions as solutions,

viz.
H(x) = A cos(κx) +B sin(κx),

and
Q(y) = C cos(ρy) +D sin(ρy).

The boundary conditions require thatF (x, y) = H(x)Q(y) are zero at the boundaries, meaning thatH(0) =

H(L) = Q(0) = Q(L) = 0. This yields the solutions

Hm(x) = sin(
mπx

L
) Qn(y) = sin(

nπy

L
),

or
Fmn(x, y) = sin(

mπx

L
) sin(

nπy

L
).

With ρ2 = ν2 − κ2 andλ = cν we have an eigenspectrumλ = c
√
κ2 + ρ2 or λmn = cπ/L

√
m2 + n2. The

solution forG is
Gmn(t) = Bmn cos(λmnt) +Dmn sin(λmnt),

with the general solution of the form

u(x, y, t) =

∞∑

mn=1

umn(x, y, t) =

∞∑

mn=1

Fmn(x, y)Gmn(t).

The final step is to determine the coefficientsBmn andDmn from the Fourier coefficients. The equations
for these are determined by the initial conditionsu(x, y, 0) = f(x, y) and∂u/∂t|t=0 = g(x, y). The final
expressions are

Bmn =
2

L

∫ L

0

∫ L

0

dxdyf(x, y) sin(
mπx

L
) sin(

nπy

L
),

and

Dmn =
2

L

∫ L

0

∫ L

0

dxdyg(x, y) sin(
mπx

L
) sin(

nπy

L
).

Inserting the particular functional forms off(x, y) andg(x, y) one obtains the final analytic expressions.
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10.5 Exercises and projects

Project 10.1: two-dimensional wave equation

Consider the two-dimensional wave equation for a vibratingmembrane given by the following initial and
boundary conditions 





uxx + uyy = utt x, y ∈ (0, 1), t > 0

u(x, y, 0) = sin(x)cos(y) x, y ∈ (0, 1)

u(0, 0, t) = u(1, 1, t) = 0 t > 0

∂u/∂t|t=0 = 0 x, y ∈ (0, 1)

.

a) Find the analytic solution for this equation using the technique of separation of variables.

b) Write down the algorithm for solving this equation and setup a program to solve the discretized wave
equation. Compare your results with the analytic solution.Use a quadratic grid.

c) Consider thereafter a2 + 1 dimensional wave equation with variable velocity, given by

∂2u

∂t2
= ∇(λ(x, y)∇u).

If λ is constant, we obtain the standard wave equation discussedin the two previous points. The solution
u(x, y, t) could represent a model for water waves. It represents then the surface elevation from still
water. The functionλ simulates the water depth using for example measurements ofstill water depths
in say a fjord or the north sea. The boundary conditions are then determined by the coast lines. You can
discretize

∇(λ(x, y)∇u) =
∂

∂x

(
λ(x, y)

∂u

∂x

)
+

∂

∂y

(
λ(x, y)

∂u

∂y

)
,

as follows using again a quadratic domain forx andy:

∂

∂x

(
λ(x, y)

∂u

∂x

)
≈ 1

∆x

(
λi+1/2,j

[
ul

i+1,j − ul
i,j

∆x

]
− λi−1/2,j

[
ul

i,j − ul
i−1,j

∆x

])
,

and
∂

∂y

(
λ(x, y)

∂u

∂y

)
≈ 1

∆y

(
λi,j+1/2

[
ul

i,j+1 − ul
i,j

∆y

]
− λi,j−1/2

[
ul

i,j − ul
i,j−1

∆y

])
.

Convince yourself that this equation has the same truncation error as the expressions used in a) and b)
and that they result in the same equations whenλ is a constant.

d) Develop an algorithm for solving the new wave equation andwrite a program which implements it.

Project 10.2, one- and two-dimensional diffusion equations

We are looking at a one-dimensional problem

∂2u(x, t)

∂x2
=
∂u(x, t)

∂t
, t > 0, x ∈ [0, L] (10.92)

or
uxx = ut, (10.93)

with initial conditions, i.e., the conditions att = 0,

u(x, 0) = 0 0 < x < L (10.94)

with L = 1 the length of thex-region of interest. The boundary conditions are

u(0, t) = 0 t > 0, (10.95)
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and
u(L, t) = 1 t > 0. (10.96)

The functionu(x, t) can be the temperature gradient of a the rod or represent the fluid velocity in a direction
parallel to the plates, that is normal to thex-axis. In the latter case, for smallt, only the part of the fluid close
to the moving plate is set in significant motion, resulting ina thin boundary layer atx = L. As time increases,
the velocity approaches a linear variation withx. In this case, which can be derived from the incompressible
Navier-Stokes, the above equations constitute a model for studying friction between moving surfaces separated
by a thin fluid film.

In this project we want to study the numerical stability of three methods for partial differential equations
(PDEs). These methods are

1. The explicit forward Euler algorithm with discretized versions of time given by a forward formula and
a centered difference in space resulting in

ut ≈
u(x, t+ ∆t)− u(x, t)

∆t
=
u(xi, tj + ∆t)− u(xi, tj)

∆t
(10.97)

and

uxx ≈
u(x+ ∆x, t) − 2u(x, t) + u(x−∆x, t)

∆x2
, (10.98)

or

uxx ≈
u(xi + ∆x, tj)− 2u(xi, tj) + u(xi −∆x, tj)

∆x2
. (10.99)

2. The implicit Backward Euler with

ut ≈
u(x, t)− u(x, t−∆t)

∆t
=
u(xi, tj)− u(xi, tj −∆t)

∆t
(10.100)

and

uxx ≈
u(x+ ∆x, t) − 2u(x, t) + u(x−∆x, t)

∆x2
, (10.101)

or

uxx ≈
u(xi + ∆x, tj)− 2u(xi, tj) + u(xi −∆x, tj)

∆x2
, (10.102)

3. Finally we use the implicit Crank-Nicolson scheme with a time-centered scheme at(x, t+ ∆t/2)

ut ≈
u(x, t+ ∆t)− u(x, t)

∆t
=
u(xi, tj + ∆t)− u(xi, tj)

∆t
. (10.103)

The corresponding spatial second-order derivative reads

uxx ≈
1

2

(
u(xi + ∆x, tj)− 2u(xi, tj) + u(xi −∆x, tj)

∆x2
+ (10.104)

u(xi + ∆x, tj + ∆t)− 2u(xi, tj + ∆t) + u(xi −∆x, tj + ∆t)

∆x2

)
.

Note well that we are using a time-centered scheme wiht+ ∆t/2 as center.

a) Write down the algorithms for these three methods and the equations you need to implement. For the
implicit schemes show that the equations lead to a tridiagonal matrix system for the new values.

b) Find the truncation errors of these three schemes and investigate their stability properties. Find also the
analytic solution to the continuous problem. A useful hint here is to solve forv(x, t) = u(x, t) − x

instead. The boundary conditions forv(x, t) are simpler,v(0, t) = v(1, t) = 0 and the initial conditions
arev(x, 0) = −x.
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c) Implement the three algorithms in the same code and perform tests of the solution for these three ap-
proaches for∆x = 1/10, ∆x = 1/100 using∆t as dictated by the stability limit of the explicit scheme.
Study the solutions at two time pointst1 andt2 whereu(x, t1) is smooth but still significantly curved
andu(x, t2) is almost linear, close to the stationary state.

d) Compare the solutions att1 andt2 with the analytic result for the continuous problem. Which of the
schemes would you classify as the best?

e) Generalize this problem to two dimensions and write down the algorithm for the forward and backward
Euler approaches. Write a program which solves the diffusion equation in2 + 1 dimensions. The
program should allow for general boundary and initial conditions.

Project 10.3, simple Tusnami model

In this project will first study the simple two-dimensional wave equation and compare our numerical
solution with analytic results. Thereafter we introduce a simple model for a tsunami.

Consider first the two-dimensional wave equation for a vibrating square membrane given by the follow-
ing initial and boundary conditions






λ
(

∂2u
∂x2 + ∂2u

∂y2

)
= ∂2u

∂t2 x, y ∈ [0, 1], t ≥ 0

u(x, y, 0) = sin(πx)sin(2πy) x, y ∈ (0, 1)

u = 0 boundary t ≥ 0

∂u/∂t|t=0 = 0 x, y ∈ (0, 1)

.

The boundary is defined byx = 0, x = 1, y = 0 andy = 1.

a) Find the analytic solution for this equation using the technique of separation of variables.

b) Write down the algorithm for the explicit method for solving this equation and set up a program to
solve the discretized wave equation. Describe in particular how you treat the boundary conditions
and initial conditions. Compare your results with the analytic solution. Use a quadratic grid.

Check your results as function of the number of mesh points and in particular against the stability
condition

∆t ≤ 1√
λ

(
1

∆x2
+

1

∆y2

)−1/2

where∆t, ∆x and∆y are the chosen step lengths. In our case∆x = ∆y. It can be useful to make
animations of the results (a simple recipe with gnuplot and python for this is available under the
project link for project 4 at the webpage).

We modify now the wave equation in order to consider a2+1 dimensional wave equation with a position
dependent velocity, given by

∂2u

∂t2
= ∇ · (λ(x, y)∇u).

If λ is constant, we obtain the standard wave equation discussedin the two previous points. The solution
u(x, y, t) could represent a model for water waves. It represents then the surface elevation from still
water. We will modelλ as

λ = gH(x, y),

with g being the acceleration of gravity andH(x, y) is the still water depth.

The functionH(x, y) simulates the water depth using for example measurements ofstill water depths in
say a fjord or the north sea. The boundary conditions are thendetermined by the coast lines as discussed
in point d) below. We have assumed that the vertical motion isnegligible and that we deal with long
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wavelenghts̃λ compared with the depth of the seaH , that isλ̃/H ≫ 1. We will also neglect Coriolis
effects.

You can discretize

∇ · (λ(x, y)∇u) =
∂

∂x

(
λ(x, y)

∂u

∂x

)
+

∂

∂y

(
λ(x, y)

∂u

∂y

)
,

as follows using again a quadratic domain forx andy:

∂

∂x

(
λ(x, y)

∂u

∂x

)
≈ 1

∆x

(
λi+1/2,j

[
ul

i+1,j − ul
i,j

∆x

]
− λi−1/2,j

[
ul

i,j − ul
i−1,j

∆x

])
,

and
∂

∂y

(
λ(x, y)

∂u

∂y

)
≈ 1

∆y

(
λi,j+1/2

[
ul

i,j+1 − ul
i,j

∆y

]
− λi,j−1/2

[
ul

i,j − ul
i,j−1

∆y

])
.

c) Show that this equation has the same truncation error as the expressions used in a) and b) and that
they result in the same equations whenλ is a constant.

We assume that we can approximate the coastline with a quadratic grid. As boundary condition at the
coastline we will employ

∂u

∂n
= ∇u · n = 0,

where∂u/∂n is the derivative in the direction normal to the boundary.

We are going to model the impact of an earthquake on sea water.This is normally modelled via an
elevation of the sea bottom. We will assume that the movementof the sea bottom is very rapid compared
with the period of the propagating waves. This means that we can approximate the bottom elevation with
an initial surface elevation. The initial conditions are then given by (withL the length of the grid)

u(x, y, 0) = f(x, y) x, y ∈ (0, L),

and
∂u/∂t|t=0 = 0 x, y ∈ (0, L).

We will approximate the initial elevation with the function

f(x, y) = A0 exp

(
−
[
x− xc

σx

]2
−
[
y − yc

σy

]2)
,

whereA0 is the elevation of the surface and is typically1− 2 m. The variablesσx andσy represent the
extensions of the surface elevation. In this project we willlet σx = 80 km andσy = 200 km. The 2004
tsunami had extensions of approximately 200 and 1000 km, respectively.

The variablesxc andyc represent the epicentre of the earthquake.

We need also to model the sea bottom and the functionλ(x, y) = gH(x, y). We assume that we can
model the sea bottom as depicted in the following figure, witha water depth of 5000 m and a surface
elevation of 2 m. We assume the sea bottom depends only on the variablex and has depth 5000 m before
it starts increasing towards the coastline. We fix the angleθ = 1 degree. From the figure you will be
asked below to model thex dependence ofH(x).

Your tasks are as follows:

d) Develop an algorithm for solving the new wave equation andwrite a program which implements
it. Pay in particular attention to the implementation of theboundary conditions and the initial

298



10.5 – Exercises and projects

g(x, y)

y

g(x, y)

g(x, y)

x

ui,j+1

ui−1,j ui+1,jui,j

ui,j−1

-

6

Figure 10.4: Five-point calculational molecule for the Laplace operator of Eq. (10.72). The borderδΩ defines
the boundary conditionu(x, y) = g(x, y).

Sea bottom

       H= 5000 m

Sea surface elevation

φ = 1

Coast

Figure 10.5: The sea bottom towards one of the coastlines hasa shape with an inclication of1 degree and
depth where the earthquake takes place of 5000 m. The surfaceelevation is exaggerated on the figure.
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conditions. Figure out how to deal with the fictitious valuesin time and space for the discretized
functions. You need also to find the functional form ofH(x, y) = H(x).

Be careful to scale the equations properly. With the depth of5000 m, extensionsσx = 80 km and
σy = 200 km you need to figure out the proper dimensions of the gridL × L. Scale the equations
so that you can use dimensionless quantities.

With the above parameters, initial values and boundary conditions, study the temporal evolution
of the wave towards the coastline. Comment your results. It can be useful to make animations of
the results (a simple recipe with gnuplot and python for thisis available under the project link for
project 4 at the webpage).

It also important that you keep in mind the stability condition

∆t ≤ 1√
maxλ(x, y)

(
1

∆x2
+

1

∆y2

)−1/2

e) We keep now the same shape of the sea bottom and the same parameters as in d), but we shift the
center of the earthquake to the right, as indicated in Fig. 2.

Sea bottom

       H= 5000 m

φ = 1

CoastSea surface elevation

Figure 10.6: The sea bottom towards one of the coastlines hasa shape with an inclication of1 degree. The
center of the earthquake is shifted to the right with respectto Fig. 1 as indicated by the exaggerated surface
elevation. In this part the surface elevation is moved 40 km to the right.

The surface elevation is moved 40 km to the right. Which one ofthe two earthquakes will produce
the largest impact (wave elevation) at the coastline? Comment your results.

f) We keep the same shape of the sea bottom as in d) but instead of using the supplied Gaussian shape
of the initial surface elevation we will now use realistic data for the surface elevation. These data,
with the respective parameters are listed in the file initial.dat on the webpage of the course.

Write a program which reads in these data sets and use spline interpolation to find the desired
values of the surface elevation att = 0. Your mesh points may not coincide with the tabulated
points and you may therefore need to interpolate between thedata points.

To perform the interpolation you can use either the spline and splint functions included in lib.cpp
or, based on your results from project 1, write your own qubicspline interpolation function.

Compare then the results you obtain in this case with those from d) and comment your results.
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Chapter 11

Outline of the Monte Carlo strategy

’Iacta Alea est’, the die is cast, is what Julius Caesar is reported by Suetonius to have said
on January 10, 49 BC as he led his army across the River Rubiconin Northern Italy. (Twelve
Ceasars)Gaius Suetonius

11.1 Introduction

Monte Carlo methods are widely used in the Sciences, from theintegration of multi-dimensional inte-
grals to solving ab initio problems in chemistry, physics, medicine, biology, or even Dow-Jones fore-
casting. Computational finance is one of the novel fields where Monte Carlo methods have found a new
field of applications, with financial engineering as an emerging field, see for example Refs. [57, 58].
Emerging fields like econophysics [59–61] are new examples of applications of Monte Carlo methods.

Numerical methods that are known as Monte Carlo methods can be loosely described as statistical sim-
ulation methods, where statistical simulation is defined inquite general terms to be any method that
utilizes sequences of random numbers to perform the simulation. As mentioned in the introduction to
this text, a central algorithm in Monte Carlo methods is the Metropolis algorithm, ranked as one of the
top ten algorithms in the last century. We discuss this algorithm in the next chapter.

Statistical simulation methods may be contrasted to conventional numerical discretization methods,
which are typically applied to ordinary or partial differential equations that describe some underly-
ing physical or mathematical system. In many applications of Monte Carlo, the physical process is
simulated directly, and there is no need to even write down the differential equations that describe the
behavior of the system. The only requirement is that the physical (or mathematical) system be described
by probability distribution functions (PDF’s). Once the PDF’s are known, the Monte Carlo simula-
tion can proceed by random sampling from the PDF’s. Many simulations are then performed (multiple
“trials” or “histories”) and the desired result is taken as an average over the number of observations
(which may be a single observation or perhaps millions of observations). In many practical applications,
one can predict the statistical error (the “variance”) in this average result, and hence an estimate of the
number of Monte Carlo trials that are needed to achieve a given error. If we assume that the physical
system can be described by a given probability density function, then the Monte Carlo simulation can
proceed by sampling from these PDF’s, which necessitates a fast and effective way to generate random
numbers uniformly distributed on the interval [0,1]. The outcomes of these random samplings, or trials,
must be accumulated or tallied in an appropriate manner to produce the desired result, but the essential
characteristic of Monte Carlo is the use of random sampling techniques (and perhaps other algebra to
manipulate the outcomes) to arrive at a solution of the physical problem. In contrast, a conventional
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numerical solution approach would start with the mathematical model of the physical system, discretiz-
ing the differential equations and then solving a set of algebraic equations for the unknown state of the
system. It should be kept in mind that this general description of Monte Carlo methods may not directly
apply to some applications. It is natural to think that MonteCarlo methods are used to simulate ran-
dom, or stochastic, processes, since these can be describedby PDF’s. However, this coupling is actually
too restrictive because many Monte Carlo applications haveno apparent stochastic content, such as the
evaluation of a definite integral or the inversion of a systemof linear equations. However, in these cases
and others, one can pose the desired solution in terms of PDF’s, and while this transformation may seem
artificial, this step allows the system to be treated as a stochastic process for the purpose of simulation
and hence Monte Carlo methods can be applied to simulate the system.

There are at least four ingredients which are crucial in order to understand the basic Monte-Carlo strat-
egy. These are

(a) Random variables,

(b) probability distribution functions (PDF),

(c) moments of a PDF

(d) and its pertinent varianceσ2.

All these topics will be discussed at length below. We feel however that a brief explanation may be
appropriate in order to convey the strategy behind a Monte-Carlo calculation. Let us first demystify the
somewhat obscure concept of a random variable. The example we choose is the classic one, the tossing
of two dice, its outcome and the corresponding probability.In principle, we could imagine being able to
determine exactly the motion of the two dice, and with given initial conditions determine the outcome
of the tossing. Alas, we are not capable of pursuing this ideal scheme. However, it does not mean that
we do not have a certain knowledge of the outcome. This partial knowledge is given by the probablity
of obtaining a certain number when tossing the dice. To be more precise, the tossing of the dice yields
the following possible values

{2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.
These values are called thedomain. To this domain we have the correspondingprobabilities

{1/36, 2/36/3/36, 4/36, 5/36, 6/36, 5/36, 4/36, 3/36, 2/36, 1/36}.

The numbers in the domain are the outcomes of the physical process tossing the dice.We cannot tell be-
forehand whether the outcome is 3 or 5 or any other number in this domain. This defines the randomness
of the outcome, or unexpectedness or any other synonimous word which encompasses the uncertitude
of the final outcome.The only thing we can tell beforehand is that say the outcome 2has a certain
probability. If our favorite hobby is to spend an hour every evening throwing dice and registering the
sequence of outcomes, we will note that the numbers in the above domain

{2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12},

appear in a random order. After 11 throws the results may looklike

{10, 8, 6, 3, 6, 9, 11, 8, 12, 4, 5}.

Eleven new attempts may results in a totally different sequence of numbers and so forth. Repeating this
exercise the next evening, will most likely never give you the same sequences. Thus, we say that the
outcome of this hobby of ours is truly random.

Random variables are hence characterized by a domain which contains all possible values that the
random value may take. This domain has a corresponding PDF.

To give you another example of possible random number spare time activities, consider the radioactive
decay of anα-particle from a certain nucleus. Assume that you have at your disposal a Geiger-counter
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which registers every 10 ms whether anα-particle reaches the counter or not. If we record a hit as 1 and
no observation as zero, and repeat this experiment for a longtime, the outcome of the experiment is also
truly random. We cannot form a specific pattern from the aboveobservations. The only possibility to
say something about the outcome is given by the PDF, which in this case is the well-known exponential
function

λ exp−(λx),

with λ being proportional to the half-life of the given nucleus which decays.

If you wish to read more about the more formal aspects of MonteCarlo methods, see for example
Refs. [62–64].

11.1.1 Definitions

Random numbers as we use them here are numerical approximations to the statistical concept of stochas-
tic variables, sometimes just called random variables. To understand the behavior of pseudo random
numbers we must first establish the theoretical framework ofstochastic variables. Although this is typi-
cal textbook material, the nomenclature may differ from onetextbook to another depending on the level
of difficulty of the book. We would therefore like to establish a nomenclature suitable for our purpose,
one that we are going to use consequently throughout this text.

A stochastic variable can be either continuous or discrete.In any case, we will denote stochastic variables
by capital lettersX,Y, . . .

There are two main concepts associated with a stochastic variable. Thedomainis the setD = {x} of all
accessible values the variable can assume, so thatX ∈ D. An example of a discrete domain is the set of
six different numbers that we may get by throwing of a dice,x ∈ {1, 2, 3, 4, 5, 6}.
Theprobability distribution function (PDF)is a functionp(x) on the domain which, in the discrete case,
gives us the probability or relative frequency with which these values ofX occur

p(x) = Prob(X = x)

In the continuous case, the PDF does not directly depict the actual probability. Instead we define the
probability for the stochastic variable to assume any valueon an infinitesimal interval aroundx to be
p(x)dx. The continuous functionp(x) then gives us thedensityof the probability rather than the proba-
bility itself. The probability for a stochastic variable toassume any value on a non-infinitesimal interval
[a, b] is then just the integral

Prob(a ≤ X ≤ b) =

∫ b

a

p(x)dx

Qualitatively speaking, a stochastic variable representsthe values of numbers chosen as if by chance
from some specified PDF so that the selection of a large set of these numbers reproduces this PDF.

Also of interest to us is thecumulative probability distribution function (CDF), P (x), which is just the
probability for a stochastic variableX to assume any value less thanx

P (x) = Prob(X ≤ x) =

∫ x

−∞
p(x′)dx′

The relation between a CDF and its corresponding PDF is then

p(x) =
d

dx
P (x)

There are two properties that all PDFs must satisfy. The firstone is positivity

0 ≤ p(x) ≤ 1
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Naturally, it would be nonsensical for any of the values of the domain to occur with a probability greater
than1 or less than0. Also, the PDF must be normalized. That is, all the probabilities must add up to
unity. The probability of “anything” to happen is always unity. For both discrete and continuous PDFs,
this condition is

∑

xi∈D

p(xi) = 1

∫

x∈D

p(x) dx = 1

In addition to the exponential distribution discussed above, there are two other continuous PDFs that are
especially important. The first one is the most basic PDF; namely the uniform distribution

p(x) =
1

b− aθ(x− a)θ(b − x) (11.1)

with:
θ(x) = 0 x < 0

θ(x) = 1 x ≥ 0

The second one is the Gaussian Distribution, often called the normal distribution

p(x) =
1

σ
√

2π
exp (− (x− µ)2

2σ2
)

Let h(x) be an arbitrary function on the domain of the stochastic variableX whose PDF isp(x). We
define theexpectation valueof h with respect top as follows

〈h〉X ≡
∫
h(x)p(x) dx (11.2)

Whenever the PDF is known implicitly, like in this case, we will drop the indexX for clarity.

A particularly useful class of special expectation values are themoments. Then-th moment of the PDF
p is defined as follows

〈xn〉 ≡
∫
xnp(x) dx

The zero-th moment〈1〉 is just the normalization condition ofp. The first moment,〈x〉, is called the
meanof p and often denoted by the letterµ

〈x〉 = µ ≡
∫
xp(x) dx

Qualitatively it represents the centroid or the average value of the PDF and is therefore often simply
called the expectation value ofp.1 A PDF can in principle be expanded in the set of its moments [65].
For two PDFs to be equal, each of their moments must be equal.

A special version of the moments is the set ofcentral moments, the n-th central moment defined as

〈(x − 〈x〉)n〉 ≡
∫

(x − 〈x〉)np(x) dx

1We should now formulate 11.2 in a more rigorous manner. It is mathematically more correct to speak ofh as a function transforming
the stochastic variableX to the stochastic variableY , Y = h(X). Letp

X
(x) be the known PDF ofX, andp

Y
(y) be the unknown PDF

of Y . It can then be shown [65] that the expectation value ofY , namely〈y〉
Y

=
R

yp
Y

(y) dy, must equal what we have defined as the
expectation value ofh(x) with respect top

X
, namely〈h〉

X
=

R

h(x)p
X

(x) dx.
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The zero-th and first central moments are both trivial, equal1 and0, respectively. But the second central
moment, known as thevarianceof p, is of particular interest. For the stochastic variableX , the variance
is denoted asσ2

X or Var(X)

σ2
X = Var(X) = 〈(x − 〈x〉)2〉 =

∫
(x − 〈x〉)2p(x) dx

=

∫ (
x2 − 2x〈x〉 + 〈x〉2

)
p(x) dx

= 〈x2〉 − 2〈x〉〈x〉 + 〈x〉2

= 〈x2〉 − 〈x〉2

The square root of the variance,σ =
√
〈(x− 〈x〉)2〉 is called thestandard deviationof p. It is clearly

just the RMS (root-mean-square) value of the deviation of the PDF from its mean value, interpreted
qualitatively as the “spread” ofp around its mean.

We will also be interested in finding the PDF of afunctionof a stochastic variable. Let the stochastic
variableX have the PDFpX(x), and letY = h(X) be a function ofX . What we want to find is the
PDF ofY , pY (y). We will have to restrict ourselves to the case whereh(X) is invertible, so that it has
to be strictly monotonous. First we construct the cumulative distribution ofY , considering only the case
whereh increases

PY (y) = Prob(Y ≤ y) = Prob(h(X) ≤ y) = Prob(X ≤ h−1(y)) = PX (h−1(y))

whereh−1 is the inverse function ofh, meaning that ify = h(x) thenx = h−1(y). This gives the PDF
of Y

pY (y) =
d

dy
PY (y) =

d

dy
PX (h−1(y))

Considering in a similar manner the other case of a decreasing h we arrive at

pY (y) = pX(h−1(y))

∣∣∣∣
d

dy
h−1(y)

∣∣∣∣ (11.3)

This formula will become useful when transforming simple pseudo random number generators to more
general ones.

All the PDFs above have been written as functions of only one stochastic variable. Such PDFs are called
univariate. A PDF may well consist of any number of variables, in which case we call itmultivariate.
A general multivariate expectation value is defined similarly as for the univariate case, but all stochastic
variables are taken into account at once. LetP (x1, . . . , xn) be the multivariate PDF for the set{Xi}
of n stochastic variables and letH(x1, . . . , xn) be an arbitrary function over the joint domain of allXi.
The expectation value ofH with respect toP is defined as follows

〈H〉X1...Xn =

∫
· · ·
∫
H(x1, . . . , xn)P (x1, . . . , xn) dx1 . . . dxn

If we want to find the expectation value of an arbitrary functionh(xi) on the domain of just one stochastic
variableXi, we must still use the joint PDFP and remember to integrate over the total domain of allXi

〈h〉X1...Xn =

∫
· · ·
∫
h(xi)P (x1, . . . , xn) dx1 . . . dxn (11.4)

We will now define the property of correlation, of great importance for our study of random numbers.
Let us continue with the same set ofn stochastic variables{Xi} as above. The variables areuncorrelated
(or independent) ifP may be factorized in the following form

P (x1, x2, . . . , xn) =

n∏

i=1

pi(xi)
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wherepi(xi) is the univariate PDF ofXi. Notice, that if allXi are uncorrelated, then the above equation
for the expectation value of the univariate functionh, eq. (11.4) reduces, nicely to the familiar simple
univariate form of eq. (11.2).

To understand the definition of independence qualitatively, consider a process ofn sequential events de-
termined by the stochastic variablesXi ∀ i ∈ {1, 2, . . . , n}. The PDFpi(xi) determines the probability
density that thei-th event (governed byXi) will have the outcomexi. If the individual events are to
be independent, then the joint probability density should intuitively be just the product of the individual
densities. The events receive no information about each other. The probability to get some particular
outcome of an event is independent of whether other events are happening at all or not.

11.1.2 First illustration of the use of Monte-Carlo methods, crude integration

With this definition of a random variable and its associated PDF, we attempt now a clarification of the
Monte-Carlo strategy by using the evaluation of an integralas our example.

In chapter 4 we discussed standard methods for evaluating anintegral like

I =

∫ 1

0

f(x)dx ≈
N∑

i=1

ωif(xi),

whereωi are the weights determined by the specific integration method (like Simpson’s or Taylor’s
methods) withxi the given mesh points. To give you a feeling of how we are to evaluate the above
integral using Monte-Carlo, we employ here the crudest possible approach. Later on we will present
slightly more refined approaches. This crude approach consists in setting all weights equal 1,ωi = 1.
That corresponds to the rectangle method presented in Eq. (4.5), displayed again here

I =

∫ b

a

f(x)dx ≈ h
N∑

i=1

f(xi−1/2),

wheref(xi−1/2) is the midpoint value off for a given valuexi−1/2. Settingh = (b − a)/N where
b = 1, a = 0, we can then rewrite the above integral as

I =

∫ 1

0

f(x)dx ≈ 1

N

N∑

i=1

f(xi−1/2),

wherexi−1/2 are the midpoint values ofx. Introducing the concept of the average of the functionf for
a given PDFp(x) as

〈f〉 =
1

N

N∑

i=1

f(xi)p(xi),

and identifyp(x) with the uniform distribution, vizp(x) = 1 whenx ∈ [0, 1] and zero for all other
values ofx. The integral is is then the average off over the intervalx ∈ [0, 1]

I =

∫ 1

0

f(x)dx ≈ 〈f〉.

In addition to the average value〈f〉 the other important quantity in a Monte-Carlo calculation is the
varianceσ2 and the standard deviationσ. We define first the variance of the integral withf for a
uniform distribution in the intervalx ∈ [0, 1] to be

σ2
f =

1

N

N∑

i=1

(f(xi)− 〈f〉)2p(xi),
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and inserting the uniform distribution this yields

σ2
f =

1

N

N∑

i=1

f(xi)
2 −

(
1

N

N∑

i=1

f(xi)

)2

,

or
σ2

f =
(
〈f2〉 − 〈f〉2

)
.

which is nothing but a measure of the extent to whichf deviates from its average over the region of
integration. The standard deviation is defined as the squareroot of the variance. If we consider the
above results for a fixed value ofN as a measurement, we could recalculate the above average and
variance for a series of different measurements. If each such measumerent produces a set of averages
for the integralI denoted〈f〉l, we have forM measurements that the integral is given by

〈I〉M =
1

M

M∑

l=1

〈f〉l.

We show in section 11.3 that if we can consider the probability of correlated events to be zero, we can
rewrite the variance of these series of measurements as (equatingM = N )

σ2
N ≈

1

N

(
〈f2〉 − 〈f〉2

)
=
σ2

f

N
. (11.5)

We note that the standard deviation is proportional to the inverse square root of the number of measure-
ments

σN ∼
1√
N
.

The aim of Monte Carlo calculations is to haveσN as small as possible afterN samples. The results
from one sample represents, since we are using concepts fromstatistics, a ’measurement’.

The scaling in the previous equation is clearly unfavorablecompared even with the trapezoidal rule.
In chapter 4 we saw that the trapezoidal rule carries a truncation errorO(h2), with h the step length.
In general, methods based on a Taylor expansion such as the trapezoidal rule or Simpson’s rule have
a truncation error which goes like∼ O(hk), with k ≥ 1. Recalling that the step size is defined as
h = (b− a)/N , we have an error which goes like∼ N−k.

However, Monte Carlo integration is more efficient in higherdimensions. To see this, let us assume
that our integration volume is a hypercube with sideL and dimensiond. This cube contains hence
N = (L/h)d points and therefore the error in the result scales asN−k/d for the traditional methods.
The error in the Monte carlo integration is however independent ofd and scales asσ ∼ 1/

√
N , always!

Comparing this error with that of the traditional methods, shows that Monte Carlo integration is more
efficient than an algorithm with error in powers ofk whend > 2k. In order to expose this, consider the
definition of the quantum mechanical energy of a system consisting of 10 particles in three dimensions.
The energy is the expectation value of the HamiltonianH and reads

E =

∫
dR1dR2 . . . dRNΨ∗(R1,R2, . . . ,RN)H(R1,R2, . . . ,RN )Ψ(R1,R2, . . . ,RN)∫

dR1dR2 . . . dRNΨ∗(R1,R2, . . . ,RN )Ψ(R1,R2, . . . ,RN)
,

whereΨ is the wave function of the system andRi are the coordinates of each particle. If we want to
compute the above integral using for example Gaussian quadrature and use for example ten mesh points
for the ten particles, we need to compute a ten-dimensional integral with a total of1030 mesh points.
As an amusing exercise, assume that you have access to today’s fastest computer with a theoretical peak
capacity of more than one Petaflops, that is1015 floating point operations per second. Assume also that
every mesh point corresponds to one floating operation per second. Estimate then the time needed to
compute this integral with a traditional method like Gaussian quadrature and compare this number with
the estimated lifetime of the universe,T ≈ 4.7× 1017s. Do you have the patience to wait?
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We end this first part with a discussion of a brute force Monte Carlo program which integrates

∫ 1

0

dx
4

1 + x2
= π,

where the input is the desired number of Monte Carlo samples.The program is listed below.

What we are doing is to employ a random number generator to obtain numbersxi in the interval[0, 1]

through a call to one of the library functionsran0, ran1, ran2 or ran3 which generate random numbers
in the intervalx ∈ [0, 1]. These functions will be discussed in the next section. Herewe simply employ
these functions in order to generate a random variable. All random number generators produce pseudo-
random numbers in the interval[0, 1] using the so-called uniform probability distributionp(x) defined
as

p(x) =
1

b− aΘ(x− a)Θ(b − x),

with a = 0 og b = 1 and whereΘ is the standard Heaviside function or simply the step function. If
we have a general interval[a, b], we can still use these random number generators through a change of
variables

z = a+ (b − a)x,
with x in the interval[0, 1].

The present approach to the above integral is often called ’crude’ or ’Brute-Force’ Monte-Carlo. Later on
in this chapter we will study refinements to this simple approach. The reason is that a random generator
produces points that are distributed in a homogenous way in the interval[0, 1]. If our function is peaked
around certain values ofx, we may end up sampling function values wheref(x) is small or near zero.
Better schemes which reflect the properties of the function to be integrated are thence needed.

The algorithm is as follows

– Choose the number of Monte Carlo samplesN .

– Perform a loop overN and for each step generate a a random numberxi in the interval[0, 1]

through a call to a random number generator.

– Use this number to evaluatef(xi).

– Evaluate the contributions to the mean value and the standard deviation for each loop.

– After N samples calculate the final mean value and the standard deviation.

The following C/C++ program2 implements the above algorithm using the library functionran0 to
computeπ. Note again the inclusion of thelib.h file which has the random number generator function
ran0.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program1.cpp

#include <iostream>

#include "lib.h"

using namespace std;

// Here we define various functions called by the main program

// this function defines the function to integrate

double func(double x);

// Main function begins here

int main()

{

int i, n;

2The Fortran 90/95 programs are not listed in the main text, they are found under the corresponding chapter as programs/chap-
ter8/programn.f90.
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long idum;

double crude_mc, x, sum_sigma, fx, variance;

cout << "Read in the number of Monte-Carlo samples" << endl;

cin >> n;

crude_mc = sum_sigma=0. ; idum=-1 ;

// evaluate the integral with the a crude Monte-Carlo method

for ( i = 1; i <= n; i++){

x=ran0(&idum);

fx=func(x);

crude_mc += fx;

sum_sigma += fx*fx;

}

crude_mc = crude_mc/((double) n );

sum_sigma = sum_sigma/((double) n );

variance=sum_sigma-crude_mc*crude_mc;

// final output

cout << " variance= " << variance << " Integral = "

<< crude_mc << " Exact= " << M_PI << endl;

} // end of main program

// this function defines the function to integrate

double func(double x)

{

double value;

value = 4/(1.+x*x);

return value;

} // end of function to evaluate

Note that we transfer the variableidum in order to initialize the random number generator from the
functionran0. The variableidum gets changed for every sampling. This variable is called theseed.
The results of our computations are listed in Table 11.1. We note that asN increases, the integral itself
never reaches more than an agreement to the fourth or fifth digit. The variance also oscillates around its
exact value4.13581E − 01. Note well that the variance need not be zero but one can, withappropriate
redefinitions of the integral be made smaller. A smaller variance yields also a smaller standard deviation.
Improvements to this crude Monte Carlo approach will be discussed in the coming sections.

As an alternative, we could have used the random number generator provided by the C/C++ compiler
through the functionssrand andrand. In this case we initialise it via the functionsrand. The random
number generator is called via the functionrand, which returns an integer from 0 to its maximum value,
defined by the variableRAND_MAX as demonstrated in the next few lines of code.

invers_period = 1./RAND_MAX;

// initialise the random number generator

srand(time(NULL));

// obtain a floating number x in [0,1]

x = double(rand())*invers_period;

11.1.3 Second illustration, particles in a box

We give here an example of how a system evolves towards a well defined equilibrium state.

Consider a box divided into two equal halves separated by a wall. At the beginning, timet = 0, there
areN particles on the left side. A small hole in the wall is then opened and one particle can pass through
the hole per unit time.

After some time the system reaches its equilibrium state with equally many particles in both halves,N/2.
Instead of determining complicated initial conditions fora system ofN particles, we model the system
by a simple statistical model. In order to simulate this system, which may consist ofN ≫ 1 particles, we
assume that all particles in the left half have equal probabilities of going to the right half. We introduce
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Table 11.1: Results forI = π = 4
∫ 1

0 dx/(1 + x2) as function of number of Monte Carlo samplesN . The
exact answer is3.14159E + 00 for the integral and4.13581E − 01 for the variance with six leading digits.

N I σN

10 3.10263E+00 3.98802E-01
100 3.02933E+00 4.04822E-01

1000 3.13395E+00 4.22881E-01
10000 3.14195E+00 4.11195E-01

100000 3.14003E+00 4.14114E-01
1000000 3.14213E+00 4.13838E-01

10000000 3.14177E+00 4.13523E-01
109 3.14162E+00 4.13581E-01

the labelnl to denote the number of particles at every time on the left side, andnr = N − nl for those
on the right side. The probability for a move to the right during a time step∆t is nl/N . The algorithm
for simulating this problem may then look like this

– Choose the number of particlesN .

– Make a loop over time, where the maximum time (or maximum number of steps) should be larger
than the number of particlesN .

– For every time step∆t there is a probabilitynl/N for a move to the right. Compare this probability
with a random numberx.

– If x ≤ nl/N , decrease the number of particles in the left half by one, i.e., nl = nl− 1. Else, move
a particle from the right half to the left, i.e.,nl = nl + 1.

– Increase the time by one unit (the external loop).

In this case, a Monte Carlo sample corresponds to one time unit ∆t.

The following simple C/C++-program illustrates this model.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program2.cpp

// Particles in a box

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

ofstream ofile;

int main(int argc, char* argv[])

{

char *outfilename;

int initial_n_particles, max_time, time, random_n, nleft;

long idum;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

// Read in data
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cout << "Initial number of particles = " << endl ;

cin >> initial_n_particles;

// setup of initial conditions

nleft = initial_n_particles;

max_time = 10*initial_n_particles;

idum = -1;

// sampling over number of particles

for( time=0; time <= max_time; time++){

random_n = ((int) initial_n_particles*ran0(&idum));

if ( random_n <= nleft){

nleft -= 1;

}

else{

nleft += 1;

}

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(15) << time;

ofile << setw(15) << nleft << endl;

}

return 0;

} // end main function

Figure 11.1 shows the development of this system as functionof time steps. We note that forN =

1000 after roughly2000 time steps, the system has reached the equilibrium state. There are however
noteworthy fluctuations around equilibrium.

If we denote〈nl〉 as the number of particles in the left half as a time average afterequilibrium is reached,
we can define the standard deviation as

σ =
√
〈n2

l 〉 − 〈nl〉2. (11.6)

This problem has also an analytic solution to which we can compare our numerical simulation. Ifnl(t)

is the number of particles in the left half aftert moves, the change innl(t) in the time interval∆t is

∆n =

(
N − nl(t)

N
− nl(t)

N

)
∆t,

and assuming thatnl andt are continuous variables we arrive at

dnl(t)

dt
= 1− 2nl(t)

N
,

whose solution is

nl(t) =
N

2

(
1 + e−2t/N

)
,

with the initial conditionnl(t = 0) = N . Note that we have assumedn to be a continuous variable.
Obviously, particles are discrete objects.

11.1.4 Radioactive decay

Radioactive decay is among one of the classical examples of Monte-Carlo simulations. Assume that at
the timet = 0 we haveN(0) nuclei of typeX which can decay radioactively. At a timet > 0 we are
left with N(t) nuclei. With a transition probabilityω, which expresses the probability that the system
will make a transition to another state during a time step of one second, we have the following first-order
differential equation

dN(t) = −ωN(t)dt,

whose solution is
N(t) = N(0)e−ωt,
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Figure 11.1: Number of particles in the left half of the container as function of the number of time steps. The
solution is compared with the analytic expression.N = 1000.

where we have defined the mean lifetimeτ of X as

τ =
1

ω
.

If a nucleusX decays to a daugther nucleusY which also can decay, we get the following coupled
equations

dNX(t)

dt
= −ωXNX(t),

and
dNY (t)

dt
= −ωYNY (t) + ωXNX(t).

The program example in the next subsection illustrates how we can simulate such the decay process of
one type of nuclei through a Monte Carlo sampling procedure.

11.1.5 Program example for radioactive decay of one type of nucleus

The program is split in four tasks, a main program with various declarations,

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program3.cpp

// Radioactive decay of nuclei

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

ofstream ofile;

// Function to read in data from screen

void initialise(int&, int&, int&, double& ) ;

// The Mc sampling for nuclear decay

void mc_sampling(int, int, int, double, int*);

// prints to screen the results of the calculations
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void output(int, int, int *);

int main(int argc, char* argv[])

{

char *outfilename;

int initial_n_particles, max_time, number_cycles;

double decay_probability;

int *ncumulative;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

// Read in data

initialise(initial_n_particles, max_time, number_cycles,

decay_probability) ;

ncumulative = new int [max_time+1];

// Do the mc sampling

mc_sampling(initial_n_particles, max_time, number_cycles,

decay_probability, ncumulative);

// Print out results

output(max_time, number_cycles, ncumulative);

delete [] ncumulative;

return 0;

} // end of main function

followed by a part which performs the Monte Carlo sampling

void mc_sampling(int initial_n_particles, int max_time,

int number_cycles, double decay_probability,

int *ncumulative)

{

int cycles, time, np, n_unstable, particle_limit;

long idum;

idum=-1; // initialise random number generator

// loop over monte carlo cycles

// One monte carlo loop is one sample

for (cycles = 1; cycles <= number_cycles; cycles++){

n_unstable = initial_n_particles;

// accumulate the number of particles per time step per trial

ncumulative[0] += initial_n_particles;

// loop over each time step

for (time=1; time <= max_time; time++){

// for each time step, we check each particle

particle_limit = n_unstable;

for ( np = 1; np <= particle_limit; np++) {

if( ran0(&idum) <= decay_probability) {

n_unstable=n_unstable-1;

}

} // end of loop over particles

ncumulative[time] += n_unstable;

} // end of loop over time steps

} // end of loop over MC trials

} // end mc_sampling function

and finally functions for reading input and writing output data. The latter are not listed here but contained
in teh full listing available at webpage. The input variables are the number of Monte Carlo cycles, the
maximum number of time steps, the initial number of particles and the decay probability. The output
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consists of the number of remaining nuclei at each time step.

11.1.6 Brief summary

In essence the Monte Carlo method contains the following ingredients

– A PDF which characterizes the system

– Random numbers which are generated so as to cover in an as uniform as possible way on the unity
interval [0,1].

– A sampling rule

– An error estimation

– Techniques for improving the errors

In the next section we discuss various PDF’s which may be of relevance here, thereafter we discuss how
to compute random numbers. Section 11.4 discusses Monte Carlo integration in general, how to choose
the correct weighting function and how to evaluate integrals with dimensionsd > 1.

11.2 Probability distribution functions

Hitherto, we have tacitly used properties of probability distribution functions in our computation of
expectation values. Here and there we have referred to the uniform PDF. It is now time to present
some general features of PDFs which we may encounter when doing physics and how we define various
expectation values. In addition, we derive the central limit theorem and discuss its meaning in the light
of properties of various PDFs.

The following table collects properties of probability distribution functions. In our notation we reserve
the labelp(x) for the probability of a certain event, whileP (x) is the cumulative probability.

Table 11.2: Important properties of PDFs.
Discrete PDF Continuous PDF

Domain {x1, x2, x3, . . . , xN} [a, b]

Probability p(xi) p(x)dx

Cumulative Pi =
∑i

l=1 p(xl) P (x) =
∫ x

a
p(t)dt

Positivity 0 ≤ p(xi) ≤ 1 p(x) ≥ 0

Positivity 0 ≤ Pi ≤ 1 0 ≤ P (x) ≤ 1

Monotonic Pi ≥ Pj if xi ≥ xj P (xi) ≥ P (xj) if xi ≥ xj

Normalization PN = 1 P (b) = 1

With a PDF we can compute expectation values of selected quantities such as

〈xk〉 = 1

N

N∑

i=1

xk
i p(xi),

if we have a discrete PDF or

〈xk〉 =
∫ b

a

xkp(x)dx,

in the case of a continuous PDF. We have already defined the mean valueµ and the varianceσ2.
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The expectation value of a quantityf(x) is then given by for example

〈f〉 =
∫ b

a

f(x)p(x)dx.

We have already seen the use of the last equation when we applied the crude Monte Carlo approach to
the evaluation of an integral.

There are at least three PDFs which one may encounter. These are the

(a) uniform distribution

p(x) =
1

b− aΘ(x− a)Θ(b− x),

yielding probabilities different from zero in the interval[a, b]. The mean value and the variance for
this distribution are discussed in section 11.3.

(b) The exponential distribution
p(x) = α exp (−αx),

yielding probabilities different from zero in the interval[0,∞) and with mean value

µ =

∫ ∞

0

xp(x)dx =

∫ ∞

0

xα exp (−αx)dx =
1

α

and variance

σ2 =

∫ ∞

0

x2p(x)dx − µ2 =
1

α2
.

(c) Finally, we have the so-called univariate normal distribution, or just the normal distribution

p(x) =
1

b
√

2π
exp

(
− (x− a)2

2b2

)

with probabilities different from zero in the interval(−∞,∞). The integral
∫∞
−∞ exp

(
−(x2

)
dx

appears in many calculations, its value is
√
π, a result we will need when we compute the mean

value and the variance. The mean value is

µ =

∫ ∞

0

xp(x)dx =
1

b
√

2π

∫ ∞

−∞
x exp

(
− (x− a)2

2b2

)
dx,

which becomes with a suitable change of variables

µ =
1

b
√

2π

∫ ∞

−∞
b
√

2(a+ b
√

2y) exp−y2dy = a.

Similarly, the variance becomes

σ2 =
1

b
√

2π

∫ ∞

−∞
(x− µ)2 exp

(
− (x− a)2

2b2

)
dx,

and inserting the mean value and performing a variable change we obtain

σ2 =
1

b
√

2π

∫ ∞

−∞
b
√

2(b
√

2y)2 exp
(
−y2

)
dy =

2b2√
π

∫ ∞

−∞
y2 exp

(
−y2

)
dy,

and performing a final integration by parts we obtain the well-known resultσ2 = b2. It is useful
to introduce the standard normal distribution as well, defined byµ = a = 0, viz. a distribution
centered around zero and with a varianceσ2 = 1, leading to

p(x) =
1√
2π

exp

(
−x

2

2

)
. (11.7)
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The exponential and uniform distributions have simple cumulative functions, whereas the normal distri-
bution does not, being proportional to the so-called error functionerf(x), given by

P (x) =
1√
2π

∫ x

−∞
exp

(
− t

2

2

)
dt,

which is difficult to evaluate in a quick way. Later in this chapter we will present an algorithm by Box
and Mueller which allows us to compute the cumulative distribution using random variables sampled
from the uniform distribution.

Some other PDFs which one encounters often in the natural sciences are the binomial distribution

p(x) =

(
n

x

)
yx(1− y)n−x x = 0, 1, . . . , n,

wherey is the probability for a specific event, such as the tossing ofa coin or moving left or right in case
of a random walker. Note thatx is a discrete stochastic variable.

The sequence of binomial trials is characterized by the following definitions

– Every experiment is thought to consist ofN independent trials.

– In every independent trial one registers if a specific situation happens or not, such as the jump to
the left or right of a random walker.

– The probability for every outcome in a single trial has the same value, for example the outcome of
tossing a coin is always1/2.

In the next chapter we will show that the probability distribution for a random walker approaches the
binomial distribution.

In order to compute the mean and variance we need to recall Newton’s binomial formula

(a+ b)m =

m∑

n=0

(
m

n

)
anbm−n,

which can be used to show that
n∑

x=0

(
n

x

)
yx(1− y)n−x = (y + 1− y)n = 1,

the PDF is normalized to one. The mean value is

µ =

n∑

x=0

x

(
n

x

)
yx(1− y)n−x =

n∑

x=0

x
n!

x!(n − x)!y
x(1− y)n−x,

resulting in

µ =
n∑

x=0

x
(n− 1)!

(x− 1)!(n− 1− (x− 1))!
yx−1(1 − y)n−1−(x−1),

which we rewrite as

µ = ny
n∑

ν=0

(
n− 1

ν

)
yν(1− y)n−1−ν = ny(y + 1− y)n−1 = ny.

The variance is slightly trickier to get. It readsσ2 = ny(1− y).
Another important distribution with discrete stochastic variablesx is the Poisson model, which resem-
bles the exponential distribution and reads

p(x) =
λx

x!
e−λ x = 0, 1, . . . , ;λ > 0.
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In this case both the mean value and the variance are easier tocalculate,

µ =

∞∑

x=0

x
λx

x!
e−λ = λe−λ

∞∑

x=1

λx−1

(x − 1)!
= λ,

and the variance isσ2 = λ. An example of applications of the Poisson distribution could be the counting
of the number ofα-particles emitted from a radioactive source in a given timeinterval. In the limit of
n → ∞ and for small probabilitiesy, the binomial distribution approaches the Poisson distribution.
Settingλ = ny, with y the probability for an event in the binomial distribution wecan show that

lim
n→∞

(
n

x

)
yx(1 − y)n−xe−λ

∞∑

x=1

=
λx

x!
e−λ,

see for example Refs. [62, 63] for a proof.

11.2.1 Multivariable Expectation Values

An important quantity is the so called covariance, a variantof the variance. Consider the set{Xi}
of n stochastic variables (not necessarily uncorrelated) withthe multivariate PDFP (x1, . . . , xn). The
covarianceof two of the stochastic variables,Xi andXj , is defined as follows

Cov(Xi, Xj) ≡
〈
(xi − 〈xi〉)(xj − 〈xj〉)

〉

=

∫
· · ·
∫

(xi − 〈xi〉)(xj − 〈xj〉)P (x1, . . . , xn) dx1 . . . dxn (11.8)

with

〈xi〉 =
∫
· · ·
∫
xi P (x1, . . . , xn) dx1 . . . dxn

If we consider the above covariance as a matrixCij = Cov(Xi, Xj), then the diagonal elements are just
the familiar variances,Cii = Cov(Xi, Xi) = Var(Xi). It turns out that all the off-diagonal elements
are zero if the stochastic variables are uncorrelated. Thisis easy to show, keeping in mind the linearity
of the expectation value. Consider the stochastic variablesXi andXj , (i 6= j)

Cov(Xi, Xj) =
〈
(xi − 〈xi〉)(xj − 〈xj〉)

〉

= 〈xixj − xi〈xj〉 − 〈xi〉xj + 〈xi〉〈xj〉〉
= 〈xixj〉 − 〈xi〈xj〉〉 − 〈〈xi〉xj〉+ 〈〈xi〉〈xj〉〉
= 〈xixj〉 − 〈xi〉〈xj〉 − 〈xi〉〈xj〉+ 〈xi〉〈xj〉
= 〈xixj〉 − 〈xi〉〈xj〉

If Xi andXj are independent, we get〈xixj〉 = 〈xi〉〈xj〉, resulting inCov(Xi, Xj) = 0 (i 6= j).

Also useful for us is the covariance of linear combinations of stochastic variables. Let{Xi} and{Yi}
be two sets of stochastic variables. Let also{ai} and{bi} be two sets of scalars. Consider the linear
combination

U =
∑

i

aiXi V =
∑

j

bjYj

By the linearity of the expectation value, it can be shown [65] that

Cov(U, V ) =
∑

i,j

aibjCov(Xi, Yj)
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Now, since the variance is justVar(Xi) = Cov(Xi, Xi), we get the variance of the linear combination
U =

∑
i aiXi

Var(U) =
∑

i,j

aiajCov(Xi, Xj) (11.9)

And in the special case when the stochastic variables are uncorrelated, the off-diagonal elements of the
covariance are as we know zero, resulting in

Var(U) =
∑

i

a2
i Cov(Xi, Xi) =

∑

i

a2
i Var(Xi)

Var(
∑

i

aiXi) =
∑

i

a2
i Var(Xi)

which will become very useful in our study of the error in the mean value of a set of measurements.

Now that we have constructed an idealized mathematical framework, let us try to apply it to empirical
observations. Examples of relevant physical phenomena maybe spontaneous decays of nuclei, or a
purely mathematical set of numbers produced by some deterministic mechanism. It is the latter we will
deal with, using so-called pseudo-random number generators. In general our observations will contain
only a limited set of observables. We remind the reader that astochastic processis a process that
produces sequentially a chain of values

{x1, x2, . . . xk, . . . }.

We will call these values ourmeasurementsand the entire set as our measuredsample. The action of
measuring all the elements of a sample we will call a stochastic experiment(since, operationally, they
are often associated with results of empirical observationof some physical or mathematical phenomena;
precisely an experiment). We assume that these values are distributed according to some PDFpX(x),
whereX is just the formal symbol for the stochastic variable whose PDF is pX(x). Instead of trying to
determine the full distributionp we are often only interested in finding the few lowest moments, like the
meanµX and the varianceσX .

In practical situations however, a sample is always of finitesize. Let that size ben. The expectation
value of a sampleα, thesample mean, is then defined as follows

x̄α ≡
1

n

n∑

k=1

xα,k.

Thesample varianceis:

Var(x) ≡ 1

n

n∑

k=1

(xα,k − x̄α)2,

with its square root being thestandard deviation of the sample.

You can think of the above observables as a set of quantities which define a given experiment. This
experiment is then repeated several times, saym times. The total average is then

X̄m =
1

m

m∑

α=1

xα =
1

mn

∑

α,k

xα,k, (11.10)

where the last sums end atm andn. The total variance is

σ2
m =

1

m

m∑

α=1

(x̄α − X̄m)2,

which we rewrite as

σ2
m =

1

m

m∑

α=1

n∑

kl=1

(xα,k − X̄m)(xα,l − X̄m). (11.11)
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We define also the sample varianceσ2 of all mn individual experiments as

σ2 =
1

mn

m∑

α=1

n∑

k=1

(xα,k − X̄m)2. (11.12)

These quantities, being known experimental values or the results from our calculations, may differ, in
some cases significantly, from the similarly named exact values for the mean valueµX , the variance
Var(X) and the covarianceCov(X,Y ).

The law of large numbers (see for example [65] and the next subsection) states that as the size of our
sample grows to infinity, the sample mean approaches the truemeanµX of the chosen PDF:

lim
n→∞

x̄α = µX

The sample mean̄xn works therefore as an estimate of the true meanµX .

What we need to find out is how good an approximationx̄n is to µX . In any stochastic measurement,
an estimated mean is of no use to us without a measure of its error. A quantity that tells us how well
we can reproduce it in another experiment. We are therefore interested in the PDF of the sample mean
itself. Its standard deviation will be a measure of the spread of sample means, and we will simply call it
theerror of the sample mean, or just sample error, and denote it byerrX . In practice, we will only be
able to produce anestimateof the sample error since the exact value would require the knowledge of the
true PDFs behind, which we usually do not have.

The straight forward brute force way of estimating the sample error is simply by producing a number of
samples, and treating the mean of each as a measurement. The standard deviation of these means will
then be an estimate of the original sample error. If we are unable to produce more than one sample, we
can split it up sequentially into smaller ones, treating each in the same way as above. This procedure
is known asblockingand will be given more attention in later chapters. At this point it is worth while
exploring more indirect methods of estimation that will help us understand some important underlying
principles of correlation effects.

Let us first take a look at what happens to the sample error as the size of the sample grows. We derive
here the central limit theorem first.

11.2.2 The central limit theorem

Suppose we have a PDFp(x) from which we generate a seriesN of averages〈xi〉. Each mean value〈xi〉
is viewed as the average of a specific measurement, e.g., throwing dice 100 times and then taking the
average value, or producing a certain amount of random numbers. For notational ease, we set〈xi〉 = xi

in the discussion which follows.

If we compute the meanz ofm such mean valuesxi

z =
x1 + x2 + · · ·+ xm

m
,

the question we pose is which is the PDF of the new variablez.

The probability of obtaining an average valuez is the product of the probabilities of obtaining arbitrary
individual mean valuesxi, but with the constraint that the average isz. We can express this through the
following expression

p̃(z) =

∫
dx1p(x1)

∫
dx2p(x2) . . .

∫
dxmp(xm)δ(z − x1 + x2 + · · ·+ xm

m
),

where theδ-function enbodies the constraint that the mean isz. All measurements that lead to each
individualxi are expected to be independent, which in turn means that we can express̃p as the product
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of individual p(xi). The independence assumption is important in the derivation of the central limit
theorem.

If we use the integral expression for theδ-function

δ(z − x1 + x2 + · · ·+ xm

m
) =

1

2π

∫ ∞

−∞
dqe(iq(z− x1+x2+···+xm

m )),

and insertingeiµq−iµq whereµ is the mean value we arrive at

p̃(z) =
1

2π

∫ ∞

−∞
dqe(iq(z−µ))

[∫ ∞

−∞
dxp(x)e(iq(µ−x)/m)

]m

,

with the integral overx resulting in

∫ ∞

−∞
dxp(x) exp (iq(µ− x)/m) =

∫ ∞

−∞
dxp(x)

[
1 +

iq(µ− x)
m

− q2(µ− x)2
2m2

+ . . .

]
.

The second term on the rhs disappears since this is just the mean and employing the definition ofσ2 we
have ∫ ∞

−∞
dxp(x)e(iq(µ−x)/m) = 1− q2σ2

2m2
+ . . . ,

resulting in
[∫ ∞

−∞
dxp(x) exp (iq(µ− x)/m)

]m

≈
[
1− q2σ2

2m2
+ . . .

]m

,

and in the limitm→∞ we obtain

p̃(z) =
1√

2π(σ/
√
m)

exp

(
− (z − µ)2

2(σ/
√
m)2

)
,

which is the normal distribution with varianceσ2
m = σ2/m, whereσ is the variance of the PDFp(x)

andµ is also the mean of the PDFp(x).

Thus, the central limit theorem states that the PDFp̃(z) of the average ofm random values corresponding
to a PDFp(x) is a normal distribution whose mean is the mean value of the PDFp(x) and whose variance
is the variance of the PDFp(x) divided bym, the number of values used to computez.

The theorem is satisfied by a large class of PDFs. Note howeverthat for a finitem, it is not always
possible to find a closed expression forp̃(x). The central limit theorem leads then to the well-known
expression for the standard deviation, given by

σm =
σ√
m
.

The latter is true only if the average value is known exactly.This is obtained in the limitm → ∞ only.
Because the mean and the variance are measured quantities weobtain the familiar expression in statistics

σm ≈
σ√
m− 1

,

see for example Ref. [65] for further discussions.

In many cases however the above estimate for the standard deviation, in particular if correlations are
strong, may be too simplistic. We need therefore a more precise defintion of the error and the variance
in our results.
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11.2.3 Definition of correlations functions and standard deviation

Let us now return to the definition of the variance and standard deviation of our measurements. Our
estimate of the true averageµX is then the sample mean̄Xm

µX ≈ Xm =
1

mn

m∑

α=1

n∑

k=1

xα,k.

We can then use Eq. (11.11)

σ2
m =

1

mn2

m∑

α=1

n∑

kl=1

(xα,k − X̄m)(xα,k − X̄m),

and rewrite it as

σ2
m =

σ2

n
+

2

mn2

m∑

α=1

n∑

k<l

(xα,k − X̄m)(xα,k − X̄m),

where the first term is the sample variance of allmn experiments divided byn and the last term is nothing
but the covariance which arises whenk 6= l. If the observables are uncorrelated, then the covariance
is zero and we obtain a total variance which agrees with the central limit theorem. Correlations may
often be present in our data set, resulting in a non-zero covariance. The first term is normally called the
uncorrelated contribution. Computationally the uncorrelated first term is much easier to treat efficiently
than the second. We just accumulate separately the valuesx2 andx for every measurementxwe receive.
The correlation term, though, has to be calculated at the endof the experiment since we need all the
measurements to calculate the cross terms. Therefore, all measurements have to be stored throughout
the experiment.

Let us analyze the problem by splitting up the correlation term into partial sums of the form

fd =
1

nm

m∑

α=1

n−d∑

k=1

(xα,k − X̄m)(xα,k+d − X̄m),

The correlation term of the total variance can now be rewritten in terms offd

2

mn2

m∑

α=1

n∑

k<l

(xα,k − X̄m)(xα,l − X̄m) = 2

n−1∑

d=1

fd

The value offd reflects the correlation between measurements separated bythe distanced in the samples.
Notice that ford = 0, f is just the sample variance,σ2. If we dividefd by σ2, we arrive at the so called
autocorrelation function

κd =
fd

σ2

which gives us a useful measure of the correlation pair correlation starting always at1 for d = 0.

The sample variance of themn experiments can now be written in terms of the autocorrelation function

σ2
m =

σ2

n
+

2

n
· σ2

n−1∑

d=1

fd

σ2

(
1 + 2

n−1∑

d=1

κd

)
1

n
σ2 =

τ

n
· σ2 (11.13)

and we see thatσX can be expressed in terms of the uncorrelated sample variance times a correction
factor τ which accounts for the correlation between measurements. We call this correction factor the
autocorrelation time

τ = 1 + 2

n−1∑

d=1

κd (11.14)
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For a correlation free experiment,τ equals 1. From the point of view of Eq. (11.13) we can interpret
a sequential correlation as an effective reduction of the number of measurements by a factorτ . The
effective number of measurements becomes

neff =
n

τ

To neglect the autocorrelation timeτ will always cause our simple uncorrelated estimate ofσ2
m ≈ σ2/n

to be less than the true sample error. The estimate of the error will be too “good”. On the other hand,
the calculation of the full autocorrelation time poses an efficiency problem if the set of measurements is
very large. The solution to this problem is given by more practically oriented methods like the blocking
technique, see for example Ref. [66] for more details. This method is discussed in more detail in chapter
15.

11.3 Random numbers

Uniform deviates are just random numbers that lie within a specified range (typically 0 to 1), with any
one number in the range just as likely as any other. They are, in other words, what you probably think
random numbers are. However, we want to distinguish uniformdeviates from other sorts of random
numbers, for example numbers drawn from a normal (Gaussian)distribution of specified mean and
standard deviation. These other sorts of deviates are almost always generated by performing appropriate
operations on one or more uniform deviates, as we will see in subsequent sections. So, a reliable source
of random uniform deviates, the subject of this section, is an essential building block for any sort of
stochastic modeling or Monte Carlo computer work. A disclaimer is however appropriate. It should be
fairly obvious that something as deterministic as a computer cannot generate purely random numbers.

Numbers generated by any of the standard algorithms are in reality pseudo random numbers, hopefully
abiding to the following criteria:

(a) they produce a uniform distribution in the interval [0,1].

(b) correlations between random numbers are negligible

(c) the period before the same sequence of random numbers is repeated is as large as possible and
finally

(d) the algorithm should be fast.

That correlations, see below for more details, should be as small as possible resides in the fact that every
event should be independent of the other ones. As an example,a particular simple system that exhibits
a seemingly random behavior can be obtained from the iterative process

xi+1 = cxi(1− xi),

which is often used as an example of a chaotic system. The variablec is a constant and for certain values
of c andx0 the system can settle down quickly into a regular periodic sequence of valuesx1, x2, x3, . . . .
Forx0 = 0.1 andc = 3.2 we obtain a periodic pattern as shown in Fig. 11.2. Changingc to c = 3.98

yields a sequence which does not converge to any specific pattern. The values ofxi seem purely random.
Although the latter choice ofc yields a seemingly random sequence of values, the various values ofx
harbor subtle correlations that a truly random number sequence would not possess.

The most common random number generators are based on so-called Linear congruential relations of
the type

Ni = (aNi−1 + c)MOD(M),
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Figure 11.2: Plot of the logistic mappingxi+1 = cxi(1− xi) for x0 = 0.1 andc = 3.2 andc = 3.98.

which yield a number in the interval [0,1] through

xi = Ni/M

The numberM is called the period and it should be as large as possible andN0 is the starting value, or
seed. The functionMOD means the remainder, that is if we were to evaluate(13)MOD(9), the outcome
is the remainder of the division13/9, namely4.

The problem with such generators is that their outputs are periodic; they will start to repeat themselves
with a period that is at mostM . If however the parametersa andc are badly chosen, the period may be
even shorter.

Consider the following example

Ni = (6Ni−1 + 7)MOD(5),

with a seedN0 = 2. This generator produces the sequence4, 1, 3, 0, 2, 4, 1, 3, 0, 2, ... . . . , i.e., a se-
quence with period5. However, increasingM may not guarantee a larger period as the following
example shows

Ni = (27Ni−1 + 11)MOD(54),

which still, withN0 = 2, results in11, 38, 11, 38, 11, 38, . . . , a period of just2.

Typical periods for the random generators provided in the program library are of the order of∼ 109 or
larger. Other random number generators which have become increasingly popular are so-called shift-
register generators. In these generators each successive number depends on many preceding values
(rather than the last values as in the linear congruential generator). For example, you could make a shift
register generator whoselth number is the sum of thel − ith andl − jth values with moduloM ,

Nl = (aNl−i + cNl−j)MOD(M).

Such a generator again produces a sequence of pseudorandom numbers but this time with a period much
larger thanM . It is also possible to construct more elaborate algorithmsby including more than two past
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terms in the sum of each iteration. One example is the generator of Marsaglia and Zaman [67] which
consists of two congruential relations

Nl = (Nl−3 −Nl−1)MOD(231 − 69), (11.15)

followed by
Nl = (69069Nl−1 + 1013904243)MOD(232), (11.16)

which according to the authors has a period larger than294.

Moreover, rather than using modular addition, we could use the bitwise exclusive-OR (⊕) operation so
that

Nl = (Nl−i)⊕ (Nl−j)

where the bitwise action of⊕ means that ifNl−i = Nl−j the result is0 whereas ifNl−i 6= Nl−j the
result is1. As an example, consider the case whereNl−i = 6 andNl−j = 11. The first one has a bit
representation (using 4 bits only) which reads0110 whereas the second number is1011. Employing the
⊕ operator yields1101, or 23 + 22 + 20 = 13.

In Fortran90, the bitwise⊕ operation is coded through the intrinsic functionIEOR(m,n) wherem and
n are the input numbers, while inC it is given bym∧ n. The program below (from Numerical Recipes,
chapter 7.1) shows how the functionran0 implements

Ni = (aNi−1)MOD(M).

However, sincea andNi−1 are integers and their multiplication could become greaterthan the standard
32 bit integer, there is a trick via Schrage’s algorithm which approximates the multiplication of large
integers through the factorization

M = aq + r,

where we have defined
q = [M/a],

and
r = M MOD a.

where the brackets denote integer division. In the code below the numbersq andr are chosen so that
r < q. To see how this works we note first that

(aNi−1)MOD(M) = (aNi−1 − [Ni−1/q]M)MOD(M), (11.17)

since we can add or subtract any integer multiple ofM fromaNi−1. The last term[Ni−1/q]MMOD(M)

is zero since the integer division[Ni−1/q] just yields a constant which is multiplied withM . We can
now rewrite Eq. (11.17) as

(aNi−1)MOD(M) = (aNi−1 − [Ni−1/q](aq + r))MOD(M), (11.18)

which results in

(aNi−1)MOD(M) = (a(Ni−1 − [Ni−1/q]q)− [Ni−1/q]r)) MOD(M), (11.19)

yielding
(aNi−1)MOD(M) = (a(Ni−1MOD(q)) − [Ni−1/q]r)) MOD(M). (11.20)

The term[Ni−1/q]r is always smaller or equalNi−1(r/q) and withr < q we obtain always a number
smaller thanNi−1, which is smaller thanM . And since the numberNi−1MOD(q) is between zero and
q − 1 thena(Ni−1MOD(q)) < aq. Combined with our definition ofq = [M/a] ensures that this term
is also smaller thanM meaning that both terms fit into a 32-bit signed integer. Noneof these two terms
can be negative, but their difference could. The algorithm below addsM if their difference is negative.
Note that the program uses the bitwise⊕ operator to generate the starting point for each generationof a
random number. The period ofran0 is∼ 2.1× 109. A special feature of this algorithm is that is should
never be called with the initial seed set to0.
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/*

** The function

** ran0()

** is an "Minimal" random number generator of Park and Miller

** Set or reset the input value

** idum to any integer value (except the unlikely value MASK)

** to initialize the sequence; idum must not be altered between

** calls for sucessive deviates in a sequence.

** The function returns a uniform deviate between 0.0 and 1.0.

*/

double ran0(long &idum)

{

const int a = 16807, m = 2147483647, q = 127773;

const int r = 2836, MASK = 123459876;

const double am = 1./m;

long k;

double ans;

idum ^= MASK;

k = (*idum)/q;

idum = a*(idum - k*q) - r*k;

// add m if negative difference

if(idum < 0) idum += m;

ans=am*(idum);

idum ^= MASK;

return ans;

} // End: function ran0()

The other random number generatorsran1, ran2 andran3 are described in detail in Ref. [37]. Here
we limit ourselves to study selected properties of these generators.

11.3.1 Properties of selected random number generators

As mentioned previously, the underlying PDF for the generation of random numbers is the uniform
distribution, meaning that the probability for finding a numberx in the interval [0,1] isp(x) = 1.

A random number generator should produce numbers which uniformly distributed in this interval. Table
11.3 shows the distribution ofN = 10000 random numbers generated by the functions in the program
library. We note in this table that the number of points in thevarious intervals0.0 − 0.1, 0.1 − 0.2 etc
are fairly close to1000, with some minor deviations.

Two additional measures are the standard deviationσ and the meanµ = 〈x〉.
For the uniform distribution, the mean valueµ is then

µ = 〈x〉 =
1

2

while the standard deviation is

σ =
√
〈x2〉 − µ2 =

1√
12

= 0.2886.

The various random number generators produce results whichagree rather well with these limiting
values.

There are many other tests which can be performed. Often a picture of the numbers generated may
reveal possible patterns.

Since our random numbers, which are typically generated viaa linear congruential algorithm, are never
fully independent, we can then define an important test whichmeasures the degree of correlation, namely
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Table 11.3: Number ofx-values for various intervals generated by 4 random number generators, their cor-
responding mean values and standard deviations. All calculations have been initialized with the variable
idum = −1.

x-bin ran0 ran1 ran2 ran3
0.0-0.1 1013 991 938 1047
0.1-0.2 1002 1009 1040 1030
0.2-0.3 989 999 1030 993
0.3-0.4 939 960 1023 937
0.4-0.5 1038 1001 1002 992
0.5-0.6 1037 1047 1009 1009
0.6-0.7 1005 989 1003 989
0.7-0.8 986 962 985 954
0.8-0.9 1000 1027 1009 1023
0.9-1.0 991 1015 961 1026
µ 0.4997 0.5018 0.4992 0.4990
σ 0.2882 0.2892 0.2861 0.2915

the so-called auto-correlation function defined previously, see again Eq. (11.2.3). We rewrite it here as

Ck =
fd

σ2
,

with C0 = 1. Recall thatσ2 = 〈x2
i 〉− 〈xi〉2. The non-vanishing ofCk for k 6= 0 means that the random

numbers are not independent. The independence of the randomnumbers is crucial in the evaluation of
other expectation values. If they are not independent, our assumption for approximatingσN in Eq. (11.5)
is no longer valid.

Figure 11.3 compares the auto-correlation function calculated fromran0 andran1. As can be seen, the
correlations are non-zero, but small. The fact that correlations are present is expected, since all random
numbers do depend in some way on the previous numbers.

11.4 Improved Monte Carlo integration

In section 11.1 we presented a simple brute force approach tointegration with the Monte Carlo method.
There we sampled over a given number of points distributed uniformly in the interval[0, 1]

I =

∫ 1

0

f(x)dx ≈
N∑

i=1

ωif(xi) =
1

N

N∑

i=1

f(xi) = 〈f〉,

with the weightsωi = 1 .

Here we introduce two important topics which in most cases improve upon the above simple brute force
approach with the uniform distributionp(x) = 1 for x ∈ [0, 1]. With improvements we think of a
smaller variance and the need for fewer Monte Carlo samples,although each new Monte Carlo sample
will most likely be more times consuming than correspondingones of the brute force method.

– The first topic deals with change of variables, and is linked to the cumulative functionP (x) of a
PDFp(x). Obviously, not all integration limits go fromx = 0 to x = 1, rather, in physics we are
often confronted with integration domains likex ∈ [0,∞) or x ∈ (−∞,∞) etc. Since all random
number generators give numbers in the intervalx ∈ [0, 1], we need a mapping from this integration
interval to the explicit one under consideration.
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Figure 11.3: Plot of the auto-correlation functionCk for variousk-values forN = 10000 using the random
number generatorsran0 andran1.

– The next topic deals with the shape of the integrand itself. Let us for the sake of simplicity just
assume that the integration domain is again fromx = 0 to x = 1. If the function to be integrated
f(x) has sharp peaks and is zero or small for many values ofx ∈ [0, 1], most samples off(x) give
contributions to the integralI which are negligible. As a consequence we need manyN samples
to have a sufficient accuracy in the region wheref(x) is peaked. What do we do then? We try to
find a new PDFp(x) chosen so as to matchf(x) in order to render the integrand smooth. The new
PDF p(x) has in turn anx domain which most likely has to be mapped from the domain of the
uniform distribution.

Why care at all and not be content with just a change of variables in cases where that is needed? Below
we show several examples of how to improve a Monte Carlo integration through smarter choices of
PDFs which render the integrand smoother. However one classic example from quantum mechanics
illustrates the need for a good sampling function.

In quantum mechanics, the probability distribution function is given byp(x) = Ψ(x)∗Ψ(x), where
Ψ(x) is the eigenfunction arising from the solution of e.g., the time-independent Schrödinger equation.
If Ψ(x) is an eigenfunction, the corresponding energy eigenvalue is given by

H(x)Ψ(x) = EΨ(x),

whereH(x) is the hamiltonian under consideration. The expectation value of H , assuming that the
quantum mechanical PDF is normalized, is given by

〈H〉 =
∫
dxΨ(x)∗H(x)Ψ(x).

We could insertΨ(x)/Ψ(x) right to the left ofH and rewrite the last equation as

〈H〉 =
∫
dxΨ(x)∗Ψ(x)

H(x)

Ψ(x)
Ψ(x), (11.21)
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or

〈H〉 =
∫
dxp(x)H̃(x),

which is on the form of an expectation value with

H̃(x) =
H(x)

Ψ(x)
Ψ(x).

The crucial point to note is that ifΨ(x) is the exact eigenfunction itself with eigenvalueE, thenH̃(x)

reduces just to the constantE and we have

〈H〉 =

∫
dxp(x)E = E,

sincep(x) is normalized.

However,in most cases of interest we do not have the exactΨ. But if we have made a clever choice
for Ψ(x), the expressioñH(x) exhibits a smooth behavior in the neighbourhood of the exactsolution.
The above example encompasses the main essence of the Monte Carlo philosophy. It is a trial approach,
where intelligent guesses lead to hopefully better results.

11.4.1 Change of variables

The starting point is always the uniform distribution

p(x)dx =

{
dx 0 ≤ x ≤ 1

0 else

with p(x) = 1 and satisfying ∫ ∞

−∞
p(x)dx = 1.

All random number generators provided in the program library generate numbers in this domain.

When we attempt a transformation to a new variablex→ y we have to conserve the probability

p(y)dy = p(x)dx,

which for the uniform distribution implies

p(y)dy = dx.

Let us assume thatp(y) is a PDF different from the uniform PDFp(x) = 1 with x ∈ [0, 1]. If we
integrate the last expression we arrive at

x(y) =

∫ y

0

p(y′)dy′,

which is nothing but the cumulative distribution ofp(y), i.e.,

x(y) = P (y) =

∫ y

0

p(y′)dy′.

This is an important result which has consequences for eventual improvements over the brute force
Monte Carlo.

To illustrate this approach, let us look at some examples.
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Transformed uniform distribution

Suppose we have the general uniform distribution

p(y)dy =

{ dy
b−a a ≤ y ≤ b
0 else

If we wish to relate this distribution to the one in the intervalx ∈ [0, 1] we have

p(y)dy =
dy

b− a = dx,

and integrating we obtain the cumulative function

x(y) =

∫ y

a

dy′

b− a ,

yielding
y = a+ (b− a)x,

a well-known result!

Exponential distribution

Assume that
p(y) = exp (−y),

which is the exponential distribution, important for the analysis of e.g., radioactive decay. Again,p(x)
is given by the uniform distribution withx ∈ [0, 1], and with the assumption that the probability is
conserved we have

p(y)dy = exp (−y)dy = dx,

which yields after integration

x(y) = P (y) =

∫ y

0

exp (−y′)dy′ = 1− exp (−y),

or
y(x) = −ln(1− x).

This gives us the new random variabley in the domainy ∈ [0,∞) determined through the random
variablex ∈ [0, 1] generated by functions likeran0.

This means that if we can factor outexp (−y) from an integrand we may have

I =

∫ ∞

0

F (y)dy =

∫ ∞

0

exp (−y)G(y)dy

which we rewrite as
∫ ∞

0

exp (−y)G(y)dy =

∫ 1

0

G(y(x))dx ≈ 1

N

N∑

i=1

G(y(xi)),

wherexi is a random number in the interval [0,1]. We have changed the integration limits in the second
integral, since we have performed a change of variables. Since we have used the uniform distribution
defined forx ∈ [0, 1], the integration limits change to0 and1. The variabley is now a function ofx.
Note also that in practical implementations, our random number generators for the uniform distribution
never return exactly 0 or 1, but we we may come very close. We should thus in principle setx ∈ (0, 1).

The algorithm for the last example is rather simple. In the function which sets up the integral, we simply
need to call one of the random number generators likeran0, ran1, ran2 or ran3 in order to obtain
numbers in the interval [0,1]. We obtainy by the taking the logarithm of(1 − x). Our calling function
which sets up the new random variabley may then include statements like
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.....

idum=-1;

x=ran0(&idum);

y=-log(1.-x);

.....

Another example

Another function which provides an example for a PDF is

p(y)dy =
dy

(a+ by)n
,

with n > 1. It is normalizable, positive definite, analytically integrable and the integral is invertible,
allowing thereby the expression of a new variable in terms ofthe old one. The integral

∫ ∞

0

dy

(a+ by)n
=

1

(n− 1)ban−1
,

gives

p(y)dy =
(n− 1)ban−1

(a+ by)n
dy,

which in turn gives the cumulative function

x(y) = P (y) =

∫ y

0

(n− 1)ban−1

(a+ bx)n
dy′,

resulting in

x(y) = 1− 1

(1 + b/ay)n−1
,

or
y =

a

b

(
(1 − x)−1/(n−1) − 1

)
.

With the random variablex ∈ [0, 1] generated by functions likeran0, we have again the appropriate
random variabley for a new PDF.

Normal distribution

For the normal distribution, expressed here as

g(x, y) = exp (−(x2 + y2)/2)dxdy.

it is rather difficult to find an inverse since the cumulative distribution is given by the error function
erf(x).

If we however switch to polar coordinates, we have forx andy

r =
(
x2 + y2

)1/2
θ = tan−1x

y
,

resulting in
g(r, θ) = r exp (−r2/2)drdθ,

where the angleθ could be given by a uniform distribution in the region[0, 2π]. Following example 1
above, this implies simply multiplying random numbersx ∈ [0, 1] by 2π. The variabler, defined for
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r ∈ [0,∞) needs to be related to to random numbersx′ ∈ [0, 1]. To achieve that, we introduce a new
variable

u =
1

2
r2,

and define a PDF
exp (−u)du,

with u ∈ [0,∞). Using the results from example 2, we have that

u = −ln(1− x′),

wherex′ is a random number generated forx′ ∈ [0, 1]. With

x = rcos(θ) =
√

2ucos(θ),

and
y = rsin(θ) =

√
2usin(θ),

we can obtain new random numbersx, y through

x =
√
−2ln(1− x′)cos(θ),

and
y =

√
−2ln(1− x′)sin(θ),

with x′ ∈ [0, 1] andθ ∈ 2π[0, 1].

A function which yields such random numbers for the normal distribution would include statements like

.....

idum=-1;

radius=sqrt(-2*ln(1.-ran0(idum)));

theta=2*pi*ran0(idum);

x=radius*cos(theta);

y=radius*sin(theta);

.....

11.4.2 Importance sampling

With the aid of the above variable transformations we address now one of the most widely used ap-
proaches to Monte Carlo integration, namely importance sampling.

Let us assume thatp(y) is a PDF whose behavior resembles that of a functionF defined in a certain
interval[a, b]. The normalization condition is

∫ b

a

p(y)dy = 1.

We can rewrite our integral as

I =

∫ b

a

F (y)dy =

∫ b

a

p(y)
F (y)

p(y)
dy.

This integral resembles our discussion on the evaluation ofthe energy for a quantum mechanical system
in Eq. (11.21).
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Since random numbers are generated for the uniform distribution p(x) with x ∈ [0, 1], we need to
perform a change of variablesx→ y through

x(y) =

∫ y

a

p(y′)dy′,

where we used
p(x)dx = dx = p(y)dy.

If we can invertx(y), we findy(x) as well.

With this change of variables we can express the integral of Eq. (11.4.2) as

I =

∫ b

a

p(y)
F (y)

p(y)
dy =

∫ b̃

ã

F (y(x))

p(y(x))
dx,

meaning that a Monte Carlo evalutaion of the above integral gives
∫ b̃

ã

F (y(x))

p(y(x))
dx =

1

N

N∑

i=1

F (y(xi))

p(y(xi))
.

Note the well the change in integration limits froma andb to ã andb̃. The advantage of such a change of
variables in casep(y) follows closelyF is that the integrand becomes smooth and we can sample over
relevant values for the integrand. It is however not trivialto find such a functionp. The conditions onp
which allow us to perform these transformations are

(a) p is normalizable and positive definite,

(b) it is analytically integrable and

(c) the integral is invertible, allowing us thereby to express a new variable in terms of the old one.

The variance is now with the definition

F̃ =
F (y(x))

p(y(x))
,

given by

σ2 =
1

N

N∑

i=1

(
F̃
)2

−
(

1

N

N∑

i=1

F̃

)2

.

The algorithm for this procedure is

– Use the uniform distribution to find the random variabley in the interval [0,1]. The functionp(x)
is a user provided PDF.

– Evaluate thereafter

I =

∫ b

a

F (x)dx =

∫ b

a

p(x)
F (x)

p(x)
dx,

by rewriting
∫ b

a

p(x)
F (x)

p(x)
dx =

∫ b̃

ã

F (x(y))

p(x(y))
dy,

since
dy

dx
= p(x).

– Perform then a Monte Carlo sampling for
∫ b̃

ã

F (x(y))

p(x(y))
dy,≈ 1

N

N∑

i=1

F (x(yi))

p(x(yi))
,

with yi ∈ [0, 1],

– and evaluate the variance as well according to Eq. (11.4.2).
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11.4.3 Acceptance-Rejection method

This is rather simple and appealing method after von Neumann. Assume that we are looking at an
interval x ∈ [a, b], this being the domain of the PDFp(x). Suppose also that the largest value our
distribution function takes in this interval isM , that is

p(x) ≤M x ∈ [a, b].

Then we generate a random numberx from the uniform distribution forx ∈ [a, b] and a corresponding
numbers for the uniform distribution between[0,M ]. If

p(x) ≥ s,

we accept the new value ofx, else we generate again two new random numbersx ands and perform the
test in the latter equation again.

As an example, consider the evaluation of the integral

I =

∫ 3

0

exp (x)dx.

Obviously to derive it analytically is much easier, howeverthe integrand could pose some more difficult
challenges. The aim here is simply to show how to implent the acceptance-rejection algorithm. The
integral is the area below the curvef(x) = exp (x). If we uniformly fill the rectangle spanned by
x ∈ [0, 3] andy ∈ [0, exp (3)], the fraction below the curve obtained from a uniform distribution, and
multiplied by the area of the rectangle, should approximatethe chosen integral. It is rather easy to
implement this numerically, as shown in the following code.

Acceptance-Rejection algorithm

// Loop over Monte Carlo trials n

integral =0.;

for ( int i = 1; i <= n; i++){

// Finds a random value for x in the interval [0,3]

x = 3*ran0(&idum);

// Finds y-value between [0,exp(3)]

y = exp(3.0)*ran0(&idum);

// if the value of y at exp(x) is below the curve, we accept

if ( y < exp(x)) s = s+ 1.0;

// The integral is area enclosed below the line f(x)=exp(x)

}

// Then we multiply with the area of the rectangle and divide by the number of cycles

Integral = 3.*exp(3.)*s/n

11.5 Monte Carlo integration of multidimensional integrals

When we deal with multidimensional integrals of the form

I =

∫ 1

0

dx1

∫ 1

0

dx2 . . .

∫ 1

0

dxdg(x1, . . . , xd),

with xi defined in the interval[ai, bi] we would typically need a transformation of variables of theform

xi = ai + (bi − ai)ti,
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if we were to use the uniform distribution on the interval[0, 1]. In this case, we need a Jacobi determinant

d∏

i=1

(bi − ai),

and to convert the functiong(x1, . . . , xd) to

g(x1, . . . , xd)→ g(a1 + (b1 − a1)t1, . . . , ad + (bd − ad)td).

As an example, consider the following six-dimensional integral
∫ ∞

−∞
dxdyg(x,y),

where
g(x,y) = exp (−x2 − y2 − (x − y)2/2),

with d = 6.

We can solve this integral by employing our brute force scheme, or using importance sampling and
random variables distributed according to a gaussian PDF. For the latter, if we set the mean valueµ = 0

and the standard deviationσ = 1/
√

2, we have

1√
π

exp (−x2),

and using this normal distribution we rewrite our integral as

π3

∫ 6∏

i=1

(
1√
π

exp (−x2
i )

)
exp (−(x− y)2/2)dx1. . . . dx6,

which is rewritten in a more compact form as

∫
f(x1, . . . , xd)F (x1, . . . , xd)

6∏

i=1

dxi,

wheref is the above normal distribution and

F (x1, . . . , x6) = F (x,y) = exp−(x− y2/2,

Below we list two codes, one for the brute force integration and the other employing importance sam-
pling with a gaussian distribution.

11.5.1 Brute force integration

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program4.cpp

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

double brute_force_MC(double *);

// Main function begins here

int main()

{

336

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program4.cpp


11.5 – Monte Carlo integration of multidimensional integrals

int n;

double x[6], y, fx;

double int_mc = 0.; double variance = 0.;

double sum_sigma= 0. ; long idum=-1 ;

double length=5.; // we fix the max size of the box to L=5

double volume=pow((2*length),6);

cout << "Read in the number of Monte-Carlo samples" << endl;

cin >> n;

// evaluate the integral with importance sampling

for ( int i = 1; i <= n; i++){

// x[] contains the random numbers for all dimensions

for (int j = 0; j< 6; j++) {

x[j]=-length+2*length*ran0(&idum);

}

fx=brute_force_MC(x);

int_mc += fx;

sum_sigma += fx*fx;

}

int_mc = int_mc/((double) n );

sum_sigma = sum_sigma/((double) n );

variance=sum_sigma-int_mc*int_mc;

// final output

cout << setiosflags(ios::showpoint | ios::uppercase);

cout << " Monte carlo result= " << setw(10) << setprecision(8) << volume*int_mc;

cout << " Sigma= " << setw(10) << setprecision(8) << volume*sqrt(variance/((double) n ))

<< endl;

return 0;

} // end of main program

// this function defines the integrand to integrate

double brute_force_MC(double *x)

{

double a = 1.; double b = 0.5;

// evaluate the different terms of the exponential

double xx=x[0]*x[0]+x[1]*x[1]+x[2]*x[2];

double yy=x[3]*x[3]+x[4]*x[4]+x[5]*x[5];

double xy=pow((x[0]-x[3]),2)+pow((x[1]-x[4]),2)+pow((x[2]-x[5]),2);

return exp(-a*xx-a*yy-b*xy);

} // end function for the integrand

11.5.2 Importance sampling

This code includes a call to the functionnormal_random, which produces random numbers from a
gaussian distribution.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program5.cpp

// importance sampling with gaussian deviates

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

double gaussian_MC(double *);

double gaussian_deviate(long *);

// Main function begins here

int main()

{

int n;

double x[6], y, fx;

cout << "Read in the number of Monte-Carlo samples" << endl;

337

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter08/cpp/program5.cpp


Outline of the Monte Carlo strategy

cin >> n;

double int_mc = 0.; double variance = 0.;

double sum_sigma= 0. ; long idum=-1 ;

double length=5.; // we fix the max size of the box to L=5

double volume=pow(acos(-1.),3.);

double sqrt2 = 1./sqrt(2.);

// evaluate the integral with importance sampling

for ( int i = 1; i <= n; i++){

// x[] contains the random numbers for all dimensions

for (int j = 0; j < 6; j++) {

x[j] = gaussian_deviate(&idum)*sqrt2;

}

fx=gaussian_MC(x);

int_mc += fx;

sum_sigma += fx*fx;

}

int_mc = int_mc/((double) n );

sum_sigma = sum_sigma/((double) n );

variance=sum_sigma-int_mc*int_mc;

// final output

cout << setiosflags(ios::showpoint | ios::uppercase);

cout << " Monte carlo result= " << setw(10) << setprecision(8) << volume*int_mc;

cout << " Sigma= " << setw(10) << setprecision(8) << volume*sqrt(variance/((double) n ))

<< endl;

return 0;

} // end of main program

// this function defines the integrand to integrate

double gaussian_MC(double *x)

{

double a = 0.5;

// evaluate the different terms of the exponential

double xy=pow((x[0]-x[3]),2)+pow((x[1]-x[4]),2)+pow((x[2]-x[5]),2);

return exp(-a*xy);

} // end function for the integrand

// random numbers with gaussian distribution

double gaussian_deviate(long * idum)

{

static int iset = 0;

static double gset;

double fac, rsq, v1, v2;

if ( idum < 0) iset =0;

if (iset == 0) {

do {

v1 = 2.*ran0(idum) -1.0;

v2 = 2.*ran0(idum) -1.0;

rsq = v1*v1+v2*v2;

} while (rsq >= 1.0 || rsq == 0.);

fac = sqrt(-2.*log(rsq)/rsq);

gset = v1*fac;

iset = 1;

return v2*fac;

} else {

iset =0;

return gset;

}

} // end function for gaussian deviates

The following table lists the results from the above two programs as function of the number of Monte
Carlo samples. The suffixcr stands for the brute force approach whilegd stands for the use of a Gaussian
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distribution function. One sees clearly that the approachwith a Gaussian distribution function yields a
much improved numerical result, with fewer samples.

Table 11.4: Results as function of number of Monte Carlo samplesN . The exact answer isI ≈ 10.9626

for the integral. The suffixcr stands for the brute force approach whilegd stands for the use of a Gaussian
distribution function. All calculations use ran0 as function to generate the uniform distribution.

N Icr Igd

10000 1.15247E+01 1.09128E+01
100000 1.29650E+01 1.09522E+01

1000000 1.18226E+01 1.09673E+01
10000000 1.04925E+01 1.09612E+01

11.6 Classes for random number generators

We end this chapter with presenting a possible class for using random number genrerators. The class
consists of five files, one which defines the random number generators, random.h and four separate files
Ran0.h, Ran1.h, Ran2.h and Ran3.h discussed in the text. We list here only the definitions contained in
random.h. The file is well commented and all information is contained within the file itself.

The file random.h

/**

* @file Random.h

* @class Random

*

* Interface for random number generators (RNG). The particular RNG are

* implemented in the various subclasses.

*

**/

#ifndef RANDOM_H

#define RANDOM_H

class Random{

protected:

long seed;

public:

/**

* @brief Constructor.

*

* @param seed_ A negative long integer. If none is given, seed takes the default value -1.

**/

Random(long seed_=-1): seed(seed_){}

//! Destructor

virtual ~Random();

/**

* This function is useful in cases where it is necessary to take care of the seed in order

* to reproduce experiments with the same sequences.

*

* @return The seed used during the initialization of the Random Number Generator.

**/

long getSeed()const{return seed;}
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//! Modify the seed.

virtual reseed(long seed_){seed = seed_;}

/**

* @return A random number from a particular Random Number Generator

* implemented in the subclasses.

**/

virtual double sample()=0;

};

#inline Random::~Random(){}

#endif

11.7 Exercises and projects

Exercise 11.1: Cumulative functions

Calculate the cumulative functionsP (x) for the binomial and the Poisson distributions and their vari-
ances.

Exercise 11.2: Random number algorithm

Make a program which computes random numbers according to the algorithm of Marsaglia and Zaman,
Eqs. (11.15) and (11.16). Compute the correlation functionCk and compare with the auto-correlation
function from the functionran0.

Exercise 11.3: Normal distribution and random numbers

Make a functionnormal_random which computes random numbers for the normal distribution based
on random numbers generated from the functionran0.

Exercise 11.4: Exponential distribution and random numbers

Make a functionexp_random which computes random numbers for the exponential distributionp(y) =

e−αy based on random numbers generated from the functionran0.

Exercise 11.5: Monte Carlo integration

(a) Calculate the integral

I =

∫ 1

0

e−x2

dx,

using brute force Monte Carlo withp(x) = 1 and importance sampling withp(x) = ae−x where
a is a constant.

(b) Calculate the integral

I =

∫ π

0

1

x2 + cos2(x)
dx,

with p(x) = ae−x wherea is a constant. Determine the value ofa which minimizes the variance.
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Project 11.1: Decay of210Bi and210Po

In this project we are going to simulate the radioactive decay of these nuclei using sampling through
random numbers. We assume that att = 0 we haveNX(0) nuclei of the typeX which can decay
radioactively. At a given timet we are left withNX(t) nuclei. With a transition rateωX , which is the
probability that the system will make a transition to another state during a time step of one second, we
get the following differential equation

dNX(t) = −ωXNX(t)dt,

whose solution is
NX(t) = NX(0)e−ωXt,

and where the mean lifetime of the nucleusX is

τ =
1

ωX
.

If the nucleusX decays toY , which can also decay, we get the following coupled equations

dNX(t)

dt
= −ωXNX(t),

and
dNY (t)

dt
= −ωYNY (t) + ωXNX(t).

We assume that att = 0 we haveNY (0) = 0. In the beginning we will have an increase ofNY nuclei,
however, they will decay thereafter. In this project we let the nucleus210Bi representX . It decays
throughβ-decay to210Po, which is theY nucleus in our case. The latter decays through emision of an
α-particle to206Pb, which is a stable nucleus.210Bi has a mean lifetime of 7.2 days while210Po has a
mean lifetime of 200 days.

a) Find analytic solutions for the above equations assumingcontinuous variables and setting the num-
ber of210Po nuclei equal zero att = 0.

b) Make a program which solves the above equations. What is a reasonable choice of timestep∆t?
You could use the program on radioactive decay from the web-page of the course as an example
and make your own for the decay of two nuclei. Compare the results from your program with the
exact answer as function ofNX(0) = 10, 100 and1000. Make plots of your results.

c) When210Po decays it produces anα particle. At what time does the production ofα particles
reach its maximum? Compare your results with the analytic ones forNX(0) = 10, 100 and1000.

Project 11.2: Numerical integration of the correlation energy of the helium atom

The task of this project is to integrate in a brute force manner a six-dimensional integral which is used to
determine the ground state correlation energy between two electrons in a helium atom. We will employ
both Gauss-Legendre quadrature and Monte-Carlo integration. Furthermore, you will need to parallelize
your code for the Monte-Carlo integration.

We assume that the wave function of each electron can be modelled like the single-particle wave function
of an electron in the hydrogen atom. The single-particle wave function for an electroni in the1s state is
given in terms of a dimensionless variable (the wave function is not properly normalized)

ri = xiex + yiey + ziez,

as
ψ1s(ri) = e−αri ,
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whereα is a parameter and

ri =
√
x2

i + y2
i + z2

i .

We will fix α = 2, which should correspond to the charge of the helium atomZ = 2.

The ansatz for the wave function for two electrons is then given by the product of two1s wave functions
as

Ψ(r1, r2) = e−α(r1+r2).

Note that it is not possible to find an analytic solution to Schrödinger’s equation for two interacting
electrons in the helium atom.

The integral we need to solve is the quantum mechanical expectation value of the correlation energy
between two electrons, namely

〈 1

|r1 − r2|
〉 =

∫ ∞

−∞
dr1dr2e

−2α(r1+r2)
1

|r1 − r2|
. (11.22)

Note that our wave function is not normalized. There is a normalization factor missing, but for this
project we don’t need to worry about that.

a) Use Gauss-Legendre quadrature and compute the integral by integrating for each variablex1, y1,
z1, x2, y2, z2 from−∞ to∞. How many mesh points do you need before the results converges at
the level of the fourth leading digit? Hint: the single-particle wave functione−αri is more or less
zero atri ≈ 10 − 15. You can therefore replace the integration limits−∞ and∞ with −10 and
10, respectively. You need to check that this approximation issatisfactory.

b) Compute the same integral but now with brute force Monte Carlo and compare your results with
those from the previous point. Discuss the differences. With bruce force we mean that you should
use the uniform distribution.

c) Improve your brute force Monte Carlo calculation by usingimportance sampling. Hint: use the
exponential distribution. Does the variance decrease? Does the CPU time used compared with the
brute force Monte Carlo decrease in order to achieve the sameaccuracy? Comment your results.

d) Parallelize your code from the previous point and comparethe CPU time needed with that from
point [c)]. Do you achieve a good speedup?

e) The integral of Eq. (11.22) has an analytical expression.Can you find it?
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Chapter 12

Random walks and the Metropolis
algorithm

Nel mezzo del cammin di nostra vita, mi ritrovai per una selvaoscura, ché la diritta via
era smarrita. (Divina Commedia, Inferno, Canto I, 1-3)Dante Alighieri

The way that can be spoken of is not the constant way. (Tao Te Ching, Book I, I.1)Lao
Tzu

12.1 Motivation

In the previous chapter we discussed technical aspects of Monte Carlo integration such as algorithms
for generating random numbers and integration of multidimensional integrals. The latter topic served to
illustrate two key topics in Monte Carlo simulations, namely a proper selection of variables and impor-
tance sampling. An intelligent selection of variables, good sampling techniques and guiding functions
can be crucial for the outcome of our Monte Carlo simulations. Examples of this will be demonstrated in
the chapters on statistical and quantum physics applications. Here we make a detour from this main area
of applications. The focus is on diffusion and random walks.The rationale for this is that the tricky part
of an actual Monte Carlo simulation resides in the appropriate selection of random states, and thereby
numbers, according to the probability distribution (PDF) at hand. With appropriate there is however
much more to the picture than meets the eye.

Suppose our PDF is given by the well-known normal distribution. Think of for example the velocity
distribution of an ideal gas in a container. In our simulations we could then accept or reject new moves
with a probability proportional to the normal distribution. This would parallel our example on the sixth
dimensional integral in the previous chapter. However, in this case we would end up rejecting basically
all moves since the probabilities are exponentially small in most cases. The result would be that we
barely moved from the initial position. Our statistical averages would then be significantly biased and
most likely not very reliable.

Instead, all Monte Carlo schemes used are based on Markov processes in order to generate new random
states. A Markov process is a random walk with a selected probability for making a move. The new
move is independent of the previous history of the system. The Markov process is used repeatedly in
Monte Carlo simulations in order to generate new random states. The reason for choosing a Markov
process is that when it is run for a long enough time starting with a random state, we will eventually
reach the most likely state of the system. In thermodynamics, this means that after a certain number of
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Markov processes we reach an equilibrium distribution. This mimicks the way a real system reaches its
most likely state at a given temperature of the surroundings.

To reach this distribution, the Markov process needs to obeytwo important conditions, that of ergodicity
and detailed balance. These conditions impose constraintson our algorithms for accepting or rejecting
new random states. The Metropolis algorithm discussed hereabides to both these constraints and is
discussed in more detail in Section 12.5. The Metropolis algorithm is widely used in Monte Carlo
simulations of physical systems and the understanding of itrests within the interpretation of random
walks and Markov processes. However, before we do that we discuss the intimate link between random
walks, Markov processes and the diffusion equation. In section 12.3 we show that a Markov process is
nothing but the discretized version of the diffusion equation. Diffusion and random walks are discussed
from a more experimental point of view in the next section. There we show also a simple algorithm
for random walks and discuss eventual physical implications. We end this chapter with a discussion
of one of the most used algorithms for generating new steps, namely the Metropolis algorithm. This
algorithm, which is based on Markovian random walks satisfies both the ergodicity and detailed balance
requirements and is widely in applications of Monte Carlo simulations in the natural sciences. The
Metropolis algorithm is used in our studies of phase transitions in statistical physics and the simulations
of quantum mechanical systems.

12.2 Diffusion equation and random walks

Physical systems subject to random influences from the ambient have a long history, dating back to the
famous experiments by the British Botanist R. Brown on pollen of different plants dispersed in water.
This lead to the famous concept of Brownian motion. In general, small fractions of any system exhibit
the same behavior when exposed to random fluctuations of the medium. Although apparently non-
deterministic, the rules obeyed by such Brownian systems are laid out within the framework of diffusion
and Markov chains. The fundamental works on Brownian motionwere developed by A. Einstein at the
turn of the last century.

Diffusion and the diffusion equation are central topics in both Physics and Mathematics, and their ranges
of applicability span from stellar dynamics to the diffusion of particles governed by Schrödinger’s equa-
tion. The latter is, for a free particle, nothing but the diffusion equation in complex time!

Let us consider the one-dimensional diffusion equation. Westudy a large ensemble of particles perform-
ing Brownian motion along thex-axis. There is no interaction between the particles.

We definew(x, t)dx as the probability of finding a given number of particles in aninterval of lengthdx
in x ∈ [x, x+ dx] at a timet. This quantity is our probability distribution function (PDF). The quantum
physics equivalent ofw(x, t) is the wave function itself. This diffusion interpretationof Schrödinger’s
equation forms the starting point for diffusion Monte Carlotechniques in quantum physics.

Good overview texts are the books of Robert and Casella and Karatsas, see Refs. [62, 68].

12.2.1 Diffusion equation

From experiment there are strong indications that the flux ofparticlesj(x, t), viz., the number of par-
ticles passingx at a timet is proportional to the gradient ofw(x, t). This proportionality is expressed
mathematically through

j(x, t) = −D∂w(x, t)

∂x
, (12.1)
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whereD is the so-called diffusion constant, with dimensionality length2 per time. If the number of
particles is conserved, we have the continuity equation

∂j(x, t)

∂x
= −∂w(x, t)

∂t
, (12.2)

which leads to
∂w(x, t)

∂t
= D

∂2w(x, t)

∂x2
, (12.3)

which is the diffusion equation in one dimension.

With the probability distribution functionw(x, t)dx we can use the results from the previous chapter to
compute expectation values such as the mean distance

〈x(t)〉 =

∫ ∞

−∞
xw(x, t)dx, (12.4)

or

〈x2(t)〉 =

∫ ∞

−∞
x2w(x, t)dx, (12.5)

which allows for the computation of the varianceσ2 = 〈x2(t)〉 − 〈x(t)〉2. Note well that these expec-
tation values are time-dependent. In a similar way we can also define expectation values of functions
f(x, t) as

〈f(x, t)〉 =

∫ ∞

−∞
f(x, t)w(x, t)dx. (12.6)

Sincew(x, t) is now treated as a PDF, it needs to obey the same criteria as discussed in the previous
chapter. However, the normalization condition

∫ ∞

−∞
w(x, t)dx = 1 (12.7)

imposes significant constraints onw(x, t). These are

w(x = ±∞, t) = 0
∂nw(x, t)

∂xn
|x=±∞ = 0, (12.8)

implying that when we study the time-derivative∂〈x(t)〉/∂t, we obtain after integration by parts and
using Eq. (12.3)

∂〈x〉
∂t

=

∫ ∞

−∞
x
∂w(x, t)

∂t
dx = D

∫ ∞

−∞
x
∂2w(x, t)

∂x2
dx, (12.9)

leading to
∂〈x〉
∂t

= Dx
∂w(x, t)

∂x
|x=±∞ −D

∫ ∞

−∞

∂w(x, t)

∂x
dx, (12.10)

implying that
∂〈x〉
∂t

= 0. (12.11)

This means in turn that〈x〉 is independent of time. If we choose the initial positionx(t = 0) = 0,
the average displacement〈x〉 = 0. If we link this discussion to a random walk in one dimension
with equal probability of jumping to the left or right and with an initial positionx = 0, then our
probability distribution remains centered around〈x〉 = 0 as function of time. However, the variance
is not necessarily 0. Consider first

∂〈x2〉
∂t

= Dx2 ∂w(x, t)

∂x
|x=±∞ − 2D

∫ ∞

−∞
x
∂w(x, t)

∂x
dx, (12.12)
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Figure 12.1: Time development of a normal distribution withvarianceσ2 = 2Dt and withD = 1m2/s. The
solid line represents the distribution att = 2s while the dotted line stands fort = 8s.

where we have performed an integration by parts as we did for∂〈x〉
∂t . A further integration by parts

results in
∂〈x2〉
∂t

= −Dxw(x, t)|x=±∞ + 2D

∫ ∞

−∞
w(x, t)dx = 2D, (12.13)

leading to
〈x2〉 = 2Dt, (12.14)

and the variance as
〈x2〉 − 〈x〉2 = 2Dt. (12.15)

The root mean square displacement after a timet is then

√
〈x2〉 − 〈x〉2 =

√
2Dt. (12.16)

This should be contrasted to the displacement of a free particle with initial velocityv0. In that case the
distance from the initial position after a timet isx(t) = vt whereas for a diffusion process the root mean
square value is

√
〈x2〉 − 〈x〉2 ∝

√
t. Since diffusion is strongly linked with random walks, we could

say that a random walker escapes much more slowly from the starting point than would a free particle.
We can vizualize the above in the following figure. In Fig. 12.1 we have assumed that our distribution is
given by a normal distribution with varianceσ2 = 2Dt, centered atx = 0. The distribution reads

w(x, t)dx =
1√

4πDt
exp (− x2

4Dt
)dx. (12.17)

At a timet = 2s the new variance isσ2 = 4Ds, implying that the root mean square value is
√
〈x2〉 − 〈x〉2 =

2
√
D. At a further timet = 8 we have

√
〈x2〉 − 〈x〉2 = 4

√
D. While time has elapsed by a factor of

4, the root mean square has only changed by a factor of 2. Fig. 12.1 demonstrates the spreadout of the
distribution as time elapses. A typical example can be the diffusion of gas molecules in a container or
the distribution of cream in a cup of coffee. In both cases we can assume that the the initial distribution
is represented by a normal distribution.
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• • • • • • • •
.. −3l −2 −l x = 0 l 2l 3l ..

Figure 12.2: One-dimensional walker which can jump either to the left or to the right. Every step has length
∆x = l.

12.2.2 Random walks

Consider now a random walker in one dimension, with probability R of moving to the right andL for
moving to the left. Att = 0 we place the walker atx = 0, as indicated in Fig. 12.2. The walker can
then jump, with the above probabilities, either to the left or to the right for each time step. Note that
in principle we could also have the possibility that the walker remains in the same position. This is not
implemented in this example. Every step has length∆x = l. Time is discretized and we have a jump
either to the left or to the right at every time step. Let us nowassume that we have equal probabilities
for jumping to the left or to the right, i.e.,L = R = 1/2. The average displacement aftern time steps is

〈x(n)〉 =
n∑

i

∆xi = 0 ∆xi = ±l, (12.18)

since we have an equal probability of jumping either to the left or to right. The value of〈x(n)2〉 is

〈x(n)2〉 =
(

n∑

i

∆xi

)


n∑

j

∆xj



 =

n∑

i

∆x2
i +

n∑

i6=j

∆xi∆xj = l2n. (12.19)

For many enough steps the non-diagonal contribution is

N∑

i6=j

∆xi∆xj = 0, (12.20)

since∆xi,j = ±l. The variance is then

〈x(n)2〉 − 〈x(n)〉2 = l2n. (12.21)

It is also rather straightforward to compute the variance for L 6= R. The result is

〈x(n)2〉 − 〈x(n)〉2 = 4LRl2n. (12.22)

In Eq. (12.21) the variablen represents the number of time steps. If we definen = t/∆t, we can then
couple the variance result from a random walk in one dimension with the variance from the diffusion
equation of Eq. (12.15) by defining the diffusion constant as

D =
l2

∆t
. (12.23)

In the next section we show in detail that this is the case.

The program below demonstrates the simplicity of the one-dimensional random walk algorithm. It is
straightforward to extend this program to two or three dimensions as well. The input is the number of
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time steps, the probability for a move to the left or to the right and the total number of Monte Carlo sam-
ples. It computes the average displacement and the variancefor one random walker for a given number
of Monte Carlo samples. Each sample is thus to be considered as one experiment with a given number of
walks. The interesting part of the algorithm is described inthe functionmc_sampling. The other functions
read or write the results from screen or file and are similar instructure to programs discussed previously.
The main program reads the name of the output file from screen and sets up the arrays containing the
walker’s position after a given number of steps. The corresponding program for a two-dimensional
random walk (not listed in the main text) is found under programs/chapter9/program2.cpp

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter09/cpp/program1.cpp

/*
1-dim random walk program.

A walker makes several trials steps with

a given number of walks per trial

*/

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// Function to read in data from screen, note call by reference

void initialise(int&, int&, double&) ;

// The Mc sampling for random walks

void mc_sampling(int, int, double, int *, int *);

// prints to screen the results of the calculations

void output(int, int, int *, int *);

int main()

{

int max_trials, number_walks;

double move_probability;

// Read in data

initialise(max_trials, number_walks, move_probability) ;

int *walk_cumulative = new int [number_walks+1];

int *walk2_cumulative = new int [number_walks+1];

for (int walks = 1; walks <= number_walks; walks++){

walk_cumulative[walks] = walk2_cumulative[walks] = 0;

} // end initialization of vectors

// Do the mc sampling

mc_sampling(max_trials, number_walks, move_probability,

walk_cumulative, walk2_cumulative);

// Print out results

output(max_trials, number_walks, walk_cumulative,

walk2_cumulative);

delete [] walk_cumulative; // free memory

delete [] walk2_cumulative;

return 0;

} // end main function

The input and output functions are

void initialise(int& max_trials, int& number_walks, double& move_probability)

{

cout << "Number of Monte Carlo trials =";

cin >> max_trials;

cout << "Number of attempted walks=";

cin >> number_walks;

cout << "Move probability=";

cin >> move_probability;

} // end of function initialise
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void output(int max_trials, int number_walks,

int *walk_cumulative, int *walk2_cumulative)

{

ofstream ofile("testwalkers.dat");

for( int i = 1; i <= number_walks; i++){

double xaverage = walk_cumulative[i]/((double) max_trials);

double x2average = walk2_cumulative[i]/((double) max_trials);

double variance = x2average - xaverage*xaverage;

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(6) << i;

ofile << setw(15) << setprecision(8) << xaverage;

ofile << setw(15) << setprecision(8) << variance << endl;

}

ofile.close();

} // end of function output

The algorithm is in the functionmc_sampling and tests the probability of moving to the left or to the right
by generating a random number.

void mc_sampling(int max_trials, int number_walks,

double move_probability, int *walk_cumulative,

int *walk2_cumulative)

{

long idum;

idum=-1; // initialise random number generator

for (int trial=1; trial <= max_trials; trial++){

int position = 0;

for (int walks = 1; walks <= number_walks; walks++){

if (ran0(&idum) <= move_probability) {

position += 1;

}

else {

position -= 1;

}

walk_cumulative[walks] += position;

walk2_cumulative[walks] += position*position;

} // end of loop over walks

} // end of loop over trials

} // end mc_sampling function

Fig. 12.3 shows that the variance increases linearly as function of the number of time steps, as expected
from the analytic results. Similarly, the mean displacement in Fig. 12.4 oscillates around zero.

12.3 Microscopic derivation of the diffusion equation

When solving partial differential equations such as the diffusion equation numerically, the derivatives
are always discretized. Recalling our discussions from Chapter 3, we can rewrite the time derivative as

∂w(x, t)

∂t
≈ w(i, n+ 1)− w(i, n)

∆t
, (12.24)

whereas the gradient is approximated as

D
∂2w(x, t)

∂x2
≈ Dw(i+ 1, n) + w(i− 1, n)− 2w(i, n)

(∆x)2
, (12.25)

resulting in the discretized diffusion equation

w(i, n+ 1)− w(i, n)

∆t
= D

w(i+ 1, n) + w(i− 1, n)− 2w(i, n)

(∆x)2
, (12.26)
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Figure 12.3: Time development ofσ2 for a random walker. 100000 Monte Carlo samples were used with the
function ran1 and a seed set to−1.
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Figure 12.4: Time development of〈x(t)〉 for a random walker. 100000 Monte Carlo samples were used with
the function ran1 and a seed set to−1.
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wheren represents a given time step andi a step in thex-direction. We will come back to the solution of
such equations in our chapter on partial differential equations, see Chapter 10. The aim here is to show
that we can derive the discretized diffusion equation from aMarkov process and thereby demonstrate the
close connection between the important physical process diffusion and random walks. Random walks
allow for an intuitive way of picturing the process of diffusion. In addition, as demonstrated in the
previous section, it is easy to simulate a random walk.

12.3.1 Discretized diffusion equation and Markov chains

A Markov process allows in principle for a microscopic description of Brownian motion. As with the
random walk studied in the previous section, we consider a particle which moves along thex-axis in the
form of a series of jumps with step length∆x = l. Time and space are discretized and the subsequent
moves are statistically indenpendent, i.e., the new move depends only on the previous step and not on
the results from earlier trials. We start at a positionx = jl = j∆x and move to a new positionx = i∆x

during a step∆t = ǫ, wherei ≥ 0 andj ≥ 0 are integers. The original probability distribution function
(PDF) of the particles is given bywi(t = 0) wherei refers to a specific position on the grid in Fig. 12.2,
with i = 0 representingx = 0. The functionwi(t = 0) is now the discretized version ofw(x, t). We
can regard the discretized PDF as a vector. For the Markov process we have a transition probability from
a positionx = jl to a positionx = il given by

Wij(ǫ) = W (il− jl, ǫ) =

{
1
2 |i− j| = 1

0 else
, (12.27)

whereWij is normally called the transition probability and we can represent it, see below, as a matrix.
Note that this matrix is not a stochastic matrix as long as it is a finite matrix. Our new PDFwi(t = ǫ) is
now related to the PDF att = 0 through the relation

wi(t = ǫ) =
∑

j

W (j → i)wj(t = 0). (12.28)

This equation represents the discretized time-development of an original PDF. It is a microscopic way
of representing the process shown in Fig. 12.1. Since bothW andw represent probabilities, they have
to be normalized, i.e., we require that at each time step we have

∑

i

wi(t) = 1, (12.29)

and ∑

j

W (j → i) = 1, (12.30)

which applies for allj-values. The further constraints are0 ≤ Wij ≤ 1 and0 ≤ wj ≤ 1. Note that
the probability for remaining at the same place is in generalnot necessarily equal zero. In our Markov
process we allow only for jumps to the left or to the right.

The time development of our initial PDF can now be represented through the action of the transition
probability matrix appliedn times. At a timetn = nǫ our initial distribution has developed into

wi(tn) =
∑

j

Wij(tn)wj(0), (12.31)

and defining
W (il − jl, nǫ) = (Wn(ǫ))ij (12.32)

we obtain
wi(nǫ) =

∑

j

(Wn(ǫ))ijwj(0), (12.33)
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or in matrix form
ŵ(nǫ) = Ŵn(ǫ)ŵ(0). (12.34)

The matrixŴ can be written in terms of two matrices

Ŵ =
1

2

(
L̂+ R̂

)
, (12.35)

whereL̂ andR̂ represent the transition probabilities for a jump to the left or the right, respectively. For
a4× 4 case we could write these matrices as

R̂ =





0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0



 , (12.36)

and

L̂ =





0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0



 . (12.37)

However, in principle these are infinite dimensional matrices since the number of time steps are very
large or infinite. For the infinite case we can write these matricesRij = δi,(j+1) andLij = δ(i+1),j ,
implying that

L̂R̂ = R̂L̂ = I, (12.38)

which applies in the case of infinite matrices and

L̂ = R̂−1 (12.39)

To see that̂LR̂ = R̂L̂ = 1, perform e.g., the matrix multiplication

L̂R̂ =
∑

k

L̂ikR̂kj =
∑

k

δ(i+1),kδk,(j+1) = δi+1,j+1 = δi,j , (12.40)

and only the diagonal matrix elements are different from zero.

For the first time step we have thus

Ŵ =
1

2

(
L̂+ R̂

)
, (12.41)

and using the properties in Eqs. (12.38) and (12.39) we have after two time steps

Ŵ 2(2ǫ) =
1

4

(
L̂2 + R̂2 + 2R̂L̂

)
, (12.42)

and similarly after three time steps

Ŵ 3(3ǫ) =
1

8

(
L̂3 + R̂3 + 3R̂L̂2 + 3R̂2L̂

)
. (12.43)

Using the binomial formula
n∑

k=0

(
n

k

)
âkb̂n−k = (a+ b)n, (12.44)

we have that the transition matrix aftern time steps can be written as

Ŵn(nǫ)) =
1

2n

n∑

k=0

(
n

k

)
R̂kL̂n−k, (12.45)
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or

Ŵn(nǫ)) =
1

2n

n∑

k=0

(
n

k

)
L̂n−2k =

1

2n

n∑

k=0

(
n

k

)
R̂2k−n, (12.46)

and usingRm
ij = δi,(j+m) andLm

ij = δ(i+m),j we arrive at

W (il − jl, nǫ) =





1
2n

(
n

1
2 (n+ i− j)

)
|i− j| ≤ n

0 else

, (12.47)

andn + i − j has to be an even number. We note that the transition matrix for a Markov process has
three important properties:

– It depends only on the difference in spacei− j, it is thus homogenous in space.

– It is also isotropic in space since it is unchanged when we go from (i, j) to (−i,−j).
– It is homogenous in time since it depends only the differencebetween the initial time and final

time.

If we place the walker atx = 0 at t = 0 we can represent the initial PDF withwi(0) = δi,0. Using
Eq. (12.34) we have

wi(nǫ) =
∑

j

(Wn(ǫ))ijwj(0) =
∑

j

1

2n

(
n

1
2 (n+ i− j)

)
δj,0, (12.48)

resulting in

wi(nǫ) =
1

2n

(
n

1
2 (n+ i)

)
|i| ≤ n. (12.49)

We can then use the recursion relation for the binomials
(

n+ 1
1
2 (n+ 1 + i)

)
=

(
n

1
2 (n+ i+ 1)

)
+

(
n

1
2 (n+ i)− 1

)
(12.50)

to obtain the discretized diffusion equation. In order to achieve this, we definex = il, wherel andi are
integers, andt = nǫ. We can then rewrite the probability distribution as

w(x, t) = w(il, nǫ) = wi(nǫ) =
1

2n

(
n

1
2 (n+ i)

)
|i| ≤ n, (12.51)

and rewrite Eq. (12.50) as

w(x, t + ǫ) =
1

2
w(x + l, t) +

1

2
w(x − l, t). (12.52)

Adding and subtractingw(x, t) and multiplying both sides withl2/ǫ we have

w(x, t + ǫ)− w(x, t)

ǫ
=
l2

2ǫ

w(x+ l, t)− 2w(x, t) + w(x − l, t)
l2

. (12.53)

If we identifyD = l2/2ǫ andl = ∆x andǫ = ∆t we see that this is nothing but the discretized version
of the diffusion equation. Taking the limits∆x→ 0 and∆t→ 0 we recover

∂w(x, t)

∂t
= D

∂2w(x, t)

∂x2
,

the diffusion equation.
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An illustrative example

The following simple example may help in understanding the meaning of the transition matrix̂W and
the vectorŵ. Consider the3× 3 matrixŴ

Ŵ =




1/4 1/8 2/3

3/4 5/8 0

0 1/4 1/3



 ,

and we choose our initial state as

ŵ(t = 0) =




1

0

0



 .

We note that both the vector and the matrix are properly normalized. Summing the vector elements gives
one and summing over columns for the matrix results also in one. We act then on̂w with Ŵ . The first
iteration is

ŵ(t = ǫ) = Ŵ ŵ(t = 0),

resulting in

ŵ(t = ǫ) =




1/4

3/4

0



 .

The next iteration results in
ŵ(t = 2ǫ) = Ŵ ŵ(t = ǫ),

resulting in

ŵ(t = 2ǫ) =




5/32

21/32

6/32



 .

Note that the vector̂w is always normalized to1. We find the steady state of the system by solving the
linear set of equations

w(t =∞) = Ww(t =∞).

This linear set of equations reads

W11w1(t =∞) +W12w2(t =∞) +W13w3(t =∞) = w1(t =∞)

W21w1(t =∞) +W22w2(t =∞) +W23w3(t =∞) = w2(t =∞)

W31w1(t =∞) +W32w2(t =∞) +W33w3(t =∞) = w3(t =∞)

(12.54)

with the constraint that ∑

i

wi(t =∞) = 1,

yielding as solution

ŵ(t =∞) =




4/15

8/15

3/15



 .

Table 12.1 demonstrates the convergence as a function of thenumber of iterations or time steps. We
have aftert-steps

ŵ(t) = Ŵtŵ(0),
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Table 12.1: Convergence to the steady state as function of number of iterations.

Iteration w1 w2 w3

0 1.00000 0.00000 0.00000
1 0.25000 0.75000 0.00000
2 0.15625 0.62625 0.18750
3 0.24609 0.52734 0.22656
4 0.27848 0.51416 0.20736
5 0.27213 0.53021 0.19766
6 0.26608 0.53548 0.19844
7 0.26575 0.53424 0.20002
8 0.26656 0.53321 0.20023
9 0.26678 0.53318 0.20005

10 0.26671 0.53332 0.19998
11 0.26666 0.53335 0.20000
12 0.26666 0.53334 0.20000
13 0.26667 0.53333 0.20000

ŵ(t =∞) 0.26667 0.53333 0.20000

with ŵ(0) the distribution att = 0 andŴ representing the transition probability matrix. We can always
expandŵ(0) in terms of the right eigenvectorŝv of Ŵ as

ŵ(0) =
∑

i

αiv̂i,

resulting in

ŵ(t) = Ŵtŵ(0) = Ŵt
∑

i

αiv̂i =
∑

i

λt
iαiv̂i,

with λi theith eigenvalue corresponding to the eigenvectorv̂i.

If we assume thatλ0 is the largest eigenvector we see that in the limitt→∞, ŵ(t) becomes proportional
to the corresponding eigenvectorv̂0. This is our steady state or final distribution.

12.3.2 Continuous equations

Hitherto we have considered discretized versions of all equations. Our initial probability distribution
function was then given by

wi(0) = δi,0,

and its time-development after a given time step∆t = ǫ is

wi(t) =
∑

j

W (j → i)wj(t = 0).

The continuous analog towi(0) is
w(x)→ δ(x), (12.55)

where we now have generalized the one-dimensional positionx to a generic-dimensional vectorx. The
Kroeneckerδ function is replaced by theδ distribution functionδ(x) at t = 0.

The transition from a statej to a statei is now replaced by a transition to a state with positiony from
a state with positionx. The discrete sum of transition probabilities can then be replaced by an integral
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and we obtain the new distribution at a timet+ ∆t as

w(y, t + ∆t) =

∫
W (y,x,∆t)w(x, t)dx, (12.56)

and afterm time steps we have

w(y, t +m∆t) =

∫
W (y,x,m∆t)w(x, t)dx. (12.57)

When equilibrium is reached we have

w(y) =

∫
W (y,x, t)w(x)dx. (12.58)

We can solve the equation forw(y, t) by making a Fourier transform to momentum space. The PDF
w(x, t) is related to its Fourier transform̃w(k, t) through

w(x, t) =

∫ ∞

−∞
dk exp (ikx)w̃(k, t), (12.59)

and using the definition of theδ-function

δ(x) =
1

2π

∫ ∞

−∞
dk exp (ikx), (12.60)

we see that
w̃(k, 0) = 1/2π. (12.61)

We can then use the Fourier-transformed diffusion equation

∂w̃(k, t)

∂t
= −Dk2w̃(k, t), (12.62)

with the obvious solution

w̃(k, t) = w̃(k, 0) exp
[
−(Dk2t)

)
=

1

2π
exp

[
−(Dk2t)

]
. (12.63)

Using Eq. (12.59) we obtain

w(x, t) =

∫ ∞

−∞
dk exp [ikx]

1

2π
exp

[
−(Dk2t)

]
=

1√
4πDt

exp
[
−(x2/4Dt)

]
, (12.64)

with the normalization condition ∫ ∞

−∞
w(x, t)dx = 1. (12.65)

It is rather easy to verify by insertion that Eq. (12.64) is a solution of the diffusion equation. The solution
represents the probability of finding our random walker at positionx at timet if the initial distribution
was placed atx = 0 at t = 0.

There is another interesting feature worth observing. The discrete transition probabilityW itself is given
by a binomial distribution, see Eq. (12.47). The results from the central limit theorem, see Sect. 11.2.2,
state that transition probability in the limitn → ∞ converges to the normal distribution. It is then
possible to show that

W (il − jl, nǫ)→W (y,x,∆t) =
1√

4πD∆t
exp

[
−((y − x)2/4D∆t)

]
, (12.66)

and that it satisfies the normalization condition and is itself a solution to the diffusion equation.
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12.3.3 Numerical simulation

In the two previous subsections we have given evidence that aMarkov process actually yields in the
limit of infinitely many steps the diffusion equation. It links therefore in a physical intuitive way the
fundamental process of diffusion with random walks. It could therefore be of interest to visualize this
connection through a numerical experiment. We saw in the previous subsection that one possible solution
to the diffusion equation is given by a normal distribution.In addition, the transition rate for a given
number of steps develops from a binomial distribution into anormal distribution in the limit of infinitely
many steps. To achieve this we construct in addition a histogram which contains the number of times
the walker was in a particular positionx. This is given by the variableprobability, which is normalized
in the output function. We have omitted the initialization function, since this identical to program1.cpp
or program2.cpp of this chapter. The arrayprobability extends from-number_walks to +number_walks

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter09/cpp/program2.cpp

/*
1-dim random walk program.

A walker makes several trials steps with

a given number of walks per trial

*/

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// Function to read in data from screen, note call by reference

void initialise(int&, int&, double&) ;

// The Mc sampling for random walks

void mc_sampling(int, int, double, int *, int *, int *);

// prints to screen the results of the calculations

void output(int, int, int *, int *, int *);

int main()

{

int max_trials, number_walks;

double move_probability;

// Read in data

initialise(max_trials, number_walks, move_probability) ;

int *walk_cumulative = new int [number_walks+1];

int *walk2_cumulative = new int [number_walks+1];

int *probability = new int [2*(number_walks+1)];

for (int walks = 1; walks <= number_walks; walks++){

walk_cumulative[walks] = walk2_cumulative[walks] = 0;

}

for (int walks = 0; walks <= 2*number_walks; walks++){

probability[walks] = 0;

} // end initialization of vectors

// Do the mc sampling

mc_sampling(max_trials, number_walks, move_probability,

walk_cumulative, walk2_cumulative, probability);

// Print out results

output(max_trials, number_walks, walk_cumulative,

walk2_cumulative, probability);

delete [] walk_cumulative; // free memory

delete [] walk2_cumulative; delete [] probability;

return 0;

} // end main function

The output function contains now the normalization of the probability as well and writes this to its own
file.
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void output(int max_trials, int number_walks,

int *walk_cumulative, int *walk2_cumulative, int * probability)

{

ofstream ofile("testwalkers.dat");

ofstream probfile("probability.dat");

for( int i = 1; i <= number_walks; i++){

double xaverage = walk_cumulative[i]/((double) max_trials);

double x2average = walk2_cumulative[i]/((double) max_trials);

double variance = x2average - xaverage*xaverage;

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(6) << i;

ofile << setw(15) << setprecision(8) << xaverage;

ofile << setw(15) << setprecision(8) << variance << endl;

}

ofile.close();

// find norm of probability

double norm = 0.;

for( int i = -number_walks; i <= number_walks; i++){

norm += (double) probability[i+number_walks];

}

// write probability

for( int i = -number_walks; i <= number_walks; i++){

double histogram = probability[i+number_walks]/norm;

probfile << setiosflags(ios::showpoint | ios::uppercase);

probfile << setw(6) << i;

probfile << setw(15) << setprecision(8) << histogram << endl;

}

probfile.close();

} // end of function output

The sampling part is still done in the same function, but contains now the setup of a histogram containing
the number of times the walker visited a given positionx.

void mc_sampling(int max_trials, int number_walks,

double move_probability, int *walk_cumulative,

int *walk2_cumulative, int *probability)

{

long idum;

idum=-1; // initialise random number generator

for (int trial=1; trial <= max_trials; trial++){

int position = 0;

for (int walks = 1; walks <= number_walks; walks++){

if (ran0(&idum) <= move_probability) {

position += 1;

}

else {

position -= 1;

}

walk_cumulative[walks] += position;

walk2_cumulative[walks] += position*position;

probability[position+number_walks] += 1;

} // end of loop over walks

} // end of loop over trials

} // end mc_sampling function

Fig. 12.5 shows the resulting probability distribution after n steps In Fig. 12.5 we have plotted the
probability distribution function after a given number of time steps. Do you recognize the shape of the
probabiliy distributions?
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Figure 12.6: EntropySj as function of number of time stepsj for a random walk in one dimension. Here we
have used 100 walkers on a lattice of length fromL = −50 toL = 50 employing periodic boundary conditions
meaning that if a walker reaches the pointx = L + 1 it is shifted tox = −L and if x = −L it is shifted to
x = L.

12.4 Entropy and Equilibrium Features

We use this section to motivate, in a physically intuitive way, the importance of the ergodic hypothesis
via a discussion of how a Markovian process reaches an equilibrium situation after a given number
of random walks. It serves then purpose of bridging the gap between a Markovian process and our
discussion of the Metropolis algorithm in the next section.

To achieve this, we will use the program from the previous section, see programs/chapter9/program3.cpp
and introduce the concept of entropyS. We discuss the thermodynamical meaning of the entropy and
its link with the second law of thermodynamics in the next chapter. Here it will suffice to state that the
entropy is a measure of the disorder of the system, thus a system which is fully ordered and stays in its
fundamental state (ground state) has zero entropy, while a disordered system has a large and nonzero
entropy.

The definition of the entropyS (as a dimensionless quantity here) is

S = −
∑

i

wiln(wi), (12.67)

wherewi is the probability of finding our system in a statei. For our one-dimensional random walk case
discussed in the previous sections it represents the probability for being at positioni = i∆x after a given
number of time steps. In order to test this, we start with the previous program but assume now that we
haveN random walkers ati = 0 andt = 0 and let these random walkers diffuse as function of time. This
means simply an additional loop. We compute then, as in the previous program example, the probability
distribution forN walkers after a given number of stepsi alongx and time stepsj. We can then compute
an entropySj for a given number of time steps by summing over all probabilities i. We show this in
Fig. 12.6. The code used to compute these results is in programs/chapter9/program4.cpp. Here we
have used 100 walkers on a lattice of length fromL = −50 to L = 50 employing periodic boundary
conditions meaning that if a walker reaches the pointx = L it is shifted tox = −L and ifx = −L it
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is shifted tox = L. We see from Fig. 12.6 that for small time steps, where all particlesN are in the
same position or close to the initial position, the entropy is very small, reflecting the fact that we have
an ordered state. As time elapses, the random walkers spreadout in space (here in one dimension) and
the entropy increases as there are more states, that is positions accesible to the system. We say that the
system shows an increased degree of disorder. After severaltime steps, we see that the entropy reaches a
constant value, a situation called a steady state. This signals that the system has reached its equilibrium
situation and that the random walkers spread out to occupy all possible available states. At equilibrium
it means thus that all states are equally probable and this isnot baked into any dynamical equations
such as Newton’s law of motion. It occurs because the system is allowed to explore all possibilities.
An important hypothesis, which has never been proven rigorously but for certain systems, is the ergodic
hypothesis which states that in equilibrium all available states of a closed system have equal probability.
For a discussion of the ergodicity hypothesis and the Metropoli algorithm, see for example Ref. [62].
This hypothesis states also that if we are able to simulate long enough, then one should be able to
trace through all possible paths in the space of available states to reach the equilibrium situation. Our
Markov process should be able to reach any state of the systemfrom any other state if we run for long
enough. Markov processes fullfil the requirement of ergodicity since all new steps are independent of
the previous ones and the random walkers can thus explore with equal probability all possible positions.
In general however, we know that physical processes are not independent of each other. The relation
between ergodicity and physical systems is an unsettled topic.

The Metropolis algorithm which we discuss in the next section is based on a Markovian process and
fullfils the requirement of ergodicity. In addition, in the next section we impose the criterion of detailed
balance.

12.5 The Metropolis algorithm and detailed balance

Let us recapitulate some of our results about Markov chains and random walks.

– The time development of our PDFw(t), after one time-step fromt = 0 is given by

wi(t = ǫ) = W (j → i)wj(t = 0).

This equation represents the discretized time-development of an original PDF. We can rewrite this
as a

wi(t = ǫ) = Wijwj(t = 0).

with the transition matrixW for a random walk given by

Wij(ǫ) = W (il − jl, ǫ) =

{
1
2 |i− j| = 1

0 else

We callWij for the transition probability and we represent it as a matrix.

– BothW andw represent probabilities and they have to be normalized, meaning that at each time
step we have ∑

i

wi(t) = 1,

and ∑

j

W (j → i) = 1.

The further constraints are0 ≤Wij ≤ 1 and0 ≤ wj ≤ 1.
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– We can thus write the action ofW as

wi(t+ 1) =
∑

j

Wijwj(t), (12.68)

or as vector-matrix relation
ŵ(t+ 1) = Ŵŵ(t), (12.69)

and if we have that||ŵ(t+ 1)− ŵ(t)|| → 0, we say that we have reached the most likely state of
the system, the so-called steady state or equilibrium state. Another way of phrasing this is

w(t =∞) = Ww(t =∞). (12.70)

An important condition we require that our Markov chain should satisfy is that of detailed balance. In
statistical physics this condition ensures that it is e.g.,the Boltzmann distribution which is generated
when equilibrium is reached.

To derive the conditions for equilibrium, we start from the so-called Master equation, which relates the
temporal dependence of a PDFwi(t) to various transition rates. The equation can be derived from the
so-called Chapman-Einstein-Enskog-Kolmogorov equation, see for example Ref. [69]. The equation is
given as

dwi(t)

dt
=
∑

j

[W (j → i)wj −W (i→ j)wi] , (12.71)

which simply states that the rate at which the systems moves from a statej to a final statei (the first
term on the right-hand side of the last equation) is balancedby the rate at which the system undergoes
transitions from the statei to a statej (the second term). If we have reached the so-called steady
state, then the temporal development is zero since we are nowsatisfying Eq. (12.5). This means that in
equilibrium we have

dwi(t)

dt
= 0. (12.72)

The definition for being in equilibrium is thus that the ratesat which a system makes a transition to or
from a given statei have to be equal, that is

∑

j

W (j → i)wj =
∑

j

W (i→ j)wi. (12.73)

We see that this is compatible with our definition of the new probability if we sum overj on the
right-hand side of the last equation and use the fact that ourtransition probability is normalized, that
is
∑

j W (i→ j) = 1, which yields

wi =
∑

j

W (j → i)wj .

However, the condition that the rates should equal each other is in general not sufficient to guarantee
that we, after many simulations, generate the correct distribution. We may risk to end up with so-called
cyclic solutions. To avoid this we therefore introduce an additional condition, namely that of detailed
balance

W (j → i)wj = W (i→ j)wi. (12.74)

These equations were derived by Lars Onsager when studying irreversible processes, see Ref. [70]. At
equilibrium detailed balance gives thus

W (j → i)

W (i→ j)
=
wi

wj
. (12.75)
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We introduce now the Boltzmann distribution

wi =
exp (−β(Ei))

Z
, (12.76)

which states that the probability of finding the system in a stateiwith energyEi at an inverse temperature
β = 1/kBT iswi ∝ exp (−β(Ei)). The denominatorZ is a normalization constant which ensures that
the sum of all probabilities is normalized to one. It is defined as the sum of probabilities over all
microstatesj of the system

Z =
∑

j

exp (−β(Ei)). (12.77)

From the partition function we can in principle generate allinteresting quantities for a given system in
equilibrium with its surroundings at a temperatureT . This is demonstrated in the next chapter.

With the probability distribution given by the Boltzmann distribution we are now in a position where we
can generate expectation values for a given variableA through the definition

〈A〉 =
∑

j

Ajwj =

∑
j Aj exp (−β(Ej)

Z
. (12.78)

In general, most systems have an infinity of microstates making thereby the computation ofZ practi-
cally impossible and a brute force Monte Carlo calculation over a given number of randomly selected
microstates may therefore not yield those microstates which are important at equilibrium. To select the
most important contributions we need to use the condition for detailed balance. Since this is just given
by the ratios of probabilities, we never need to evaluate thepartition functionZ. For the Boltzmann
distribution, detailed balance results in

wi

wj
= exp (−β(Ei − Ej)). (12.79)

Let us now specialize to a system whose energy is defined by theorientation of single spins. Consider
the statei, with given energyEi represented by the followingN spins

↑ ↑ ↑ . . . ↑ ↓ ↑ . . . ↑ ↓
1 2 3 . . . k − 1 k k + 1 . . . N − 1 N

We are interested in the transition with one single spinflip to a new statej with energyEj

↑ ↑ ↑ . . . ↑ ↑ ↑ . . . ↑ ↓
1 2 3 . . . k − 1 k k + 1 . . . N − 1 N

This change from one microstatei (or spin configuration) to another microstatej is the configuration
space analogue to a random walk on a lattice. Instead of jumping from one place to another in space, we
’jump’ from one microstate to another.

However, the selection of states has to generate a final distribution which is the Boltzmann distribution.
This is again the same we saw for a random walker, for the discrete case we had always a binomial
distribution, whereas for the continuous case we had a normal distribution. The way we sample configu-
rations should result, when equilibrium is established, inthe Boltzmann distribution. Else, our algorithm
for selecting microstates has to be wrong.

Since we do not know the analytic form of the transition rate,we are free to model it as

W (i→ j) = g(i→ j)A(i→ j), (12.80)

whereg is a selection probability whileA is the probability for accepting a move. It is also called the
acceptance ratio. The selection probability should be samefor all possible spin orientations, namely

g(i→ j) =
1

N
. (12.81)
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With detailed balance this gives

g(j → i)A(j → i)

g(i→ j)A(i→ j)
= exp (−β(Ei − Ej)), (12.82)

but since the selection ratio is the same for both transitions, we have

A(j → i)

A(i→ j)
= exp (−β(Ei − Ej)) (12.83)

In general, we are looking for those spin orientations whichcorrespond to the average energy at equilib-
rium.

We are in this case interested in a new stateEj whose energy is lower thanEi, viz.,∆E = Ej−Ei ≤ 0.
A simple test would then be to accept only those microstates which lower the energy. Suppose we have
ten microstates with energyE0 ≤ E1 ≤ E2 ≤ E3 ≤ · · · ≤ E9. Our desired energy isE0. At a given
temperatureT we start our simulation by randomly choosing stateE9. Flipping spins we may then find
a path fromE9 → E8 → E7 · · · → E1 → E0. This would however lead to biased statistical averages
since it would violate the ergodic hypothesis discussed in the previous section. This principle states
that it should be possible for any Markov process to reach every possible state of the system from any
starting point if the simulations is carried out for a long enough time.

Any state in a Boltzmann distribution has a probability different from zero and if such a state cannot be
reached from a given starting point, then the system is not ergodic. This means that another possible
path toE0 could beE9 → E7 → E8 · · · → E9 → E5 → E0 and so forth. Even though such a path
could have a negligible probability it is still a possibility, and if we simulate long enough it should be
included in our computation of an expectation value.

Thus, we require that our algorithm should satisfy the principle of detailed balance and be ergodic. The
problem with our ratio

A(j → i)

A(i→ j)
= exp (−β(Ei − Ej)),

is that we do not know the acceptance probability. This equation only specifies the ratio of pairs of
probabilities. Normally we want an algorithm which is as efficient as possible and maximizes the number
of accepted moves. Moreover, we know that the acceptance probability has zero as its smallets value
and one as its largest.

One possibility to model the acceptance probability is given by the so-called Metropolis algorithm. Here
we take into account the fact that the largest value the acceptance probability can take is one. We adjust
thereafter the other acceptance probability to this constraint.

To understand this better, assume that we have two energies,Ei andEj , withEi < Ej . This means that
the largest acceptance value must beA(j → i) since we move to a state with lower energy. It follows
from also from the fact that the probabilitywi is larger thanwj . The trick then is to fix this value to one.
It means that the other acceptance probability has to be

A(i→ j) = exp (−β(Ej − Ei)).

One possible way to encode this equation reads

A(j → i) =

{
exp (−β(Ei − Ej)) Ei − Ej > 0

1 else
, (12.84)

implying that if we move to a state with a lower energy, we always accept this move with acceptance
probabilityA(j → i) = 1. If the energy is higher, we need to check this acceptance probability with the
ratio between the probabilities from our PDF. From a practical point view, the above ratio is compared
with a random number. If the ratio is smaller than a given random number we accept the move to a
higher energy, else we stay in the same state.
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Nothing hinders us obviously in choosing another acceptance ratio, like a weighting of the two energies
via

A(j → i) = exp (−1

2
β(Ei − Ej)).

However, it is easy to see that such an acceptance ratio woud result in fewer accepted moves.

The Metropolis algorithm satisfies the condition for detailed balance and ergodicity.

12.5.1 Brief summary

The Monte Carlo approach, combined with the theory for Markov chains can be summarized as follows:
A Markov chain Monte Carlo method for the simulation of a distributionw is any method producing an
ergodic Markov chain of eventsx whose stationary distribution isw. The Metropolis algorithm can be
phrased as

– Generate an initial valuex(i).

– Generate a trial valueyt with probabilityf(yt|x(i)). The latter quantity represents the probability
of generatingyt givenx(i).

– Take a new value

x(i+1) =

{
yt with probability = A(x(i) → yt)

x(i) with probability = 1− A(x(i) → yt)

– We have defined the transition (acceptance) probability as

A(x→ y) = min

{
w(y)f(x|y)
w(x)f(y|x) , 1

}
.

The distributionf is often called the instrumental (we will relate it to the jumping of a walker) or
proposal distribution whileA is the Metropolis-Hastings acceptance probability. Whenf(y|x) is
symmetric it is just called the Metropolis algorithm.

Using the Metropolis algorithm we can in turn set up the general calculational scheme as shown in the
following figure:

12.6 Exercises and projects

Exercise 9.1: Two dimensional randow walk

Extend the first program discussed in this chapter to a two-dimensional random walk with probability
1/4 for a move to the right, left, up or down. Compute the variancefor both thex andy directions and
the total variance.

Exercise 12.1: Two dimensional randow walk

Use the second program to fit the computed probability distribution with a normal distribution using
your calculated values ofσ2 and〈x〉.
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Initialize:
Establish an initial
state, for example

a positionx(i)

Suggest a moveyt

Compute ac-
ceptance ratio
A(x(i) → yt)

Generate a
uniformly
distributed
variabler

Is
A(x(i) →
yt) ≥

r?

Reject move:
x(i+1) = x(i)

Accept move:
x(i) =

yt = x(i+1)

Last
move?

Get local ex-
pectation values

Last
MC
step?

Collect samples

End

yes

no

yes

yes

no

Figure 12.7: Chart flow for the Quantum Varitional Monte Carlo algorithm.
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Project 12.1: simulation of the Boltzmann distribution

In this project the aim is to show that the Metropolis algorithm generates the Boltzmann distribution

P (β) =
e−βE

Z
,

with β = 1/kT being the inverse temperature,E is the energy of the system andZ is the partition
function. The only functions you will need are those to generate random numbers.

We are going to study one single particle in equilibrium withits surroundings, the latter modelled via a
large heat bath with temperatureT .

The model used to describe this particle is that of an ideal gas in onedimension and with velocity−v
or v. We are interested in findingP (v)dv, which expresses the probability for finding the system witha
given velocityv ∈ [v, v + dv]. The energy for this one-dimensional system is

E =
1

2
kT =

1

2
v2,

with massm = 1. In order to simulate the Boltzmann distribution, your program should contain the
following ingredients:

– Reads in the temperatureT , the number of Monte Carlo cycles, and the initial velocity.You should
also read in the change in velocityδv used in every Monte Carlo step. Let the temperature have
dimension energy.

– Thereafter you choose a maximum velocity given by for example vmax ∼ 10
√
T . This should

include all relevant velocities which give a non-zero probability. But you need to check whether
this is true or not.

Then you construct a velocity interval defined byvmax and divide it in small intervals through
vmax/N , with N ∼ 100 − 1000. For each of these intervals your task is to find out how many
times a given velocity during the Monte Carlo sampling appears in each specific interval.

– The number of times a given velocity appears in a specific interval is used to construct a histogram
representingP (v)dv. To achieve this you should construct a vectorP [N ] which contains the
number of times a given velocity appears in the subintervalv, v + dv.

In order to find the number of velocities appearing in each interval we will employ the Metropolis
algorithm. A pseudocode for this is

for( montecarlo_cycles=1; Max_cycles; montecarlo_cycles++) {

...

// change speed as function of delta v

v_change = (2*ran1(&idum) -1 )* delta_v;

v_new = v_old+v_change;

// energy change

delta_E = 0.5*(v_new*v_new - v_old*v_old) ;

......

// Metropolis algorithm begins here

if ( ran1(&idum) <= exp(-beta*delta_E) ) {

accept_step = accept_step + 1 ;

v_old = v_new ;

.....

}

// thereafter we must fill in P[N] as a function of

// the new speed

P[?] = ...

// upgrade mean velocity, energy and variance

...

}
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a) Make your own algorithm which sets up the histogramP (v)dv, find mean velocity, energȳE,
energy varianceVar(E) and the number of accepted steps for a given temperature. Study the
change of the number of accepted moves as a function ofδv. Compare the final energy with
the closed form result̄E = kT/2 for one dimension. Find also the closed-form expressions for
the energy variance and the mean velocity and compare your calculations with these results. Use
T = 4 and set the intial velocity to zero, i.e.,v0 = 0. Try different values ofδv. Check the final
result for the energy as a function of the number of Monte Carlo cycles.

b) Repeat the calculation in the previous exercise but usingnow a normal distribution. Does that
improve your results compared with the exact expressions?

c) Make thereafter a plot ofln(P (v)) as function ofE and see if you get a straight line. Comment
the result.

d) In our analysis under [a) we have not discussed how the system reaches the most likely state, that
is whether equilibrium has been reached or not. Make a plot ofthe mean velocity, energy, energy
variance and the number of accepted steps for a given temperature as function of the number of
Monte Carlo samples. Perform these calculations for several temperatures, namelyT = 0.5,
T = 1, T = 2 andT = 10 and comment your results. Can you find a rough measure for whenthe
most likely state has been reached?

e) The analysis in point [d) is rather rough and obviously user dependent, in the sense that it is very
much up to the user to define when an equilibrium situation hasbeen reached or not. To improve
upon this, compute the so-called time autocorrelation function defined here as

φ(t) =
1

tmax − t

tmax−t∑

t′=0

Ē(t′)Ē(t′ + t)− 1

tmax − t

tmax−t∑

t′=0

Ē(t′)× 1

tmax − t

tmax−t∑

t′=0

Ē(t′ + t)

for the mean energyE(̄t) and plot it as function of the number of Monte Carlo steps for the tem-
peratures in [c). The timet corresponds to a given number of Monte Carlo cycles. Can you extract
an equilibration measure? How does the correlation time behave as function of temperature? Com-
ment your results. Be careful in choosing values oft, they should not be too close totmax. Compute
the autocorrelation function for all temperatures listed in [d) and compare your results with those
in [d). Comment your results.

f) In the previous analysis we computed the time autocorrelation function. This quantity can be
related to the covariance of our measurements. To achieve this you need to store the results of all
contributions to the measurements of the mean energy and itsvarianceσ2

E given by

σ2
E =

1

n2

n∑

k=1

(Ek − Ē)2 +
2

n2

∑

k<l

(Ek − Ē)(El − Ē)

Here we assume thatn corresponds to the number of Monte Carlo samples in one experiment
and that we repeat these experiments a given time. We can assume here that we repeat these
experimentsm = n times. The valuēE is the mean energy whileEk,l represent individual mea-
surements. The first term is the same as the error in the uncorrelated case. This means that the
second term accounts for the error correction due to correlation between the measurements. For
uncorrelated measurements this second term is zero.

Computationally the uncorrelated first term is much easier to treat efficiently than the second.

Var(E) =
1

n

n∑

k=1

(Ek − Ē)2 =

(
1

n

n∑

k=1

E2
k

)
− Ē2

We just accumulate separately the valuesE2
k andEk for every measurementEk we receive. The

correlation term, though, has to be calculated at the end of the experiment since we need all the
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measurements to calculate the cross terms. Therefore, all measurements have to be stored through-
out the experiment.

Let us analyze the problem by splitting up the correlation term into partial sums of the form:

fd =
1

n

n−d∑

k=1

(Ek − Ē)(Ek+d − Ē)

The correlation term of the error can now be rewritten in terms offd:

2

n

∑

k<l

(Ek − Ē)(El − Ē) = 2

n−1∑

d=1

fd

The value offd reflects the correlation between measurements separated bythe distanced in the
samples. Notice that ford = 0, f is just the sample variance,Var(E). If we dividefd by Var(E),
we arrive at the so calledautocorrelation function:

κd =
fd

Var(E)

which gives us a useful measure of the correlation pair correlation starting always at1 for d = 0.

The sample variance can now be written in terms of the autocorrelation function:

σ2
E =

1

n
Var(E) +

2

n
·Var(E)

n−1∑

d=1

fd

Var(E)

=

(
1 + 2

n−1∑

d=1

κd

)
1

n
Var(E)

=
τ

n
·Var(E) (12.85)

and we see thatσ2
E can be expressed in terms the uncorrelated sample variance times a correction

factorτ which accounts for the correlation between measurements. We call this correction factor
theautocorrelation time:

τ = 1 + 2

n−1∑

d=1

κd (12.86)

For a correlation free experiment,τ equals 1. From the point of view of Eq. (12.85) we can interpret
a sequential correlation as an effective reduction of the number of measurements by a factorτ . The
effective number of measurements becomes

neff =
n

τ

From the previous exercise you needed to store all experimentsEk in order to compute the time
autocorrelation function. You can reuse these data in this exercise and compute the full variance
σ2

E , the covariance, the autocorrelation timeτ and the effective number of measurementsneff . It
is sufficient to choose only one of the temperatures from exercise [f). Comment your results. Can
you relate the correlation timeτ to what you found in [e)? What about the covariance and the time
autocorrelation function?
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Chapter 13

Monte Carlo methods in statistical
physics

When you are solving a problem, don’t worry. Now, after you have solved the problem,
then that’s the time to worry.Richard Feynman

13.1 Introduction and motivation

The aim of this chapter is to present examples from the physical sciences where Monte Carlo methods
are widely applied. Here we focus on examples from statistical physics. and discuss one of the most
studied systems, the Ising model for the interaction among classical spins. This model can exhibit both
first and second order phase transitions and is perhaps one ofthe most studied system in statistical
physics with respect to simulations of phase transitions. The Norwegian-born chemist Lars Onsager
developed in 1944 an ingenious mathematical description ofthe Ising model [71] meant to simulate a
two-dimensional model of a magnet composed of many small atomic magnets. This work proved later
useful in analyzing other complex systems, such as gases sticking to solid surfaces, and hemoglobin
molecules that absorb oxygen. He got the Nobel prize in chemistry in 1968 for his studies of non-
equilibrium thermodynamics. Many people argue he should have received the Nobel prize in physics
as well for his work on the Ising model. Another model we discuss at the end of this chapter is the so-
called class of Potts models, which exhibits both first and second order type of phase transitions. Both
the Ising model and the Potts model have been used to model phase transitions in solid state physics,
with a particular emphasis on ferromagnetism and antiferromagnetism.

Metals like iron, nickel, cobalt and some of the rare earths (gadolinium, dysprosium) exhibit a unique
magnetic behavior which is called ferromagnetism because iron (ferrum in Latin) is the most common
and most dramatic example. Ferromagnetic materials exhibit a long-range ordering phenomenon at the
atomic level which causes the unpaired electron spins to line up parallel with each other in a region called
a domain. The long range order which creates magnetic domains in ferromagnetic materials arises from
a quantum mechanical interaction at the atomic level. This interaction is remarkable in that it locks
the magnetic moments of neighboring atoms into a rigid parallel order over a large number of atoms in
spite of the thermal agitation which tends to randomize any atomic-level order. Sizes of domains range
from a 0.1 mm to a few mm. When an external magnetic field is applied, the domains already aligned
in the direction of this grow at the expense of their neighbors. For a given ferromagnetic material the
long range order abruptly disappears at a certain temperature which is called the Curie temperature for
the material. The Curie temperature of iron is about 1043 K while metals like cobalt and nickel have a
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Figure 13.1: Example of a cubic lattice with atoms at each corner. Each atom has a finite magnetic moment
which points in a particular direction.
.

Curie temperature of 1388 K and 627 K, respectively, and someof the rare earth metals like gadolinium
and dysprosium have 293 K and 85 K, respectively. We could think of an actual metal as composed of
for example a cubic lattice with atoms at each corner with a resulting magnetic moment pointing in a
particular direction, as portrayed in Fig. 13.1. In many respects, these atomic magnets are like ordinary
magnets and can be thought of in terms of little magnet vectors pointing from south to north poles. The
Ising model provides a simple way of describing how a magnetic material responds to thermal energy
and an external magnetic field. In this model, each domain hasa corresponding spin of north or south.
The spins can be thought of as the poles of a bar magnet. The model assigns a value of +1 or -1 to the
spins north and south respectively. The direction of the spins influences the total potential energy of the
system.

Another physical case where the application of the Ising model enjoys considerable success is the de-
scription of antiferromagnetism. This is a type of magnetism where adjacent ions spontaneously align
themselves at relatively low temperatures into opposite, or antiparallel, arrangements throughout the
material so that it exhibits almost no gross external magnetism. In antiferromagnetic materials, which
include certain metals and alloys in addition to some ionic solids, the magnetism from magnetic atoms
or ions oriented in one direction is canceled out by the set ofmagnetic atoms or ions that are aligned in
the reverse direction.

This spontaneous antiparallel coupling of atomic magnets is disrupted by heating and disappears en-
tirely above a certain temperature, called the Néel temperature, characteristic of each antiferromagnetic
material. (The Néel temperature is named for Louis Néel, French physicist, who in 1936 gave one of the
first explanations of antiferromagnetism.) Some antiferromagnetic materials have Néel temperatures at,
or even several hundred degrees above, room temperature, but usually these temperatures are lower. The
Néel temperature for manganese oxide, for example, is 122 K.

372



13.2 – Review of Statistical Physics

Figure 13.2: The open (white) circles at each lattice point can represent a vacant site, while the black circles
can represent the absorption of an atom on a metal surface.
.

Antiferromagnetic solids exhibit special behaviour in an applied magnetic field depending upon the
temperature. At very low temperatures, the solid exhibits no response to the external field, because
the antiparallel ordering of atomic magnets is rigidly maintained. At higher temperatures, some atoms
break free of the orderly arrangement and align with the external field. This alignment and the weak
magnetism it produces in the solid reach their peak at the Néel temperature. Above this temperature,
thermal agitation progressively prevents alignment of theatoms with the magnetic field, so that the weak
magnetism produced in the solid by the alignment of its atomscontinuously decreases as temperature is
increased. For further discussion of magnetic properties and solid state physics, see for example the text
of Ashcroft and Mermin [72].

As mentioned above, spin models like the Ising and Potts models can be used to model other systems as
well, such as gases sticking to solid surfaces, and hemoglobin molecules that absorb oxygen. We sketch
such an application in Fig. 13.2.

However, before we present the Ising model, we feel it is appropriate to refresh some important quantities
in statistical physics, such as various definitions of statistical ensembles, their partition functions and
relevant variables.

13.2 Review of Statistical Physics

In statistical physics the concept of an ensemble is one of the cornerstones in the definition of ther-
modynamical quantities. An ensemble is a collection of microphysics systems from which we derive
expectations values and thermodynamical properties related to experiment. As an example, the specific
heat (which is a measurable quantity in the laboratory) of a system of infinitely many particles, can be
derived from the basic interactions between the microscopic constituents. The latter can span from elec-
trons to atoms and molecules or a system of classical spins. All these microscopic constituents interact
via a well-defined interaction. We say therefore that statistical physics bridges the gap between the mi-
croscopic world and the macroscopic world. Thermodynamical quantities such as the specific heat or
net magnetization of a system can all be derived from a microscopic theory.

There are several types of ensembles, with their pertinent expectaction values and potentials. Table 13.1
lists the most used ensembles in statistical physics together with frequently arising extensive (depend on
the size of the systems such as the number of particles) and intensive variables (apply to all components
of a system), in addition to associated potentials.
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Table 13.1: Overview of the most common ensembles and their variables. Here we have defineM - to be the
magnetization,D - the electric dipole moment,H - the magnetic field andE - to be the electric field. The last
two replace the pressure as an intensive variable, while themagnetisation and the dipole moment play the same
role as volume, viz they are extensive variables. The inverstemperaturβ regulates the mean energy while the
chemical potentialµ regulates the mean number of particles.

Microcanonical Canonical Grand canonical Pressure canonical

Exchange of heat no yes yes yes
with the environment

Exchange of particles no no yes no
with the environemt

Thermodynamical V,M,D V,M,D V,M,D P,H, E
parameters E T T T

N N µ N

Potential Entropy Helmholtz PV Gibbs

Energy Internal Internal Internal Enthalpy

13.2.1 Microcanonical Ensemble

The microcanonical ensemble represents an hypotheticallyisolated system such as a nucleus which does
not exchange energy or particles via the environment. The thermodynamical quantity of interest is the
entropyS which is related to the logarithm of the number of possible microscopic statesΩ(E) at a given
energyE that the system can access. The relation is

S = kBlnΩ. (13.1)

When the system is in its ground state the entropy is zero since there is only one possible ground state.
For excited states, we can have a higher degeneracy than one and thus an entropy which is larger than
zero. We may therefore loosely state that the entropy measures the degree of order in a system. At
low energies, we expect that we have only few states which areaccessible and that the system prefers
a specific ordering. At higher energies, more states become accessible and the entropy increases. The
entropy can be used to compute observables such as the temperature

1

kBT
=

(
∂lnΩ

∂E

)

N,V

, (13.2)

the pressure
p

kBT
=

(
∂lnΩ

∂V

)

N,E

, (13.3)

or the chemical potential.
µ

kBT
= −

(
∂lnΩ

∂N

)

V,E

. (13.4)

374



13.2 – Review of Statistical Physics

It is very difficult to compute the density of statesΩ(E) and thereby the partition function in the micro-
canonical ensemble at a given energyE, since this requires the knowledge of all possible microstates
at a given energy. This means that calculations are seldomlydone in the microcanonical ensemble. In
addition, since the microcanonical ensemble is an isolatedsystem, it is hard to give a physical meaning
to a quantity like the microcanonical temperature.

13.2.2 Canonical Ensemble

One of the most used ensembles is the canonical one, which is related to the microcanonical ensemble
via a Legendre transformation. The temperature is an intensive variable in this ensemble whereas the
energy follows as an expectation value. In order to calculate expectation values such as the mean energy
〈E〉 at a given temperature, we need a probability distribution.It is given by the Boltzmann distribution

Pi(β) =
e−βEi

Z

with β = 1/kBT being the inverse temperature,kB is the Boltzmann constant,Ei is the energy of a
microstatei whileZ is the partition function for the canonical ensemble definedas

Z =

M∑

i=1

e−βEi,

where the sum extends over all microstatesM . The potential of interest in this case is Helmholtz’ free
energy. It relates the expectation value of the energy at a given temperaturT to the entropy at the same
temperature via

F = −kBT lnZ = 〈E〉 − TS.
Helmholtz’ free energy expresses the struggle between two important principles in physics, namely the
strive towards an energy minimum and the drive towards higher entropy as the temperature increases. A
higher entropy may be interpreted as a larger degree of disorder. When equilibrium is reached at a given
temperature, we have a balance between these two principles. The numerical expression is Helmholtz’
free energy. The creation of a macroscopic magnetic field from a bunch of atom-sized mini-magnets, as
shown in Fig. 13.1 results from a careful balance between these two somewhat opposing principles in
physics, order vs. disorder.

In the canonical ensemble the entropy is given by

S = kB lnZ + kBT

(
∂lnZ

∂T

)

N,V

,

and the pressure by

p = kBT

(
∂lnZ

∂V

)

N,T

.

Similarly we can compute the chemical potential as

µ = −kBT

(
∂lnZ

∂N

)

V,T

.

For a system described by the canonical ensemble, the energyis an expectation value since we allow
energy to be exchanged with the surroundings (a heat bath with temperatureT ).

This expectation value, the mean energy, can be calculated using

〈E〉 = kBT
2

(
∂lnZ

∂T

)

V,N
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or using the probability distributionPi as

〈E〉 =

M∑

i=1

EiPi(β) =
1

Z

M∑

i=1

Eie
−βEi.

The energy is proportional to the first derivative of the potential, Helmholtz’ free energy. The corre-
sponding variance is defined as

σ2
E = 〈E2〉 − 〈E〉2 =

1

Z

M∑

i=1

E2
i e

−βEi −
(

1

Z

M∑

i=1

Eie
−βEi

)2

.

If we divide the latter quantity withkT 2 we obtain the specific heat at constant volume

CV =
1

kBT 2

(
〈E2〉 − 〈E〉2

)
,

which again can be related to the second derivative of Helmholtz’ free energy. Using the same prescrip-
tion, we can also evaluate the mean magnetization through

〈M〉 =
M∑

i

MiPi(β) =
1

Z

M∑

i

Mie
−βEi ,

and the corresponding variance

σ2
M = 〈M2〉 − 〈M〉2 =

1

Z

M∑

i=1

M2
i e

−βEi −
(

1

Z

M∑

i=1

Mie
−βEi

)2

.

This quantity defines also the susceptibilityχ

χ =
1

kBT

(
〈M2〉 − 〈M〉2

)
.

13.2.3 Grand Canonical and Pressure Canonical

Two other ensembles which are much used in statistical physics and thermodynamics are the grand
canonical and pressure canonical ensembles. In the first we allow the system (in contact with a large
heat bath) to exchange both heat and particles with the environment. The potential is, with a partition
functionΞ(V, T, µ) with variablesV, T andµ,

pV = kBT lnΞ,

and the entropy is given by

S = kBlnΞ + kBT

(
∂lnΞ

∂T

)

V,µ

,

while the mean number of particles is

〈N〉 = kBT

(
∂lnΞ

∂µ

)

V,T

.

The pressure is determined as

p = kBT

(
∂lnΞ

∂V

)

µ,T

.

In the pressure canonical ensemble we employ with Gibbs’ free energy as the potential. It is related
to Helmholtz’ free energy viaG = F + pV . The partition function is∆(N, p, T ), with temperature,
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pressure and the number of particles as variables. The pressure and volume term can be replaced by
other external potentials, such as an external magnetic field (or a gravitational field) which performs
work on the system. Gibbs’ free energy reads

G = −kBT ln∆,

and the entropy is given by

S = kBln∆ + kBT

(
∂ln∆

∂T

)

p,N

.

We can compute the volume as

V = −kBT

(
∂ln∆

∂p

)

N,T

,

and finally the chemical potential

µ = −kBT

(
∂ln∆

∂N

)

p,T

.

In this chapter we work with the canonical ensemble only.

13.3 Ising model and phase transitions in magnetic systems

13.3.1 Theoretical background

The model we will employ in our studies of phase transitions at finite temperature for magnetic systems
is the so-called Ising model. In its simplest form the energyis expressed as

E = −J
N∑

<kl>

sksl − B
N∑

k

sk,

with sk = ±1, N is the total number of spins,J is a coupling constant expressing the strength of the
interaction between neighboring spins andB is an external magnetic field interacting with the magnetic
moment set up by the spins. The symbol< kl > indicates that we sum over nearest neighbors only.
Notice that forJ > 0 it is energetically favorable for neighboring spins to be aligned. This feature leads
to, at low enough temperatures, a cooperative phenomenon called spontaneous magnetization. That is,
through interactions between nearest neighbors, a given magnetic moment can influence the alignment
of spins that are separated from the given spin by a macroscopic distance. These long range correlations
between spins are associated with a long-range order in which the lattice has a net magnetization in the
absence of a magnetic field. In our further studies of the Ising model, we will mostly limit the attention
to cases withB = 0 only.

In order to calculate expectation values such as the mean energy 〈E〉 or magnetization〈M〉 in statistical
physics at a given temperature, we need a probability distribution

Pi(β) =
e−βEi

Z

with β = 1/kT being the inverse temperature,k the Boltzmann constant,Ei is the energy of a statei
whileZ is the partition function for the canonical ensemble definedas

Z =

M∑

i=1

e−βEi,
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where the sum extends over all microstatesM . Pi expresses the probability of finding the system in a
given configurationi.

The energy for a specific configurationi is given by

Ei = −J
N∑

<kl>

sksl.

To better understand what is meant with a configuration, consider first the case of the one-dimensional
Ising model withB = 0. In general, a given configuration ofN spins in one dimension may look like

↑ ↑ ↑ . . . ↑ ↓ ↑ . . . ↑ ↓
1 2 3 . . . i− 1 i i+ 1 . . . N − 1 N

In order to illustrate these features let us further specialize to just two spins.

With two spins, since each spin takes two values only, we have22 = 4 possible arrangements of the two
spins. These four possibilities are

1 =↑↑ 2 =↑↓ 3 =↓↑ 4 =↓↓

What is the energy of each of these configurations?

For small systems, the way we treat the ends matters. Two cases are often used.

(a) In the first case we employ what is called free ends. This means that there is no contribution from
points to the right or left of the endpoints. For the one-dimensional case, the energy is then written
as a sum over a single index

Ei = −J
N−1∑

j=1

sjsj+1,

If we label the first spin ass1 and the second ass2 we obtain the following expression for the
energy

E = −Js1s2.

The calculation of the energy for the one-dimensional lattice with free ends for one specific spin-
configuration can easily be implemented in the following lines

for ( j=1; j < N; j++) {

energy += spin[j]*spin[j+1];

}

where the vectorspin[] contains the spin valuesk = ±1. For the specific stateE1, we have chosen
all spins up. The energy of this configuration becomes then

E1 = E↑↑ = −J.

The other configurations give

E2 = E↑↓ = +J,

E3 = E↓↑ = +J,

and

E4 = E↓↓ = −J.
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(b) We can also choose so-called periodic boundary conditions. This means that the neighbour to the
right of sN is assumed to take the value ofs1. Similarly, the neighbour to the left ofs1 takes the
valuesN . In this case the energy for the one-dimensional lattice reads

Ei = −J
N∑

j=1

sjsj+1,

and we obtain the following expression for the two-spin case

E = −J(s1s2 + s2s1).

In this case the energy forE1 is different, we obtain namely

E1 = E↑↑ = −2J.

The other cases do also differ and we have

E2 = E↑↓ = +2J,

E3 = E↓↑ = +2J,

and
E4 = E↓↓ = −2J.

If we choose to use periodic boundary conditions we can code the above expression as

jm=N;

for ( j=1; j <=N ; j++) {

energy += spin[j]*spin[jm];

jm = j ;

}

The magnetization is however the same, defined as

Mi =
N∑

j=1

sj ,

where we sum over all spins for a given configurationi.

Table 13.2 lists the energy and magnetization for both free ends and periodic boundary conditions.

Table 13.2: Energy and magnetization for the one-dimensional Ising model withN = 2 spins with free ends
(FE) and periodic boundary conditions (PBC).

State Energy (FE) Energy (PBC) Magnetization
1 =↑↑ −J −2J 2
2 =↑↓ J 2J 0
3 =↓↑ J 2J 0
4 =↓↓ −J −2J -2

We can reorganize Table 13.2 according to the number of spinspointing up, as shown in Table 13.3. It
is worth noting that for small dimensions of the lattice, theenergy differs depending on whether we use
periodic boundary conditions or free ends. This means also that the partition functions will be different,
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Table 13.3: Degeneracy, energy and magnetization for the one-dimensional Ising model withN = 2 spins
with free ends (FE) and periodic boundary conditions (PBC).

Number spins up Degeneracy Energy (FE) Energy (PBC) Magnetization
2 1 −J −2J 2
1 2 J 2J 0
0 1 −J −2J -2

as discussed below. In the thermodynamic limit we haveN → ∞, and the final results do not depend
on the kind of boundary conditions we choose.

For a one-dimensional lattice with periodic boundary conditions, each spin sees two neighbors. For a
two-dimensional lattice each spin sees four neighboring spins. How many neighbors does a spin see in
three dimensions?

In a similar way, we could enumerate the number of states for atwo-dimensional system consisting of
two spins, i.e., a2 × 2 Ising model on a square lattice withperiodic boundary conditions. In this case
we have a total of24 = 16 states. Some examples of configurations with their respective energies are
listed here

E = −8J
↑ ↑
↑ ↑ E = 0

↑ ↑
↑ ↓ E = 0

↓ ↓
↑ ↓ E = −8J

↓ ↓
↓ ↓

In the Table 13.4 we group these configurations according to their total energy and magnetization.

Table 13.4: Energy and magnetization for the two-dimensional Ising model withN = 2×2 spins with periodic
boundary conditions.

Number spins up Degeneracy Energy Magnetization
4 1 −8J 4
3 4 0 2
2 4 0 0
2 2 8J 0
1 4 0 -2
0 1 −8J -4

For the one-dimensional Ising model we can compute rather easily the exact partition function for a
system ofN spins. Let us consider first the case with free ends. The energy reads

E = −J
N−1∑

j=1

sjsj+1.

The partition function forN spins is given by

ZN =
∑

s1=±1

· · ·
∑

sN =±1

exp (βJ

N−1∑

j=1

sjsj+1),
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and since the last spin occurs only once in the last sum in the exponential, we can single out the last spin
as follows ∑

sN =±1

exp (βJsN−1sN ) = 2cosh(βJ).

The partition function consists then of a part from the last spin and one from the remaining spins resulting
in

ZN = ZN−12cosh(βJ).

We can repeat this process and obtain

ZN = (2cosh(βJ))N−2Z2,

with Z2 given by
Z2 =

∑

s1=±1

∑

s2=±1

exp (βJs1s2) = 4cosh(βJ),

resulting in
ZN = 2(2cosh(βJ))N−1.

In the thermodynamical limit where we letN →∞, the way we treat the ends does not matter. However,
since our computations will always be carried out with a limited value ofN , we need to consider other
boundary conditions as well. Here we limit the attention to periodic boundary conditions.

If we use periodic boundary conditions, the partition function is given by

ZN =
∑

s1=±1

· · ·
∑

sN=±1

exp (βJ

N∑

j=1

sjsj+1),

where the sum in the exponential runs from1 toN since the energy is defined as

E = −J
N∑

j=1

sjsj+1.

We can then rewrite the partition function as

ZN =
∑

{si=±1}

N∏

i=1

exp (βJsisi+1),

where the first sum is meant to represent all lattice sites. Introducing the matrix̂T (the so-called transfer
matrix)

T̂ =

(
eβJ e−βJ

e−βJ eβJ

)
,

with matrix elementst11 = eβJ , t1−1 = e−βJ , t−11 = eβJ and t−1−1 = eβJ we can rewrite the
partition function as

ZN =
∑

{si=±1}
T̂s1s2

T̂s2s3
. . . T̂sN s1

= TrT̂N .

The2×2 matrixT̂ is easily diagonalized with eigenvaluesλ1 = 2cosh(βJ) andλ2 = 2sinh(βJ). Sim-
ilarly, the matrixT̂N has eigenvaluesλN

1 andλN
2 and the trace of̂TN is just the sum over eigenvalues

resulting in a partition function

ZN = λN
1 + λN

2 = 2N
(
[cosh(βJ)]N + [sinh(βJ)]N

)
.

In the limitN → ∞ the two partition functions with free ends and periodic boundary conditions agree,
see below for a demonstration.
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In the development phase of an algorithm and its pertinent code it is always useful to test the numerics
against analytic results. It is therefore instructive to compute properties like the internal energy and the
specific heat for these two cases and test the results againstthose produced by our code. We can then
calculate the mean energy with free ends from the above formula for the partition function using

〈E〉 = −∂lnZ
∂β

= −(N − 1)Jtanh(βJ).

Helmholtz’s free energy is given by

F = −kBT lnZN = −NkBT ln (2cosh(βJ)) .

If we take our simple system with just two spins in one-dimension, we see immediately that the above
expression for the partition function is correct. Using thedefinition of the partition function we have

Z2 =
2∑

i=1

e−βEi = 2e−βJ + 2eβJ = 4cosh(βJ)

If we take the limitT → 0 (β →∞) and setN = 2, we obtain

lim
β→∞

〈E〉 = −J e
Jβ − e−Jβ

eJβ + e−Jβ
= −J,

which is the energy where all spins point in the same direction. At low T , the system tends towards a
state with the highest possible degree of order.

The specific heat in one-dimension with free ends is

CV =
1

kT 2

∂2

∂β2
lnZN = (N − 1)k

(
βJ

cosh(βJ)

)2

.

Note well that this expression for the specific heat from the one-dimensional Ising model does not
diverge or exhibit discontinuities, as can be seen from Fig.13.3.

In one dimension we do not have a second order phase transition, although this is predicted by mean
field models [56].

We can repeat this exercise for the case with periodic boundary conditions as well. Helmholtz’s free
energy is in this case

F = −kBT ln(λN
1 + λN

2 ) = −kBT

{
Nln(λ1) + ln

(
1 + (

λ2

λ1
)N

)}
,

which in the limitN → ∞ results inF = −kBTNln(λ1) as in the case with free ends. Since other
thermodynamical quantities are related to derivatives of the free energy, all observables become identical
in the thermodynamic limit.

Hitherto we have limited ourselves to studies of systems with zero external magnetic field, vizB = 0.
We will mostly study systems which exhibit a spontaneous magnitization. It is however instructive to
extend the one-dimensional Ising model toB 6= 0, yielding a partition function (with periodic boundary
conditions)

ZN =
∑

s1=±1

· · ·
∑

sN =±1

exp (β

N∑

j=1

(Jsjsj+1 +
B
2

(sj + sj+1)),
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Figure 13.3: Heat capacity per spin (CV /(N − 1)kB as function of inverse temperatureβ for the one-
dimensional Ising model.

which yields a new transfer matrix with matrix elementst11 = eβ(J+B), t1−1 = e−βJ , t−11 = eβJ and
t−1−1 = eβ(J−B) with eigenvalues

λ1 = eβJcosh(βJ) + (e2βJsinh2(βB) + e−2βJ)1/2,

and
λ1 = eβJcosh(βJ)− (e2βJsinh2(βB) + e−2βJ)1/2.

The partition function is given byZN = λN
1 + λN

2 and in the thermodynamic limit we obtain the
following free energy

F = −NkBT ln
(
eβJcosh(βJ) + (e2βJsinh2(βB) + e−2βJ)1/2

)
.

It is now useful to compute the expectation value of the magnetisation per spin

〈M/N〉 = 1

NZ

M∑

i

Mie
−βEi = − 1

N

∂F

∂B ,

resulting in

〈M/N〉 = sinh(βB)(
sinh2(βB) + e−2βJ)1/2

) .

We see that forB = 0 the magnetisation is zero. This means that for a one-dimensional Ising model we
cannot have a spontaneous magnetization. For the two-dimensional model however, see the discussion
below, the Ising model exhibits both a spontaneous magnetisation and a specific heat and susceptibility
which are discontinuous or even diverge. However, except for the simplest case such as2× 2 lattice of
spins, with the following partition function

Z = 2e−8Jβ + 2e8Jβ + 12,

and resulting mean energy

〈E〉 = − J
Z

(
16e8Jβ − 16e−8Jβ

)
,

383



Monte Carlo methods in statistical physics

it is a highly non-trivial task to find the analytic expression for ZN in the thermodynamic limit. The
analytic expression for the Ising model in two dimensions was obtained via a mathematical tour de force
in 1944 by the Norwegian chemist Lars Onsager [71]. The exactpartition function forN spins in two
dimensions and with zero magnetic fieldB is given by

ZN =
[
2cosh(βJ)eI

]N
,

with

I =
1

2π

∫ π

0

dφln

[
1

2

(
1 + (1 − κ2sin2φ)1/2

)]
,

and
κ = 2sinh(2βJ)/cosh2(2βJ).

The resulting energy is given by

〈E〉 = −Jcoth(2βJ)

[
1 +

2

π
(2tanh2(2βJ)− 1)K1(q)

]
,

with q = 2sinh(2βJ)/cosh2(2βJ) and the complete elliptic integral of the first kind

K1(q) =

∫ π/2

0

dφ√
1− q2sin2φ

.

Differentiating once more with respect to temperature we obtain the specific heat given by

CV =
4kB

π
(βJcoth(2βJ))2

{
K1(q)−K2(q)− (1− tanh2(2βJ))

[π
2

+ (2tanh2(2βJ)− 1)K1(q)
]}

,

(13.5)
where

K2(q) =

∫ π/2

0

dφ
√

1− q2sin2φ, (13.6)

is the complete elliptic integral of the second kind. Near the critical temperatureTC the specific heat
behaves as

CV ≈ −
2

π

(
2J

kBTC

)2

ln

∣∣∣∣1−
T

TC

∣∣∣∣+ const. (13.7)

In theories of critical phenomena one ca show that for temperaturesT below a critical temperatureTC ,
the heat capacity scales as [73]

CV ∼
∣∣∣∣1−

T

TC

∣∣∣∣
−α

, (13.8)

and Onsager’s result is a special case of this power law behavior. The limiting form of the function

limα→0
1

α
(Y −α − 1) = −lnY,

can be used to infer that the analytic result is a special caseof the power law singularity withα = 0.

Similar relations applies to other expectation values. An example is the the spontaneous magnetisation
per spin. This quantity is also highly non-trivial to compute. Here we simply limit ourselves to list
Onsager’s result

〈M(T )/N〉 =
[
1− (1− tanh2(βJ))4

16tanh4(βJ)

]1/8

,

for T < TC . ForT > TC the magnetization is zero. From theories of critical phenomena one can show
that the magnetization behaves asT → TC from below

〈M(T )/N〉 ∼ (TC − T )1/8.

The susceptibility behaves as
χ(T ) ∼ |TC − T |−7/4.

Before we proceed, we need to say some words about phase transitions and critical phenomena.
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Table 13.5: Examples of various phase transitions with respective order parameters.

System Transition Order Parameter

Liquid-gas Condensation/evaporationDensity difference∆ρ = ρliquid − ρgas

Binary liquid mixture/Unmixing Composition difference
Quantum liquid Normal fluid/superfluid < φ >, ψ = wavefunction

Liquid-solid Melting/crystallisation Reciprocal lattice vector
Magnetic solid Ferromagnetic Spontaneous magnetisationM

Antiferromagnetic Sublattice magnetisationM
Dielectric solid Ferroelectric PolarizationP

Antiferroelectric Sublattice polarisationP

13.4 Phase Transitions and critical phenomena

A phase transition is marked by abrupt macroscopic changes as external parameters are changed, such
as an increase of temperature. The point where a phase transition takes place is called a critical point.

We distinguish normally between two types of phase transitions; first-order transitions and second-order
transitions. An important quantity in studies of phase transitions is the so-called correlation lengthξ
and various correlations functions like spin-spin correlations. For the Ising model we shall below below
that the correlation length is related to the spin-correlation function, which again defines the magnetic
susceptibility. The spin-correlation function is nothingbut the covariance and expresses the degree of
correlation between spins.

The correlation length defines the length scale at which the overall properties of a material start to differ
from its bulk properties. It is the distance over which the fluctuations of the microscopic degrees of
freedom (for example the position of atoms) are significantly correlated with each other. Usually it is of
the order of few interatomic spacings for a solid. The correlation lengthξ depends however on external
conditions such as pressure and temperature.

First order/discontinuous phase transitions are characterized by two or more states on either side of the
critical point that can coexist at the critical point. As we pass through the critical point we observe a
discontinuous behavior of thermodynamical functions. Thecorrelation length is normally finite at the
critical point. Phenomena such as hysteris occur, viz. there is a continuation of state below the critical
point into one above the critical point. This continuation is metastable so that the system may take a
macroscopically long time to readjust. A classical exampleis the melting of ice. It takes a specific
amount of time before all the ice has melted. The temperatureremains constant and water and ice can
coexist for a macroscopic time. The energy shows a discontinuity at the critical point, reflecting the fact
that a certain amount of heat is needed in order to melt all theice

Second order or continuous transitions are different and ingeneral much difficult to understand and
model. The correlation length diverges at the critical point, fluctuations are correlated over all distance
scales, which forces the system to be in a unique critical phase. The two phases on either side of the
critical point become identical. The disappearance of a spontaneous magnetization is a classical example
of a second-order phase transitions. Structural transitions in solids are other types of second-order phase
transitions. Strong correlations make a perturbative treatment impossible. From a theoretical point of
view, the way out is renormalization group theory [73–79]. Table 13.5 lists some typical system with
their pertinent order parameters.
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Using Ehrenfest’s definition of the order of a phase transition we can relate the behavior around the
critical point to various derivatives of the thermodynamical potential. In the canonical ensemble we are
using, the thermodynamical potential is Helmholtz’ free energy

F = 〈E〉 − TS = −kT lnZ

meaninglnZ = −F/kT = −Fβ. The energy is given as the first derivative ofF

〈E〉 = −∂lnZ
∂β

=
∂(βF )

∂β
.

and the specific heat is defined via the second derivative ofF

CV = − 1

kT 2

∂2(βF )

∂β2
.

We can relate observables to various derivatives of the partition function and the free energy. When
a given derivative of the free energy or the partition function is discontinuous or diverges (logarithmic
divergence for the heat capacity from the Ising model) we talk of a phase transition of order of the deriva-
tive. A first-order phase transition is recognized in a discontinuity of the energy, or the first derivative
of F . The Ising model exhibits a second-order phase transition since the heat capacity diverges. The
susceptibility is given by the second derivative ofF with respect to external magnetic field. Both these
quantities diverge.

13.4.1 The Ising model and phase transitions

The Ising model in two dimensions withB = 0 undergoes a phase transition of second order. What
it actually means is that below a given critical temperatureTC , the Ising model exhibits a spontaneous
magnetization with〈M〉 6= 0. AboveTC the average magnetization is zero. The mean magnetization
approaches zero atTC with an infinite slope. Such a behavior is an example of what are called critical
phenomena [76, 78, 80]. A critical phenomenon is normally marked by one or more thermodynamical
variables which vanish above a critical point. In our case this is the mean magnetization〈M〉 6= 0. Such
a parameter is normally called the order parameter.

Critical phenomena have been extensively studied in physics. One major reason is that we still do not
have a satisfactory understanding of the properties of a system close to a critical point. Even for the
simplest three-dimensional systems we cannot predict exactly the values of various thermodynamical
variables. Simplified theoretical approaches like mean-field models discussed below, can even predict
the wrong physics. Mean-field theory results in a second-order phase transition for the one-dimensional
Ising model, whereas we saw in the previous section that the one-dimensional Ising model does not
predict any spontaneous magnetization at any finite temperature. The physical reason for this can be
understood from the following simple consideration. Assume that the ground state for anN -spin system
in one dimension is characterized by the following configuration

↑ ↑ ↑ . . . ↑ ↑ ↑ . . . ↑ ↑
1 2 3 . . . i− 1 i i+ 1 . . . N − 1 N

which has a total energy−NJ and magnetizationN , where we used periodic boundary conditions. If
we flip half of the spins we obtain a possible configuration where the first half of the spins point upwards
and the last half points downwards we arrive at the configuration

↑ ↑ ↑ . . . ↑ ↑ ↓ . . . ↓ ↓
1 2 3 . . . N/2− 1 N/2 N/2 + 1 . . . N − 1 N

with energy(−N + 4)J and net magnetization zero. This state is an example of a possible disordered
state with net magnetization zero. The change in energy is however too small to stabilize the disordered
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state. There are many other such states with net magnetization zero with energies slightly larger than the
above case. But it serves to demonstrate our point, we can namely build states at low energies compared
with the ordered state with net magnetization zero. And the energy difference between the ground state
is too small to stabilize the system. In two dimensions however the excitation energy to a disordered
state is much higher, and this difference can be sufficient tostabilize the system. In fact, the Ising model
exhibits a phase transition to a disordered phase both in twoand three dimensions.

For the two-dimensional case, we move from a phase with finitemagnetization〈M〉 6= 0 to a param-
agnetic phase with〈M〉 = 0 at a critical temperatureTC . At the critical temperature, quantities like
the heat capacityCV and the susceptibilityχ are discontinuous or diverge at the critical point in the
thermodynamic limit, i.e., with an infinitely large lattice. This means that the variance in energy and
magnetization are discontinuous or diverge. For a finite lattice however, the variance will always scale
as∼ 1/

√
M , M being e.g., the number of configurations which in our case is proportional withL, the

number of spins in a thex andy directions. The total number of spins isN = L× L resulting in a total
of M = 2N microstates. Since our lattices will always be of a finite dimensions, the calculatedCV or
χ will not exhibit a diverging behavior. We will however notice a broad maximum in e.g.,CV nearTC .
This maximum, as discussed below, becomes sharper and sharper asL is increased.

NearTC we can characterize the behavior of many physical quantities by a power law behavior (below
we will illustrate this in a qualitative way using mean-fieldtheory).

We showed in the previous section that the mean magnetization is given by (for temperature belowTC )

〈M(T )〉 ∼ (T − TC)β , (13.9)

whereβ = 1/8 is a so-called critical exponent. A similar relation applies to the heat capacity

CV (T ) ∼ |TC − T |−α
, (13.10)

and the susceptibility
χ(T ) ∼ |TC − T |−γ

, (13.11)

with α = 0 andγ = −7/4. Another important quantity is the correlation length, which is expected
to be of the order of the lattice spacing forT is close toTC . Because the spins become more and
more correlated asT approachesTC , the correlation length increases as we get closer to the critical
temperature. The discontinuous behavior of the correlation ξ nearTC is

ξ(T ) ∼ |TC − T |−ν
. (13.12)

A second-order phase transition is characterized by a correlation length which spans the whole system.
The correlation length is typically of the order of some few interatomic distances. The fact that a system
like the Ising model, whose energy is described by the interaction between neighboring spins only, can
yield correlation lengths of macroscopic size at a criticalpoint is still a feature which is not properly
understood. Stated differently, how can the spins propagate their correlations so extensively when we
approach the critical point, in particular since the interaction acts only between nearest spins? Below we
will compute the correlation length via the spin-sin correlation function for the one-dimensional Ising
model.

In our actual calculations of the two-dimensional Ising model, we are however always limited to a finite
lattice andξ will be proportional with the size of the lattice at the critical point. Through finite size
scaling relations [73, 76–78] it is possible to relate the behavior at finite lattices with the results for an
infinitely large lattice. The critical temperature scales then as

TC(L)− TC(L =∞) ∝ aL−1/ν, (13.13)

with a a constant andν defined in Eq. (13.12). The correlation length for a finite lattice size can then be
shown to be proportional to

ξ(T ) ∝ L ∼ |TC − T |−ν .
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and if we setT = TC one can obtain the following relations for the magnetization, energy and suscepti-
bility for T ≤ TC

〈M(T )〉 ∼ (T − TC)β ∝ L−β/ν ,

CV (T ) ∼ |TC − T |−γ ∝ Lα/ν ,

and
χ(T ) ∼ |TC − T |−α ∝ Lγ/ν .

13.4.2 Critical exponents and phase transitions from mean-field models

In order to understand the above critical exponents, we willderive some of the above relations using
what is called mean-field theory.

In studies of phase transitions we are interested in minimizing the free energy by varying the average
magnetisation, which is the order parameter for the Ising model. The magnetization disappears atTC .

Here we use mean field theory to model the free energyF . In mean field theory the local magnetisation
is a treated as a constant and all effects from fluctuations are neglected. Stated differently, we reduce
a complicated system of many interacting spins to a set of equations for each spin. Each spin sees
now a mean field which is set up by the surrounding spins. We neglect therefore the role of spin-spin
correlations. A way to achieve this is to rewrite the interaction between two spins at sitesi and j,
respectively, by adding and subtracting the mean value of the spin〈S〉, that is

SiSj = (Si − 〈S〉+ 〈S〉)(Si − 〈S〉+ 〈S〉) ≈ 〈S〉2 + 〈S〉(Si − 〈S〉) + 〈S〉(Sj − 〈S〉),

where we have ignored terms of the order(Si − 〈S〉)(Si − 〈S〉). These are the terms which lead to
correlations between neighbouring spins. In mean field theory we ignore correlations.

This means that we can rewrite the Hamiltonian

E = −J
N∑

<ij>

SkSl −B
N∑

i

Si,

as
E = −J

∑

<ij>

〈S〉2 + 〈S〉(Si − 〈S〉) + 〈S〉(Sj − 〈S〉)−B
∑

i

Si,

resulting in

E = −(B + zJ〈S〉)
∑

i

Si + zJ〈S〉2,

with z the number of nearest neighbours for a given sitei. We have included the external magnetic field
B for completeness.

We can then define an effective field which all spins see, namely

Beff = (B + zJ〈S〉).

To obtain the vaue of〈S〉) we employ again our results from the canonical ensemble. Thepartition
function reads in this case

Z = e−NzJ〈S〉2/kT (2cosh(Beff/kT ))
N
,

with a free energy

F = −kT lnZ = −NkT ln(2) +NzJ〈S〉2 −NkT ln (cosh(Beff/kT ))
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and minimizingF with respect to〈S〉 we arrive at

〈S〉 = tanh(2cosh (Beff/kT )) .

Close to the phase transition we expect〈S〉 to become small and eventually vanish. We can then expand
F in powers of〈S〉 as

F = −NkT ln(2) +NzJ〈s〉2 −NkT −BN〈s〉+NkT

(
1

2
〈s〉2 +

1

12
〈s〉4 + . . .

)
,

and using〈M〉 = N〈S〉 we can rewrite Helmholtz free energy as

F = F0 −B〈M〉+
1

2
a〈M〉2 +

1

4
b〈M〉4 + . . .

Let 〈M〉 = m and

F = F0 +
1

2
am2 +

1

4
bm4 +

1

6
cm6

F has a minimum at equilibriumF ′(m) = 0 andF ′′(m) > 0

F ′(m) = 0 = m(a+ bm2 + cm4),

and if we assume thatm is real we have two solutions

m = 0,

or

m2 =
b

2c

(
−1±

√
1− 4ac/b2

)
.

This relation can be used to describe both first and second-order phase transitions. Here we consider the
second case. We assume thatb > 0 and leta≪ 1 since we want to study a perturbation aroundm = 0.
We reach the critical point whena = 0, that is

m2 =
b

2c

(
(−1±

√
1− 4ac/b2

)
≈ −a/b

We define the temperature dependent function

a(T ) = α(T − TC),

with α > 0 andTC being the critical temperature where the magnetization vanishes. Ifa is negative we
have two solutions

m = ±
√
−a/b = ±

√
α(TC − T )

b

, meaning thatm evolves continuously to the critical temperature whereF = 0 for T ≤ TC

We can now compute the entropy as follows

S = −
(
∂F

∂T

)

. ForT ≥ TC we havem = 0 and

S = −
(
∂F0

∂T

)

, and forT ≤ TC

S = −
(
∂F0

∂T

)
− α2(TC − T )/2b,
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and we see that there is a smooth crossover atTC .

In theories of critical phenomena one has that

CV ∼
∣∣∣∣1−

T

TC

∣∣∣∣
−α

,

and Onsager’s result is a special case of this power law behavior. The limiting form of the function

limα→0
1

α
(Y −α − 1) = −lnY,

meaning that the analytic result is a special case of the power law singularity withα = 0.

13.5 The Metropolis algorithm and the two-dimensional Ising Model

We switch now back to the Ising model in two dimensions and explore how to write a program that
will allow us to compute various thermodynamical quantities. The algorithm of choice for solving the
Ising model is the approach proposed by Metropoliset al. [81] in 1953. As discussed in chapter 12, new
configurations are generated from a previous one using a transition probability which depends on the
energy difference between the initial and final states.

In our case we have as the Monte Carlo sampling function the probability for finding the system in a
states given by

Ps =
e−(βEs)

Z
,

with energyEs, β = 1/kT andZ is a normalization constant which defines the partition function in the
canonical ensemble. As discussed above

Z(β) =
∑

s

e−(βEs)

is difficult to compute since we need all states. In a calculation of the Ising model in two dimensions,
the number of configurations is given by2N with N = L×L the number of spins for a lattice of length
L. Fortunately, the Metropolis algorithm considers only ratios between probabilities and we do not need
to compute the partition function at all. The algorithm goesas follows

(a) Establish an initial state with energyEb by positioning yourself at a random configuration in the
lattice

(b) Change the initial configuration by flipping e.g., one spin only. Compute the energy of this trial
stateEt.

(c) Calculate∆E = Et − Eb. The number of values∆E is limited to five for the Ising model in two
dimensions, see the discussion below.

(d) If ∆E ≤ 0 we accept the new configuration, meaning that the energy is lowered and we are
hopefully moving towards the energy minimum at a given temperature. Go to step 7.

(e) If ∆E > 0, calculatew = e−(β∆E).

(f) Comparew with a random numberr. If
r ≤ w,

then accept the new configuration, else we keep the old configuration.

(g) The next step is to update various expectations values.

(h) The steps (2)-(7) are then repeated in order to obtain a sufficently good representation of states.
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(i) Each time you sweep through the lattice, i.e., when you have summed over all spins, constitutes
what is called a Monte Carlo cycle. You could think of one suchcycle as a measurement. At the
end, you should divide the various expectation values with the total number of cycles. You can
choose whether you wish to divide by the number of spins or not. If you divide with the number
of spins as well, your result for e.g., the energy is now the energy per spin.

The crucial step is the calculation of the energy differenceand the change in magnetization. This part
needs to be coded in an as efficient as possible way since the change in energy is computed many times.
In the calculation of the energy difference from one spin configuration to the other, we will limit the
change to the flipping of one spin only. For the Ising model in two dimensions it means that there will
only be a limited set of values for∆E. Actually, there are only five possible values. To see this, select
first a random spin positionx, y and assume that this spin and its nearest neighbors are all pointing up.
The energy for this configuration isE = −4J . Now we flip this spin as shown below. The energy of the
new configuration isE = 4J , yielding∆E = 8J .

E = −4J

↑
↑ ↑ ↑
↑

=⇒ E = 4J

↑
↑ ↓ ↑
↑

The four other possibilities are as follows

E = −2J

↑
↓ ↑ ↑
↑

=⇒ E = 2J

↑
↓ ↓ ↑
↑

with ∆E = 4J ,

E = 0

↑
↓ ↑ ↑
↓

=⇒ E = 0

↑
↓ ↓ ↑
↓

with ∆E = 0,

E = 2J

↓
↓ ↑ ↑
↓

=⇒ E = −2J

↓
↓ ↓ ↑
↓

with ∆E = −4J and finally

E = 4J

↓
↓ ↑ ↓
↓

=⇒ E = −4J

↓
↓ ↓ ↓
↓

with ∆E = −8J . This means in turn that we could construct an array which contains all values of
eβ∆E before doing the Metropolis sampling. Else, we would have toevaluate the exponential at each
Monte Carlo sampling. For the two-dimensional Ising model there are only five possible values. It is
rather easy to convice oneself that for the one-dimensionalIsing model we have only three possible
values. The main part of the Ising model program is shown here(there is also a corresponding Fortran
program).

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter10/cpp/ising_2dim.cpp

/*
Program to solve the two-dimensional Ising model

The coupling constant J = 1

Boltzmann's constant = 1, temperature has thus dimension energy

Metropolis sampling is used. Periodic boundary conditions.
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*/

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

ofstream ofile;

// inline function for periodic boundary conditions

inline int periodic(int i, int limit, int add) {

return (i+limit+add) % (limit);

}

// Function to read in data from screen

void read_input(int&, int&, double&, double&, double&);

// Function to initialise energy and magnetization

void initialize(int, double, int **, double&, double&);

// The metropolis algorithm

void Metropolis(int, long&, int **, double&, double&, double *);

// prints to file the results of the calculations

void output(int, int, double, double *);

// main program

int main(int argc, char* argv[])

{

char *outfilename;

long idum;

int **spin_matrix, n_spins, mcs;

double w[17], average[5], initial_temp, final_temp, E, M, temp_step;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<

" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

// Read in initial values such as size of lattice, temp and cycles

read_input(n_spins, mcs, initial_temp, final_temp, temp_step);

spin_matrix = (int**) matrix(n_spins, n_spins, sizeof(int));

idum = -1; // random starting point

for ( double temp = initial_temp; temp <= final_temp; temp+=temp_step){

// initialise energy and magnetization

E = M = 0.;

// setup array for possible energy changes

for( int de =-8; de <= 8; de++) w[de+8] = 0;

for( int de =-8; de <= 8; de+=4) w[de+8] = exp(-de/temp);

// initialise array for expectation values

for( int i = 0; i < 5; i++) average[i] = 0.;

initialize(n_spins, double temp, spin_matrix, E, M);

// start Monte Carlo computation

for (int cycles = 1; cycles <= mcs; cycles++){

Metropolis(n_spins, idum, spin_matrix, E, M, w);

// update expectation values

average[0] += E; average[1] += E*E;

average[2] += M; average[3] += M*M; average[4] += fabs(M);

}

// print results

output(n_spins, mcs, temp, average);

}

free_matrix((void **) spin_matrix); // free memory

ofile.close(); // close output file

return 0;
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}

The arrayw[17] contains values of∆E spanning from−8J to 8J and it is precalculated in the main
part for every new temperature. The program takes as input the initial temperature, final temperature, a
temperature step, the number of spins in one direction (we force the lattice to be a square lattice, meaning
that we have the same number of spins in thex and they directions) and the number of Monte Carlo
cycles. For every Monte Carlo cycle we run through all spins in the lattice in the functionmetropolis and
flip one spin at the time and perform the Metropolis test. However, every time we flip a spin we need to
compute the actual energy difference∆E in order to access the right element of the array which stores
eβ∆E. This is easily done in the Ising model since we can exploit the fact that only one spin is flipped,
meaning in turn that all the remaining spins keep their values fixed. The energy difference between a
stateE1 and a stateE2 with zero external magnetic field is

∆E = E2 − E1 = J

N∑

<kl>

s1ks
1
l − J

N∑

<kl>

s2ks
2
l , (13.14)

which we can rewrite as

∆E = −J
N∑

<kl>

s2k(s2l − s1l ), (13.15)

where the sum now runs only over the nearest neighborsk of the spin Since the spin to be flipped takes
only two values,s1l = ±1 ands2l = ±1, it means that ifs1l = 1, thens2l = −1 and if s1l = −1, then
s2l = 1. The other spins keep their values, meaning thats1k = s2k. If s1l = 1 we must haves1l − s2l = 2,
and if s1l = −1 we must haves1l − s2l = −2. From these results we see that the energy difference can
be coded efficiently as

∆E = 2Js1l

N∑

<k>

sk, (13.16)

where the sum runs only over the nearest neighborsk of spin l. We can compute the change in mag-
netisation by flipping one spin as well. Since only spinl is flipped, all the surrounding spins remain
unchanged. The difference in magnetisation is therefore only given by the differences1l − s2l = ±2, or
in a more compact way as

M2 = M1 + 2s2l , (13.17)

whereM1 andM2 are the magnetizations before and after the spin flip, respectively. Eqs. (13.16) and
(13.17) are implemented in the functionmetropolis shown here

void Metropolis(int n_spins, long& idum, int **spin_matrix, double& E, double&M, double *w)

{

// loop over all spins

for(int y =0; y < n_spins; y++) {

for (int x= 0; x < n_spins; x++){

// Find random position

int ix = (int) (ran1(&idum)*(double)n_spins);

int iy = (int) (ran1(&idum)*(double)n_spins);

int deltaE = 2*spin_matrix[iy][ix]*
(spin_matrix[iy][periodic(ix,n_spins,-1)]+

spin_matrix[periodic(iy,n_spins,-1)][ix] +

spin_matrix[iy][periodic(ix,n_spins,1)] +

spin_matrix[periodic(iy,n_spins,1)][ix]);

// Here we perform the Metropolis test

if ( ran1(&idum) <= w[deltaE+8] ) {

spin_matrix[iy][ix] *= -1; // flip one spin and accept new spin config

// update energy and magnetization

M += (double) 2*spin_matrix[iy][ix];

E += (double) deltaE;

}

393



Monte Carlo methods in statistical physics

}

}

} // end of Metropolis sampling over spins

Note that we loop over all spins but that we choose the latticepositionsx andy randomly. If the move
is accepted after performing the Metropolis test, we updatethe energy and the magnetisation. The new
values are used to update the averages computed in the main function.

When setting up the values of the spins it can be useful to havea visualization of the lattice, as shown
for the7× 7 lattice of Fig. 13.4.
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Figure 13.4: Example of a two-dimensional7 × 7 lattice with spins pointing either up or down. The variable
spin_matrix[1][0] takes the value +1 whilespin_matrix[0][6] is−1.

Another important function is the functioninitialize. This function sets up the initial energy, mag-
netisation and spin values for the different lattice positions. The latter sets all spins equal one if the
temperature is low, which for the two-dimensional Ising model means practically temperaturesT < 1.5.
Else, it keeps the value from the preceeding temperature. The latter is done in order to get a best possible
estimate of the most likely state for the given temperature.

We have built up a code where we run over a larger temperature span, typically with valuesT ∈
[1.0, 3.0].

// function to initialise energy, spin matrix and magnetization

void initialize(int n_spins, double temp, int **spin_matrix,

double& E, double& M)

{

// setup spin matrix and intial magnetization

for(int y =0; y < n_spins; y++) {

for (int x= 0; x < n_spins; x++){

if (temp < 1.5) spin_matrix[y][x] = 1; // spin orientation for the ground state
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M += (double) spin_matrix[y][x];

}

}

// setup initial energy

for(int y =0; y < n_spins; y++) {

for (int x= 0; x < n_spins; x++){

E -= (double) spin_matrix[y][x]*
(spin_matrix[periodic(y,n_spins,-1)][x] +

spin_matrix[y][periodic(x,n_spins,-1)]);

}

}

}// end function initialise

In the functionoutput we print the final results, spanning from the mean energy to the susceptibility.
Note that we divide by all spins. All the thermodynamical variables we compute are so-called extensive
ones meaning that they depend linearly on the number of spins. Since our results will depend on the size
of the lattice, we need to divide by the total number of spins in order to see whether quantities like the
energy or the heat capacity stabilise or not as functions of increasing lattice size. This is

void output(int n_spins, int mcs, double temperature, double *average)

{

double norm = 1/((double) (mcs)); // divided by total number of cycles

double Eaverage = average[0]*norm;

double E2average = average[1]*norm;

double Maverage = average[2]*norm;

double M2average = average[3]*norm;

double Mabsaverage = average[4]*norm;

// all expectation values are per spin, divide by 1/n_spins/n_spins

double Evariance = (E2average- Eaverage*Eaverage)/n_spins/n_spins;

double Mvariance = (M2average - Maverage*Maverage)/n_spins/n_spins;

double M2variance = (M2average - Mabsaverage*Mabsaverage)/n_spins/n_spins;

double Mvariance = (M2average - Mabsaverage*Mabsaverage)/n_spins/n_spins;

ofile << setiosflags(ios::showpoint | ios::uppercase);

ofile << setw(15) << setprecision(8) << temperature;

ofile << setw(15) << setprecision(8) << Eaverage/n_spins/n_spins;

ofile << setw(15) << setprecision(8) << Evariance/temperature/temperature;

// ofile << setw(15) << setprecision(8) << Maverage/n_spins/n_spins;

ofile << setw(15) << setprecision(8) << M2variance/temperature;

ofile << setw(15) << setprecision(8) << Mabsaverage/n_spins/n_spins << endl;

} // end output function

13.5.1 Parallelization of the Ising model

To parallelize the Ising model, or many Monte Carlo procedures is in general rather simple. Here we
show an example of a modified main program where we let different nodes perform a given set of Monte
Carlo samples. We have fixed the size of the grid to a40× 40 lattice, but the reading of these variables
can easily be done by the master node, either by reading the variables from the command line or via a
user-defined file.

Note that every node has its own seed for the random number generators.

/*
Program to solve the two-dimensional Ising model

with zero external field using MPI

The coupling constant J = 1

Boltzmann's constant = 1, temperature has thus dimension energy

Metropolis sampling is used. Periodic boundary conditions.

The code needs an output file on the command line.

*/

#include "mpi.h"

#include <cmath>
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#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file

ofstream ofile;

// inline function for periodic boundary conditions

inline int periodic(int i, int limit, int add) {

return (i+limit+add) % (limit);

}

// Function to initialise energy and magnetization

void initialize(int, int **, double&, double&);

// The metropolis algorithm

void Metropolis(int, long&, int **, double&, double&, double *);

// prints to file the results of the calculations

void output(int, int, double, double *);

// Main program begins here

int main(int argc, char* argv[])

{

char *outfilename;

long idum;

int **spin_matrix, n_spins, mcs, my_rank, numprocs;

double w[17], average[5], total_average[5],

initial_temp, final_temp, E, M, temp_step;

// MPI initializations

MPI_Init (&argc, &argv);

MPI_Comm_size (MPI_COMM_WORLD, &numprocs);

MPI_Comm_rank (MPI_COMM_WORLD, &my_rank);

if (my_rank == 0 && argc <= 1) {

cout << "Bad Usage: " << argv[0] <<

" read output file" << endl;

exit(1);

}

if (my_rank == 0 && argc > 1) {

outfilename=argv[1];

ofile.open(outfilename);

}

n_spins = 40; mcs = 1000000; initial_temp = 2.4; final_temp = 2.7; temp_step =0.1;

/*
Determine number of intervall which are used by all processes

myloop_begin gives the starting point on process my_rank

myloop_end gives the end point for summation on process my_rank

*/

int no_intervalls = mcs/numprocs;

int myloop_begin = my_rank*no_intervalls + 1;

int myloop_end = (my_rank+1)*no_intervalls;

if ( (my_rank == numprocs-1) &&( myloop_end < mcs) ) myloop_end = mcs;

// broadcast to all nodes common variables

MPI_Bcast (&n_spins, 1, MPI_INT, 0, MPI_COMM_WORLD);

MPI_Bcast (&initial_temp, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

MPI_Bcast (&final_temp, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

MPI_Bcast (&temp_step, 1, MPI_DOUBLE, 0, MPI_COMM_WORLD);

// Allocate memory for spin matrix

spin_matrix = (int**) matrix(n_spins, n_spins, sizeof(int));

// every node has its own seed for the random numbers, this is important else

// if one starts with the same seed, one ends with the same random numbers
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idum = -1-my_rank; // random starting point

// Start Monte Carlo sampling by looping over T first

for ( double temperature = initial_temp; temperature <= final_temp; temperature+=temp_step){

// initialise energy and magnetization

E = M = 0.;

// initialise array for expectation values

initialize(n_spins, spin_matrix, E, M);

// setup array for possible energy changes

for( int de =-8; de <= 8; de++) w[de+8] = 0;

for( int de =-8; de <= 8; de+=4) w[de+8] = exp(-de/temperature);

for( int i = 0; i < 5; i++) average[i] = 0.;

for( int i = 0; i < 5; i++) total_average[i] = 0.;

// start Monte Carlo computation

for (int cycles = myloop_begin; cycles <= myloop_end; cycles++){

Metropolis(n_spins, idum, spin_matrix, E, M, w);

// update expectation values for local node

average[0] += E; average[1] += E*E;

average[2] += M; average[3] += M*M; average[4] += fabs(M);

}

// Find total average

for( int i =0; i < 5; i++){

MPI_Reduce(&average[i], &total_average[i], 1, MPI_DOUBLE, MPI_SUM, 0, MPI_COMM_WORLD);

}

// print results

if ( my_rank == 0) {

output(n_spins, mcs, temperature, total_average);

}

}

free_matrix((void **) spin_matrix); // free memory

ofile.close(); // close output file

// End MPI

MPI_Finalize ();

return 0;

}

13.6 Selected results for the Ising model

In Figs. 13.5-13.8 we display selected results from the program discussed in the previous section. The
results have all been obtained with one million Monte Carlo cycles and the Metropolis algorithm for
different two-dimensional lattices. A temperature step of∆T = 0.1 was used for all lattices except
the 100 × 100 results. For the latter we single out a smaller temperature region close to the critical
temperature and used∆T = 0.05. Fig. 13.5 shows the energy to stabilize as function of lattice size. We
note that the numerics indicates a smooth and continuous curve for the energy, although there is a larger
increase close to the critical temperatureTC ≈ 2.269.

We mentioned previously that the two-dimensional Ising model with zero external magnetic field ex-
hibits a second-order phase transition and a spontaneous magnetization belowTC . Fig. 13.6 shows the
absolute value of the magnetisation as function of the number of spins. We note that with increasing
lattice size we approach a steeper line and the transition from a smaller magnetisation to a larger one
becomes sharper. This is a possible sign of a phase transition, where we move from a state where all
spins (or most of them) align in a specific direction (high degree of order) to a phase where both spin
directions are equally probable (high degree of disorder) and result in zero net magnetisation. The or-
dered phase at low temperatures is called a ferromagnetic phase while the disordered phase is called
the paramagnetic phase, with zero net magnetisation. Sincewe are plotting the absolute value, our net
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Figure 13.5: Average energy per spin as function of the lattice size for the two-dimensional Ising model.

magnetisation will always be above zero since we are taking the average of a number which is never
negative.

The reason we choose to plot the average absolute value instead of the net magnetisation is that slightly
belowTC , the net magnetisation may oscillate between negative and positive values since the system, as
function of the number of Monte Carlo cycles is likely to haveits spins pointing up or down. This means
that after a given number of cycles, the net spin may be slightly positive but could then occasionaly jump
to a negative value and stay there for a given number of Monte Carlo cycles. Above the phase transition
the net magnetisation is always zero.

The fact that the system exhibits a spontaneous magnetization (no external field applied) belowTC leads
to the definition of the magnetisation as an order parameter.The order parameter is a quantity which is
zero on one side of a critical temperature and non-zero on theother side. Since the magnetisation is a
continuous quantity atTC , with the analytic results

[
1− (1 − tanh2(βJ))4

16tanh4(βJ)

]1/8

,

for T < TC and0 for T > TC , our transition is defined as a continuous one or as a second order phase
transition. From Ehrenftest’s definition of a phase transition we have that a second order or continuous
phase transition exhibits second derivatives of Helmholtz’ free energy (the potential in this case) with
respect to e.g., temperature that are discontinuous or diverge atTC . The specific heat for the two-
dimensional Ising model exhibits a power-law behavior around TC with a logarithmic divergence. In
Fig. 13.7 we show the corresponding specific heat.

We see from this figure that as the size of the lattice is increased, the specific heat develops a sharper and
shaper peak centered around the critical temperature. A similar behavior is seen for the susceptibility as
well, with an even sharper peak, as can be seen from Fig. 13.8.
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Figure 13.6: Absolute value of the average magnetization per spin as function of the lattice size for the two-
dimensional Ising model.
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Figure 13.7: Heat capacity per spin as function of the lattice size for the two-dimensional Ising model.
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Figure 13.8: Susceptibility per spin as function of the lattice size for the two-dimensional Ising model. Note
that we have computed the susceptibility asξ = (〈M2〉 − 〈|M |〉2)/kbT .

The Metropolis algorithm is not very efficient close to the critical temperature. Other algorihms such
as the heat bath algorithm, the Wolff algorithm and other clustering algorithms, the Swendsen-Wang
algorithm, or the multi-histogram method [82, 83] are much more efficient in simulating properties near
the critical temperature. For spin models like the class of higher-order Potts models discussed in section
13.9, the efficiency of the Metropolis algorithm is simply inadequate. These topics are discussed in
depth in the textbooks of Newman and Barkema [77] and Landau and Binder [78].

13.7 Correlation functions and further analysis of the Ising model

13.7.1 Thermalization

In the code discussed above we have assumed that one performsa calculation starting with low temper-
atures, typically well belowTC . For the Ising model this means to start with an ordered configuration.
The final set of configurations that define the established equilibrium at a givenT , will then be domi-
nated by those configurations where most spins are aligned inone specific direction. For a calculation
starting at lowT , it makes sense to start with an initial configuration where all spins have the same
value, whereas if we were to perform a calculation at highT , for example well aboveTC , it would most
likely be more meaningful to have a randomly assigned value for the spins. In our code example we use
the final spin configuration from a lower temperature to definethe initial spin configuration for the next
temperature.

In many other cases we may have a limited knowledge on the suitable initial configurations at a given
T . This means in turn that if we guess wrongly, we may need a certain number of Monte Carlo cycles
before we reach the most likely equilibrium configurations.When equilibrium is established, various
observable such as the mean energy and magnetization oscillate around their mean values. A parallel
is the particle in the box example discussed in chapter 11. There we considered a box divided into two
equal halves separated by a wall. At the beginning, timet = 0, there areN particles on the left side.
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A small hole in the wall is then opened and one particle can pass through the hole per unit time. After
some time the system reaches its equilibrium state with equally many particles in both halves,N/2.
Thereafter, the mean number of particles oscillates aroundN/2.

The number of Monte Carlo cycles needed to reach this equilibrium position is referred to as the thermal-
ization time, or equilibration timeteq. We should then discard the contributions to various expectation
values till we have reached equilibrium. How to determine the thermalization time can be done in a brute
force way, as demonstrated in Figs. 13.9 and 13.10. In Fig. 13.9 the calculations have been performed
with a40×40 lattice for a temperaturekBT/J = 2.4, which corresponds to a case close to a disordered
system. We compute the absolute value of the magnetization after each sweep over the lattice. Two
starting configurations were used, one with a random orientation of the spins and one with an ordered
orientation, the latter corresponding to the ground state of the system. As expected, a disordered config-
uration as start configuration brings us closer to the average value at the given temperature, while more
cycles are needed to reach the steady state with an ordered configuration. Guided by the eye, we could
obviously make such plots and discard a given number of samples. However, such a rough guide hides
several interesting features. Before we switch to a more detailed analysis, let us also study a case where
we start with the ’correct’ configuration for the relevant temperature.

Random start configuration
Ground state as start

t
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Figure 13.9: Absolute value of the mean magnetisation as function of time t. Time is represented by the
number of Monte Carlo cycles. The calculations have been performed with a40× 40 lattice for a temperature
kBT/J = 2.4. Two start configurations were used, one with a random orientation of the spins and one with
an ordered orientation, which corresponds to the ground state of the system.

Fig. 13.10 displays the absolute value of the mean magnetisation as function of timet for a 100 × 100

lattice for temperatureskBT/J = 1.5 andkBT/J = 2.4. For the lowest temperature, an ordered
start configuration was chosen, while for the temperature close to the critical temperature, a disordered
configuration was used. We notice that for the low temperature case the system reaches rather quickly
the expected value, while for

the temperature close tokBTC/J ≈ 2.269 it takes more time to reach the actual steady state.
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Figure 13.10: Absolute value of the mean magnetisation as function of timet. Time is represented by the
number of Monte Carlo cycles. The calculations were performed with a100 × 100 lattice for temperatures
kBT/J = 1.5 andkBT/J = 2.4. For the lowest temperature, an ordered start configurationwas chosen,
while for the temperature close toTC , a disordered configuration was used.

It seems thus that the time needed to reach a steady state is longer for temperatures close to the critical
temperature than for temperatures away. In the next subsection we will define more rigorously the
equilibration timeteq in terms of the so-called correlation timeτ . The correlation time represents the
typical time by which the correlation function discussed inthe next subsection falls off. There are a
number of ways to estimate the correlation timeτ . It is normal to set the equilibration timeτ = teq. The
correlation time is a measure of how long it takes the system to get from one state to another one that is
significantly different from the first. Normally the equilibration time is longer than the correlation time,
mainly because two states close to the steady state are more similar in structure than a state far from the
steady state.

Here we mention also that one can show, using scaling relations [77], that at the critical temperature the
correlation timeτ relates to the lattice sizeL as

τ ∼ Ld+z,

with d the dimensionality of the system. For the Metropolis algorithm based on a single spin-flip process,
Nightingale and Blöte obtainedz = 2.1665± 0.0012 [84]. This is a rather high value, meaning that our
algorithm is not the best choice when studying properties ofthe Ising model nearTC .

We can understand this behavior by studying the developmentof the two-dimensional Ising model as
function of temperature. The first figure to the left shows thestart of a simulation of a40× 40 lattice at
a high temperature. Black dots stand for spin down or−1 while white dots represent spin up (+1). As
the system cools down, we see in the picture to the right that it starts developing domains with several
spins pointing in one particular direction.
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Cooling the system further we observe clusters pervading larger areas of the lattice, as seen in the next
two pictures. The rightmost picture is the one withT close to the critical temperature. The reason
for the large correlation time (and the parameterz) for the single-spin flip Metropolis algorithm is the
development of these large domains or clusters with all spins pointing in one direction. It is quite difficult
for the algorithm to flip over one of these large domains because it has to do it spin by spin, with each
move having a high probability of being rejected due to the ferromagnetic interaction between spins.

Since all spins point in the same direction, the chance of performing the flip

E = −4J

↑
↑ ↑ ↑
↑

=⇒ E = 4J

↑
↑ ↓ ↑
↑

leads to an energy difference of∆E = 8J . Using the exact critical temperaturekBTC/J ≈ 2.269,
we obtain a probabilityexp−(8/2.269) = 0.029429 which is rather small. The increase in large cor-
relation times due to increasing lattices can be diminishedby using so-called cluster algorithms, such
as that introduced by Ulli Wolff in 1989 [85] and the Swendsen-Wang [86] algorithm from 1987. The
two-dimensional Ising model with the Wolff or Swendsen-Wang algorithms exhibits a much smaller
correlation time, with the variablez = 0.25± 001. Here, instead of flipping a single spin, one flips an
entire cluster of spins pointing in the same direction.
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13.7.2 Time-correlation functions

The so-called time-displacement autocorrelationφ(t) for the magnetization is given by1

φ(t) =

∫
dt′ [M(t′)− 〈M〉] [M(t′ + t)− 〈M〉] , (13.18)

which can be rewritten as

φ(t) =

∫
dt′
[
M(t′)M(t′ + t)− 〈M〉2

]
, (13.19)

where〈M〉 is the average value of the magnetization andM(t) its instantaneous value. We can dis-
cretize this function as follows, where we used our set of computed valuesM(t) for a set of discretized
times (our Monte Carlo cycles corresponding to a sweep over the lattice)

φ(t) =
1

tmax − t

tmax−t∑

t′=0

M(t′)M(t′+t)− 1

tmax − t

tmax−t∑

t′=0

M(t′)× 1

tmax − t

tmax−t∑

t′=0

M(t′+t). (13.20)

One should be careful with times close totmax, the upper limit of the sums becomes small and we
end up integrating over a rather small time interval. This means that the statistical error inφ(t) due to
the random nature of the fluctuations inM(t) can become large. Note also that we could replace the
magnetization with the mean energy, or any other expectation values of interest.

The time-correlation function for the magnetization givesa measure of the correlation between the mag-
netization at a timet′ and a timet′+t. If we multiply the magnetizations at these two different times, we
will get a positive contribution if the magnetizations are fluctuating in the same direction, or a negative
value if they fluctuate in the opposite direction. If we then integrate over time, or use the discretized
version of Eq. (13.20), the time correlation functionφ(t) should take a non-zero value if the fluctuations
are correlated, else it should gradually go to zero. For times a long way apart the magnetizations are
most likely uncorrelated andφ(t) should be zero. Fig. 13.11 exhibits the time-correlation function for
the magnetization for the same lattice and temperatures discussed in Fig. 13.10.

We notice that the time needed beforeφ(t) reaches zero ist ∼ 300 for a temperaturekBT/J = 2.4.
This time is close to the result we found in Fig. 13.10. Similarly, for kBT/J = 1.5 the correlation
function reaches zero quickly, in good agreement again withthe results of Fig. 13.10. The time-scale, if
we can define one, for which the correlation function falls off should in principle give us a measure of
the correlation timeτ of the simulation.

We can derive the correlation time by observing that our Metropolis algorithm is based on a random
walk in the space of all possible spin configurations. We recall from chapter 12 that our probability
distribution functionŵ(t) after a given number of time stepst could be written as

ŵ(t) = Ŵtŵ(0),

with ŵ(0) the distribution att = 0 andŴ representing the transition probability matrix. We can always
expandŵ(0) in terms of the right eigenvectors ofv̂ of Ŵ as

ŵ(0) =
∑

i

αiv̂i, (13.21)

resulting in
ŵ(t) = Ŵtŵ(0) = Ŵt

∑

i

αiv̂i =
∑

i

λt
iαiv̂i, (13.22)

1We follow closely chapter 3 of Ref. [77].
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Figure 13.11: Time-autocorrelation function with timet as number of Monte Carlo cycles. It has been nor-
malized withφ(0). The calculations have been performed for a100 × 100 lattice atkBT/J = 2.4 with a
disordered state as starting point and atkBT/J = 1.5 with an ordered state as starting point.

with λi the ith eigenvalue corresponding to the eigenvectorv̂i. If we assume thatλ0 is the largest
eigenvector we see that in the limitt→∞, ŵ(t) becomes proportional to the corresponding eigenvector
v̂0. This is our steady state or final distribution.

We can relate this property to an observable like the mean magnetization. With the probabiltŷw(t)

(which in our case is the Boltzmann distribution) we can write the mean magnetization as

〈M(t)〉 =
∑

µ

ŵ(t)µMµ, (13.23)

or as the scalar of a vector product
〈M(t)〉 = ŵ(t)m, (13.24)

with m being the vector whose elements are the values ofMµ in its various microstatesµ. We rewrite
this relation as

〈M(t)〉 = ŵ(t)m =
∑

i

λt
iαiv̂imi. (13.25)

If we definemi = v̂imi as the expectation value ofM in the ith eigenstate we can rewrite the last
equation as

〈M(t)〉 =
∑

i

λt
iαimi. (13.26)

Since we have that in the limitt→∞ the mean magnetization is dominated by the the largest eigenvalue
λ0, we can rewrite the last equation as

〈M(t)〉 = 〈M(∞)〉 +
∑

i6=0

λt
iαimi. (13.27)

We define the quantity

τi = − 1

logλi
, (13.28)

405



Monte Carlo methods in statistical physics

and rewrite the last expectation value as

〈M(t)〉 = 〈M(∞)〉+
∑

i6=0

αimie
−t/τi . (13.29)

The quantitiesτi are the correlation times for the system. They control also the auto-correlation function
discussed above. The longest correlation time is obviouslygiven by the second largest eigenvalueτ1,
which normally defines the correlation time discussed above. For large times, this is the only correlation
time that survives. If higher eigenvalues of the transitionmatrix are well separated fromλ1 and we
simulate long enough,τ1 may well define the correlation time. In other cases we may notbe able to
extract a reliable result forτ1. Coming back to the time correlation functionφ(t) we can present a more
general definition in terms of the mean magnetizations〈M(t)〉. Recalling that the mean value is equal
to 〈M(∞)〉 we arrive at the expectation values

φ(t) = 〈M(0)−M(∞)〉〈M(t) −M(∞)〉, (13.30)

and using Eq. (13.29) we arrive at

φ(t) =
∑

i,j 6=0

miαimjαje
−t/τi , (13.31)

which is appropriate for all times.

13.8 The Potts’ model

The Potts model has been, in addition to the Ising model, widely used in studies of phase transitions in
statistical physics. The so-called two-dimensionalq-state Potts model has an energy given by

E = −J
N∑

<kl>

δsl,sk
,

where the spinsk at lattice positionk can take the values1, 2, . . . , q. The Kronecker delta functionδsl,sk

equals unity if the spins are equal and is zero otherwise. ThevariableN is the total number of spins.

For q = 2 the Potts model corresponds to the Ising model. To see that wecan rewrite the last equation
as

E = −J
2

N∑

<kl>

2(δsl,sk
− 1

2
)−

N∑

<kl>

J

2
.

Now,2(δsl,sk
− 1

2 ) is +1 whensl = sk and−1 when they are different. This model is thus equivalent to
the Ising model except a trivial difference in the energy minimum given by a an additional constant and
a factorJ → J/2. One of the many applications of the Potts model is to helium absorbed on the surface
of graphite.

For references on the Potts Models see Refs. [87–90]

Compared with the two-dimensional Ising model, the Potts model can take only four possible values for
∆E, as shown in the following part of code

void Energy(double T,double *Boltzmann){

Boltzmann[0] = exp(-J/T) ;

Boltzmann[1] = exp(-2*J/T);

Boltzmann[2] = exp(-3*J/T);

Boltzmann[3] = exp(-4*J/T);

}//Energy
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However, when we run the Potts model we must choose the new value of q randomly. The following
functions encodes the Metropolis algorithm for the Potts model.

void Metropolis(int q,double *Boltzmann,int **Spin,long& seed,double& E){

int SpinFlip, LocalEnergy0, LocalEnergy, x, y, dE;

for(int i = 0; i < N; i++){

for(int j = 0; j < N; j++){

x = (int) (ran1(&seed)*N);

y = (int) (ran1(&seed)*N);

LocalEnergy0 = 0;

LocalEnergy = 0;

dE = 0;

if(Spin[x][y] == Spin[x][periodic(y,N,-1)])

LocalEnergy0 --;

if(Spin[x][y] == Spin[periodic(x,N,-1)][y])

LocalEnergy0 --;

if(Spin[x][y] == Spin[x][periodic(y,N,1)])

LocalEnergy0 --;

if(Spin[x][y] == Spin[periodic(x,N,1)][y])

LocalEnergy0 --;

do{

SpinFlip = (int)(ran1(&seed)*(q)+1);

}while(SpinFlip == Spin[x][y]);

if(SpinFlip == Spin[x][periodic(y,N,-1)])

LocalEnergy --;

if(SpinFlip == Spin[periodic(x,N,-1)][y])

LocalEnergy --;

if(SpinFlip == Spin[x][periodic(y,N,1)])

LocalEnergy --;

if(SpinFlip == Spin[periodic(x,N,1)][y])

LocalEnergy --;

dE = LocalEnergy - LocalEnergy0;

if(dE<=0){

Spin[x][y] = SpinFlip;

E += J*dE;

}

else if(ran1(&seed)<Boltzmann[dE-1]){

Spin[x][y] = SpinFlip;

E += J*dE;

In the calculation of the energy difference from one spin configuration to the other, we have for theq = 2

Potts two possible values only. When we change one of the values such as flipping a spin we start with
an energyE = −4J . Now we flip this spin as shown below. The energy of the new configuration is
E = 0J , yielding∆E = 4J .

E = −4J

↑
↑ ↑ ↑
↑

=⇒ E = 4J

↑
↑ ↓ ↑
↑

However, whenq becomes large the standard Metropolis algorithm becomes inefficient. Assume that
q = 100. At highT the acceptance probability is close to1 and our algorithm is efficient.

When we cool down the systemT → TC , more and more ’spins’ will take the same value and we build
up cluster/domains with equally valued ’spins’. If the spins are aligned with its neigbours it has lower
energy and thereby larger weighte−βE.

The problem comes whenq is large. If our value is one of the other 96 values, we need on average

407



Monte Carlo methods in statistical physics

100/4 = 25 steps to find a desired state. This can result in a very long time to find state with lower
energy.

If we start at low temperatures, there is an extra cost to excite, leading to smaller acceptance probability.
We can easily end up in situation where we have almost 96 out 100 moves rejected. This means that we
need a better algorithm. Such improvements are discussed inthe chapter on advanced statistical physics
problems (not available in this version).

13.9 Exercises and projects

Exercise 13.1

Convince yourself that the values listed in Table 13.4 are correct.

Exercise 13.2

Calculate the internal energy and heat capacity of the one-dimensional Ising model using periodic bound-
ary conditions and compare the results with those for free ends in the limitN →∞.

Project 13.1: Thermalization and the One-Dimensional Ising Model

In this project we will use the Metropolis algorithm to generate states according to the Boltzmann dis-
tribution. Each new configuration is given by the change of only one spin at the time, that issk → −sk.
Use periodic boundary conditions and set the magnetic fieldB = 0.

a) Write a program which simulates the one-dimensional Ising model. ChooseJ > 0, the number
of spinsN = 20, temperatureT = 3 and the number of Monte Carlo samplesmcs = 100. Let
the initial configuration consist of all spins pointing up, i.e.,sk = 1. Compute the mean energy
and magnetization for each cycle and find the number of cyclesneeded where the fluctuation of
these variables is negligible. What kind of criterium wouldyou use in order to determine when the
fluctuations are negligible?

Change thereafter the initial condition by letting the spins take random values, either−1 or 1.
Compute again the mean energy and magnetization for each cycle and find the number of cycles
needed where the fluctuation of these variables is negligible.

Explain your results.

b) Letmcs ≥ 1000 and compute〈E〉, 〈E2〉 andCV as functions ofT for 0.1 ≤ T ≤ 5. Plot the
results and compare with the exact ones for periodic boundary conditions.

c) Using the Metropolis sampling method you should now find the number of accepted configurations
as function of the total number of Monte Carlo samplings. Howdoes the number of accepted
configurations behave as function of temperatureT? Explain the results.

d) Compute thereafter the probabilityP (E) for a system withN = 50 atT = 1. Choosemcs ≥ 1000

and plotP (E) as function ofE. Count the number of times a specific energy appears and build
thereafter up a histogram. What does the histogram mean?

Project 13.2: simulation of the two-dimensional Ising model

a) Assume that the number of spins in thex andy directions are two, vizL = 2. Find the analytic
expression for the partition function and the corresponding mean values forE,M, the capacity
CV and the suceptibilityχ as function ofT using periodic boundary conditions.
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b) Write your own code for the two-dimensional Ising model with periodic boundary conditions and
zero external fieldB. SetL = 2 and compare your numerical results with the analytic ones from
the previous exercise. usingT = 0.5 andT = 2.5. How many Monte Carlo cycles do you need
before you reach the exact values with an unceertainty less than1%? What are most likely starting
configurations for the spins. Try both an ordered arrangement of the spins and a randomly assigned
orientations for both temperature. Analyse the mean energyand magnetisation as functions of the
number of Monte Carlo cycles and estimate how many thermalization cycles are needed.

c) We will now study the behavior of the Ising model in two dimensions close to the critical temper-
ature as a function of the lattice sizeL × L, with L the number of spins in thex andy directions.
Calculate the expectation values for〈E〉 and〈M〉, the specific heatCV and the susceptibilityχ
as functions ofT for L = 10, L = 20, L = 40 andL = 80 for T ∈ [2.0, 2.4] with a step in
temperature∆T = 0.05. Plot 〈E〉, 〈M〉, CV andχ as functions ofT . Can you see an indication
of a phase transition?

d) Use Eq. (13.13) and the exact resultν = 1 in order to estimateTC in the thermodynamic limit
L→∞ using your simulations withL = 10, L = 20, L = 40 andL = 80.

e) In the remaining part we will use the exact resultkTC/J = 2/ln(1 +
√

2) ≈ 2.269 andν = 1.
Determine the numerical values ofCV , χ andM at the exact valueT = TC for L = 10, L = 20,
L = 40 andL = 80. Plot log10M andχ som funksjon avlog10 L and use the scaling relations in
order to determine the constantsβ andγ. Are your log-log plots close to straight lines? The exact
values areβ = 1/8 andγ = 7/4.

f) Make a log-log plot using the results forCV as function ofL for your computations at the exact
critical temperature. The specific heat exhibits a logarithmic divergence withα = 0, see Eqs. (13.5)
and (13.7). Do your results agree with this behavior? Make also a plot of the specific heat computed
at the critical temperature for the given lattice.

The exact specific heats behaves as

CV ≈ −
2

π

(
2J

kBTC

)2

ln

∣∣∣∣1−
T

TC

∣∣∣∣+ const.

Comment your results.

Project 13.3: Potts Model

The Potts model has been, in addition to the Ising model, widely used in studies of phase transitions in
statistical physics. The so-called two-dimensionalq-state Potts model has an energy given by

E = −J
N∑

<kl>

δsl,sk
,

where the spinsk at lattice positionk can take the values1, 2, . . . , q. The Kroneckr delta functionδsl,sk

equals unity if the spins are equal and is zero otherwise.N is the total number of spins. Forq = 2 the
Potts model corresponds to the Ising model. To see that we canrewrite the last equation as

E = −J
2

N∑

<kl>

2(δsl,sk
− 1

2
)−

N∑

<kl>

J

2
.

Now,2(δsl,sk
− 1

2 ) is +1 whensl = sk and−1 when they are different. This model is thus equivalent to
the Ising model except a trivial difference in the energy minimum given by a an additional constant and
a factorJ → J/2. One of the many applications of the Potts model is to helium absorbed on the surface
of graphite.
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The Potts model exhibits a second order phase transition forlow values ofq and a first order transition
for larger values ofq. Using Eherenfest’s definition of a phase transition, a second order phase transi-
tion has second derivatives of the free energy that are discontinuous or diverge (the heat capacity and
susceptibility in our case) while a first order transition has first derivatives like the mean energy that are
discontinuous or diverge. Since the calculations are done with a finite lattice it is always difficult to find
the order of the phase transitions. In this project we will limit ourselves to find the temperature region
where a phase transition occurs and see if the numerics allows us to extract enough information about
the order of the transition.

a) Write a program which simulates theq = 2 Potts model for two-dimensional lattices with10 ×
10, 40 × 40 and 80 × 80 spins and compute the average energy and specific heat. Establish
an appropriate temperature range for where you see a sudden change in the heat capacity and
susceptibility. Make the analysis first for few Monte Carlo cycles and smaller lattices in order
to narrow down the region of interest. To get appropriate statistics afterwards you should allow
for at least105 Monte Carlo cycles. In setting up this code you need to find an efficient way to
simulate the energy differences between different microstates. In doing this you need also to find
all possible values of∆E.

b) Compare these results with those obtained with the two-dimensional Ising model. The exact critical
temperature for the Ising model isTC = 2.269. Here you can eventually use the abovementioned
program from the lectures or write your own code for the Isingmodel. Tip when comparing results
with the Ising model: remove the constant term. The first stepis thus to check that your algorithm
for the Potts model gives the same results as the ising model.Note that critical temperature for the
q = 2 Potts model is half of that for the Ising model.

c) Extend the calculations to the Potts model withq = 3, 6 andq = 10. Make a table of the possible
values of∆E for each value ofq. Establish first the location of the peak in the specific heat
and study the behavior of the mean energy and magnetization as functions ofq. Do you see a
noteworthy change in behavior from theq = 2 case? For largerq values you may need lattices of
at least50× 50 in size.

For q = 3 and higher you can then proceed as follows:

– Do a calculation with a small lattice first over a large temperature region. Use typical temper-
ature steps of0.1.

– Establish a small region where you see the heat capacity and the susceptibility start to increase.

– Decrease the temperature step in this region and perform calculations for larger lattices as
well.

For q = 6 andq = 10 we have a first order phase transition, the energy shows a discontinuity at
the critical temperature.

To compute the magnetisation in this case can lead to some preliminary conceptual problems. For the
q = 2 case we can always assign the values of−1 and+1 to the spins. We would then get the same
magnetisation as we had with the two-dimensional Ising model. However, we could also assign the value
of 0 and1 to the spins. A simulation could then start with all spins equal 0 at low temperatures. This
is then the ordered state. Increasing the temperature and crossing the region where we have the phase
transition, both spins value should be equally possible. This means half of the spins take the value 0 and
the other half take the value 1, yielding a final magnetisation per spin of1/2. The important point is
that we see the change in magnetisation when we cross the critical temperature. For higherq values, for
exampleq = 3 we could choose something similar to the Ising model. The spins could take the values
−1, 0, 1. We would again start with an ordered state and let temperature increase. AboveTC all values
are equally possible resulting again in a magnetisation equal zero. For the values0, 1, 2 the situation
would be different. AboveTC , one third has value 0, another third takes the value 1 and thelast third is
2, resulting in a net magnetisation per spin equal0× 1/3 + 1× 1/3 + 2× 1/3 = 1.
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Chapter 14

Quantum Monte Carlo methods

If, in some cataclysm, all scientific knowledge were to be destroyed, and only one sen-
tence passed on to the next generation of creatures, what statement would contain the most
information in the fewest words? I believe it is the atomic hypothesis (or atomic fact, or what-
ever you wish to call it) that all things are made of atoms, little particles that move around
in perpetual motion, attracting each other when they are a little distance apart, but repelling
upon being squeezed into one another. In that one sentence you will see an enormous amount
of information about the world, if just a little imaginationand thinking are applied.Richard
Feynman, The Laws of Thermodynamics.

14.1 Introduction

The aim of this chapter is to present examples of applications of Monte Carlo methods in studies of
simple quantum mechanical systems. We study systems such asthe harmonic oscillator, the hydrogen
atom, the hydrogen molecule and the helium atom. Systems with many interacting fermions and bosons
such as liquid4He and Bose Einstein condensation of atoms are discussed in chapters 17 and 15. Most
quantum mechanical problems of interest in for example atomic, molecular, nuclear and solid state
physics consist of a large number of interacting electrons and ions or nucleons. The total number of
particlesN is usually sufficiently large that an exact solution cannot be found. In quantum mechanics
we can express the expectation value of a given operatorÔ for a system ofN particles as

〈Ô〉 =

∫
dR1dR2 . . . dRNΨ∗(R1,R2, . . . ,RN)Ô(R1,R2, . . . ,RN )Ψ(R1,R2, . . . ,RN)∫

dR1dR2 . . . dRNΨ∗(R1,R2, . . . ,RN )Ψ(R1,R2, . . . ,RN )
, (14.1)

whereΨ(R1,R2, . . . ,RN ) is the wave function describing a many-body system. Although we have
omitted the time dependence in this equation, it is an in general intractable problem. As an example
from the nuclear many-body problem, we can write Schrödinger’s equation as a differential equation
with the energy operator̂H (the so-called Hamiltonian) acting on the wave function as

ĤΨ(r1, .., rA, α1, .., αA) = EΨ(r1, .., rA, α1, .., αA)

where
r1, .., rA,

are the coordinates and
α1, .., αA,
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are sets of relevant quantum numbers such as spin and isospinfor a system ofA nucleons (A = N +Z,
N being the number of neutrons andZ the number of protons). There are

2A ×
(
A

Z

)

coupled second-order differential equations in3A dimensions. For a nucleus like16O, with eight protons
and eight neutrons this number is8.4× 108. This is a truely challenging many-body problem.

Equation (14.1) is a multidimensional integral. As such, Monte Carlo methods are ideal for obtaining
expectation values of quantum mechanical operators. Our problem is that we do not know the exact
wavefunctionΨ(r1, .., rA, α1, .., αN ). We can circumvent this problem by introducing a function which
depends on selected variational parameters. This functionshould capture essential features of the system
under consideration. With such a trial wave function we can then attempt to perform a variational
calculation of various observables, using Monte Carlo methods for solving Eq. (14.1).

The present chapter aims therefore at giving you an overviewof the variational Monte Carlo approach
to quantum mechanics. We limit the attention to the simple Metropolis algorithm, without the inclusion
of importance sampling. Importance sampling and diffusionMonte Carlo methods are discussed in
chapters 17 and 15.

However, before we proceed we need to recapitulate some of the postulates of quantum mechanics. This
is done in the next section. The remaining sections deal withmathematical and computational aspects
of the variational Monte Carlo methods, with examples and applications from electronic systems with
few electrons.

14.2 Postulates of Quantum Mechanics

14.2.1 Mathematical Properties of the Wave Functions

Schrödinger’s equation for a one-dimensional onebody problem reads

− ~
2

2m
∇2Ψ(x, t) + V (x, t)Ψ(x, t) = ı~

∂Ψ(x, t)

∂t
,

whereV (x, t) is a potential acting on the particle. The first term is the kinetic energy. The solution to this
partial differential equation is the wave functionΨ(x, t). The wave function itself is not an observable
(or physical quantity) but it serves to define the quantum mechanical probability, which in turn can be
used to compute expectation values of selected operators, such as the kinetic energy or the total energy
itself. The quantum mechanical probabilityP (x, t)dx is defined as1

P (x, t)dx = Ψ(x, t)∗Ψ(x, t)dx,

representing the probability of finding the system in a region betweenx andx + dx. It is, as opposed
to the wave function, always real, which can be seen from the following definition of the wave function,
which has real and imaginary parts,

Ψ(x, t) = R(x, t) + ıI(x, t),

yielding
Ψ(x, t)∗Ψ(x, t) = (R− ıI)(R+ ıI) = R2 + I2.

1This is Max Born’s postulate on how to interpret the wave function resulting from the solution of Schrödinger’s equation. It is also
the commonly accepted and operational interpretation.
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14.2 – Postulates of Quantum Mechanics

The variational Monte Carlo approach uses actually this definition of the probability, allowing us thereby
to deal with real quantities only. As a small digression, if we perform a rotation of time into the complex
plane, usingτ = it/~, the time-dependent Schrödinger equation becomes

∂Ψ(x, τ)

∂τ
=

~
2

2m

∂2Ψ(x, τ)

∂x2
− V (x, τ)Ψ(x, τ).

With V = 0 we have a diffusion equation in complex time with diffusion constant

D =
~2

2m
.

This is the starting point for the Diffusion Monte Carlo method discussed in chapter 17. In that case
it is the wave function itself, given by the distribution of random walkers, that defines the probability.
The latter leads to conceptual problems when we have anti-symmetric wave functions, as is the case for
particles with spin being a multiplum of1/2. Examples of such particles are various leptons such as
electrons, muons and various neutrinos, baryons like protons and neutrons and quarks such as the up and
down quarks.

The Born interpretation constrains the wave function to belong to the class of functions inL2. Some of
the selected conditions whichΨ has to satisfy are

(a) Normalization ∫ ∞

−∞
P (x, t)dx =

∫ ∞

−∞
Ψ(x, t)∗Ψ(x, t)dx = 1,

meaning that ∫ ∞

−∞
Ψ(x, t)∗Ψ(x, t)dx <∞.

(b) Ψ(x, t) and∂Ψ(x, t)/∂x must be finite

(c) Ψ(x, t) and∂Ψ(x, t)/∂x must be continuous.

(d) Ψ(x, t) and∂Ψ(x, t)/∂x must be single valued.

14.2.2 Important Postulates

We list here some of the postulates that we will use in our discussion.

Postulate I

Any physical quantityA(r,p) which depends on positionr and momentump has a corresponding
quantum mechanical operator by replacingp −i~▽, yielding the quantum mechanical operator

Â = A(r,−i~▽).

Quantity Classical definition QM operator
Position r r̂ = r

Momentum p p̂ = −i~▽

Orbital momentum L = r × p L̂ = r × (−i~▽)

Kinetic energy T = (p)2/2m T̂ = −(~2/2m)(▽)2

Total energy H = (p2/2m) + V (r) Ĥ = −(~2/2m)(▽)2 + V (r)
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Postulate II

The only possible outcome of an ideal measurement of the physical quantityA are the eigenvalues of
the corresponding quantum mechanical operatorÂ.

Âψν = aνψν ,

resulting in the eigenvaluesa1, a2, a3, · · · as the only outcomes of a measurement. The corresponding
eigenstatesψ1, ψ2, ψ3 · · · contain all relevant information about the system.

Postulate III

AssumeΦ is a linear combination of the eigenfunctionsψν for Â,

Φ = c1ψ1 + c2ψ2 + · · · =
∑

ν

cνψν .

The eigenfunctions are orthogonal and we get

cν =

∫
(Φ)∗ψνdτ.

From this we can formulate the third postulate:

When the eigenfunction isΦ, the probability of obtaining the valueaν as the outcome of a measurement
of the physical quantityA is given by|cν |2 andψν is an eigenfunction of̂A with eigenvalueaν .

As a consequence one can show that when a quantal system is in the stateΦ, the mean value or expec-
tation value of a physical quantityA(r,p) is given by

〈A〉 =

∫
(Φ)∗Â(r,−i~▽)Φdτ.

We have assumed thatΦ has been normalized, viz.,
∫
(Φ)∗Φdτ = 1. Else

〈A〉 =
∫
(Φ)∗ÂΦdτ∫
(Φ)∗Φdτ

.

Postulate IV

The time development of a quantal system is given by

i~
∂Ψ

∂t
= ĤΨ,

with Ĥ the quantal Hamiltonian operator for the system.

14.3 First Encounter with the Variational Monte Carlo Method

The required Monte Carlo techniques for variational Monte Carlo are conceptually simple, but the prac-
tical application may turn out to be rather tedious and complex, relying on a good starting point for the
variational wave functions. These wave functions should include as much as possible of the pertinent
physics since they form the starting point for a variationalcalculation of the expectation value of the
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HamiltonianH . Given a HamiltonianH and a trial wave functionΨT , the variational principle states
that the expectation value of〈H〉 is

〈H〉 =

∫
dRΨ∗

T (R)H(R)ΨT (R)∫
dRΨ∗

T (R)ΨT (R)
, (14.2)

is an upper bound to the true ground state energyE0 of the HamiltonianH , that is

E0 ≤ 〈H〉.

To show this, we note first that the trial wave function can be expanded in the eigenstates of the Hamil-
tonian since they form a complete set, see again Postulate III,

ΨT (R) =
∑

i

aiΨi(R),

and assuming the set of eigenfunctions to be normalized, insertion of the latter equation in Eq. (14.2)
results in

〈H〉 =

∑
mn a

∗
man

∫
dRΨ∗

m(R)H(R)Ψn(R)∑
mn a

∗
man

∫
dRΨ∗

m(R)Ψn(R)
=

∑
mn a

∗
man

∫
dRΨ∗

m(R)En(R)Ψn(R)∑
n a

2
n

,

which can be rewritten as ∑
n a

2
nEn∑

n a
2
n

≥ E0.

In general, the integrals involved in the calculation of various expectation values are multi-dimensional
ones. Traditional integration methods such as the Gauss-Legendre will not be adequate for say the
computation of the energy of a many-body system. The fact that we need to sample over a multi-
dimensional density and that the probability density is to be normalized by the division of the norm of
the wave function, suggests that e.g., the Metropolis algorithm may be appropriate.

We could briefly summarize the above variational procedure in the following three steps:

(a) Construct first a trial wave functionψT (R;α), for say a many-body system consisting ofN par-
ticles located at positionsR = (R1, . . . ,RN). The trial wave function depends onα variational
parametersα = (α1, . . . , αm).

(b) Then we evaluate the expectation value of the HamiltonianH

〈H〉 =

∫
dRΨ∗

T (R;α)H(R)ΨT (R;α)∫
dRΨ∗

T (R;α)ΨT (R;α)
.

(c) Thereafter we varyα according to some minimization algorithm and return to the first step.

The above loop stops when we reach the minimum of the energy according to some specified criterion.
In most cases, a wave function has only small values in large parts of configuration space, and a straight-
forward procedure which uses homogenously distributed random points in configuration space will most
likely lead to poor results. This may suggest that some kind of importance sampling combined with e.g.,
the Metropolis algorithm may be a more efficient way of obtaining the ground state energy. The hope is
then that those regions of configurations space where the wave function assumes appreciable values are
sampled more efficiently.

The tedious part in a variational Monte Carlo calculation isthe search for the variational minimum.
A good knowledge of the system is required in order to carry out reasonable variational Monte Carlo
calculations. This is not always the case, and often variational Monte Carlo calculations serve rather as
the starting point for so-called diffusion Monte Carlo calculations. Diffusion Monte Carlo allows for an
in principle exact solution to the many-body Schrödinger equation. A good guess on the binding energy
and its wave function is however necessary. A carefully performed variational Monte Carlo calculation
can aid in this context. Diffusion Monte Carlo is discussed in depth in chapter 17.
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14.4 Variational Monte Carlo for quantum mechanical systems

The variational quantum Monte Carlo has been widely appliedto studies of quantal systems. Here we
expose its philosophy and present applications and critical discussions.

The recipe, as discussed in chapter 11 as well, consists in choosing a trial wave functionψT (R) which
we assume to be as realistic as possible. The variableR stands for the spatial coordinates, in total3N

if we haveN particles present. The trial wave function serves then, following closely the discussion on
importance sampling in section 11.4, as a mean to define the quantal probability distribution

P (R;α) =
|ψT (R;α)|2

∫
|ψT (R;α)|2 dR

.

This is our new probability distribution function (PDF).

The expectation value of the Hamiltonian is given by

〈Ĥ〉 =
∫
dRΨ∗(R)H(R)Ψ(R)∫
dRΨ∗(R)Ψ(R)

,

whereΨ is the exact eigenfunction. Using our trial wave function wedefine a new operator, the so-called
local energy,

ÊL(R;α) =
1

ψT (R;α)
ĤψT (R;α), (14.3)

which, together with our trial PDF allows us to compute the expectation value of the local energy

〈EL(α)〉 =

∫
P (R;α)ÊL(R;α)dR. (14.4)

This equation expresses the variational Monte Carlo approach. We compute this integral for a set of
values ofα and possible trial wave functions and search for the minimumof the functionEL(α). If the
trial wave function is close to the exact wave function, then〈EL(α)〉 should approach〈Ĥ〉. Equation
(14.4) is solved using techniques from Monte Carlo integration, see the discussion below. For most
Hamiltonians,H is a sum of kinetic energy, involving a second derivative, and a momentum independent
and spatial dependent potential. The contribution from thepotential term is hence just the numerical
value of the potential. A typical Hamiltonian reads thus

Ĥ = − ~2

2m

N∑

i=1

∇2
i +

N∑

i=1

Vonebody(ri) +

N∑

i<j

Vint(| ri − rj |). (14.5)

where the sum runs over all particlesN . We have included both a onebody potentialVonebody(ri) which
acts on one particle at the time and a twobody interactionVint(| ri − rj |) which acts between two
particles at the time. We can obviously extend this to more complicated three-body and/or many-body
forces as well. The main contributions to the energy of physical systems is largely dominated by one-
and two-body forces. We will therefore limit our attention to such interactions only.

Our local energy operator becomes then

ÊL(R;α) =
1

ψT (R;α)



− ~
2

2m

N∑

i=1

∇2
i +

N∑

i=1

Vonebody(ri) +

N∑

i<j

Vint(| ri − rj |)



ψT (R;α),

resulting in

ÊL(R;α) =
1

ψT (R;α)

(
− ~2

2m

N∑

i=1

∇2
i

)
ψT (R;α) +

N∑

i=1

Vonebody(ri) +

N∑

i<j

Vint(| ri − rj |).
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The numerically time-consuming part in the variational Monte Carlo calculation is the evaluation of the
kinetic energy term. The potential energy, as long as it has aspatial dependence only, adds a simple term
to the local energy operator.

In our discussion below, we base our numerical Monte Carlo solution on the Metropolis algorithm.
The implementation is rather similar to the one discussed inconnection with the Ising model, the main
difference resides in the form of the PDF. The main test to be performed by the Metropolis algorithm is
a ratio of probabilities, as discussed in chapter 12. Suppose we are attempting to move from positionR

to a new positionR′. We need to perform the following two tests:

(a) If
P (R′;α)

P (R;α)
> 1,

whereR′ is the new position, the new step is accepted, or

(b)

r ≤ P (R′;α)

P (R;α)
,

wherer is random number generated with uniform PDF such thatr ∈ [0, 1], the step is also
accepted.

In the Ising model we were flipping one spin at the time. Here wechange the position of say a given
particle to a trial positionR′, and then evaluate the ratio between two probabilities. We note again that
we do not need to evaluate the norm2

∫
|ψT (R;α)|2 dR (an in general impossible task), since we are

only computing ratios between probabilities.

When writing a variational Monte Carlo program, one should always prepare in advance the required
formulae for the local energyEL in Eq. (14.4) and the wave function needed in order to computethe
ratios of probabilities in the Metropolis algorithm. Thesetwo functions are almost called as often as a
random number generator, and care should therefore be exercised in order to prepare an efficient code.

If we now focus on the Metropolis algorithm and the Monte Carlo evaluation of Eq. (14.4), a more
detailed algorithm is as follows

– Initialisation: Fix the number of Monte Carlo steps and thermalization steps. Choose an initialR

and variational parametersα and calculate|ψT (R;α)|2. Define also the value of the stepsize to be
used when moving from one value ofR to a new one.

– Initialise the energy and the variance.

– Start the Monte Carlo calculation with a loop over a given number of Monte Carlo cycles

(a) Calculate a trial positionRp = R + r ∗∆R wherer is a random variabler ∈ [0, 1].

(b) Use then the Metropolis algorithm to accept or reject this move by calculating the ratio

w = P (Rp)/P (R).

If w ≥ s, wheres is a random numbers ∈ [0, 1], the new position is accepted, else we stay at
the same place.

(c) If the step is accepted, then we setR = Rp.

(d) Update the local energy and the variance.

– When the Monte Carlo sampling is finished, we calculate the mean energy and the standard devia-
tion. Finally, we may print our results to a specified file.

2This corresponds to the partition functionZ in statistical physics.
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Note well that the way we choose the next stepRp = R + r ∗ ∆R is not determined by the wave
function. The wave function enters only the determination of the ratio of probabilities, similar to the
way we simulated systems in statistical physics. This meansin turn that our sampling of points may
not be very efficient. We will return to an efficient sampling of integration points in our discussion
of diffusion Monte Carlo in chapter 17 and importance sampling later in this chapter. Here we note
that the above algorithm will depend on the chosen value of∆R. Normally,∆R is chosen in order to
accept approximately50% of the proposed moves. One refers often to this algorithm as the brute force
Metropolis algorithm.

The best way however to understand the above algorithm and a specific method is to study selected
examples.

14.4.1 First illustration of variational Monte Carlo methods

The harmonic oscillator in one dimension lends itself nicely for illustrative purposes. The Hamiltonian
is

H = − ~2

2m

d2

dx2
+

1

2
kx2, (14.6)

wherem is the mass of the particle andk is the force constant, e.g., the spring tension for a classical
oscillator. In this example we will make life simple and choosem = ~ = k = 1. We can rewrite the
above equation as

H = − d2

dx2
+ x2,

The energy of the ground state is thenE0 = 1. The exact wave function for the ground state is

Ψ0(x) =
1

π1/4
e−x2/2,

but since we wish to illustrate the use of Monte Carlo methods, we choose the trial function

ΨT (x) =

√
α

π1/4
e−x2α2/2.

Inserting this function in the expression for the local energy in Eq. (14.3), we obtain the following
expression for the local energy

EL(x) = α2 + x2(1− α4), (14.7)

with the expectation value for the Hamiltonian of Eq. (14.4)given by

〈EL〉 =

∫ ∞

−∞
|ψT (x)|2EL(x)dx,

which reads with the above trial wave function

〈EL〉 =

∫∞
−∞ dxe−x2α2

α2 + x2(1 − α4)
∫∞
−∞ dxe−x2α2

.

Using the fact that ∫ ∞

−∞
dxe−x2α2

=

√
π

α2
,

we obtain

〈EL〉 =
α2

2
+

1

2α2
.

and the variance

σ2 =
(α4 − 1)2

2α4
. (14.8)
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In solving this problem we can choose whether we wish to use the Metropolis algorithm and sample
over relevant configurations, or just use random numbers generated from a normal distribution, since
the harmonic oscillator wave functions follow closely sucha distribution. The latter approach is easily
implemented in few lines, namely

... initialisations, declarations of variables

... mcs = number of Monte Carlo samplings

// loop over Monte Carlo samples

for ( i=0; i < mcs; i++) {

// generate random variables from gaussian distribution

x = normal_random(&idum)/sqrt2/alpha;

local_energy = alpha*alpha + x*x*(1-pow(alpha,4));

energy += local_energy;

energy2 += local_energy*local_energy;

// end of sampling

}

// write out the mean energy and the standard deviation

cout << energy/mcs << sqrt((energy2/mcs-(energy/mcs)**2)/mcs));

This variational Monte Carlo calculation is rather simple,we just generate a large numberN of random
numbers corresponding to the gaussian PDF∼ |ΨT |2 and for each random number we compute the local
energy according to the approximation

〈ÊL〉 =
∫
P (R)ÊL(R)dR ≈ 1

N

N∑

i=1

EL(xi),

and the energy squared through

〈Ê2
L〉 =

∫
P (R)Ê2

L(R)dR ≈ 1

N

N∑

i=1

E2
L(xi).

In a certain sense, this is nothing but the importance Monte Carlo sampling discussed in chapter 11.
Before we proceed however, there is an important aside whichis worth keeping in mind when computing
the local energy. We could think of splitting the computation of the expectation value of the local energy
into a kinetic energy part and a potential energy part. If we are dealing with a three-dimensional system,
the expectation value of the kinetic energy is

−
∫
dRΨ∗

T (R)∇2ΨT (R)∫
dRΨ∗

T (R)ΨT (R)
, (14.9)

and we could be tempted to compute, if the wave function obeysspherical symmetry, just the second
derivative with respect to one coordinate axis and then multiply by three. This will most likely increase
the variance, and should be avoided, even if the final expectation values are similar. For quantum me-
chanical systems, as discussed below, the exact wave function leads to a variance which is exactly zero.

Another shortcut we could think of is to transform the numerator in the latter equation to
∫
dRΨ∗

T (R)∇2ΨT (R) = −
∫
dR(∇Ψ∗

T (R))(∇ΨT (R)), (14.10)

using integration by parts and the relation
∫
dR∇(Ψ∗

T (R)∇ΨT (R)) = 0,

where we have used the fact that the wave function is zero atR = ±∞. This relation can in turn be
rewritten through integration by parts to

∫
dR(∇Ψ∗

T (R))(∇ΨT (R)) +

∫
dRΨ∗

T (R)∇2ΨT (R)) = 0.
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The right-hand side of Eq. (14.10) is easier and quicker to compute. However, in case the wave function
is the exact one, or rather close to the exact one, the left-hand side yields just a constant times the wave
function squared, implying zero variance. The rhs does not and may therefore increase the variance.

If we use integration by parts for the harmonic oscillator case, the new local energy is

EL(x) = x2(1 + α4),

and the variance

σ2 =
(α4 + 1)2

2α4
,

which is larger than the variance of Eq. (14.8).

14.5 Variational Monte Carlo for atoms

The Hamiltonian for anN -electron atomic system consists of two terms

Ĥ(R) = T̂ (R) + V̂ (R), (14.11)

the kinetic and the potential energy operator. HereR = {r1, r2, . . . rN} represents the spatial and spin
degrees of freedom associated with the different particles. The classical kinetic energy

T =
P2

2M
+

N∑

j=1

p2
j

2m
,

is transformed to the quantum mechanical kinetic energy operator by operator substitution of the mo-
mentum (pk → −i~∂/∂xk)

T̂ (R) = − ~2

2M
∇2

0 −
N∑

i=1

~2

2m
∇2

i . (14.12)

Here the first term is the kinetic energy operator of the nucleus, the second term is the kinetic energy
operator of the electrons,M is the mass of the nucleus andm is the electron mass. The potential energy
operator is given by

V̂ (R) = −
N∑

i=1

Ze2

(4πǫ0)ri
+

N∑

i=1,i<j

e2

(4πǫ0)rij
, (14.13)

where theri’s are the electron-nucleus distances and therij ’s are the inter-electronic distances.

We seek to find controlled and well understood approximations in order to reduce the complexity of the
above equations. TheBorn-Oppenheimer approximationis a commonly used approximation, in which
the motion of the nucleus is disregarded.

14.5.1 The Born-Oppenheimer Approximation

In a system of interacting electrons and a nucleus there willusually be little momentum transfer between
the two types of particles due to their differing masses. Theforces between the particles are of similar
magnitude due to their similar charge. If one assumes that the momenta of the particles are also similar,
the nucleus must have a much smaller velocity than the electrons due to its far greater mass. On the
time-scale of nuclear motion, one can therefore consider the electrons to relax to a ground-state given by
the Hamiltonian of Eqs. (14.11), (14.12) and (14.13) with the nucleus at a fixed location. This separation
of the electronic and nuclear degrees of freedom is known as the Born-Oppenheimer approximation.
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In the center of mass system the kinetic energy operator reads

T̂ (R) = − ~
2

2(M +Nm)
∇2

CM −
~

2

2µ

N∑

i=1

∇2
i −

~
2

M

N∑

i>j

∇i · ∇j , (14.14)

while the potential energy operator remains unchanged. Note that the Laplace operators∇2
i now are in

the center of mass reference system.

The first term of Eq. (14.14) represents the kinetic energy operator of the center of mass. The second
term represents the sum of the kinetic energy operators of theN electrons, each of them having their
massm replaced by the reduced massµ = mM/(m +M) because of the motion of the nucleus. The
nuclear motion is also responsible for the third term, or themass polarizationterm.

The nucleus consists of protons and neutrons. The proton-electron mass ratio is about1/1836 and the
neutron-electron mass ratio is about1/1839. We can therefore approximate the nucleus as stationary
with respect to the electrons. Taking the limitM → ∞ in Eq. (14.14), the kinetic energy operator
reduces to

T̂ = −
N∑

i=1

~2

2m
∇2

i

The Born-Oppenheimer approximation thus disregards both the kinetic energy of the center of mass as
well as the mass polarization term. The effects of the Born-Oppenheimer approximation are quite small
and they are also well accounted for. However, this simplified electronic Hamiltonian remains very
difficult to solve, and analytical solutions do not exist forgeneral systems with more than one electron.
We use the Born-Oppenheimer approximation in our discussion of atomic and molecular systems.

The first term of Eq. (14.13) is the nucleus-electron potential and the second term is the electron-electron
potential. The inter-electronic potential is the main problem in atomic physics. Because of this term, the
Hamiltonian cannot be separated into one-particle parts, and the problem must be solved as a whole. A
common approximation is to regard the effects of the electron-electron interactions either as averaged
over the domain or by means of introducing a density functional. Popular methods in this direction are
Hartree-Fock theory and Density Functional theory. These approaches are actually very efficient, and
about99% or more of the electronic energies are obtained for most Hartree-Fock calculations. Other
observables are usually obtained to an accuracy of about90−95% (ref. [91]). We discuss these methods
in chapters 15. Furthermore, systems with more than two electrons will be discussed in more detail
in chapter 15. Here we limit ourselves to systems with at mosttwo electrons. Relevant systems are
neutral helium with two electrons, the hydrogen molecule ortwo electrons confined in a two-dimensional
harmonic oscillator trap. One could also think of atoms stripped of a given number of electrons. An
example is portrayed in Fig. 14.1, where only two electrons are left.

14.5.2 The hydrogen Atom

The spatial Schrödinger equation for the three-dimensional hydrogen atom can be solved analytically,
see for example Ref. [92] for details. To achieve this, we rewrite the equation in terms of spherical
coordinates using

x = r sin θ cosφ,

y = r sin θ sinφ,

and
z = r cos θ.

The reason we introduce spherical coordinates is the spherical symmetry of the Coulomb potential

e2

4πǫ0r
=

e2

4πǫ0
√
x2 + y2 + z2

,
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+++
+

Figure 14.1: Picture of an ionized lithium atom with three protons (in red) and only two electrons.

where we have usedr =
√
x2 + y2 + z2. It is not possible to find a separable solution of the type

ψ(x, y, z) = ψ(x)ψ(y)ψ(z).

as we can with the harmonic oscillator in three dimensions. However, with spherical coordinates we can
find a solution of the form

ψ(r, θ, φ) = R(r)P (θ)F (φ) = RPF.

These three coordinates yield in turn three quantum numberswhich determine the enegy of the systems.
We obtain three sets of ordinary second-order differentialequations which can be solved analytically,
resulting in, [92],

1

F

∂2F

∂φ2
= −C2

φ,

Crsin
2(θ)P + sin(θ)

∂

∂θ
(sin (θ)

∂P

∂θ
) = C2

φP,

and
1

R

∂

∂r
(r2

∂R

∂r
) +

2mrke2

~2
+

2mr2

~2
E = Cr, (14.15)

whereCr andCφ are constants. The angle-dependent differential equations result in the spherical har-
monic functions as solutions, with quantum numbersl andml. These functions are given by

Ylml
(θ, φ) = P (θ)F (φ) =

√
(2l + 1)(l −ml)!

4π(l +ml)!
Pml

l (cos (θ)) exp (imlφ),

with Pml

l being the associated Legendre polynomials They can be rewritten as

Ylml
(θ, φ) = sin|ml|(θ)× (polynom(cos θ)) exp (imlφ),

with the following selected examples

Y00 =

√
1

4π
,

for l = ml = 0,

Y10 =

√
3

4π
cos (θ),
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for l = 1 ogml = 0,

Y1±1 =

√
3

8π
sin (θ) exp (±iφ),

for l = 1 ogml = ±1, and

Y20 =

√
5

16π
(3 cos2(θ) − 1)

for l = 2 ogml = 0. The quantum numbersl andml represent the orbital momentum and projection
of the orbital momentum, respectively and take the valuesl ≥ 0, l = 0, 1, 2, . . . andml = −l,−l +
1, . . . , l− 1, l. The spherical harmonics forl ≤ 3 are listed in Table 14.1.

Spherical Harmonics

ml\l 0 1 2 3

+3 − 1
8 (35

π )1/2 sin3 θe+3iφ

+2 1
4 ( 15

2π )1/2 sin2 θe+2iφ 1
4 (105

2π )1/2 cos θ sin2 θe+2iφ

+1 − 1
2 ( 3

2π )1/2 sin θe+iφ − 1
2 ( 15

2π )1/2 cos θ sin θe+iφ − 1
8 ( 21

2π )1/2(5 cos2 θ − 1) sin θe+iφ

0 1
2π1/2

1
2 ( 3

π )1/2 cos θ 1
4 ( 5

π )1/2(3 cos2 θ − 1) 1
4 ( 7

π )1/2(2 − 5 sin2 θ) cos θ

-1 + 1
2 ( 3

2π )1/2 sin θe−iφ + 1
2 ( 15

2π )1/2 cos θ sin θe−iφ + 1
8 ( 21

2π )1/2(5 cos2 θ − 1) sin θe−iφ

-2 1
4 ( 15

2π )1/2 sin2 θe−2iφ 1
4 (105

2π )1/2 cos θ sin2 θe−2iφ

-3 + 1
8 (35

π )1/2 sin3 θe−3iφ

Table 14.1: Spherical harmonicsYlml
for the lowestl andml values.

We focus now on the radial equation, which can be rewritten as

−~2r2

2m

(
∂

∂r
(r2

∂R(r)

∂r
)

)
− ke2

r
R(r) +

~2l(l+ 1)

2mr2
R(r) = ER(r).

Introducing the functionu(r) = rR(r), we can rewrite the last equation as

− ~2

2m

∂2u(r)

∂r2
−
(
ke2

r
− ~2l(l + 1)

2mr2

)
u(r) = Eu(r), (14.16)

wherem is the mass of the electron,l its orbital momentum taking valuesl = 0, 1, 2, . . . , and the term
ke2/r is the Coulomb potential. The first terms is the kinetic energy. The full wave function will also
depend on the other variablesθ andφ as well. The energy, with no external magnetic field is however
determined by the above equation . We can then think of the radial Schrödinger equation to be equivalent
to a one-dimensional movement conditioned by an effective potential

Veff(r) = −ke
2

r
+

~2l(l + 1)

2mr2
.

The radial equation can also be solved analytically resulting in the quantum numbersn in addition to
lml. The solutionRnl to the radial equation is given by the Laguerre polynomials [92]. The closed-form
solutions are given by

ψnlml
(r, θ, φ) = ψnlml

= Rnl(r)Ylml
(θ, φ) = RnlYlml

423



Quantum Monte Carlo methods

The ground state is defined byn = 1 andl = ml = 0 and reads

ψ100 =
1

a
3/2
0

√
π

exp (−r/a0),

where we have defined the Bohr radiusa0 = 0.05 nm

a0 =
~2

mke2
.

The first excited state withl = 0 is

ψ200 =
1

4a
3/2
0

√
2π

(
2− r

a0

)
exp (−r/2a0).

For states with withl = 1 andn = 2, we can have the following combinations withml = 0

ψ210 =
1

4a
3/2
0

√
2π

(
r

a0

)
exp (−r/2a0) cos θ),

andml = ±1

ψ21±1 =
1

8a
3/2
0

√
π

(
r

a0

)
exp (−r/2a0) sin θ exp (±iφ).

The exact energy is independent ofl andml, since the potential is spherically symmetric.

The first few non-normalized radial solutions of equation are listed in Table 14.2.

Hydrogen-like atomic radial functions

l\n 1 2 3

0 exp (−Zr) (2− r) exp (−Zr/2) (27− 18r + 2r2) exp (−Zr/3)

1 r exp (−Zr/2) r(6 − r) exp (−Zr/3)

2 r2 exp (−Zr/3)

Table 14.2: The first few radial functions of the hydrogen-like atoms.

When solving equations numerically, it is often convenientto rewrite the equation in terms of dimen-
sionless variables. This leads to an equation in dimensionless form which is easier to code, sparing one
for eventual typographic errors. In order to do so, we introduce first the dimensionless variableρ = r/β,
whereβ is a constant we can choose. Schrödinger’s equation is then rewritten as

− 1

2

∂2u(ρ)

∂ρ2
− mke2β

~2ρ
u(ρ) +

l(l + 1)

2ρ2
u(ρ) =

mβ2

~2
Eu(ρ). (14.17)

We can determineβ by simply requiring3

mke2β

~2
= 1 (14.18)

With this choice, the constantβ becomes the famous Bohr radiusa0 = 0.05 nm a0 = β = ~2/mke2.
We list here the standard units used in atomic physics and molecular physics calculations. It is common
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Atomic Units

Quantity SI Atomic unit
Electron mass,m 9.109 · 10−31 kg 1
Charge,e 1.602 · 10−19 C 1
Planck’s reduced constant,~ 1.055 · 10−34 Js 1
Permittivity,4πǫ0 1.113 · 10−10 C2 J−1 m−1 1

Energy, e2

4πǫ0a0
27.211 eV 1

Length,a0 = 4πǫ0~
2

me2 0.529 · 10−10 m 1

Table 14.3: Scaling from SI units to atomic units.

to scale atomic units by settingm = e = ~ = 4πǫ0 = 1, see Table 14.3. We introduce thereafter the
variableλ

λ =
mβ2

~2
E,

and insertingβ and the exact energyE = E0/n
2, withE0 = 13.6 eV, we have that

λ = − 1

2n2
,

n being the principal quantum number. The equation we are thengoing to solve numerically is now

− 1

2

∂2u(ρ)

∂ρ2
− u(ρ)

ρ
+
l(l + 1)

2ρ2
u(ρ)− λu(ρ) = 0, (14.19)

with the Hamiltonian

H = −1

2

∂2

∂ρ2
− 1

ρ
+
l(l + 1)

2ρ2
.

The ground state of the hydrogen atom has the energyλ = −1/2, orE = −13.6 eV. The exact wave
function obtained from Eq. (14.19) is

u(ρ) = ρe−ρ,

which yields the energyλ = −1/2. Sticking to our variational philosophy, we could now introduce a
variational parameterα resulting in a trial wave function

uα
T (ρ) = αρe−αρ. (14.20)

Inserting this wave function into the expression for the local energyEL of Eq. (14.3) yields

EL(ρ) = −1

ρ
− α

2

(
α− 2

ρ

)
. (14.21)

For the hydrogen atom we could perform the variational calculation along the same lines as we did for
the harmonic oscillator. The only difference is that Eq. (14.4) now reads

〈H〉 =
∫
P (R)EL(R)dR =

∫ ∞

0

α2ρ2e−2αρEL(ρ)ρ2dρ,

sinceρ ∈ [0,∞). In this case we would use the exponential distribution instead of the normal distrubu-
tion, and our code could contain the following program statements

3Remember that we are free to chooseβ.
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... initialisations, declarations of variables

... mcs = number of Monte Carlo samplings

// loop over Monte Carlo samples

for ( i=0; i < mcs; i++) {

// generate random variables from the exponential

// distribution using ran1 and transforming to

// to an exponential mapping y = -ln(1-x)

x=ran1(&idum);

y=-log(1.-x);

// in our case y = rho*alpha*2

rho = y/alpha/2;

local_energy = -1/rho -0.5*alpha*(alpha-2/rho);

energy += (local_energy);

energy2 += local_energy*local_energy;

// end of sampling

}

// write out the mean energy and the standard deviation

cout << energy/mcs << sqrt((energy2/mcs-(energy/mcs)**2)/mcs));

As for the harmonic oscillator case, we need to generate a large numberN of random numbers cor-
responding to the exponential probability distribution function (PDF)α2ρ2e−2αρ and for each random
number we compute the local energy and variance.

14.5.3 Metropolis sampling for the hydrogen atom and the harmonic oscillator

We present in this subsection results for the ground states of the hydrogen atom and harmonic oscillator
using a variational Monte Carlo procedure. For the hydrogenatom, the trial wave function

uα
T (ρ) = αρe−αρ,

depends only on the dimensionless radiusρ. It is the solution of a one-dimensional differential equation,
as is the case for the harmonic oscillator as well. The latterhas the trial wave function

ΨT (x) =

√
α

π1/4
e−x2α2/2.

However, for the hydrogen atom we haveρ ∈ [0,∞), while for the harmonic oscillator we have
x ∈ (−∞,∞). In the calculations below we have used a uniform distribution to generate the vari-
ous positions. This means that we employ a shifted uniform distribution where the integration regions
beyond a given value ofρ andx are omitted. This is obviously an approximation and techniques like
importance sampling discussed in chapter 11 should be used.Using a uniform distribution is normally
refered to as brute force Monte Carlo or brute force Metropolis sampling. From a practical point of view,
this means that the random variables are multiplied by a given step lengthλ. To better understand this,
consider the above dimensionless radiusρ ∈ [0,∞).

The new position can then be modelled as

ρnew = ρold + λ× r,

with r a random number drawn from the uniform distribution in a regionr ∈ [0,Λ], with Λ <∞, a cutoff
large enough in order to have a contribution to the integrandclose to zero. The step lengthλ is chosen to
give approximately an acceptance ratio of50% for all proposed moves. This is nothing but a simple rule
of thumb. In this chapter we will stay with this brute force Metropolis algorithm. All results discussed
here have been obtained with this approach. Importance sampling and further improvements will be
discussed in chapter 15. In Figs. 14.2 and 14.3 we plot the ground state energies for the one-dimensional
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Figure 14.2: Result for ground state energy of the harmonic oscillator as function of the variational parameter
α. The exact result is forα = 1 with an energyE = 1. See text for further details

harmonic oscillator and the hydrogen atom, respectively, as functions of the variational parameterα.
These results are also displayed in Tables 14.4 and 14.5. In these tables we list the variance and the
standard deviation as well. We note that atα = 1 for the hydrogen atom, we obtain the exact result, and
the variance is zero, as it should. The reason is that we then have the exact wave function, and the action
of the hamiltionan on the wave function

Hψ = constant× ψ,

yields just a constant. The integral which defines various expectation values involving moments of the
Hamiltonian becomes then

〈Hn〉 =
∫
dRΨ∗

T (R)Hn(R)ΨT (R)∫
dRΨ∗

T (R)ΨT (R)
= constant×

∫
dRΨ∗

T (R)ΨT (R)∫
dRΨ∗

T (R)ΨT (R)
= constant.

This explains why the variance is zero forα = 1. However, the hydrogen atom and the harmonic
oscillator are some of the few cases where we can use a trial wave function proportional to the exact
one. These two systems offer some of the few examples where wecan find an exact solution to the
problem. In most cases of interest, we do not knowa priori the exact wave function, or how to make
a good trial wave function. In essentially all real problemsa large amount of CPU time and numerical
experimenting is needed in order to ascertain the validity of a Monte Carlo estimate. The next examples
deal with such problems.

14.5.4 The helium atom

Most physical problems of interest in atomic, molecular andsolid state physics consist of a number
of interacting electrons and ions. The total number of particlesN is usually sufficiently large that an
exact solution cannot be found. Controlled and well understood approximations are sought to reduce
the complexity to a tractable level. Once the equations are solved, a large number of properties may be
calculated from the wave function. Errors or approximations made in obtaining the wave function will be
manifest in any property derived from the wave function. Where high accuracy is required, considerable
attention must be paid to the derivation of the wave functionand any approximations made.
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Table 14.4: Result for ground state energy of the harmonic oscillator as function of the variational parameter
α. The exact result is forα = 1 with an energyE = 1. We list the energy and the varianceσ2The variableN
is the number of Monte Carlo samples. In this calculation we setN = 100000 and a step length of 2 was used
in order to obtain an acceptance of≈ 50%.

α 〈H〉 σ2

5.00000E-01 2.06479E+00 5.78739E+00
6.00000E-01 1.50495E+00 2.32782E+00
7.00000E-01 1.23264E+00 9.82479E-01
8.00000E-01 1.08007E+00 3.44857E-01
9.00000E-01 1.01111E+00 7.24827E-02
1.00000E-00 1.00000E+00 0.00000E+00
1.10000E+00 1.02621E+00 5.95716E-02
1.20000E+00 1.08667E+00 2.23389E-01
1.30000E+00 1.17168E+00 4.78446E-01
1.40000E+00 1.26374E+00 8.55524E-01
1.50000E+00 1.38897E+00 1.30720E+00

-1
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0.2 0.4 0.6 0.8 1 1.2 1.4

E0

α

MC simulation with N=100000
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Figure 14.3: Result for ground state energy of the hydrogen atom as function of the variational parameterα.
The exact result is forα = 1 with an energyE = −1/2. See text for further details
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Table 14.5: Result for ground state energy of the hydrogen atom as function of the variational parameterα.
The exact result is forα = 1 with an energyE = −1/2. The variableN is the number of Monte Carlo
samples. In this calculation we fixedN = 100000 and a step length of 4 Bohr radii was used in order to obtain
an acceptance of≈ 50%.

α 〈H〉 σ2

5.00000E-01 -3.76740E-01 6.10503E-02
6.00000E-01 -4.21744E-01 5.22322E-02
7.00000E-01 -4.57759E-01 4.51201E-02
8.00000E-01 -4.81461E-01 3.05736E-02
9.00000E-01 -4.95899E-01 8.20497E-03
1.00000E-00 -5.00000E-01 0.00000E+00
1.10000E+00 -4.93738E-01 1.16989E-02
1.20000E+00 -4.75563E-01 8.85899E-02
1.30000E+00 -4.54341E-01 1.45171E-01
1.40000E+00 -4.13220E-01 3.14113E-01
1.50000E+00 -3.72241E-01 5.45568E-01

The helium atom consists of two electrons and a nucleus with chargeZ = 2. In setting up the Hamilto-
nian of this system, we need to account for the repulsion between the two electrons as well. A common
and very reasonable approximation used in the solution of ofthe Schrödinger equation for systems of
interacting electrons and ions is the Born-Oppenheimer approximation discussed above. In a system of
interacting electrons and nuclei there will usually be little momentum transfer between the two types of
particles due to their greatly differing masses. The forcesbetween the particles are of similar magnitude
due to their similar charge. If one then assumes that the momenta of the particles are also similar, then
the nuclei must have much smaller velocities than the electrons due to their far greater mass. On the
time-scale of the nuclear motion, one can therefore consider the electrons to relax to a ground-state with
the nuclei at fixed locations. This separation of the electronic and nuclear degrees of freedom is the
the Born-Oppenheimer approximation we discussed previously in this chapter. But even this simpli-
fied electronic Hamiltonian remains very difficult to solve.No closed-form solutions exist for general
systems with more than one electron.

To set up the problem, we start by labelling the distance between electron 1 and the nucleus asr1.
Similarly we haver2 for electron 2. The contribution to the potential energy dueto the attraction from
the nucleus is

−2ke2

r1
− 2ke2

r2
,

and if we add the repulsion arising from the two interacting electrons, we obtain the potential energy

V (r1, r2) = −2ke2

r1
− 2ke2

r2
+
ke2

r12
,

with the electrons separated at a distancer12 = |r1 − r2|. The Hamiltonian becomes then

Ĥ = −~2∇2
1

2m
− ~2∇2

2

2m
− 2ke2

r1
− 2ke2

r2
+
ke2

r12
,

and Schrödingers equation reads
Ĥψ = Eψ.

Note that this equation has been written in atomic unitsa.u. which are more convenient for quantum
mechanical problems. This means that the final energy has to be multiplied by a2×E0, whereE0 = 13.6

eV, the binding energy of the hydrogen atom.
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A very simple first approximation to this system is to omit therepulsion between the two electrons. The
potential energy becomes then

V (r1, r2) ≈ −
Zke2

r1
− Zke2

r2
.

The advantage of this approximation is that each electron can be treated as being independent of each
other, implying that each electron sees just a centrally symmetric potential, or central field.

To see whether this gives a meaningful result, we setZ = 2 and neglect totally the repulsion between
the two electrons. Electron 1 has the following Hamiltonian

ĥ1 = −~2∇2
1

2m
− 2ke2

r1
,

with pertinent wave function and eigenvalueEa

ĥ1ψa = Eaψa,

wherea = {nalamla} are the relevant quantum numbers needed to describe the system. We assume
here that we can use the hydrogen-like solutions, but withZ not necessarily equal to one. The energy
Ea is

Ea = −Z
2E0

n2
a

.

In a similar way, we obtain for electron 2

ĥ2 = −~2∇2
2

2m
− 2ke2

r2
,

with wave functionψb, b = {nblbmlb} and energy

Eb =
Z2E0

n2
b

.

Since the electrons do not interact, the ground state wave function of the helium atom is given by

ψ = ψaψb,

resulting in the following approximation to Schrödinger’sequation

(
ĥ1 + ĥ2

)
ψ =

(
ĥ1 + ĥ2

)
ψa(r1)ψb(r2) = Eabψa(r1)ψb(r2).

The energy becomes then

(
ĥ1ψa(r1)

)
ψb(r2) +

(
ĥ2ψb(r2)

)
ψa(r1) = (Ea + Eb)ψa(r1)ψb(r2),

yielding

Eab = Z2E0

(
1

n2
a

+
1

n2
b

)
.

If we insertZ = 2 and assume that the ground state is determined by two electrons in the lowest-lying
hydrogen orbit withna = nb = 1, the energy becomes

Eab = 8E0 = −108.8 eV,

while the experimental value is−78.8 eV. Clearly, this discrepancy is essentially due to our omission of
the repulsion arising from the interaction of two electrons.
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Choice of trial wave function

The choice of trial wave function is critical in variationalMonte Carlo calculations. How to choose
it is however a highly non-trivial task. All observables areevaluated with respect to the probability
distribution

P (R) =
|ψT (R)|2

∫
|ψT (R)|2 dR

.

generated by the trial wave function. The trial wave function must approximate an exact eigenstate in
order that accurate results are to be obtained. Improved trial wave functions also improve the importance
sampling, reducing the cost of obtaining a certain statistical accuracy.

Quantum Monte Carlo methods are able to exploit trial wave functions of arbitrary forms. Any wave
function that is physical and for which the value, the gradient and the laplacian of the wave function may
be efficiently computed can be used. The power of Quantum Monte Carlo methods lies in the flexibility
of the form of the trial wave function.

It is important that the trial wave function satisfies as manyknown properties of the exact wave function
as possible. A good trial wave function should exhibit much of the same features as does the exact wave
function. Especially, it should be well-defined at the origin, that isΨ(|R| = 0) 6= 0, and its derivative at
the origin should also be well-defined . One possible guideline in choosing the trial wave function is the
use of constraints about the behavior of the wave function when the distance between one electron and
the nucleus or two electrons approaches zero. These constraints are the so-called “cusp conditions” and
are related to the derivatives of the wave function.

To see this, let us single out one of the electrons in the helium atom and assume that this electron is
close to the nucleus, i.e.,r1 → 0. We assume also that the two electrons are far from each otherand that
r2 6= 0. The local energy can then be written as

EL(R) =
1

ψT (R)
HψT (R) =

1

ψT (R)

(
−1

2
∇2

1 −
Z

r1

)
ψT (R) + finite terms.

Writing out the kinetic energy term in the spherical coordinates of electron1, we arrive at the following
expression for the local energy

EL(R) =
1

RT (r1)

(
−1

2

d2

dr21
− 1

r1

d

dr1
− Z

r1

)
RT (r1) + finite terms,

whereRT (r1) is the radial part of the wave function for electron1. We have also used that the orbital
momentum of electron 1 isl = 0. For small values ofr1, the terms which dominate are

lim
r1→0

EL(R) =
1

RT (r1)

(
− 1

r1

d

dr1
− Z

r1

)
RT (r1),

since the second derivative does not diverge due to the finiteness ofΨ at the origin. The latter implies
that in order for the kinetic energy term to balance the divergence in the potential term, we must have

1

RT (r1)

dRT (r1)

dr1
= −Z,

implying that
RT (r1) ∝ e−Zr1 .

A similar condition applies to electron 2 as well. For orbital momental > 0 it is rather straightforward
to show that

1

RT (r)

dRT (r)

dr
= − Z

l+ 1
.
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Another constraint on the wave function is found when the twoelectrons approaching each other. In
this case it is the dependence on the separationr12 between the two electrons which has to reflect the
correct behavior in the limitr12 → 0. The resulting radial equation for ther12 dependence is the same
for the electron-nucleus case, except that the attractive Coulomb interaction between the nucleus and the
electron is replaced by a repulsive interaction and the kinetic energy term is twice as large.

To find an ansatz for the correlated part of the wave function,it is useful to rewrite the two-particle
local energy in terms of the relative and center-of-mass motion. Let us denote the distance between
the two electrons asr12. We omit the center-of-mass motion since we are only interested in the case
whenr12 → 0. The contribution from the center-of-mass (CoM) variableRCoM gives only a finite
contribution. We focus only on the terms that are relevant for r12. The relevant local energy becomes
then We

lim
r12→0

EL(R) =
1

RT (r12)

(
2
d2

dr2ij
+

4

rij

d

drij
+

2

rij
− l(l + 1)

r2ij
+ 2E

)
RT (r12) = 0,

where l is now equal0 if the spins of the two electrons are anti-parallel and1 if they are parallel.
Repeating the argument for the electron-nucleus cusp with the factorization of the leadingr-dependency,
we get the similar cusp condition:

dRT (r12)

dr12
= − 1

2(l+ 1)
RT (r12) r12 → 0

resulting in

RT ∝






exp (rij/2) for anti-parallel spins,l = 0

exp (rij/4) for parallel spins,l = 1

.

This is so-called cusp condition for the relative motion, resulting in a minimal requirement for the
correlation part of the wave fuction. For general systems containing more than two electrons, we have
this condition for each electron pairij.

Based on these consideration, a possible trial wave function which ignores the ’cusp’-condition between
the two electrons is

ψT (R) = e−α(r1+r2), (14.22)

wherer1,2 are dimensionless radii andα is a variational parameter which is to be interpreted as an
effective charge.

A possible trial wave function which also reflects the ’cusp’-condition between the two electrons is

ψT (R) = e−α(r1+r2)er12/2. (14.23)

The last equation can be generalized to

ψT (R) = φ(r1)φ(r2) . . . φ(rN )
∏

i<j

f(rij),

for a system withN electrons or particles. The wave functionφ(ri) is the single-particle wave function
for particlei, while f(rij) account for more complicated two-body correlations. For the helium atom,
we placed both electrons in the hydrogenic orbit1s. We know that the ground state for the helium
atom has a symmetric spatial part, while the spin wave function is anti-symmetric in order to obey the
Pauli principle. In the present case we need not to deal with spin degrees of freedom, since we are
mainly trying to reproduce the ground state of the system. However, adopting such a single-particle
representation for the individual electrons means that foratoms beyond the ground state of helium, we
cannot continue to place electrons in the lowest hydrogenicorbit. This is a consenquence of the Pauli
principle, which states that the total wave function for a system of identical particles such as fermions,
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has to be anti-symmetric. One way to account for this is by introducing the so-called Slater determinant
(to be discussed in more detail in chapter 15). This determinant is written in terms of the various single-
particle wave functions.

If we consider the helium atom with two electrons in the1s state, we can write the total Slater determi-
nant as

Φ(r1, r2, α, β) =
1√
2

∣∣∣∣
ψα(r1) ψα(r2)

ψβ(r1) ψβ(r2)

∣∣∣∣ ,

with α = nlmlsms = (1001/21/2) andβ = nlmlsms = (1001/2− 1/2) or usingms = 1/2 =↑ and
ms = −1/2 =↓ asα = nlmlsms = (1001/2 ↑) andβ = nlmlsms = (1001/2 ↓). It is normal to skip
the two quantum numberssms of the one-electron spin. We introduce therefore the shorthandnlml ↑
or nlml ↓) for a particular state where an arrow pointing upward representsms = 1/2 and a downward
arrow stands forms = −1/2. Writing out the Slater determinant

Φ(r1, r2, α, β) =
1√
2

[ψα(r1)ψβ(r2)− ψβ(r1)ψγ(r2)] ,

we see that the Slater determinant is antisymmetric with respect to the permutation of two particles, that
is

Φ(r1, r2, α, β) = −Φ(r2, r1, α, β).

The Slater determinant obeys the cusp condition for the two electrons and combined with the correlation
part we could write the ansatz for the wave function as

ψT (R) =
1√
2

[ψα(r1)ψβ(r2)− ψβ(r1)ψγ(r2)] f(r12),

Several forms of the correlation functionf(rij) exist in the literature and we will mention only a selected
few to give the general idea of how they are constructed. A form given by Hylleraas that had great
success for the helium atom was the series expansion

f(rij) = exp (ǫs)
∑

k

ckr
lksmk tnk

where the inter-particle separationrij for simplicity is written asr. In additions = ri+ri andt = ri−ri
with ri andrj being the two electron-nucleus distances. All the other quantities are free parameters.
Notice that the cusp condition is satisfied by the exponential. Unfortunately the convergence of this
function turned out to be quite slow. For example, to pinpoint the He-energy to the fourth decimal digit
a nine term function would suffice. To double the number of digits, one needed almost1100 terms.

The so called Padé-Jastrow form, however, is more suited forlarger systems. It is based on an exponen-
tial function with a rational exponent:

f(rij) = exp (U)

In its general form,U is a potential series expansion on both the absolute particle coordinatesri and the
inter-particle coordinatesrij :

U =

N∑

i<j





∑

k

αkr
k
i

1 +
∑

k

α′
kr

k
i



+

N∑

i





∑

k

βkr
k
ij

1 +
∑

k

β′
kr

k
ij





A very typical Padé-Jastrow function used for quantum mechanical Monte Carlo calculations of molec-
ular and atomic systems is

exp

(
αrij

2(1 + βrij)

)

whereα andβ are variational parameters.
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14.5.5 Program example for atomic systems

The variational Monte Carlo algorithm consists of two distinct phases. In the first a walker, a single
electron in our case, consisting of an initially random set of electron positions is propagated according to
the Metropolis algorithm, in order to equilibrate it and begin sampling . In the second phase, the walker
continues to be moved, but energies and other observables are also accumulated for later averaging and
statistical analysis. In the program below, the electrons are moved individually and not as a whole
configuration. This improves the efficiency of the algorithmin larger systems, where configuration
moves require increasingly small steps to maintain the acceptance ratio. The main part of the code
contains calls to various functions, setup and declarations of arrays etc. Note that we have defined a fixed
step lengthh for the numerical computation of the second derivative of the kinetic energy. Furthermore,
we perform the Metropolis test when we have moved all electrons. This should be compared to the case
where we move one electron at the time and perform the Metropolis test. The latter is similar to the
algorithm for the Ising model discussed in the previous chapter. A more detailed discussion and better
statistical treatments and analyses are discussed in chapters 17 and 15.

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapter16/cpp/program1.cpp

// Variational Monte Carlo for atoms with up to two electrons

#include <iostream>

#include <fstream>

#include <iomanip>

#include "lib.h"

using namespace std;

// output file as global variable

ofstream ofile;

// the step length and its squared inverse for the second derivative

#define h 0.001

#define h2 1000000

// declaraton of functions

// Function to read in data from screen, note call by reference

void initialise(int&, int&, int&, int&, int&, int&, double&) ;

// The Mc sampling for the variational Monte Carlo

void mc_sampling(int, int, int, int, int, int, double, double *, double *);

// The variational wave function

double wave_function(double **, double, int, int);

// The local energy

double local_energy(double **, double, double, int, int, int);

// prints to screen the results of the calculations

void output(int, int, int, double *, double *);

// Begin of main program

//int main()

int main(int argc, char* argv[])

{

char *outfilename;

int number_cycles, max_variations, thermalization, charge;

int dimension, number_particles;

double step_length;

double *cumulative_e, *cumulative_e2;

// Read in output file, abort if there are too few command-line arguments

if( argc <= 1 ){

cout << "Bad Usage: " << argv[0] <<
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Figure 14.4: Chart flow for the Quantum Varitional Monte Carlo algorithm.
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" read also output file on same line" << endl;

exit(1);

}

else{

outfilename=argv[1];

}

ofile.open(outfilename);

// Read in data

initialise(dimension, number_particles, charge,

max_variations, number_cycles,

thermalization, step_length) ;

cumulative_e = new double[max_variations+1];

cumulative_e2 = new double[max_variations+1];

// Do the mc sampling

mc_sampling(dimension, number_particles, charge,

max_variations, thermalization,

number_cycles, step_length, cumulative_e, cumulative_e2);

// Print out results

output(max_variations, number_cycles, charge, cumulative_e, cumulative_e2);

delete [] cumulative_e; delete [] cumulative_e;

ofile.close(); // close output file

return 0;

}

The implementation of the brute force Metropolis algorithmis shown in the next function. Here we have
a loop over the variational variablesα. It calls two functions, one to compute the wave function andone
to update the local energy.

// Monte Carlo sampling with the Metropolis algorithm

void mc_sampling(int dimension, int number_particles, int charge,

int max_variations,

int thermalization, int number_cycles, double step_length,

double *cumulative_e, double *cumulative_e2)

{

int cycles, variate, accept, dim, i, j;

long idum;

double wfnew, wfold, alpha, energy, energy2, delta_e;

double **r_old, **r_new;

alpha = 0.5*charge;

idum=-1;

// allocate matrices which contain the position of the particles

r_old = (double **) matrix( number_particles, dimension, sizeof(double));

r_new = (double **) matrix( number_particles, dimension, sizeof(double));

for (i = 0; i < number_particles; i++) {

for ( j=0; j < dimension; j++) {

r_old[i][j] = r_new[i][j] = 0;

}

}

// loop over variational parameters

for (variate=1; variate <= max_variations; variate++){

// initialisations of variational parameters and energies

alpha += 0.1;

energy = energy2 = 0; accept =0; delta_e=0;

// initial trial position, note calling with alpha

// and in three dimensions

for (i = 0; i < number_particles; i++) {

for ( j=0; j < dimension; j++) {

r_old[i][j] = step_length*(ran1(&idum)-0.5);

}

}

wfold = wave_function(r_old, alpha, dimension, number_particles);

// loop over monte carlo cycles
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for (cycles = 1; cycles <= number_cycles+thermalization; cycles++){

// new position

for (i = 0; i < number_particles; i++) {

for ( j=0; j < dimension; j++) {

r_new[i][j] = r_old[i][j]+step_length*(ran1(&idum)-0.5);

}

}

wfnew = wave_function(r_new, alpha, dimension, number_particles);

// Metropolis test

if(ran1(&idum) <= wfnew*wfnew/wfold/wfold ) {

for (i = 0; i < number_particles; i++) {

for ( j=0; j < dimension; j++) {

r_old[i][j]=r_new[i][j];

}

}

wfold = wfnew;

accept = accept+1;

}

// compute local energy

if ( cycles > thermalization ) {

delta_e = local_energy(r_old, alpha, wfold, dimension,

number_particles, charge);

// update energies

energy += delta_e;

energy2 += delta_e*delta_e;

}

} // end of loop over MC trials

cout << "variational parameter= " << alpha

<< " accepted steps= " << accept << endl;

// update the energy average and its squared

cumulative_e[variate] = energy/number_cycles;

cumulative_e2[variate] = energy2/number_cycles;

} // end of loop over variational steps

free_matrix((void **) r_old); // free memory

free_matrix((void **) r_new); // free memory

} // end mc_sampling function

The wave function is in turn defined in the next function. Herewe limit ourselves to a function which
consists only of the product of single-particle wave functions.

// Function to compute the squared wave function, simplest form

double wave_function(double **r, double alpha,int dimension, int number_particles)

{

int i, j, k;

double wf, argument, r_single_particle, r_12;

argument = wf = 0;

for (i = 0; i < number_particles; i++) {

r_single_particle = 0;

for (j = 0; j < dimension; j++) {

r_single_particle += r[i][j]*r[i][j];

}

argument += sqrt(r_single_particle);

}

wf = exp(-argument*alpha) ;

return wf;

}
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Finally, the local energy is computed using a numerical derivation for the kinetic energy. We use the
familiar expression derived in Eq. (3.4), that is

f ′′
0 =

fh − 2f0 + f−h

h2
,

in order to compute

− 1

2ψT (R)
∇2ψT (R). (14.24)

The variableh is a chosen step length. For helium, since it is rather easy toevaluate the local energy,
the above is an unnecessary complication. However, for many-electron or other many-particle systems,
the derivation of an analytic expression for the kinetic energy can be quite involved, and the numerical
evaluation of the kinetic energy using Eq. (3.4) may result in a simpler code and/or even a faster one.

// Function to calculate the local energy with num derivative

double local_energy(double **r, double alpha, double wfold, int dimension,

int number_particles, int charge)

{

int i, j , k;

double e_local, wfminus, wfplus, e_kinetic, e_potential, r_12,

r_single_particle;

double **r_plus, **r_minus;

// allocate matrices which contain the position of the particles

// the function matrix is defined in the progam library

r_plus = (double **) matrix( number_particles, dimension, sizeof(double));

r_minus = (double **) matrix( number_particles, dimension, sizeof(double));

for (i = 0; i < number_particles; i++) {

for ( j=0; j < dimension; j++) {

r_plus[i][j] = r_minus[i][j] = r[i][j];

}

}

// compute the kinetic energy

e_kinetic = 0;

for (i = 0; i < number_particles; i++) {

for (j = 0; j < dimension; j++) {

r_plus[i][j] = r[i][j]+h;

r_minus[i][j] = r[i][j]-h;

wfminus = wave_function(r_minus, alpha, dimension, number_particles);

wfplus = wave_function(r_plus, alpha, dimension, number_particles);

e_kinetic -= (wfminus+wfplus-2*wfold);

r_plus[i][j] = r[i][j];

r_minus[i][j] = r[i][j];

}

}

// include electron mass and hbar squared and divide by wave function

e_kinetic = 0.5*h2*e_kinetic/wfold;

// compute the potential energy

e_potential = 0;

// contribution from electron-proton potential

for (i = 0; i < number_particles; i++) {

r_single_particle = 0;

for (j = 0; j < dimension; j++) {

r_single_particle += r[i][j]*r[i][j];

}

e_potential -= charge/sqrt(r_single_particle);

}

// contribution from electron-electron potential

for (i = 0; i < number_particles-1; i++) {

for (j = i+1; j < number_particles; j++) {

r_12 = 0;

for (k = 0; k < dimension; k++) {
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Figure 14.5: Result for ground state energy of the helium atom using Eq. (14.22) for the trial wave function.
A total of 107 Monte Carlo moves were used with a step length of 1 Bohr radius. Approximately 50% of all
proposed moves were accepted. The variance at the minimum is1.026, reflecting the fact that we do not have
the exact wave function. The variance has a minimum at value of α different from the energy minimum. The
numerical results are compared with the exact result of Eq. (14.25).

r_12 += (r[i][k]-r[j][k])*(r[i][k]-r[j][k]);

}

e_potential += 1/sqrt(r_12);

}

}

free_matrix((void **) r_plus); // free memory

free_matrix((void **) r_minus);

e_local = e_potential+e_kinetic;

return e_local;

}

The remaining part of the program consists of the output and initialize functions and is not listed here.

The way we have rewritten Schrödinger’s equation results inenergies given in atomic units. If we wish
to convert these energies into more familiar units like electronvolt (eV), we have to multiply our reults
with 2E0 whereE0 = 13.6 eV, the binding energy of the hydrogen atom. Using Eq. (14.22) for the
trial wave function, we obtain an energy minimum atα ≈ 1.75. The ground state isE = −2.85 in
atomic units orE = −77.5 eV. The experimental value is−78.8 eV. Obviously, improvements to the
wave function such as including the ’cusp’-condition for the two electrons as well, see Eq. (14.23), could
improve our agreement with experiment. Such an implementation is the topic for the next project.

We note that the effective charge is less than the charge of the nucleus. We can interpret this reduction
as an effective way of incorporating the repulsive electron-electron interaction. Finally, since we do not
have the exact wave function, we see from Fig. 14.5 that the variance is not zero at the energy minimum.
Techniques such as importance sampling, to be contrasted tothe brute force Metropolis sampling used
here, and various optimization techniques of the variance and the energy, will be discussed in the next
section and in chapter 17.
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The1s hydrogen like wave function

R10(r) = 2

(
Z

a0

)3/2

exp (−Zr/a0) = u10/r

The total energy for helium (not the Hartree or Fock terms) from the direct and the exchange term should
give5Z/8.

The single-particle energy with no interactions should give−Z2/2n2.

The2s hydrogen-like wave function is

R20(r) = 2

(
Z

2a0

)3/2(
1− Zr

2a0

)
exp (−Zr/2a0) = u20/r

and the2p hydrogen -like wave function is

R21(r) =
1√
3

(
Z

2a0

)3/2
Zr

a0
exp (−Zr/2a0) = u21/r

We usea0 = 1.

If we compute the total energy of the helium atom with the function

R10(r) = 2

(
Z

a0

)3/2

exp (−Zr/a0) = u10/r,

as a trial single-particle wave fuction, we obtain a total energy (one-body and two-body)

E[Z] = Z2 − 4Z +
5

8
Z. (14.25)

The minimum is not atZ = 2. Take the derivative wrtZ and we find that the minimum is at

Z = 2− 5

16
= 1.6875

and represents an optimal effective charge.

14.5.6 Importance sampling

As mentioned in connection with the generation of random numbers, sequential correlations must be
given thorough attention as it may lead to bad error estimates of our numerical results.

There are several things we need to keep in mind in order to keep the correlation low. First of all, the
transition acceptance must be kept as high as possible. Otherwise, a walker will dwell at the same spot
in state space for several iterations at a time, which will clearly lead to high correlation between nearby
succeeding measurements.

Secondly, when using the simple symmetric form ofω(rold, rnew), one has to keep in mind the random
walk nature of the algorithm. Transitions will be made between points that are relatively close to each
other in state space, which also clearly contributes to increase correlation. The seemingly obvious way
to deal with this would be just to increase the step size, allowing the walkers to cover more of the state
space in fewer steps (thus requiring fewer steps to reach ergodicity). But unfortunately, long before the
step length becomes desirably large, the algorithm breaks down. When proposing moves symmetrically
and uniformly aroundrold, the step acceptance becomes directly dependent on the steplength in such a
way that a too large step length reduces the acceptance. The reason for this is very simple. As the step
length increases, a walker will more likely be given a move proposition to areas of very low probability,
particularly if the governing trial wave function describes a localized system. In effect, the effective
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movement of the walkers again becomes too small, resulting in large correlation. For optimal results we
therefore have to balance the step length with the acceptance.

With a transition suggestion ruleω as simple as the uniform symmetrical one emphasized so far, the
usual rule of thumb is to keep the acceptance around0.5. But the optimal interval varies a lot from case
to case. We therefore have to treat each numerical experiment with care.

By choosing a betterω, we can still improve the efficiency of the step length versusacceptance. Recall
thatω may be chosen arbitrarily as long as it fulfills ergodicity, meaning that it has to allow the walker
to reach any point of the state space in a finite number of steps. What we basically want is anω that
pushes the ratio towards unity, increasing the acceptance.The theoretical situation ofω exactly equal to
p itself:

ω(rnew, rold) = ω(rnew) = p(rnew)

would give the maximal acceptance of1. But then we would already have solved the problem of produc-
ing points distributed according top. One typically settles on modifying the symmetricalω so that the
walkers move more towards areas of the state space where the distribution is large. One such procedure
is the Fokker-Planck formalism where the walkers are moved according to the gradient of the distri-
bution. The formalism “pushes” the walkers in a “desirable”direction. The idea is to propose moves
similarly to an isotropic diffusion process with a drift. A new positionxnew is calculated from the old
one,xold, as follows:

rnew = rold + χ+DF (rold)δt (14.26)

Hereχ is a Gaussian pseudo-random number with mean equal zero and variance equal2Dδt. It accounts
for the diffusion part of the transition. The third term on the left hand side accounts for the drift.F is a
drift velocity dependent on the position of the walker and isderived from the quantum mechanical wave
functionψ. The constantD, being the diffusion constant ofχ, also adjusts the size of the drift.δt is a
time step parameter whose presence will be clarified shortly.

It can be shown that theω corresponding to the move proposition rule in Eq. (14.26) becomes (in non-
normalized form):

ω(rold, rnew) = exp

(
− (rnew− rold −DδtF (rold))

2

4Dδt

)
(14.27)

which, as expected, is a Gaussian with variance2Dδt centered slightly offrold due to the drift term
DF (rold)δt.

What is the optimal choice for the drift term? From statistical mechanics we know that a simple isotropic
drift diffusion process obeys a Fokker-Planck equation of the form:

∂f

∂t
=
∑

i

D
∂

∂xi

(
∂

∂xi
− Fi(F )

)
f (14.28)

wheref is the continuous distribution of walkers. Equation (14.26) is a discretized realization of such
a process whereδt is the discretized time step. In order for the solutionf to converge to the desired
distributionp, it can be shown that the drift velocity has to be chosen as follows:

F =
1

f
∇f

where the operator∇ is the vector of first derivatives of all spatial coordinates. Convergence for such
a diffusion process is only guaranteed when the time step approaches zero. But in the Metropolis algo-
rithm, where drift diffusion is used just as a transition proposition rule, this bias is corrected automati-
cally by the rejection mechanism. In our application, the desired PDF being the square absolute of the
wave function,f = |ψ|2, the drift velocity becomes:

F = 2
1

ψ
∇ψ (14.29)
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As expected, the walker is “pushed” along the gradient of thewave function.

When dealing with many-particle systems, we should also consider whether to move only one particle
at a time at each transition or all at once. The former method may often be more efficient. A movement
of only one particle will restrict the accessible space a walker can move to in a single transition even
more, thus introducing correlation. But on the other hand, the acceptance is increased so that each
particle can be moved further than it could in a standard all-particle move. It is also computationally
far more efficient to do one-particle transitions particularly when dealing with complicated distributions
governing many-dimensional anti-symmetrical fermionic systems.

Alternatively, we can treat the sequence of all one-particle transitions as one total transition of all parti-
cles. This gives a larger effective step length thus reducing the correlation. From a computational point
of view, we may not gain any speed by summing up the individualone-particle transitions as opposed to
doing an all-particle transition. But the reduced correlation increases the total efficiency. We are able to
do fewer calculations in order to reach the same numerical accuracy.

Another way to acquire some control over the correlation is to do a so called blocking procedure on our
set of numerical measurements. This is discussed in chapter16.

14.6 Exercises and projects

Project 14.1: Studies of light Atoms

The aim of this project is to test the variational Monte Carloapppled to light atoms. We will test different
trial wave functionΨT . The systems we study are atoms consisting of two electrons only, such as the
helium atom, LiII and BeIII . The atom LiII has two electrons andZ = 3 while BeIII hasZ = 4 but
still two electrons only. A general ansatz for the trial wavefunction is

ψT (R) = φ(r1)φ(r2)f(r12). (14.30)

For all systems we assume that the one-electron wave functionsφ(ri) are described by the an elecron in
the lowest hydrogen orbital1s.

The specific trial functions we study are

ψT1(r1, r2, r12) = exp (−α(r1 + r2)), (14.31)

whereα is the variational parameter,

ψT2(r1, r2, r12) = exp (−α(r1 + r2))(1 + βr12), (14.32)

with β as a new variational parameter and

ψT3(r1, r2, r12) = exp (−α(r1 + r2)) exp

(
r12

2(1 + βr12)

)
. (14.33)

a) Find the closed-form expressions for the local energy forthe above trial wave function for the
helium atom. Study the behavior of the local energy with these functions in the limitsr1 → 0,
r2 → 0 andr12 → 0.

b) Compute

〈Ĥ〉 =
∫
dRΨ∗

T (R)Ĥ(R)ΨT (R)∫
dRΨ∗

T (R)ΨT (R)
, (14.34)

for the helium atom using the variational Monte Carlo methodemploying the Metropolis algorithm
to sample the different states using the trial wave functionψT1(r1, r2, r12). Compare your results
with the analytic expression

〈Ĥ〉 = ~2

me
α2 − 27

32

e2

πǫ0
α. (14.35)
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c) Use the optimal value ofα from the previous point to compute the ground state of the helium atom
using the other two trial wave functionsψT2(r1, r2, r12) andψT3(r1, r2, r12). In this case you
have to vary bothα andβ. Explain briefly which functionψT1(r1, r2, r12), ψT2(r1, r2, r12) and
ψT3(r1, r2, r12) is the best.

d) Use the optimal value for all parameters and all wave functions to compute the expectation value
of the mean distance〈r12〉 between the two electrons. Comment your results.

e) We will now repeat point 1c), but we replace the helium atomwith the ions LiII and BeIII . Per-
form first a variational calculation using the first ansatz for the trial wave functionψT1(r1, r2, r12)

in order to find an optimal value forα. Use then this value to start the variational calculation ofthe
energy for the wave functionsψT2(r1, r2, r12) andψT3(r1, r2, r12). Comment your results.

Project 14.2: The H+2 molecule

The H+
2 molecule consists of two protons and one electron, with binding energyEB = −2.8 eV and an

equilibrium positionr0 = 0.106 nm between the two protons.

We define our system through the following variables. The electron is at a distancer from a chosen
origo, one of the protons is at the distance−R/2 while the other one is placed atR/2 from origo,
resulting in a distance to the electron ofr−R/2 andr + R/2, respectively.

In our solution of Schrödinger’s equation for this system weare going to neglect the kinetic energies of
the protons, since they are 2000 times heavier than the electron. We assume thus that their velocities
are negligible compared to the velocity of the electron. In addition we omit contributions from nuclear
forces, since they act at distances of several orders of magnitude smaller than the equilibrium position.

We can then write Schrödinger’s equation as follows
{
−~2∇2

r

2me
− ke2

|r−R/2| −
ke2

|r + R/2| +
ke2

R

}
ψ(r,R) = Eψ(r,R), (14.36)

where the first term is the kinetic energy of the electron, thesecond term is the potential energy the
electron feels from the proton at−R/2 while the third term arises from the potential energy contribution
from the proton atR/2. The last term arises due to the repulsion between the two protons.

Since the potential is symmetric with respect to the interchange ofR→ −R andr→ −r it means that
the probability for the electron to move from one proton to the other must be equal in both directions.
We can say that the electron shares it’s time between both protons.

With this caveat, we can now construct a model for simulatingthis molecule. Since we have only one
elctron, we could assume that in the limitR → ∞, i.e., when the distance between the two protons is
large, the electron is essentially bound to only one of the protons. This should correspond to a hydrogen
atom. As a trial wave function, we could therefore use the electronic wave function for the ground state
of hydrogen, namely

ψ100(r) =

(
1

πa3
0

)1/2

e−r/a0 . (14.37)

Since we do not know exactly where the electron is, we have to allow for the possibility that the electron
can be coupled to one of the two protons. This form includes the ’cusp’-condition discussed in the
previous section. We define thence two hydrogen wave functions

ψ1(r,R) =

(
1

πa3
0

)1/2

e−|r−R/2|/a0, (14.38)

and

ψ2(r,R) =

(
1

πa3
0

)1/2

e−|r+R/2|/a0 . (14.39)
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Based on these two wave functions, which represent where theelectron can be, we attempt at the fol-
lowing linear combination

ψ±(r,R) = C± (ψ1(r,R)± ψ2(r,R)) , (14.40)

with C± a constant. Based on this discussion, we add a second electron in order to simulate the H2
molecule. That is the topic for project 14.3.

Project 14.3: the H2 molecule

The H2 molecule consists of two protons and two electrons with a ground state energyE = −1.17460

a.u. and equilibrium distance between the two hydrogen atoms of r0 = 1.40 Bohr radii. We define
our systems using the following variables. Origo is chosen to be halfway between the two protons.
The distance from proton 1 is defined as−R/2 whereas proton 2 has a distanceR/2. Calculations are
performed for fixed distancesR between the two protons.

Electron 1 has a distancer1 from the chose origo, while electron2 has a distancer2. The kinetic energy
operator becomes then

− ∇
2
1

2
− ∇

2
2

2
. (14.41)

The distance between the two electrons isr12 = |r1 − r2|. The repulsion between the two electrons
results in a potential energy term given by

+
1

r12
. (14.42)

In a similar way we obtain a repulsive contribution from the interaction between the two protons given
by

+
1

|R| , (14.43)

whereR is the distance between the two protons. To obtain the final potential energy we need to include
the attraction the electrons feel from the protons. To modelthis, we need to define the distance between
the electrons and the two protons. If we model this along a chosenz-akse with electron 1 placed at a
distancer1 from a chose origo, one proton at−R/2 and the other atR/2, the distance from proton 1 to
electron 1 becomes

r1p1 = r1 + R/2, (14.44)

and
r1p2 = r1 −R/2, (14.45)

from proton 2. Similarly, for electron 2 we obtain

r2p1 = r2 + R/2, (14.46)

and
r2p2 = r2 −R/2. (14.47)

These four distances define the attractive contributions tothe potential energy

− 1

r1p1
− 1

r1p2
− 1

r2p1
− 1

r2p2
. (14.48)

We can then write the total Hamiltonian as

Ĥ = −∇
2
1

2
− ∇

2
2

2
− 1

r1p1
− 1

r1p2
− 1

r2p1
− 1

r2p2
+

1

r12
+

1

|R| , (14.49)

and if we chooseR = 0 we obtain the helium atom.
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In this project we will use a trial wave function of the form

ψT (r1, r2,R) = ψ(r1,R)ψ(r2,R) exp

(
r12

2(1 + βr12)

)
, (14.50)

with the following trial wave function

ψ(r1,R) = (exp (−αr1p1) + exp (−αr1p2)) , (14.51)

for electron 1 and
ψ(r2,R) = (exp (−αr2p1) + exp (−αr2p2)) . (14.52)

The variational parameters areα andβ.

One can show that in the limit where all distances approach zero that

α = 1 + exp (−R/α), (14.53)

resulting inβ kas the only variational parameter. The last equation is a non-linear equation which we
can solve with for example Newton’s method discussed in chapter 5.

a) Find the local energy as function ofR.

b) Set up and algorithm and write a program which computes theexpectation value of〈Ĥ〉 using the
variational Monte Carlo method with a brute force Metropolis sampling. For each inter-proton
distanceR you must find the parameterβ which minimizes the energy. Plot the corresponding
energy as function of the distanceR between the protons.

c) Use thereafter the optimal parameter sets to compute the average distance〈r12〉 between the elec-
trons where the energy as function ofR exhibits its minimum. Comment your results.

d) We modify now the approximation for the wave functions of electrons 1 and 2 by subtracting the
two terms instead of adding up, viz

ψ(r1,R) = (exp (−αr1p1)− exp (−αr1p2)) , (14.54)

for electron 1
ψ(r2,R) = (exp (−αr2p1)− exp (−αr2p2)) , (14.55)

for electron 2. Mathematically, this approach is equally viable as the previous one. Repeat your
calculations from point b) and see if you can obtain an energyminimum as function ofR. Comment
your results.
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Chapter 15

Many-body approaches to studies of
electronic systems: Hartree-Fock
theory

Non vogliate negar l’esperienza/ di retro al sol, del mondo sanza gente./ Considerate la
vostra semenza/ fatti non foste a viver come bruti/ ma per seguir virtute e canoscenza.Dante
Alighieri, Divina Commedia, Inferno, canto XXVI

15.1 Introduction

A theoretical understanding of the behavior of quantum mechanical systems with many interacting par-
ticles, normally called many-body systems, is a great challenge and provides fundamental insights into
systems governed by quantum mechanics, as well as offering potential areas of industrial applications,
from semi-conductor physics to the construction of quantumgates. The capability to simulate quantum
mechanical systems with many interacting particles is crucial for advances in such rapidly developing
fields like materials science.

However, most quantum mechanical systems of interest in physics consist of a large number of interact-
ing particles. The total number of particlesN is usually sufficiently large that an exact solution (viz.,
in closed form) cannot be found. One needs therefore reliable numerical methods for studying quantum
mechanical systems with many particles.

Studies of many-body systems span from our understanding ofthe strong force with quarks and gluons
as degrees of freedom, the spectacular macroscopic manifestations of quantal phenomena such as Bose-
Einstein condensation with millions of atoms forming a coherent state, to properties of new materials,
with electrons as effective degrees of freedom. The length scales range from few micrometers and
nanometers, typical scales met in materials science, to10−15 − 10−18 m, a relevant length scale for
the strong interaction. Energies can span from few meV to GeVor even TeV. In some cases the basic
interaction between the interacting particles is well-known. A good example is the Coulomb force,
familiar from studies of atoms, molecules and condensed matter physics. In other cases, such as for
the strong interaction between neutrons and protons (commonly dubbed as nucleons) or dense quantum
liquids one has to resort to parameterizations of the underlying interparticle interactions. But the system
can also span over much larger dimensions as well, with neutron stars as one of the classical objects.
This star is the endpoint of massive stars which have used up their fuel. A neutron star, as its name
suggests, is composed mainly of neutrons, with a small fraction of protons and probably quarks in its
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inner parts. The star is extremely dense and compact, with a radius of approximately 10 km and a
mass which is roughly1.5 times that of our sun. The quantum mechanical pressure whichis set up by
the interacting particles counteracts the gravitational forces, hindering thus a gravitational collapse. To
describe a neutron star one needs to solve Schrödinger’s equation for approximately1054 interacting
particles!

With a given interparticle potential and the kinetic energyof the system, one can in turn define the
so-called many-particle Hamiltonian̂H which enters the solution of Schrödinger’s equation or Dirac’s
equation in case relativistic effects need to be included. For many particles, Schrödinger’s equation is
an integro-differential equation whose complexity increases exponentially with increasing numbers of
particles and states that the system can access. Unfortunately, apart from some few analytically solvable
problems and one and two-particle systems that can be treated numerically exactly via the solution of
sets of partial differential equations, the typical absence of an exactly solvable (on closed form) con-
tribution to the many-particle Hamiltonian means that we need reliable numerical many-body methods.
These methods should allow for controlled approximations and provide a computational scheme which
accounts for successive many-body corrections in a systematic way.

Typical examples of popular many-body methods are coupled-cluster methods [93–97], various types of
Monte Carlo methods [98–100], perturbative many-body methods [101–103], Green’s function methods
[104, 105], the density-matrix renormalization group [106, 107], density functional theory [108] and ab
initio density functional theory [109–111], and large-scale diagonalization methods [112–114], just to
mention a few. The physics of the system hints at which many-body methods to use. For systems with
strong correlations among the constituents, methods basedon mean-field theory such as Hartree-Fock
theory and density functional theory are normally ruled out. This applies also to perturbative methods,
unless one can renormalize the parts of the interaction which cause problems.

The aim of this and the next three chapters is to present to youmany-body methods which can be used
to study properties of atoms, molecules, systems in the solid state and nuclear physics. We limit the
attention to non-relativistic quantum mechanics.

In this chapter we limit ourselves to studies of electronic systems such atoms, molecules and quantum
dots, as discussed partly in chapter 14 as well. Using the Born-Oppenheimer approximation we rewrote
Schrödinger’s equation forN electrons as



−
N∑

i=1

1

2
∇2

i −
N∑

i=1

Z

ri
+

N∑

i<j

1

rij



Ψ(R) = EΨ(R),

where we letR represent the positions which theN electrons can take, that isR = {r1, r2, . . . , rN}.
With more than one electron present we cannot find an solutionon a closed form and must resort to
numerical efforts. In this chapter we will examine Hartree-Fock theory applied to the atomic problem.
However, the machinery we expose can easily be extended to studies of molecules or two-dimensional
systems like quantum dots.

For atoms and molecules, the electron-electron interaction is rather weak compared with the attraction
from the nucleus. An independent particle picture is therefore a viable first step towards the solution
of Schrödinger’s equation. We assume therefore that each electrons sees an effective field set up by the
other electrons. This leads to an integro-differential equation and methods like Hartree-Fock theory and
density functional theory. Hartree-Fock theory and density functional theories are discussed in the next
section.

In practical terms, for the Hartree-Fock method we end up solving a one-particle equation, as is the
case for the hydrogen atom but modified due to the screening from the other electrons. This modified
single-particle equation reads (see Eq. (14.16 for the hydrogen case) in atomic units

−1

2

d2

dr2
unl(r) +

(
l(l+ 1)

2r2
− Z

r
+ Φ(r) + Fnl

)
unl(r) = enlunl(r).
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The functionunl is the solution of the radial part of the Schrödinger equation and the functionsΦ(r)

andFnl are the corrections due to the screening from the other electrons. We will derive these equations
in the next section.

The total one-particle wave function, see chapter 14 is

ψnlmlsms = φnlml
(r)ξms(s)

with s is the spin (1/2 for electrons),ms is the spin projectionms = ±1/2, and the spatial part is

φnlml
(r) = Rnl(r)Ylml

(r̂)

with Y the spherical harmonics discussed in chapter 14 andunl = rRnl. The other quantum numbers
are the orbital momentuml and its projectionml = −l,−l + 1, . . . , l − 1, l and the principal quantum
numbern = nr + l+1, with nr the number of nodes of a given single-particle wave function. All results
are in atomic units, meaning that the energy is given byenl = −Z2/2n2 and the radius is dimensionless.

We obtain then a modified single-particle eigenfunction which in turn can be used as an input in a
variational Monte Carlo calculation of the ground state of aspecific atom. This is the aim of the next
chapter. Since Hartree-Fock theory does not treat correctly the role of many-body correlations, the hope
is that performing a Monte Carlo calculation we may improve our results by obtaining a better agreement
with experiment.

In the next chapter we focus on the variational Monte Carlo method as a way to improve upon the
Hartree-Fock results. The method was discussed in chapter 14. In chapter 14 however, we limited
ourselves to the implementation of a bruce force Metropolisalgorithm. In chapter 16 we present the
concept of importance sampling and improved statistical data analysis methods such as data blocking and
the Jack-Knife method [77]. We discuss also the conjugate gradient method as a way to find variational
minima.

Although the variational Monte Carlo approach will improveour agreement with experiment compared
with the Hartree-Fock results, there are still further possibilities for improvement. This is provided by
Green’s function Monte Carlo methods, which allow for an in principle exact calculation. The diffu-
sion Monte Carlo method is discussed in chapter 17, with an application to studies of Bose-Einstein
condensation.

Other many-body methods such as large-scale diagonalization and coupled-cluster theories are discussed
in Ref. [115].

15.2 Hartree-Fock theory

Hartree-Fock theory [95, 116] is one of the simplest approximate theories for solving the many-body
Hamiltonian. It is based on a simple approximation to the true many-body wave-function; that the
wave-function is given by a single Slater determinant ofN orthonormal single-particle wave functions1

ψnlmlsms = φnlml
(r)ξms(s).

We use hereafter the shorthandψnlmlsms(r) = ψα(r), whereα now contains all the quantum numbers
needed to specify a particular single-particle orbital.

1We limit ourselves to a restricted Hartree-Fock approach and assume that all the lowest-lying orbits are filled. This constitutes an
approach suitable for systems with filled shells. The theorywe outline is therefore applicable to systems which exhibitso-called magic
numbers like the noble gases, closed-shell nuclei like16O and40Ca and quantum dots with magic number fillings.
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Figure 15.1: The electronic configurations for the ten first elements. We let an arrow which points upward to
represent a state withms = 1/2 while an arrow which points downwards hasms = −1/2.

The Slater determinant can then be written as

Φ(r1, r2, . . . , rN , α, β, . . . , ν) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣

ψα(r1) ψα(r2) . . . ψα(rN )

ψβ(r1) ψβ(r2) . . . ψβ(rN )

...
...

. . .
...

ψν(r1) ψβ(r2) . . . ψβ(rN )

∣∣∣∣∣∣∣∣∣∣∣

. (15.1)

Here the variablesri include the coordinates of spin and space of particlei. The quantum numbers
α, β, . . . , ν encompass all possible quantum numbers needed to specify a particular system. As an
example, consider the Neon atom, with ten electrons which can fill the 1s, 2s and2p single-particle
orbitals. Due to the spin projectionsms and orbital momentum projectionsml, the1s and2s states have
a degeneracy of2(2l+ 1) = 2 while the2p orbital has a degeneracy of2(2l+ 1)2(2 · 1 + 1) = 6. This
leads to ten possible values forα, β, . . . , ν. Fig. 15.1 shows the possible quantum numbers which the
ten first elements can have.

If we consider the helium atom with two electrons in the1s state, we can write the total Slater determi-
nant as

Φ(r1, r2, α, β) =
1√
2

∣∣∣∣
ψα(r1) ψα(r2)

ψβ(r1) ψβ(r2)

∣∣∣∣ , (15.2)

with α = nlmlsms = (1001/21/2) andβ = nlmlsms = (1001/2− 1/2) or usingms = 1/2 =↑ and
ms = −1/2 =↓ asα = nlmlsms = (1001/2 ↑) andβ = nlmlsms = (1001/2 ↓). It is normal to skip
the quantum number of the one-electron spin. We introduce therefore the shorthandnlml ↑ or nlml ↓)
for a particular state. Writing out the Slater determinant

Φ(r1, r2, α, β) =
1√
2

[ψα(r1)ψβ(r2)− ψβ(r1)ψγ(r2)] , (15.3)

we see that the Slater determinant is antisymmetric with respect to the permutation of two particles, that
is

Φ(r1, r2, α, β) = −Φ(r2, r1, α, β),

For three electrons we have the general expression

Φ(r1, r2, r3, α, β, γ) =
1√
3!

∣∣∣∣∣∣

ψα(r1) ψα(r2) ψα(r3)

ψβ(r1) ψβ(r2) ψβ(r3)

ψγ(r1) ψγ(r2) ψγ(r3)

∣∣∣∣∣∣
. (15.4)
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Computing the determinant gives

Φ(r1, r2, r3, α, β, γ) = 1√
3!

[ψα(r1)ψβ(r2)ψγ(r3) + ψβ(r1)ψγ(r2)ψα(r3) + ψγ(r1)ψα(r2)ψβ(r3)−
ψγ(r1)ψβ(r2)ψα(r3)− ψβ(r1)ψα(r2)ψγ(r3)− ψα(r1)ψγ(r2)ψβ(r3)] . (15.5)

We note again that the wave-function is antisymmetric with respect to an interchange of any two elec-
trons, as required by the Pauli principle. For anN -body Slater determinant we have thus (omitting the
quantum numbersα, β, . . . , ν)

Φ(r1, r2, . . . , ri, . . . , rj , . . . rN ) = −Φ(r1, r2, . . . , rj , . . . , ri, . . . rN ).

As another example, consider the Slater determinant for theground state of beryllium. This system is
made up of four electrons and we assume that these electrons fill the 1s and2s hydrogen-like orbits.
The radial part of the single-particle could also be represented by other single-particle wave functions
such as those given by the harmonic oscillator.

The ansatz for the Slater determinant can then be written as

Φ(r1, r2, , r3, r4, α, β, γ, δ) =
1√
4!

∣∣∣∣∣∣∣∣

ψ100↑(r1) ψ100↑(r2) ψ100↑(r3) ψ100↑(r4)

ψ100↓(r1) ψ100↓(r2) ψ100↓(r3) ψ100↓(r4)

ψ200↑(r1) ψ200↑(r2) ψ200↑(r3) ψ200↑(r4)

ψ200↓(r1) ψ200↓(r2) ψ200↓(r3) ψ200↓(r4)

∣∣∣∣∣∣∣∣
.

We choose an ordering where columns represent the spatial positions of various electrons while rows
refer to specific quantum numbers.

Note that the Slater determinant as written is zero since thespatial wave functions for the spin up and
spin down states are equal. However, we can rewrite But we canrewrite it as the product of two Slater
determinants, one for spin up and one for spin down. In general we can rewrite it as

Φ(r1, r2, , r3, r4, α, β, γ, δ) = Det ↑ (1, 2)Det ↓ (3, 4)−Det ↑ (1, 3)Det ↓ (2, 4)

−Det ↑ (1, 4)Det ↓ (3, 2) +Det ↑ (2, 3)Det ↓ (1, 4)−Det ↑ (2, 4)Det ↓ (1, 3)

+Det ↑ (3, 4)Det ↓ (1, 2),

where we have defined

Det ↑ (1, 2) =

∣∣∣∣
1√
2

ψ100↑(r1) ψ100↑(r2)

ψ200↑(r1) ψ200↑(r2)

∣∣∣∣ ,

and

Det ↓ (3, 4) =

∣∣∣∣
1√
2

ψ100↓(r3) ψ100↓(r4)

ψ200↓(r3) ψ200↓(r4)

∣∣∣∣ .

The total determinant is still zero! In our variational Monte Carlo calculations this will obviously cause
problems.

We want to avoid to sum over spin variables, in particular when the interaction does not depend on spin.
It can be shown, see for example Moskowitzet al [117, 118], that for the variational energy we can
approximate the Slater determinant as the product of a spin up and a spin down Slater determinant

Φ(r1, r2, , r3, r4, α, β, γ, δ) ∝ Det ↑ (1, 2)Det ↓ (3, 4),

or more generally as
Φ(r1, r2, . . . rN ) ∝ Det ↑ Det ↓,

where we have the Slater determinant as the product of a spin up part involving the number of electrons
with spin up only (two in beryllium and five in neon) and a spin down part involving the electrons with
spin down.
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This ansatz is not antisymmetric under the exchange of electrons with opposite spins but it can be shown
that it gives the same expectation value for the energy as thefull Slater determinant as long as the
Hamiltonian is spin independent. It is left as an exercise tothe reader to show this. However, before we
can prove this need to set up the expectation value of a given two-particle Hamiltonian using a Slater
determinant.

15.3 Expectation value of the Hamiltonian with a given Slater determinant

We rewrite our Hamiltonian

Ĥ = −
N∑

i=1

1

2
∇2

i −
N∑

i=1

Z

ri
+

N∑

i<j

1

rij
,

as

Ĥ = Ĥ1 + Ĥ2 =

N∑

i=1

ĥi +

N∑

i<j=1

1

rij
, (15.6)

where

ĥi = −1

2
∇2

i −
Z

ri
. (15.7)

The first term of eq. (15.6),H1, is the sum of theN identicalone-bodyHamiltoniansĥi. Each individual
Hamiltonianĥi contains the kinetic energy operator of an electron and its potential energy due to the
attraction of the nucleus. The second term,H2, is the sum of theN(N − 1)/2 two-body interactions
between each pair of electrons. Let us denote the ground state energy byE0. According to the variational
principle we have

E0 ≤ E[Φ] =

∫
Φ∗ĤΦdτ (15.8)

whereΦ is a trial function which we assume to be normalized
∫

Φ∗Φdτ = 1, (15.9)

where we have used the shorthanddτ = dr1dr2 . . . drN . In the Hartree-Fock method the trial function
is the Slater determinant of Eq. (15.1) which can be rewritten as

Ψ(r1, r2, . . . , rN , α, β, . . . , ν) =
1√
N !

∑

P

(−)PPψα(r1)ψβ(r2) . . . ψν(rN ) =
√
N !AΦH , (15.10)

where we have introduced the anti-symmetrization operatorA defined by the summation over all possi-
ble permutations of two eletrons. It is defined as

A =
1

N !

∑

P

(−)PP, (15.11)

with the the Hartree-function given by the simple product ofall possible single-particle function (two
for helium, four for beryllium and ten for neon)

ΦH(r1, r2, . . . , rN , α, β, . . . , ν) = ψα(r1)ψβ(r2) . . . ψν(rN ). (15.12)

Both Ĥ1 andĤ2 are invariant under electron permutations, and hence commute withA

[H1,A] = [H2,A] = 0. (15.13)
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Furthermore,A satisfies
A2 = A, (15.14)

since every permutation of the Slater determinant reproduces it. The expectation value of̂H1

∫
Φ∗Ĥ1Φdτ = N !

∫
Φ∗

HAĤ1AΦHdτ

is readily reduced to ∫
Φ∗Ĥ1Φdτ = N !

∫
Φ∗

HĤ1AΦHdτ,

where we have used eqs. (15.13) and (15.14). The next step is to replace the anti-symmetry operator by
its definition eq. (15.10) and to replacêH1 with the sum of one-body operators

∫
Φ∗Ĥ1Φdτ =

N∑

i=1

∑

P

(−)P

∫
Φ∗

H ĥiPΦHdτ. (15.15)

The integral vanishes if two or more electrons are permuted in only one of the Hartree-functionsΦH

because the individual orbitals are orthogonal. We obtain then

∫
Φ∗Ĥ1Φdτ =

N∑

i=1

∫
Φ∗

H ĥiΦHdτ. (15.16)

Orthogonality allows us to further simplify the integral, and we arrive at the following expression for the
expectation values of the sum of one-body Hamiltonians

∫
Φ∗Ĥ1Φdτ =

N∑

µ=1

∫
ψ∗

µ(ri)ĥiψµ(ri)dri. (15.17)

The expectation value of the two-body Hamiltonian is obtained in a similar manner. We have
∫

Φ∗Ĥ2Φdτ = N !

∫
Φ∗

HAĤ2AΦHdτ, (15.18)

which reduces to ∫
Φ∗Ĥ2Φdτ =

N∑

i≤j=1

∑

P

(−)P

∫
Φ∗

H

1

rij
PΦHdτ, (15.19)

by following the same arguments as for the one-body Hamiltonian. Because of the dependence on the
inter-electronic distance1/rij, permutations of two electrons no longer vanish, and we get

∫
Φ∗Ĥ2Φdτ =

N∑

i<j=1

∫
Φ∗

H

1

rij
(1− Pij)ΦHdτ. (15.20)

wherePij is the permutation operator that interchanges electronsi andj. Again we use the assumption
that the orbitals are orthogonal, and obtain

∫
Φ∗Ĥ2Φdτ =

1

2

N∑

µ=1

N∑

ν=1

[∫
ψ∗

µ(ri)ψ
∗
ν(rj)

1

rij
ψµ(ri)ψν(rj)dxixj −

∫
ψ∗

µ(ri)ψ
∗
ν(rj)

1

rij
ψν(ri)ψµ(ri)dxixj

]
.

(15.21)
The first term is the so-called direct term or Hartree term, while the second is due to the Pauli principle
and is called exchange term or Fock term. The factor1/2 is introduced because we now run over all
pairs twice.
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Combining Eqs. (15.17) and (15.21) we obtain the functional

E[Φ] =

N∑

µ=1

∫
ψ∗

µ(ri)ĥiψµ(ri)dri +
1

2

N∑

µ=1

N∑

ν=1

[∫
ψ∗

µ(ri)ψ
∗
ν(rj)

1

rij
ψµ(ri)ψν(rj)dridrj−(15.22)

−
∫
ψ∗

µ(ri)ψ
∗
ν(rj)

1

rij
ψν(ri)ψµ(rj)dridrj

]
.

15.4 Derivation of the Hartree-Fock equations

Having obtained the functionalE[Φ], we now proceed to the second step of the calculation. With the
given functional, we can embark on at least two types of variational strategies:

– We can vary the Slater determinant by changing the spatial part of the single-particle wave func-
tions themselves.

– We can expand the single-particle functions in a known basisand vary the coefficients, that is, the
new single-particle wave function|a〉 is written as a linear expansion in terms of a fixed chosen
orthogonal basis (for example harmonic oscillator, Laguerre polynomials etc)

ψa =
∑

λ

Caλψλ.

In this case we vary the coefficientsCaλ.

We will derive the pertinent Hartree-Fock equations and discuss the pros and cons of the two meth-
ods. Both cases lead to a new Slater determinant which is related to the previous one via a unitary
transformation.

Before we proceed we need however to repeat some aspects of the calculus of variations. For more
details see for example the text of Arfken [52].

We have already met the variational principle in chapter 14 via the so-called Rayleigh-Ritz variational
technique. We give here a brief reminder on the calculus of variations.

15.4.1 Reminder on calculus of variations

The calculus of variations involves problems where the quantity to be minimized or maximized is an
integral.

In the general case we have an integral of the type

E[Φ] =

∫ b

a

f(Φ(x),
∂Φ

∂r
, r)dr,

whereE is the quantity which is sought minimized or maximized. The problem is that althoughf is a
function of the variablesΦ, ∂Φ/∂r andr, the exact dependence ofΦ on r is not known. This means
again that even though the integral has fixed limitsa andb, the path of integration is not known. In our
case the unknown quantities are the single-particle wave functions and we wish to choose an integration
path which makes the functionalE[Φ] stationary. This means that we want to find minima, or maxima
or saddle points. In physics we search normally for minima.

Our task is therefore to find the minimum ofE[Φ] so that its variationδE is zero subject to specific
constraints. In our case the constraints appear as the integral which expresses the orthogonality of the
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single-particle wave functions. The constraints can be treated via the technique of Lagrangian multipli-
ers. We assume the existence of an optimum path, that is a pathfor whichE[Φ] is stationary. There are
infinitely many such paths. The difference between two pathsδΦ is called the variation ofΦ.

The condition for a stationary value is given by a partial differential equation, which we here write in
terms of one variablex

∂f

∂Φ
− d

dx

∂f

∂Φx
= 0,

This equation is better better known as Euler’s equation andit can easily be generalized to more vari-
ables.

As an example consider a function of three independent variablesf(x, y, z) . For the functionf to be
an extreme we have

df = 0.

A necessary and sufficient condition is

∂f

∂x
=
∂f

∂y
=
∂f

∂z
= 0,

due to

df =
∂f

∂x
dx +

∂f

∂y
dy +

∂f

∂z
dz.

In physical problems the variablesx, y, z are often subject to constraints (in our caseΦ and the orthogo-
nality constraint) so that they are no longer all independent. It is possible at least in principle to use each
constraint to eliminate one variable and to proceed with a new and smaller set of independent varables.

The use of so-called Lagrangian multipliers is an alternative technique when the elimination of of vari-
ables is incovenient or undesirable. Assume that we have an equation of constraint on the variables
x, y, z

φ(x, y, z) = 0,

resulting in

dφ =
∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz = 0.

Now we cannot set anymore
∂f

∂x
=
∂f

∂y
=
∂f

∂z
= 0,

if df = 0 is wanted because there are now only two independent variables! Assumex andy are the
independent variables. Thendz is no longer arbitrary.

However, we can add to

df =
∂f

∂x
dx +

∂f

∂y
dy +

∂f

∂z
dz,

a multiplum ofdφ, viz. λdφ, resulting in

df + λdφ = (
∂f

∂z
+ λ

∂φ

∂x
)dx+ (

∂f

∂y
+ λ

∂φ

∂y
)dy + (

∂f

∂z
+ λ

∂φ

∂z
)dz = 0,

where our multiplier is chosen so that
∂f

∂z
+ λ

∂φ

∂z
= 0.

However, since we tookdx anddy to be arbitrary we must have

∂f

∂x
+ λ

∂φ

∂x
= 0,
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and
∂f

∂y
+ λ

∂φ

∂y
= 0.

When all these equations are satisfied,df = 0. We have four unknowns,x, y, z andλ. Actually we
want onlyx, y, z, there is no need to determineλ. It is therefore often called Lagrange’s undetermined
multiplier. If we have a set of constraintsφk we have the equations

∂f

∂xi
+
∑

k

λk
∂φk

∂xi
= 0.

Let us specialize to the expectation value of the energy for one particle in three-dimensions. This expec-
tation value reads

E =

∫
dxdydzψ∗(x, y, z)Ĥψ(x, y, z),

with the constraint ∫
dxdydzψ∗(x, y, z)ψ(x, y, z) = 1,

and a Hamiltonian

Ĥ = −1

2
∇2 + V (x, y, z).

The integral involving the kinetic energy can be written as,if we assume periodic boundary conditions
or that the functionψ vanishes strongly for large values ofx, y, z,

∫
dxdydzψ∗

(
−1

2
∇2

)
ψdxdydz = ψ∗∇ψ|+

∫
dxdydz

1

2
∇ψ∗∇ψ.

Inserting this expression into the expectation value for the energy and taking the variational minimum
(usingV (x, y, z) = V ) we obtain

δE = δ

{∫
dxdydz

(
1

2
∇ψ∗∇ψ + V ψ∗ψ

)}
= 0.

The requirement that the wave functions should be orthogonal gives
∫
dxdydzψ∗ψ = constant,

and multiplying it with a Lagrangian multiplierλ and taking the variational minimum we obtain the final
variational equation

δ

{∫
dxdydz

(
1

2
∇ψ∗∇ψ + V ψ∗ψ − λψ∗ψ

)}
= 0.

We introduce the functionf

f =
1

2
∇ψ∗∇ψ + V ψ∗ψ − λψ∗ψ =

1

2
(ψ∗

xψx + ψ∗
yψy + ψ∗

zψz) + V ψ∗ψ − λψ∗ψ.

In our notation here we have dropped the dependence onx, y, z and introduced the shorthandψx, ψy

andψz for the various first derivatives.

Forψ∗ the Euler equation results in

∂f

∂ψ∗ −
∂

∂x

∂f

∂ψ∗
x

− ∂

∂y

∂f

∂ψ∗
y

− ∂

∂z

∂f

∂ψ∗
z

= 0,

which yields

−1

2
(ψxx + ψyy + ψzz) + V ψ = λψ.

We can then identify the Lagrangian multiplier as the energyof the system. The last equation is nothing
but the standard Schrödinger equation and the variational approach discussed here provides a powerful
method for obtaining approximate solutions of the wave function.
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15.4.2 Varying the single-particle wave functions

If we generalize the Euler-Lagrange equations to more variables and introduceN2 Lagrange multipliers
which we denote byǫµν , we can write the variational equation for the functional ofEq. (15.34) as

δE −
N∑

µ=1

N∑

ν=1

ǫµνδ

∫
ψ∗

µψν = 0. (15.23)

For the orthogonal wave functionsψµ this reduces to

δE −
N∑

µ=1

ǫµδ

∫
ψ∗

µψµ = 0. (15.24)

Variation with respect to the single-particle wave functionsψµ yields then

N∑

µ=1

∫
δψ∗

µĥiψµdxi +
1

2

N∑

µ=1

N∑

ν=1

[∫
δψ∗

µψ
∗
ν

1

rij
ψµψνd(xixj)−

∫
δψ∗

µψ
∗
ν

1

rij
ψνψµdridrj

]

+

N∑

µ=1

∫
ψ∗

µĥiδψµdri +
1

2

N∑

µ=1

N∑

ν=1

[∫
ψ∗

µψ
∗
ν

1

rij
δψµψνdridrj −

∫
ψ∗

µψ
∗
ν

1

rij
ψνδψµdridrj

]

−
N∑

µ=1

Eµ

∫
δψ∗

µψµdxi −
N∑

µ=1

Eµ

∫
ψ∗

µδψµdri = 0.

(15.25)

Although the variationsδψ andδψ∗ are not independent, they may in fact be treated as such, so that the
terms dependent on eitherδψ andδψ∗ individually may be set equal to zero. To see this, simply replace
the arbitrary variationδψ by iδψ, so thatδψ∗ is replaced by−iδψ∗, and combine the two equations. We
thus arrive at the Hartree-Fock equations

[
−1

2
∇2

i −
Z

ri
+

N∑

ν=1

∫
ψ∗

ν(rj)
1

rij
ψν(rj)drj

]
ψµ(xi)

−
[

N∑

ν=1

∫
ψ∗

ν(rj)
1

rij
ψµ(rj)drj

]
ψν(ri) = ǫµψµ(ri).

(15.26)

Notice that the integration
∫
drj implies an integration over the spatial coordinatesrj and a summation

over the spin-coordinate of electronj.

The two first terms are the one-body kinetic energy and the electron-nucleus potential. The third ordirect
term is the averaged electronic repulsion of the other electrons. This term includes the ’self-interaction’
of electrons wheni = j. The self-interaction is cancelled in the fourth term, or the exchangeterm.
The exchange term results from our inclusion of the Pauli principle and the assumed determinantal form
of the wave-function. The effect of the exchange is for electrons of like-spin to avoid each other. A
theoretically convenient form of the Hartree-Fock equation is to regard the direct and exchange operator
defined through the following operators

V d
µ (ri) =

∫
ψ∗

µ(rj)
1

rij
ψµ(rj)drj (15.27)

and

V ex
µ (ri)g(ri) =

(∫
ψ∗

µ(rj)
1

rij
g(rj)drj

)
ψµ(ri), (15.28)
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respectively. The functiong(ri) is an arbitrary function, and by the substitutiong(ri) = ψν(ri) we get

V ex
µ (ri)ψν(ri) =

(∫
ψ∗

µ(rj)
1

rij
ψν(rj)drj

)
ψµ(ri). (15.29)

We may then rewrite the Hartree-Fock equations as

HHF
i ψν(ri) = ǫνψν(ri), (15.30)

with

HHF
i = hi +

N∑

µ=1

V d
µ (ri)−

N∑

µ=1

V ex
µ (ri), (15.31)

and wherehi is defined by equation (15.7).

15.4.3 Detailed solution of the Hartree-Fock equations

We show here the explicit form of the Hartree-Fock for heliumand beryllium

Let us introduce
ψnlmlsms = φnlml

(r)ξms(s)

with s is the spin (1/2 for electrons),ms is the spin projectionms = ±1/2, and the spatial part is

φnlml
(r) = Rnl(r)Ylml

(r̂)

with Y the spherical harmonics andunl = rRnl. We have for helium

Φ(r1, r2, α, β) =
1√
2
φ100(r1)φ100(r2) [ξ↑(1)ξ↓(2)− ξ↑(2)ξ↓(1)] ,

The direct term acts on
1√
2
φ100(r1)φ100(r2)ξ↑(1)ξ↓(2)

while the exchange term acts on

− 1√
2
φ100(r1)φ100(r2)ξ↑(2)ξ↓(1).

How do these terms get translated into the Hartree and the Fock terms?

The Hartree term

V d
µ (ri) =

∫
ψ∗

µ(rj)
1

rij
ψµ(rj)drj ,

acts onψλ(ri) = φnlml
(ri)ξms(si), that is it results in

V d
µ (ri)ψλ(ri) =

(∫
ψ∗

µ(rj)
1

rij
ψµ(rj)drj

)
ψλ(ri),

and accounting for spins we have

V d
nlml↑(ri)ψλ(ri) =

(∫
ψ∗

nlml↑(rj)
1

rij
ψnlml↑(rj)drj

)
ψλ(ri),

and

V d
nlml↓(ri)ψλ(ri) =

(∫
ψ∗

nlml↓(rj)
1

rij
ψnlml↓(rj)drj

)
ψλ(ri),
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If the state we act on has spin up, we obtain two terms from the Hartree part.

N∑

µ=1

V d
µ (ri),

and since the interaction does not depend on spin we end up with a total contribution for helium

N∑

µ=1

V d
µ (ri)ψλ(ri) =

(
2

∫
φ∗100(rj)

1

rij
φ100(rj)drj

)
ψλ(ri),

one from spin up and one from spin down. Since the energy for spin up or spin down is the same we can
then write the action of the Hartree term as

N∑

µ=1

V d
µ (ri)ψλ(ri) =

(
2

∫
φ∗100(rj)

1

rij
φ100(rj)drj

)
ψ100↑(ri).

(the spin inψ100↑ is irrelevant)

What we need to code for helium is then

Φ(ri)u10 = 2V d
10(ri)u10(ri) = 2

∫ ∞

0

|u10(rj)|2
1

r>
drj)u10(ri).

with r> = max(ri, rj). What about the exchange or Fock term

V ex
µ (ri)ψλ(ri) =

(∫
ψ∗

µ(rj)
1

rij
ψλ(rj)drj

)
ψµ(ri)?

We must be careful here with

V ex
µ (ri)ψλ(ri) =

(∫
ψ∗

µ(rj)
1

rij
ψλ(rj)drj

)
ψµ(ri),

because the spins ofµ andλ have to be the same due to the constraint

〈sµm
µ
s |sλm

λ
s 〉 = δmµ

s ,mλ
s
.

This means that ifmµ
s =↑ thenmλ

s =↑ and ifmµ
s =↓ thenmλ

s =↓. That is

V ex
µ (ri)ψλ(ri) = δmµ

s ,mλ
s

(∫
ψ∗

µ(rj)
1

rij
ψλ(rj)drj

)
ψµ(ri),

The consequence is that for the1s ↑ (and the same for1s ↓) state we get only one contribution from the
Fock term

N∑

µ=1

V ex
µ (ri)ψλ(ri),

N∑

µ=1

V ex
µ (ri)ψ100↑(ri) = δmµ

s ,↑

(∫
ψ∗

µ(rj)
1

rij
ψ100↑(rj)drj

)
ψµ(ri),

resulting in
N∑

µ=1

V ex
µ (ri)ψ100↑(ri) =

(∫
ψ∗

100↑(rj)
1

rij
ψ100↑(rj)drj

)
ψ100↑(ri).
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The final Fock term for helium is then

N∑

µ=1

V ex
µ (ri)ψ100↑(ri) =

(∫
ψ∗

100↑(rj)
1

rij
ψ100↑(rj)drj

)
ψ100↑(ri),

which is exactly the same as the Hartree term except for a factor of 2. Else the integral is the same. We
can then write the differential equation

(
−1

2

d2

dr2
+
l(l+ 1)

2r2
− 2

r
+ Φnl(r) − Fnl(r)

)
unl(r) = enlunl(r).

as (
−1

2

d2

dr2
+
l(l + 1)

2r2
− 2

r
+ 2V d

10(r)

)
u10(r) − V ex

10 (r) = e10u10(r),

or (
−1

2

d2

dr2
− 2

r
+ V d

10(r)

)
u10(r) = e10u10(r),

sincel = 0. The shorthandV ex
10 (r) contains the1s wave function and can be dangerous later!

The expression we have obtained are independent of the spin projections and we have skipped them in
the equations.

For beryllium the Slater determinant takes the form

Φ(r1, r2, , r3, r4, α, β, γ, δ) =
1√
4!

∣∣∣∣∣∣∣∣

ψ100↑(r1) ψ100↑(r2) ψ100↑(r3) ψ100↑(r4)

ψ100↓(r1) ψ100↓(r2) ψ100↓(r3) ψ100↓(r4)

ψ200↑(r1) ψ200↑(r2) ψ200↑(r3) ψ200↑(r4)

ψ200↓(r1) ψ200↓(r2) ψ200↓(r3) ψ200↓(r4)

∣∣∣∣∣∣∣∣
,

When we now spell out the Hartree-Fock equations we get two coupled differential equations, one for
u10 and one foru20.

The1s wave function has the same Hartree-Fock contribution as in helium for the1s state, but the2s
state gives two times the Hartree term and one time the Fock term. We get

N∑

µ=1

V d
µ (ri)ψ100↑(ri) = 2

∫ ∞

0

drj

(
φ∗100(rj)

1

rij
φ100(rj) + φ∗200(rj)

1

rij
φ200(rj)

)
ψ100↑(ri)

= (2V d
10(ri) + 2V d

20(ri))ψ100↑(ri)

for the Hartree part.

For the Fock term we get (we fix the spin)

N∑

µ=1

V ex
µ (ri)ψ100↑(ri) =

∫ ∞

0

drjφ
∗
100(rj)

1

rij
φ100(rj)ψ100↑(ri)+

∫ ∞

0

drjφ
∗
200(rj)

1

rij
φ100(rj)ψ200↑(ri) = V ex

10 (ri) + V ex
20 (ri).

The first term is the same as we have for the Hartree term with1s except the factor of two. The final
differential equation is

(
−1

2

d2

dr2
− 4

r
+ V d

10(r) + 2V d
20(r)

)
u10(r)− V ex

20 (r) = e10u10(r).
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15.4 – Derivation of the Hartree-Fock equations

Note again that theV ex
20 (r) contains the1s function in the integral, that is

V ex
20 (r) =

∫ ∞

0

drjφ
∗
200(rj)

1

r − rj
φ100(rj)ψ200↑(r).

The2s wave function obtains the following Hartree term (recall that the interaction has no spin depen-
dence)

N∑

µ=1

V d
µ (ri)ψ200↑(ri) = 2

∫ ∞

0

drj

(
φ∗100(rj)

1

rij
φ100(rj) + φ∗200(rj)

1

rij
φ200(rj)

)
ψ200↑(ri) =

(2V d
10(ri) + 2V d

20(ri))ψ200↑(ri)

For the Fock term we get

N∑

µ=1

V ex
µ (ri)ψ200↑(ri) =

∫ ∞

0

drjφ
∗
100(rj)

1

rij
φ200(rj)ψ100↑(ri)+

∫ ∞

0

drjφ
∗
200(rj)

1

rij
φ200(rj)ψ200↑(ri) = V ex

10 (ri) + V ex
20 (ri)

The second term is the same as we have for the Hartree term with2s. The final differential equation is
(
−1

2

d2

dr2
− 4

r
+ 2V d

10(r) + V d
20(r)

)
u20(r) − V ex

10 (r) = e20u20(r).

Note again thatV ex
10 (r) contains the2s function in the integral, that is

V ex
10 (r) =

∫ ∞

0

drjφ
∗
100(rj)

1

r − rj
φ200(rj)ψ100↑(r).

We have two coupled differential equations
(
−1

2

d2

dr2
− 4

r
+ V d

10(r) + 2V d
20(r)

)
u10(r) − V ex

20 (r) = e10u10(r),

and (
−1

2

d2

dr2
− 4

r
+ 2V d

10(r) + V d
20(r)

)
u20(r) − V ex

10 (r) = e20u20(r).

Recall again that the interaction does not depend on spin. This means that the single-particle energies
and single-particle functionu do not depend on spin.

15.4.4 Hartree-Fock by variation of basis function coefficients

Another possibility is to expand the single-particle functions in a known basis and vary the coefficients,
that is, the new single-particle wave function is written asa linear expansion in terms of a fixed chosen
orthogonal basis (for example harmonic oscillator, Laguerre polynomials etc)

ψa =
∑

λ

Caλψλ. (15.32)

In this case we vary the coefficientsCaλ.

The single-particle wave functionsψλ(r), defined by the quantum numbersλ andr are defined as the
overlap

ψα(r) = 〈r|α〉.
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We will omit the radial dependence of the wave functions and introduce first the following shorthands
for the Hartree and Fock integrals

〈µν|V |µν〉 =

∫
ψ∗

µ(ri)ψ
∗
ν(rj)V (rij)ψµ(ri)ψν(rj)drirj ,

and

〈µν|V |νµ〉 =

∫
ψ∗

µ(ri)ψ
∗
ν(rj)V (rij)ψν(ri)ψµ(ri)drirj .

Since the interaction is invariant under the interchange oftwo particles it means for example that we
have

〈µν|V |µν〉 = 〈νµ|V |νµ〉,
or in the more general case

〈µν|V |στ〉 = 〈νµ|V |τσ〉.

The direct and exchange matrix elements can be brought together if we define the antisymmetrized
matrix element

〈µν|V |µν〉AS = 〈µν|V |µν〉 − 〈µν|V |νµ〉,
or for a general matrix element

〈µν|V |στ〉AS = 〈µν|V |στ〉 − 〈µν|V |τσ〉.

It has the symmetry property

〈µν|V |στ〉AS = −〈µν|V |τσ〉AS = −〈νµ|V |στ〉AS .

The antisymmetric matrix element is also hermitian, implying

〈µν|V |στ〉AS = 〈στ |V |µν〉AS .

With these notations we rewrite Eq. (15.21) as

∫
Φ∗Ĥ1Φdτ =

1

2

A∑

µ=1

A∑

ν=1

〈µν|V |µν〉AS . (15.33)

Combining Eqs. (15.17) and (15.33) we obtain the energy functional

E[Φ] =
N∑

µ=1

〈µ|h|µ〉+ 1

2

N∑

µ=1

N∑

ν=1

〈µν|V |µν〉AS . (15.34)

which we will use as our starting point for the Hartree-Fock calculations.

If we vary the above energy functional with respect to the basis functions|µ〉, this corresponds to what
was done in the previous subsection. We are however interested in defining a new basis defined in terms
of a chosen basis as defined in Eq. (15.32). We can then rewritethe energy functional as

E[Ψ] =

N∑

a=1

〈a|h|a〉+ 1

2

N∑

ab

〈ab|V |ab〉AS , (15.35)

whereΨ is the new Slater determinant defined by the new basis of Eq. (15.32). Using Eq. (15.32) we
can rewrite Eq. (15.35) as

E[Ψ] =
N∑

a=1

∑

αβ

C∗
aαCaβ〈α|h|β〉 +

1

2

∑

ab

∑

αβγδ

C∗
aαC

∗
bβCaγCbδ〈αβ|V |γδ〉AS . (15.36)
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15.4 – Derivation of the Hartree-Fock equations

We wish now to minimize the above functional. We introduce again a set of Lagrange multipliers, noting
that since〈a|b〉 = δa,b and〈α|β〉 = δα,β , the coefficientsCaγ obey the relation

〈a|b〉 = δa,b =
∑

αβ

C∗
aαCaβ〈α|β〉 =

∑

α

C∗
aαCaα,

which allows us to define a functional to be minimized that reads

E[Ψ]−
∑

a

ǫa
∑

α

C∗
aαCaα. (15.37)

Minimizing with respect toC∗
kα, remembering thatC∗

kα andCkα are independent, we obtain

d

dC∗
kα

[
E[Ψ]−

∑

a

ǫa
∑

α

C∗
aαCaα

]
= 0, (15.38)

which yields for every single-particle statek the following Hartree-Fock equations

∑

γ

Ckγ〈α|h|γ〉+
1

2

∑

a

∑

βγδ

C∗
aβCaδCkγ〈αβ|V |γδ〉AS = ǫkCkα. (15.39)

We can rewrite this equation as

N∑

γ=1




〈α|h|γ〉+
1

2

N∑

a

N∑

βδ

C∗
aβCaδ〈αβ|V |γδ〉AS




Ckγ = ǫkCkα. (15.40)

Defining

hHF
αγ = 〈α|h|γ〉+ 1

2

N∑

a

N∑

βδ

C∗
aβCaδ〈αβ|V |γδ〉AS ,

we can rewrite the new equations as

N∑

γ=1

hHF
αγ Ckγ = ǫkCkα. (15.41)

The advantage of this approach is that we can calculate and tabulate the matrix elementsα|h|γ〉 and
〈αβ|V |γδ〉AS once and for all. If the basis|α〉 is chosen properly, then the matrix elements can also
serve as a good starting point for a Hartree-Fock calculation. Eq. (15.41) is nothing but an eigenvalue
problem. The eigenvectors are defined by the coefficientsCkγ .

The size of the matrices to diagonalize are seldomly larger than1000× 1000 and can be solved by the
standard eigenvalue methods that we discussed in chapter 7.

For closed shell atoms it is natural to consider the spin-orbitals as paired. For example, two1s orbitals
with different spin have the same spatial wave-function, but orthogonal spin functions. For open-shell
atoms two procedures are commonly used; therestricted Hartree-Fock(RHF) andunrestricted Hartree-
Fock (UHF). In RHF all the electrons except those occupying open-shell orbitals are forced to occupy
doubly occupied spatial orbitals, while in UHF all orbitalsare treated independently. The UHF, of
course, yields a lower variational energy than the RHF formalism. One disadvantage of the UHF over
the RHF, is that whereas the RHF wave function is an eigenfunction ofS2, the UHF function is not; that
is, the total spin angular momentum is not a well-defined quantity for a UHL wave-function. Here we
limit our attention to closed shell RHF’s, and show how the coupled HF equations may be turned into a
matrix problem by expressing the spin-orbitals using knownsets of basis functions.
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Many-body approaches to studies of electronic systems: Hartree-Fock theory

In principle, a complete set of basis functions must be used to represent spin-orbitals exactly, but this
is not computationally feasible. A given finite set of basis functions is, due to the incompleteness of
the basis set, associated with abasis-set truncation error. The limiting HF energy, with truncation error
equal to zero, will be referred to as theHartree-Fock limit.

The computational time depends on the number of basis-functions and of the difficulty in computing
the integrals of both the Fock matrix and the overlap matrix.Therefore we wish to keep the number of
basis functions as low as possible and choose the basis-functions cleverly. By cleverly we mean that the
truncation error should be kept as low as possible, and that the computation of the matrix elements of
both the overlap and the Fock matrices should not be too time consuming.

One choice of basis functions are the so-calledSlater type orbitals(STO), see for example Ref. [119]).
They are defined as

Ψnlml
(r, θ, φ) = N rn

eff
−1e

Z
eff

ρ

n
eff Ylml

(θ, φ). (15.42)

HereN is a normalization constant that for the purpose of basis setexpansion may be put into the
unknownciµ’s, Ylml

is a spherical harmonic andρ = r/a0.

The normalization constant of the spherical harmonics may of course also be put into the expansion
coefficientsciµ. The effective principal quantum numbern

eff
is related to the true principal quantum

numberN by the following mapping (ref. [119])

n→ n
eff

: 1→ 1 2→ 2 3→ 3 4→ 3.7 5→ 4.0 6→ 4.2.

The effective atomic numberZ
eff

for the ground state orbitals of some neutral ground-state atoms are
listed in table 15.1. The values in table 15.1 have been constructed by fitting STOs to numerically com-
puted wave-functions [120].

Effective Atomic Number

H He
1s 1 1.6875

Li Be B C N O F Ne
1s 2.6906 3.6848 4.6795 5.6727 6.6651 7.6579 8.6501 9.6421
2s 1.2792 1.9120 2.5762 3.2166 3.8474 4.4916 5.1276 5.7584
2p 2.4214 3.1358 3.8340 4.4532 5.1000 5.7584

Na Mg Al Si P S Cl Ar
1s 10.6259 11.6089 12.5910 13.5754 14.5578 15.5409 16.523917.5075
2s 6.5714 7.3920 8.2136 9.0200 9.8250 10.6288 11.4304 12.2304
2p 6.8018 7.8258 8.9634 9.9450 10.9612 11.9770 12.9932 14.0082
3s 2.5074 3.3075 4.1172 4.9032 5.6418 6.3669 7.0683 7.7568
3p 4.0656 4.2852 4.8864 5.4819 6.1161 6.7641

Table 15.1: Values ofZ
eff

for neutral ground-state atoms [120].
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Chapter 16

Improved Monte Carlo approaches to
systems of fermions

This chapter develops the equations and formalism that is necessary to study many-particle systems of
fermions. The crucial part of any variational or diffusion Monte Carlo code for many particles is the
Metropolis evaluation of the ratios between wave functionsand the computation of the local energy. For
fermions we need to pay particular attention to the way we treat the Slater determinant. The trial wave
function, as discussed in chapter 14, consists of separate factors that incorporate different mathematical
properties of the total wave function. There are three typesthat will be of concern to us: The Slater
determinant, the product state, and the correlation factor. The two first are direct functions of the spatial
coordinates of the particles, while the last one typically depends on distances between the particles.

The trial wave function plays a central role in quantum variational Monte Carlo simulations. Its impor-
tance lies in the fact that all the observables are computed with respect to the probability distribution
function defined from the trial wave function. Moreover, it is needed in the Metropolis algorithm and
in the evaluation of the quantum force term when importance sampling is applied. Computing a deter-
minant of anN × N matrix by standard Gaussian elimination is of the order ofO(N3) calculations.
As there areN · d independent coordinates we need to evaluateNd Slater determinants for the gra-
dient (quantum force) andN · d for the Laplacian (kinetic energy). Therefore, it is imperative to find
alternative ways of computating quantities related to the trial wave function such that the computational
perfomance can be improved.

16.1 Splitting the Slater determinant

Following for example Ref. [121], assume that we wish to compute the expectation value of a spin-
independent quantum mechanical operatorÔ(r) using the spin-dependent stateΨ(x), wherex = (r, σ)

represents the space-spin coordinate par. Then,

〈Ô〉 = 〈Ψ(x)|Ô(r)|Ψ(x)〉
〈Ψ(x)|Ψ(x)〉 .

If for each spin configurationσ = (σ1, . . . , σN) we replace the total antisymmetric wave function by
a version with permuted arguments arranged such that the first N↑ arguments are spin up and the rest
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N↓ = N −N↑ are spin down we get

Ψ(x1, . . . ,xN) → Ψ(xi1, . . . ,xiN)

= Ψ({ri1, ↑}, . . . , {riN↑
, ↑}, {riN↑+1

, ↓}, . . . , {riN, ↓})
= Ψ({r1, ↑}, . . . , {rN↑

, ↑}, {r1N↑+1
, ↓}, . . . , {rN, ↓}).

Because the operator̂O is symmetric with respect to the exchange of labels in a pair of particles, each
spin configuration gives an identical contribution to the expectation value. Hence,

〈Ô〉 =
〈Ψ(r)|Ô(r)|Ψ(r)〉
〈Ψ(r)|Ψ(r)〉

The new state is antisymmetric with respect to exchange of spatial coordinates of pairs of spin-up or spin-
down electrons. Therefore, for spin-independent Hamiltonians, the Slater determinant can be splitted in
a product of Slater determinants obtained from single particle orbitals with different spins. For electronic
systems we get then

ΨD = D↑D↓,

where

D↑ = |D(r1, r2, . . . , rN/2)|↑ =

∣∣∣∣∣∣∣∣∣

φ1(r1) φ2(r1) · · · φN/2(r1)

φ1(r2) φ2(r2) · · · φN/2(r2)
...

...
. . .

...
φ1(rN/2) φ2(rN/2) · · · φN/2(rN/2)

∣∣∣∣∣∣∣∣∣
↑

. (16.1)

In a similar way,D↓ = |D(rN/2+1, rN/2+2, . . . , rN)|↓. The normalization factor has been removed,
since it cancels in the ratios needed by the variational Monte Carlo algorithm, as shown later. The new
stateΨD(r) gives in this case the same expectation value asΨ(x), but is more convenient in terms of
computational cost.The Slater determinant can now be factorized as

ΨT (x) = D↑D↓ΨC . (16.2)

16.2 Computational optimization of the Metropolis/hasting ratio

In the Metropolis/Hasting algorithm, theacceptance ratiodetermines the probability for a particle to
be accepted at a new position. The ratio of the trial wave functions evaluated at the new and current
positions is given by

R ≡ Ψnew
T

Ψcur
T

=
|D|new

↑
|D|cur

↑

|D|new
↓

|D|cur
↓︸ ︷︷ ︸

RSD

Ψnew
C

Ψcur
C︸ ︷︷ ︸

RC

. (16.3)

16.2.1 Evaluating the determinant-determinant ratio

Evaluating the determinant of aN × N matrix by Gaussian elimination takes of the order ofO(N3)

operations, which is rather expensive for a many-particle quantum system. An alternative algorithm
not requiring the separated evaluation of the determinantswill be derived in the following. We start by
defining a Slater matrixD with its corresponding(i, j)−entries given by

Dij ≡ φj(ri), (16.4)
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16.2 – Computational optimization of the Metropolis/hasting ratio

whereφj(ri) is thejth single particle wave function evaluated for the particle atpositionri.

The inverse of a (Slater) matrix is related to its adjoint (transpose matrix of cofactors) and its deter-
minant by

D−1 =
adjD

|D| ⇒ |D| =
adjD

D−1
, (16.5)

or

|D| =
N∑

j=1

Cji

D−1
ij

=

N∑

j=1

DijCji, (16.6)

i.e., the determinant of a matrix equals the scalar product of any column(row) of the matrix with the
same column(row) of the matrix of cofactors.

In the particular case when only one particle is moved at the time (say particle at positionri), this
changes only one row (or column)1 of the Slater matrix. An efficient way of evaluating that ratio is as
follows [91, 122].

We define the ratio of the new to the old determinants in terms of Eq. (16.6) such that

RSD ≡
|D(xnew)|
|D(xcur)| =

∑N
j=1Dij(x

new)Cji(x
new)

∑N
j=1Dij(xcur)Cji(xcur)

.

When the particle at positionri is moved, theith−row of the matrix of cofactors remains unchanged, i.e.,
the row numberi of the cofactor matrix are independent of the entries in the rows of its corresponding
matrixD. Therefore,

Cij(x
new) = Cij(x

cur),

and

RSD =

∑N
j=1Dij(x

new)Cji(x
cur)

∑N
j=1Dij(xcur)Cji(xcur)

=

∑N
j=1Dij(x

new)D−1
ji (xcur)|D|(xcur)

∑N
j=1Dij(xcur)D−1

ji (xcur)|D|(xcur)
. (16.7)

The invertibility ofD implies that
N∑

k

DikD
−1
kj = δij . (16.8)

Hence, the denominator in Eq. (16.7) is equal to unity. Then,

RSD =

N∑

j=1

Dij(x
new)D−1

ji (xcur).

Substituting Eq. (16.4) we arrive at

RSD =

N∑

j=1

φj(x
new
i )D−1

ji (xcur) (16.9)

which means that determiningRSD when only particlei has been moved, requires only the evaluation
of the dot product between a vector containing orbitals (evaluated at the new position) and all the entries
in theith column of the inverse Slater matrix (evaluated at the current position). This requires approxi-
matelyO(N) operations.

1Some authors prefer to express the Slater matrix by placing the orbitals in a row wise order and the position of the particles in a
column wise one.

469



Improved Monte Carlo approaches to systems of fermions

Further optimizations can be done by noting that when only one particle is moved at the time, one
of the two determinants in the numerator and denominator of Eq. (16.3) is unaffected, cancelling each
other. This allows us to carry out calculations with only half of the total number of particles every time
a move occurs, requiring only(N/2)d operations, whered is the number of spatial components of the
problem, in systems with equal number of electrons with spinup and down. The total number of opera-
tions for a problem in three dimensions becomes(N/2)3 = N3/8, i.e., the total calculations are reduced
up to by a factor of eight.

16.3 Optimizing the∇ΨT /ΨT ratio

SettingΨD = |D|↑|D|↓ in Eq. (16.2) we get,

∇Ψ

Ψ
=

∇(ΨD ΨC)

ΨD ΨC
=

ΨC∇ΨD + ΨD∇ΨC

ΨDΨC
=

∇ΨD

ΨD
+

∇ΨC

ΨC

=
∇(|D|↑|D|↓)
|D|↑|D|↓

+
∇ΨC

ΨC
,

or
∇Ψ

Ψ
=

∇(|D|↑)
|D|↑

+
∇(|D|↓)
|D|↓

+
∇ΨC

ΨC
. (16.10)

16.3.1 Evaluating the gradient-determinant-to-determinant ratio

The evaluation of Eq. (16.10) requires differentiating theN entries of the Slater matrix with respect to
all thed spatial components. Since the evaluation of the Slater determinant scales asO(N3) this would
involve of the order ofN · d · O(N3) ≈ O(N4) floating point operations. A cheaper algorithm can be
derived by noting that when only one particle is moved at the time, only one row in the Slater matrix
needs to be evaluated again. Thus, only the derivatives of that row with respect to the coordinates of
the particle moved need to be updated. Obtaining the gradient-determinant ratio required in Eq. (16.10)
becomes straigforward. It is analogous to the procedure used in deriving Eq. (16.3). From Eq. (16.9)
and Eq. (16.3) we see that

∇i|D(x)|
|D(x)| =

N∑

j=1

∇iDij(x)D−1
ji (x) =

N∑

j=1

∇iφj(xi)D
−1
ji (x), (16.11)

which means that when one particle is moved at the time, the gradient-determinant ratio is given by
the dot product between the gradient of the single wave functions evaluated for the particle at position
ri and the inverse Slater matrix. A small modification has to be done when computing the gradient to
determinant ratio after a move has been accepted. Denoting by y the vector containing the new spatial
coordinates, by definition we get,

∇i|D(y)|
|D(y)| =

N∑

j=1

∇iDij(y)D−1
ji (y) =

N∑

j=1

∇iφj(yi)D
−1
ji (y),

which can be expressed in terms of the transpose inverse of the Slater matrix evaluated at the old posi-
tions [91] to get

∇i|D(y)|
|D(y)| =

1

R

N∑

j=1

∇iφj(yi)D
−1
ji (x). (16.12)
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Computing a single derivative is anO(N) operation. Since there aredN derivatives, the total time
scaling becomesO(dN2).

16.4 Optimizing the∇2ΨT /ΨT ratio

From the single-particle kinetic energy operator, the expectation value of the kinetic energy expressed
in atomic units for electroni is

〈K̂i〉 = −1

2

〈Ψ|∇2
i |Ψ〉

〈Ψ|Ψ〉 , (16.13)

which is obtained by using Monte Carlo integration. The energy of each space configuration is cummu-
lated after each Monte Carlo cycle. For each electron we evaluate

Ki = −1

2

∇2
i Ψ

Ψ
. (16.14)

Following a procedure similar to that of section 16.3, the term for the kinetic energy is obtained by

∇2Ψ

Ψ
=
∇2(ΨD ΨC)

ΨD ΨC
=

∇·[∇(ΨD ΨC)]

ΨD ΨC
=

∇·[ΨC∇ΨD + ΨD∇ΨC ]

ΨD ΨC

=
∇ΨC ·∇ΨD + ΨC∇2ΨD + ∇ΨD ·∇ΨC + ΨD∇2ΨC

ΨD ΨC

(16.15)

∇2Ψ

Ψ
=
∇2ΨD

ΨD
+
∇2ΨC

ΨC
+ 2

∇ΨD

ΨD
· ∇ΨC

ΨC

=
∇2(|D|↑|D|↓)
(|D|↑|D|↓)

+
∇2ΨC

ΨC
+ 2

∇(|D|↑|D|↓)
(|D|↑|D|↓)

· ∇ΨC

ΨC
,

or

∇2Ψ

Ψ
=
∇2|D|↑
|D|↑

+
∇2|D|↓
|D|↓

+
∇2ΨC

ΨC
+ 2

[
∇|D|↑
|D|↑

+
∇|D|↓
|D|↓

]
· ∇ΨC

ΨC
, (16.16)

where thelaplace-determinant-to-determinant ratiois given by

∇2
i |D(x)|
|D(x)| =

N∑

j=1

∇2
iDij(x)D−1

ji (x) =

N∑

j=1

∇2
iφj(xi)D

−1
ji (x) (16.17)

for particle atxi as deduced from Eq. (16.9) and Eq. (16.3). The comments givenin section 16.3 on
performance yields applies also to this case. Moreover, Eq.(16.17) is computed with the trial move only
if it is accepted.

16.5 Updating the inverse of the Slater matrix

Computing the ratios in Eqs. (16.9), (16.11), (16.12) and (16.17) requires that we maintain the inverse of
the Slater matrix evaluated at the current position. Each time a trial position is accepted, the row number
i of the Slater matrix changes and updating its inverse has to be carried out. Getting the inverse of an
N × N matrix by Gaussian elimination has a complexity of order ofO(N3) operations, a luxury that
we cannot afford for each time a particle move is accepted. Analternative way of updating the inverse
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Operation No optimization With optimization

Evaluation ofR O(N2) O
(

N2

2

)

Updating inverse O(N3) O
(

N3

4

)

Transition of one particle O(N2) +O(N3) O
(

N2

2

)
+O

(
N3

4

)

Table 16.1: Comparison of the computational cost involved in the computation of the Slater determinant with
and without optimization.

of a matrix when only a row/column is changed was suggested bySherman and Morris. It has a time
scaling of the order ofO(N2) [91, 121, 122] and is given by

D−1
kj (xnew) =






D−1
kj (xcur)− D−1

ki (xcur)

R

∑N
l=1Dil(x

new)D−1
lj (xcur) if j 6= i

D−1

ki (xcur)

R

∑N
l=1Dil(x

cur)D−1
lj (xcur) if j = i

(16.18)

The evaluation of the determinant of anN×N matrix by standard Gaussian elimination requiresO(N3)

calculations. As there areNd independent coordinates we need to evaluateNd Slater determinants for
the gradient (quantum force) andNd for the Laplacian (kinetic energy). With the updating algorithm we
need only to invert the Slater determinant matrix once. Thiscan be done by standard LU decomposition
methods.

Table 16.1 summarizes the computational cost associated with the Slater determinant part of the trial
wave function.

16.6 Reducing the computational cost fo the correlation form

The total number of different relative distancesrij isN(N − 1)/2. In a matrix storage format, the set
forms a strictly upper triangular matrix2

r ≡





0 r1,2 r1,3 · · · r1,N

... 0 r2,3 · · · r2,N

...
... 0

. . .
...

...
...

...
. . . rN−1,N

0 0 0 · · · 0





. (16.19)

This applies tog = g(rij) as well.

16.7 Computing the correlation-to-correlation ratio

For the case where all particles are moved simlutaneously, all the gij have to be reevaluated. The number
of operations for gettingRC scales asO(N2). When moving only one particle at a time, say thekth,
onlyN − 1 of the distancesrij havingk as one of their indices are changed. It means that the rest of

2In the implementation, however, we do not store the entries lying on the diagonal.
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the factors in the numerator of the Jastrow ratio has a similar counterpart in the denominator and cancel
each other. Therefore, onlyN − 1 factors ofΨnew

C andΨcur
C avoid cancellation and

RC =
Ψnew

C

Ψcur
C

=

k−1∏

i=1

gnew
ik

gcur
ik

N∏

i=k+1

gnew
ki

gcur
ki

. (16.20)

For the Padé-Jastrow form

RC =
Ψnew

C

Ψcur
C

=
eUnew

eUcur
= e∆U , (16.21)

where

∆U =

k−1∑

i=1

(
fnew

ik − f cur
ik

)
+

N∑

i=k+1

(
fnew

ki − f cur
ki

)
(16.22)

One needs to develop a special algorithm that iterates only through the elements of the upper triangular
matrixg that havek as an index.

16.8 Evaluating the∇ΨC/ΨC ratio

The expression to be derived in the following is of interest when computing the quantum force and the
kinetic energy. It has the form

∇iΨC

ΨC
=

1

ΨC

∂ΨC

∂xi
,

for all dimensions and withi running over all particles. From the discussion in section 16.7, for the first
derivative onlyN − 1 terms survive the ratio because theg-terms that are not differentiated cancel with
their corresponding ones in the denominator. Then,

1

ΨC

∂ΨC

∂xk
=

k−1∑

i=1

1

gik

∂gik

∂xk
+

N∑

i=k+1

1

gki

∂gki

∂xk
. (16.23)

An equivalent equation is obtained for the exponential formafter replacinggij by exp(gij), yielding:

1

ΨC

∂ΨC

∂xk
=

k−1∑

i=1

∂gik

∂xk
+

N∑

i=k+1

∂gki

∂xk
, (16.24)

with both expressions scaling asO(N).

Later, using the identity
∂

∂xi
gij = − ∂

∂xj
gij (16.25)

on the right hand side terms of Eq. (16.23) and Eq. (16.24), weget expressions where all the derivatives
act on the particle are represented by thesecondindex ofg:

1

ΨC

∂ΨC

∂xk
=

k−1∑

i=1

1

gik

∂gik

∂xk
−

N∑

i=k+1

1

gki

∂gki

∂xi
, (16.26)

and for the exponential case:

1

ΨC

∂ΨC

∂xk
=

k−1∑

i=1

∂gik

∂xk
−

N∑

i=k+1

∂gki

∂xi
. (16.27)
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16.8.1 Special case: correlation functions depending on the scalar relative distances

For correlation forms depending only on the scalar distancesrij , we note that

∂gij

∂xj
=
∂gij

∂rij

∂rij
∂xj

=
xj − xi

rij

∂gij

∂rij
, (16.28)

after substitution in Eq. (16.26) and Eq. (16.27) we arrive at

1

ΨC

∂ΨC

∂xk
=

k−1∑

i=1

1

gik

rik
rik

∂gik

∂rik
−

N∑

i=k+1

1

gki

rki

rki

∂gki

∂rki
. (16.29)

Note that for the Padé-Jastrow form we can setgij ≡ g(rij) = ef(rij) = efij and

∂gij

∂rij
= gij

∂fij

∂rij
. (16.30)

Therefore,

1

ΨPJ

∂ΨPJ

∂xk
=

k−1∑

i=1

rik
rik

∂fik

∂rik
−

N∑

i=k+1

rki

rki

∂fki

∂rki
, (16.31)

where
rij = |rj − ri| = (xj − xi)ê1 + (yj − yi)ê2 + (zj − zi)ê3 (16.32)

is the vectorial distance. When the correlation function isthe linear Padé-Jastrow, we set

fij =
aijrij

(1 + βijrij)
, (16.33)

which yields the analytical expression

∂fij

∂rij
=

aij

(1 + βijrij)2
. (16.34)

16.9 Computing the∇2ΨC/ΨC ratio

For deriving this expression we note first that Eq. (16.29) can be written as

∇kΨC =

k−1∑

i=1

1

gik
∇kgik +

N∑

i=k+1

1

gki
∇kgki.

After multiplying byΨC and taking the gradient on both sides we get,

∇2
kΨC = ∇kΨC ·

(
k−1∑

i=1

1

gik
∇kgik +

N∑

i=k+1

1

gki
∇kgki

)

+ ΨC∇k ·
(

N∑

i=k+1

1

gki
∇kgki +

N∑

i=k+1

1

gki
∇kgki

)

= ΨC

(∇kΨC

ΨC

)2

+ ΨC∇k ·
(

N∑

i=k+1

1

gki
∇kgki +

N∑

i=k+1

1

gki
∇kgki

)
. (16.35)
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Now,

∇k ·
(

1

gik
∇kgik

)
= ∇k

(
1

gik

)
· ∇kgik +

1

gik
∇k · ∇kgik

= − 1

g2
ik

∇kgik · ∇kgik +
1

gik
∇k ·

(
rik

rik

∂gik

∂rik

)

= − 1

g2
ik

(∇kgik)2

+
1

gik

[
∇k

(
1

rik

∂gik

∂rik

)
· rik +

(
1

rik

∂gik

∂rik

)
∇k · rik

]

= − 1

g2
ik

(
rik

rik

∂gik

∂rik

)2

+
1

gik

[
∇k

(
1

rik

∂gik

∂rik

)
· rik +

(
1

rik

∂gik

∂rik

)
d

]

= − 1

g2
ik

(
∂gik

∂rik

)2

+
1

gik

[
∇k

(
1

rik

∂gik

∂rik

)
· rik +

(
1

rik

∂gik

∂rik

)
d

]
, (16.36)

with d being the number of spatial dimensions.

Moreover,

∇k

(
1

rik

∂gik

∂rik

)
=

rik

rik

∂

∂rik

(
1

rik

∂gik

∂rik

)

=
rik

rik

(
− 1

r2ik

∂gik

∂rik
+

1

rik

∂2gik

∂r2ik

)
.

The substitution of the last result in Eq. (16.36) gives

∇k ·
(

1

gik
∇kgik

)
= − 1

g2
ik

(
∂gik

∂rik

)2

+
1

gik

[(
d− 1

rik

)
∂gik

∂rik
+
∂2gik

∂r2ik

]
.

Inserting the last expression in Eq. (16.35) and after division byΨC we get,

∇2
kΨC

ΨC
=

(∇kΨC

ΨC

)2

+

k−1∑

i=1

− 1

g2
ik

(
∂gik

∂rik

)2

+
1

gik

[(
d− 1

rik

)
∂gik

∂rik
+
∂2gik

∂r2ik

]

+

N∑

i=k+1

− 1

g2
ki

(
∂gki

∂rki

)2

+
1

gki

[(
d− 1

rki

)
∂gki

∂rki
+
∂2gki

∂r2ki

]
. (16.37)
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For the exponential case we have

∇2
kΨPJ

ΨPJ
=

(∇kΨPJ

ΨPJ

)2

+

k−1∑

i=1

− 1

g2
ik

(
gik

∂fik

∂rik

)2

+
1

gik

[(
d− 1

rik

)
gik

∂fik

∂rik
+

∂

∂rik

(
gik

∂fik

∂rik

)]

+

N∑

i=k+1

− 1

g2
ki

(
gik

∂fki

∂rki

)2

+
1

gki

[(
d− 1

rki

)
gki

∂fki

∂rki
+

∂

∂rki

(
gki

∂fki

∂rki

)]
.

Using

∂

∂rik

(
gik

∂fik

∂rik

)
=
∂gik

∂rik

∂fik

∂rik
+ gik

∂2fik

∂r2ik

= gik
∂fik

∂rik

∂fik

∂rik
+ gik

∂2fik

∂r2ik

= gik

(
∂fik

∂rik

)2

+ gik
∂2fik

∂r2ik

and substituting this result into the equation above gives rise to the final expression,

∇2
kΨPJ

ΨPJ
=

(∇kΨPJ

ΨPJ

)2

+

k−1∑

i=1

[(
d− 1

rik

)
∂fik

∂rik
+
∂2fik

∂r2ik

]
+

N∑

i=k+1

[(
d− 1

rki

)
∂fki

∂rki
+
∂2fki

∂r2ki

]
. (16.38)

Again, for thelinear Padé-Jastrow, we get in this case the analytical result

∂2fij

∂r2ij
= − 2aijβij

(1 + βijrij)3
. (16.39)

16.10 Efficient parametric optimization of the trial wave function

Energy minimization requires the evaluation of the derivative of the trial wave function with respect to
the variational parameters. The computational cost of thisoperation depends, of course, on the algorithm
selected. In practice, evaluating the derivatives of the trial wave function with respect to the variational
parameters analitically is possible only for small systems(two to four electrons). On the other hand,
the numerical solution needs the repetead evaluation of thetrial wave function (the product of a Slater
determinant by a Jastrow function) with respect to each variational parameter. As an example, consider
using a central difference scheme to evaluate the derivative of the Slater determinant part with respect to
a parameterα,

dΨSD

dα
=

ΨSD(α+ ∆α) −ΨSD(α −∆α)

2∆α
+O(∆α2).

The reader should note that for the Slater determinant part we need to compute the expression above
two times per Monte Carlo cycle per variational parameter. Computing a determinant is a highly costly
operation. Moreover, the numerical accuracy in the solution will depend on the choice of the step size
∆α.
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In the following we suggest a method to efficiently compute the derivative of the energy with respect to
the variational parameters. It derives from the fact that the energy derivative is equivalent to

∂E

∂cm
= 2

[〈
EL

∂ ln ΨTcm

∂cm

〉
− E

〈
∂ ln ΨTcm

∂cm

〉]
,

or more precisicely,

∂E

∂cm
=2





1

N

N∑

i=1

[
(EL[cm])i

(
∂ ln ΨTc

∂cm

)

i

]
− 1

N2

N∑

i=1

(EL[cm])i

N∑

j=1

(
∂ ln ΨTc

∂cm

)

j




 , (16.40)

and becauseΨTcm
= ΨSDcm

ΨJcm
, we get that

ln ΨTcm
= ln(ΨSDcm

ΨJcm
) = ln(ΨSDcm

) + ln(ΨJcm
)

= ln(ΨSDcm↑ΨSDcm↓) + ln(ΨJcm
)

= ln(ΨSDcm↑) + ln(ΨSDcm↓) + ln(ΨJcm
).

Then,
∂ ln ΨTcm

∂cm
=
∂ ln(ΨSDcm↑)

∂cm
+
∂ ln(ΨSDcm↓)

∂cm
+
∂ ln(ΨJcm

)

∂cm
, (16.41)

which is a convenient expression in terms of implementationin an object oriented fashion because we
can compute the contribution to the expression above in two separated classes independently, namely
the Slater determinant and Jastrow classes.

Note also that for each of the derivatives of concerning the determinants above we have, in general,
that

∂ ln(ΨSDcm
)

∂cm
=

∂ΨSDcm

∂cm

ΨSDcm↑

For the derivative of the Slater determinant yields that ifA is an invertible matrix which depends on a
real parametert, and if dA

dt exists, then

d

dt
(||A) = (||A) tr

(
A−1 dA

dt

)
.

d

dt
ln ||A(t) = tr

(
A−1 dA

dt

)
=

N∑

i=1

N∑

j=1

A−1
ij Ȧji , (16.42)

whereN is the number of entries in a row. What we have here is the expression for computing the
derivative of each of the determinants appearing in Eq. (16.41). Furthemore, note that the specialization
of this expression to the current problem implies that the term A−1 appearing on the right hand side
is the inverse of the Slater matrix, already available afterfinishing each Monte Carlo cycle as deduced
from the algorithms discussed in the previous sections. It means that the only thing we have to do is
to take the derivative of each single wave function in the Slater matrix with respect to its variational
parameter and taking the trace ofΨSD(α)−1 ˙ΨSD(α). The implementation of this expression and its
computation using analytical derivatives for the single state wave functions is straighforward. The flow
chart for the Quantum Variational Monte Carlo method with optimization of the trial wave function is
shown in figure 16.1.
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Initialize R,
setα and
ΨT−α(R)

Suggest a move

Compute ac-
ceptance ratio

Generate a
uniformly
distributed
variabler

Is
R ≥ r?

Reject move:
xnew

i
= xold

i

Accept move:
xold

i
= xnew

i

Last
move?

Get local
energyEL

Last
MC
step?

Collect samples
Is

〈E〉min?

End

yes

no

yes

yes

no

yes

no

Figure 16.1: Optimization of the trial wave functionΨtrial(α) and minimization of the energy with respect to
the variational parameters.
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16.11 Conjugate gradient method

The success of the CG method for finding solutions of non-linear problems is based on the theory for
of conjugate gradients for linear systems of equations. It belongs to the class of iterative methods for
solving problems from linear algebra of the type

Âx̂ = b̂.

In the iterative process we end up with a problem like

r̂ = b̂− Âx̂,

wherer̂ is the so-called residual or error in the iterative process.

The residual is zero when we reach the minimum of the quadratic equation

P (x̂) =
1

2
x̂T Âx̂− x̂T b̂,

with the constraint that the matrix̂A is positive definite and symmetric. If we search for a minimum
of the quantum mechanical variance, then the matrixÂ, which is called the Hessian, is given by the
second-derivative of the variance. This quantity is alwayspositive definite. If we vary the energy, the
Hessian may not always be positive definite.

In the CG method we define so-called conjugate directions andtwo vectorsŝ and t̂ are said to be
conjugate if

ŝT Ât̂ = 0.

The philosophy of the CG method is to perform searches in various conjugate directions of our vectors
x̂i obeying the above criterion, namely

x̂T
i Âx̂j = 0.

Two vectors are conjugate if they are orthogonal with respect to this inner product. Being conjugate is a
symmetric relation: if̂s is conjugate tôt, thent̂ is conjugate tôs.

An example is given by the eigenvectors of the matrix

v̂T
i Âv̂j = λv̂T

i v̂j ,

which is zero unlessi = j.

Assume now that we have a symmetric positive-definite matrixÂ of sizen× n. At each iterationi+ 1

we obtain the conjugate direction of a vector

x̂i+1 = x̂i + αip̂i.

We assume that̂pi is a sequence ofn mutually conjugate directions. Then thep̂i form a basis ofRn

and we can expand the solution̂Ax̂ = b̂ in this basis, namely

x̂ =

n∑

i=1

αip̂i.

The coefficients are given by

Ar =

n∑

i=1

αiApi = b.

Multiplying with p̂T
k from the left gives

p̂T
k Âx̂ =

n∑

i=1

αip̂
T
k Âp̂i = p̂T

k b̂,
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and we can define the coefficientsαk as

αk =
p̂T

k b̂

p̂T
k Âp̂k

If we choose the conjugate vectorsp̂k carefully, then we may not need all of them to obtain a good
approximation to the solution̂x. So, we want to regard the conjugate gradient method as an iterative
method. This also allows us to solve systems wheren is so large that the direct method would take too
much time.

We denote the initial guess for̂x asx̂0. We can assume without loss of generality that

x̂0 = 0,

or consider the system
Âẑ = b̂− Âx̂0,

instead.

Important, one can show that the solutionx̂ is also the unique minimizer of the quadratic form

f(x̂) =
1

2
x̂T Âx̂− x̂T x̂, x̂ ∈ Rn.

This suggests taking the first basis vectorp̂1 to be the gradient off at x̂ = x̂0, which equals

Âx̂0 − b̂,

andx̂0 = 0 it is equal−b̂. The other vectors in the basis will be conjugate to the gradient, hence the
name conjugate gradient method.

Let r̂k be the residual at thek-th step:
r̂k = b̂− Âx̂k.

Note that̂rk is the negative gradient off at x̂ = x̂k, so the gradient descent method would be to move
in the direction̂rk. Here, we insist that the directionŝpk are conjugate to each other, so we take the
direction closest to the gradientr̂k under the conjugacy constraint. This gives the following expression

p̂k+1 = r̂k −
p̂T

k Âr̂k

p̂T
k Âp̂k

p̂k.

We can also compute the residual iteratively as

r̂k+1 = b̂− Âx̂k+1,

which equals
b̂− Â(x̂k + αkp̂k),

or
(b̂− Âx̂k)− αkÂp̂k,

which gives
r̂k+1 = r̂k − Âp̂k,

If we consider finding the minimum of a functionf using Newton’s method, that is search for a zero of
the gradient of a function. Near a pointxi we have to second order

f(x̂) = f(x̂i) + (x̂− x̂i)∇f(x̂i)
1

2
(x̂− x̂i)Â(x̂− x̂i)
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giving
∇f(x̂) = ∇f(x̂i) + Â(x̂− x̂i).

In Newton’s method we set∇f = 0 and we can thus compute the next iteration point (here the exact
result)

x̂− x̂i = Â−1∇f(x̂i).

Subtracting this equation from that ofx̂i+1 we have

x̂i+1 − x̂i = Â−1(∇f(x̂i+1)−∇f(x̂i)).

The codes are taken from chapter 10.7 of Numerical recipes. We use the functionsdfpmin andlnsrch.
You can load down the package of programs from the webpage of the course, see under project 1. The
package is calledNRcgm107.tar.gz and contains the filesdfmin.c, lnsrch.c, nrutil.c andnrutil.h.
These codes are written in C.

void dfpmin(double p[], int n, double gtol, int *iter, double *fret,

double(*func)(double []), void (*dfunc)(double [], double []))

The input todfpmin

void dfpmin(double p[], int n, double gtol, int *iter, double *fret,

double(*func)(double []), void (*dfunc)(double [], double []))

is

– The starting vectorp of lengthn

– The functionfunc on which minimization is done

– The functiondfunc where the gradient i calculated

– The convergence requirement for zeroing the gradientgtol.

It returns inp the location of the minimum, the number of iterations and theminimum value of the
function under studyfret.

16.12 Blocking as a tool for doing statistical analysis of the data

In preparation for spring semester 2011.

16.13 Exercises and projects

Project 16.1: Hartree-Fock and variational Monte Carlo

The aim of this project is to use the Variational Monte Carlo (VMC) method and evaluate the ground
state energy of the atoms Helium, Beryllium and Neon.

We labelr1 the distance from electron 1 to the nucleus and similarlyr2 the distance between electron
2 and the nucleus. The contribution to the potential energy from the interactions between the electrons
and the nucleus is

− 2

r1
− 2

r2
, (16.43)
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and if we add the electron-electron repulsion withr12 = |r1 − r2|, the total potential energyV (r1, r2)

is

V (r1, r2) = − 2

r1
− 2

r2
+

1

r12
, (16.44)

yielding the total Hamiltonian

Ĥ = −∇
2
1

2
− ∇

2
2

2
− 2

r1
− 2

r2
+

1

r12
, (16.45)

and Schrödinger’s equation reads
Ĥψ = Eψ. (16.46)

All equations are in so-called atomic units. The distancesri andr12 are dimensionless. To have energies
in electronvolt you need to multiply all results with2 × E0, whereE0 = 13.6 eV. The experimental
binding energy for helium in atomic units a.u. isEHe = −2.9037 a.u..

1a) Set up the Hartree-Fock equations for the ground state ofthe Helium atom with two electrons
occupying the hydrogen-like orbitals with quantum numbersn = 1, s = 1/2 andl = 0. There
is no spin-orbit part in the two-body Hamiltonian.Make sure to write these equations using
atomic units.

b) Write a program which solves the Hartree-Fock equations for the Helium atom. Use as input for the
first iteration the hydrogen-like single-particle wave function, with analytical shape∼ exp (−αri)
whereri represents the coordinates of electroni. The details of all equations which you need to
program will be discussed during the lectures. Compare the results with those obtained using the
hydrogen-like wave functions only.

c) Our next step is to perform a Variational Monte Carlo calculation of the ground state of the helium
atom. In our first attempt we will use a brute force Metropolissampling with a trial wave function
which has the following form

ψT (r1, r2, r12) = exp (−α(r1 + r2)) exp

(
r12

2(1 + βr12)

)
, (16.47)

with α andβ as variational parameters.

Your task is to perform a Variational Monte Carlo calculation using the Metropolis algorithm to
compute the integral

〈E〉 =

∫
dr1dr2ψ

∗
T (r1, r2, r12)Ĥ(r1, r2, r12)ψT (r1, r2, r12)∫

dr1dr2ψ∗
T (r1, r2, r12)ψT (r1, r2, r12)

. (16.48)

In performing the Monte Carlo analysis you should use blocking as a technique to make the sta-
tistical analysis of the numerical data. The code has to run in parallel. A code for doing a VMC
calculation for the Helium atom can be found on the webpage ofthe course, see under programs.

d) Repeat the last step but use now importance sampling. Study the dependence of the results as
function of the time stepδt.

(e) Our final step is to replace the hydrogen-like orbits in Eq. (16.47) with those obtained from b)
by solving the Hartree-Fock equations. This leads us to onlyone variational parameter,β. The
calculations should include parallelization, blocking and importance sampling. There is no need to
do brute force Metropolis sampling.

Compare the results with those from c) and the Hartree-Fock results from b). How important is the
correlation part?

Here we will focus on the Neon and Beryllium atoms. It is convenient to make modules or classes
of trial wave functions, both many-body wave functions and single-particle wave functions and the
quantum numbers involved,such as spin, orbital momentum and principal quantum numbers.
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The new item you need to pay attention to is the calculation ofthe Slater Determinant. This is an
additional complication to your VMC calculations. If we stick to hydrogen-like wave functions,
the trial wave function for Beryllium can be written as

ψT (r1, r2, r3, r4) = Det (φ1(r1), φ2(r2), φ3(r3), φ4(r4))

4∏

i<j

exp

(
rij

2(1 + βrij)

)
, (16.49)

where theDet is a Slater determinant and the single-particle wave functions are the hydrogen wave
functions for the1s and2s orbitals. Their form within the variational ansatz are given by

φ1s(ri) = e−αri , (16.50)

and
φ2s(ri) = (1− αri/2) e−αri/2. (16.51)

For Neon , the trial wave function can take the form

ψT (r1, r2, . . . , r10) = Det (φ1(r1), φ2(r2), . . . , φ10(r10))

10∏

i<j

exp

(
rij

2(1 + βrij)

)
, (16.52)

In this case you need to include the2p wave function as well. It is given as

φ2p(ri) = αrie
−αri/2. (16.53)

Observe thatri =
√
r2ix

+ r2iy
+ r2iz

.

f) Set up the Hartree-Fock equations for the ground state of the Beryllium and Neon atoms with four
and ten electrons, respectively, occupying the respectivehydrogen-like orbitals. There is no spin-
orbit part in the two-body Hamiltonian. Find also the experimental ground state energies using
atomic units.

g) Solve the Hartree-Fock equations for the Beryllium and Neon atoms. Use again as input for the first
iteration the hydrogen-like single-particle wave function. Compare the results with those obtained
using the hydrogen-like wave functions only (first iteration).

(h) Write a function which sets up the Slater determinant forBeryllium and Neon. Use the Hartree-
Fock single-particle wave functions to set up the Slater determinant. You have only one variational
parameter,β. Compute the ground state energies of Neon and Beryllium as you did for the Helium
atom in e). The calculations should include parallelization, blocking and importance sampling.
Compare the results with the Hartree-Fock results from g). How important is the correlation part?
Is there a difference compared with Helium? Comment your results.
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Chapter 17

Bose-Einstein condensation and
Diffusion Monte Carlo

17.1 Diffusion Monte Carlo

The DMC method belongs to a larger class of methods often calledprojectorMonte Carlo. As the name
indicates, this is a general class of methods based on takingprojections in Hilbert space.

Consider a system governed by a HamiltonianĤ . Its stationary eigenfunctions are then given by

Ĥφi = ǫiφi

DMC is a method of projecting out theφi from Ψ with the lowest energy. Most often, and in our case
particularly, we are interested in the ground state. But just as with the variational principle used by
VMC, if we let Ψ fulfill a certain mathematical symmetry, the projectedφk will be the state of lowest
energy with that given symmetry.

In contrast to VMC, which relies on the variational principle, DMC does not directly depend on any
a priori choice of wave function that ultimately restricts the quality of the result. Thus, DMC can
in principle produce the exact ground state of our system, atleast within the statistical limits of the
algorithm.

The procedure of projecting out the component state ofΨ with the lowest energy is based on operating
onΨ with the special evolution operatorexp(−Ĥt)

e(−
bHt)Ψ(x) =

∑

i

ci exp(−ǫit)φi(x)

This is just the formal solution of the special equation:

− ∂

∂t
Ψ(x, t) = ĤΨ(x, t) (17.1)

which resembles the time dependent Schrödinger equation asif it were transformed to imaginary time
it→ t. Recall that the formal solution of the time dependent Schrödinger equation is just

Ψ(x, t) = e−
i
~

bHt Ψ(x) =
∑

i

cie
− i

~
ǫit φi(x)

As we let t → ∞, the exponential makes all the eigenstates with negative energy blow up while the
ones with positive energy vanish. To control this effect we introduce a constant energy shiftET, called
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a trial energy, to the potential term of̂H . This shift does, of course, not change any relevant physical
properties of our system since it is generally independent of the choice of the zero point of the energy.
The effect on the projection operation becomes

Ψ(x, t) = e−( bH−ET)tΨ(x) =
∑

i

cie
−(ǫi−ET)tφi(x) (17.2)

Consider the ideal situation of lettingET equal exactlyǫ0, resulting in

Ψ(x, t) = e−( bH−ET)tΨ(x) = c0φ0 +
∑

i>0

ciφi(x)e−(ǫi−ǫ0)t

Sinceǫi > ǫ0 for i 6= 0, all the remaining exponents become negative. In the limitt → ∞, the
contributions from excited states must obviously vanish, so that propagatingΨ according to Eq. (17.1)
gives

lim
t→∞

e−( bH−ǫ0)tΨ(x) = c0φ0

thus projecting out the ground state.

Without even considering how to do the time propagation in practice, the formulas already indicate to
us that approaching the problem first with VMC can help produce an initialΨ close toφ0 and, more
importantly, a trial energyET being an upper bound to the true ground state energyǫ0. HopefullyET is
close enough toǫ0 to be smaller than the first excited energy. Inserting such aET into Eq. (17.2) while
letting t → ∞ will make all the excited states collapse while the ground state blows up and dominates
because of the positive exponent in the coefficient.

From this consideration we also see that the evolution operator is not unitary. The norm ofΨ is not
necessarily conserved with time. Depending on the value ofET it may grow without limit or go to
zero. Only in the case ofET = ǫ0 the state tends to a constant. This proposes a method of determining
the ground state energy by adjustingET dynamically during time propagation so that the state stays
constant.

Writing out the imaginary time Schrödinger equation, Eq. (17.1), including the energy offsetET, we get

∂

∂t
Ψ(x, t) = −K̂Ψ(x, t)− (V̂ (x)− ET)Ψ(x, t)

=
~2

2m
∇2Ψ(x, t)− (V̂ (x)− ET)Ψ(x, t) (17.3)

whereK̂ and V̂ is the kinetic and potential energy operator, respectively. We see that this is of the
form of an extended diffusion equation. We can therefore consider the wave functionΨ as a probability
distribution evolving according to this equation. This greatly contrasts the usual quantum mechanical
interpretation of|Ψ|2 being the actual probability density function (PDF). We will see that the approach
poses some potentially serious problems when the wave function Ψ we seek has nodes and is partially
negative and possibly complex. But to illustrate the main mechanisms of the method we will at the
moment focus on the simple cases of bosonic ground states which usually are strictly positive and real.

In simple terms, the job consists of representing the initial stateΨ by a collection of walkers, much the
same way as in VMC, and letting them evolve in time as a controlled diffusion process governed by
Eq. (17.3). Interpreting the rhs. terms of Eq. (17.3), we seethat the first term is a standard diffusion term
with a diffusion constant of

D ≡ ~2

2m
(17.4)

The second term is called abranching term. When positive, it induces a growth of the number of walkers
and a decay if it is negative.

Before we expand on how to carry out DMC in practice, it may be helpful to consider an analytically
exact approach by focusing on the Green’s function corresponding to the time evolution of the wave
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function. The approach is calledGreen’s function Monte Carlo(GFMC) and shares its main ideas with
the DMC method. Using Dirac’s bracket notation, we start over by substituting the initial wave function
Ψ(x) with its corresponding state ket|Ψ〉 and let the special evolution operator work on|Ψ〉

|Ψ〉t = e−( bH−ET)t|Ψ〉,

Now we switch to position representation:

Ψ(x, t) = 〈x|Ψ〉t = 〈x|e−( bH−ET)t|Ψ〉 =
∫
〈x|e−( bH−ET)t|x′〉〈x′|Ψ〉dx′

where we have just inserted a completeness relation,1 =
∫
|x′〉〈x′| dx′. Defining the Green’s function

for this case
G(x,x′, t) ≡ 〈x|e−( bH−ET)t|x′〉 = 〈x|e−( bK+bV −ET)t|x′〉

we get:

Ψ(x, t) =

∫
G(x,x′, t)Ψ(x′)dx′ (17.5)

Calculating the Green’s functionG would be greatly simplified if we could split it into separatefactors
for each of the termŝK and(V̂ − ET) of the HamiltonianĤ, as with the following factorization

e
bA+ bB = e

bA e
bB

However, such a factorization requires that the operatorsÂ andB̂ commute,[A,B] = 0. Unfortunately,
this is not the case for the termŝK andV̂ of the Hamiltonian. But, by expanding the exponential of each
part, using a descendent of the so called Baker-Campbell-Hausdorff formula

e
bAe

bB = e
bA+ bBe

1
2
[ bA, bB]

we get that:

e−( bH−ET)t = e−( bK+bV −ET)t = e−
bKte−(bV −ET)t +O(t2)

It is also possible to make approximations to higher orders of t, but we will here keep to the simple first
order case. Ast→ 0, the error term disappears and the simple factorized form becomes exact. Thus, an
approximation of the form

e−( bH−ET)t ≈ e− bKte−(bV −ET)t

is only good for smallt and is readily called ashort time approximation. The Green’s function can by
this be approximated as follows

G(x,x′, t) = 〈x|e−( bH−ET)t|x′〉
= 〈x|e− bKt e−(bV −ET)t|x′〉+O(t2)

=

∫
〈x|e− bKt|x′′〉 〈x′′|e−(bV −ET)t|x′〉 dx′′ +O(t2)

=

∫
GK(x,x′′, t)GV (x′′,x′, t) dx′′ +O(t2)

For the kinetic energy part,GK , we get

GK(x,x′′, t) = 〈x|e− bKt|x′′〉

=
1

(2π)3N

∫
〈x|k〉e−Dk2t〈k|x′′〉 dk

=
1

(2π)3N

∫
e−ikxe−Dk2teikx

′′

dk

=
1

(4πDt)3N/2
e−(x′′−x)2/4Dt
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The constantD is still the same diffusion constant in Eq. (17.4). The part related to the potential,GV ,
is simpler, since it contains a local operator only dependent onx

GV (x′′,x′, t) = e−(V (x′)−ET)tδ(x′ − x′′)

Putting these two parts together and carrying out the integral overx′′ is simplified by the delta function
ofGV . Ignoring the normalization constant ofGK we get

G(x,x′, t) = e−(x′−x)2/4Dt e(ET−V (x′))t +O(t2) (17.6)

At this point, the GFMC method would pursue the problem by explicitly evaluating the Green’s function
integral of Eq. (17.5) with a suitable approximation. We, onthe other hand, are now ready to interpret
the diffusion process controlled by Eq. (17.3) in terms of the short time approximated Green’s function.
Our wave functionΨ(x) is represented by a set of random walkers, so the integral overG(x,x′, t)Ψ(x′)
expresses the probability of a walker ending up atx given the initial configuration of walkersΨ(x′).
Calculating the integral corresponds to one iteration of the DMC algorithm (to be described in detail
later on). Operationally this has a different effect for each of the two exponential factors ofG.

The first factor expresses the probability for a walker to move from positionx to x′. Since this clearly
is just a Gaussian ofx aroundx′, we can simply generate new positions as a simple diffusion process

x = x′ + χ

whereχ is a Gaussian pseudo-random number with mean equal zero and variance equal2Dt. The
second factor, the branching term, is only dependent onx′ and can be interpreted as the rate of growth
of random walkers at each positionx′. The short time approximation permits us to conduct the two
processes, diffusion and branching separately, as long as the time stept is kept small.

Even though this approach, after a large enough number of iterations, should yield a distribution of
walkers corresponding to the exact ground state ofĤ , the method is not efficient. In particular, a serious
problem arises when our system is governed by an unbounded potential, like a Coulomb potential typical
for interactions between electrons or a parametrized nucleon-nucleon central potential with a hard central
core. The branching exponential may diverge giving a huge production of new random walkers that may
be difficult to handle numerically. Also the fluctuations become very large making statistical estimates
of physical quantities inaccurate.

Another problem is that there is actually no simple way of calculating a mean energy estimate from the
set of walkers alone. The mean energy is not only the most essential result of the algorithm, we also
need it to be able to adjust the trial energyET dynamically throughout the DMC calculation.

For these reasons, and others that will become apparent, we introduce so called importance sampling
by biasing the combined branching-diffusion process with atrial wave functionΨT which hopefully
imitates the exact solution well. The technical contents ofthis will be made clear shortly.

17.1.1 Importance Sampling

Let us introduce a time independent trial wave functionΨT(x). We define the new quantity

f(x, t) ≡ ΨT(x)Ψ(x, t)

Now by insertingΨ = f/ΨT into Eq. (17.3) we get a slightly more complicated equation in terms of
f(x, t)

∂f(x, t)

∂t
= D∇2f(x, t)−D∇(F (x)f(x, t))− (EL(x)− ET)f(x, t) (17.7)

with the constantD defined as in Eq. (17.4). Notice that the rhs. consists of three terms. By the same
line of thought as before we now recognize the first term as thefamiliar diffusion term, acting onf
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instead ofΨ. The last term, similar in form to the potential term, is our new branching term, also acting
onf . The quantityEL(x) is just the local energy with respect toΨT, defined in the same manner as in
the variational Monte Carlo procedure

EL ≡
1

ΨT
ĤΨT

The vector quantityF (x) in the unfamiliar middle term is the drift velocity as we knowit from the
Fokker-Planck formalism we used to improve the Metropolis algorithm

F (x) ≡ 2

ΨT
∇ΨT (17.8)

Actually, the two first terms on the rhs. of Eq. (17.7) can equivalently be expressed as the familiar
Fokker-Planck drift-diffusion on the rhs. of Eq. (14.28).

Eq. (17.7) motivates us to let the set of random walkers representf instead ofΨ. A typical first order
short time approximation of the corresponding Green’s function is

G(x,x′, t) =
1

(4πDt)3N/2
e−(x−x

′−DtF (x′))2/4Dt e−((EL(x)+EL(x′))/2−ET)t

+ O(t2) (17.9)

We see that the Green’s function above consists of two factors. The first one is similar to the Gaussian in
Eq. (17.6). But now we have in addition a drift term displacing the mean of the Gaussian byDtF (x′).
Notice that this factor of the Green’s function is practically identical to the transition proposition rule in-
troduced by the Fokker-Planck formalism to improve the Metropolis algorithm (see Eq. (14.27)). We can
therefore use the same drift-diffusion formalism for the first factor in the above Green’s function. Recall
that if a walker is initially at positionx′, the new positionx is calculated as follows (see Eq. (14.26))

x = x′ + χ+DF (x′)t (17.10)

whereχ is again a Gaussian pseudo-random number with mean equal zero and variance equal2Dt
while DF (x′)t gives a drift in the direction thatΨT increases. The size of the time stept biased the
final outcome of the Fokker-Planck algorithm of the drifted diffusion. A desirable diffusion was reached
only ast → 0 for each iteration. Also in the present application to DMC, this bias must be taken into
account. In the Metropolis algorithm, the rejection mechanism took care of it. So we may use the
same approach here. After calculating a new position with Eq. (17.10), we accept it according to the
acceptance matrix

A(x, x′, t) = min

[
1,
GK(x′,x)

GK(x,x′)

|ΨT(x)|2
|ΨT(x′)|2

]
(17.11)

whereGK is the kinetic part of the Green’s function, the part relatedto the diffusion process. If we do
not wish to do such a Metropolis test, we may alternatively conduct separate calculations for a set of
different time stepst and extrapolate the results tot = 0.

The second factor of Eq. (17.9) plays the same role as the branching term of Eq. (17.6). But the potential
V is replaced by an expression dependent on the local energy,

EL(x) + EL(x′)

2
− ET

The new branching term gives a greatly reduced branching effect compared to the one in Eq. (17.6).
Particularly, in the limit ofΨT = φ0 andET = ǫ0 (exactly equal the ground state of̂H), the local
energy is constant, giving equal branching everywhere, or in effect, no branching at all. Thus we can
in general expect the number of walkers to fluctuate less and we certainly avoid uncontrollable growth.
In addition, the branching favors the areas of the configuration space that give the lowest local energy,
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i.e. the local energy closest to the true ground state energy. Furthermore, the drifted diffusion pushes the
walkers towards the desirable areas. Thus the whole DMC process is conducted more efficiently.

Finally, the introduction of the trial wave functionΨT makes it possible to evaluate an estimate of the
mean energy given the distribution of the walkers. Instead of calculating the typical mean energy

∫
Ψ∗ĤΨdx∫
Ψ∗Ψdx

we calculate the so calledmixed estimator

〈E〉mixed =

∫
ΨTĤΨdx∫
ΨTΨdx

(17.12)

As the DMC method approaches the exact resultΨ = φ0, the mixed estimator becomes

〈E〉mixed =

∫
ΨT ǫ0 Ψdx∫
ΨTΨdx

=
ǫ0
∫

ΨTΨdx∫
ΨTΨdx

= ǫ0

so that the estimate indeed becomes correct. Because of the hermiticity of Ĥ we can rewrite the mixed
estimator of Eq. (17.12) as follows

〈E〉mixed =

∫
ΨĤΨTdx∫
ΨTΨdx

=

∫
ΨTΨ 1

ΨT
ĤΨT dx∫

ΨTΨdx
=

∫
ELf(x)dx∫
f(x)dx

(17.13)

Since the walkers representf we just need to average the local energyEL over the set of walkers.

This energy estimator allows us to calculate relatively easily the mean energy on the distribution of
walkers so that we can update the trial energyET dynamically as the algorithm proceeds. As the trial
energy gets better and better, the algorithm will hopefullystabilize on the exact result within the limits
of statistical fluctuations imposed by the local energy and our choice ofΨT.

As we know, a good choice ofΨT reduces the fluctuations of the local energyEL. Now we see that this
also makes the estimation of the mean energy in Eq. (17.13) more efficient since the same number of
points (walkers) gives a smaller variance, thus pinpointing the energy more exactly.

Importance sampling makes it also to some extent easier to deal with wave functions that are not positive
definite, like fermionic states whose wave function have nodes. What happens is that the nodes of the
functionf are tied by the nodes of the trial wave functionΨT. Therefore it is necessary forΨT to have a
node configuration that best reproduces the physical properties of the exact wave function. Operationally,
the node surfaces ofΨT become impenetrable walls to the walkers in the sense that the drift velocityF in
the vicinity of such a surface increases in a direction away from it pushing any walker away, preventing
it from crossing the nodal surfaces ofΨT. The approach is called afixed node approximation.

From all these deliberations on importance sampling we should by now understand the importance of
the trial wave function being as close to the exact solution as possible. We therefore rely heavily on
simpler methods like VMC that do not necessarily solve the problem exactly, but are easier to handle
computationally and are much less sensitive to initial conditions.

17.2 Bose-Einstein condensation in atoms

The spectacular demonstration of Bose-Einstein condensation (BEC) in gases of alkali atoms87Rb,
23Na,7Li confined in magnetic traps [123–125] has led to an explosion of interest in confined Bose sys-
tems. Of interest is the fraction of condensed atoms, the nature of the condensate, the excitations above
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the condensate, the atomic density in the trap as a function of Temperature and the critical temperature
of BEC,Tc. The extensive progress made up to early 1999 is reviewed by Dalfovo et al. [126].

A key feature of the trapped alkali and atomic hydrogen systems is that they are dilute. The charac-

teristic dimensions of a typical trap for87Rb is ah0 = (~/mω⊥)
1
2 = 1 − 2 × 104 Å (Ref. [123]).

The interaction between87Rb atoms can be well represented by its s-wave scattering length,aRb. This
scattering length lies in the range85 < aRb < 140a0 wherea0 = 0.5292 Å is the Bohr radius. The
definite valueaRb = 100a0 is usually selected and for calculations the definite ratio of atom size to
trap sizeaRb/ah0 = 4.33 × 10−3 is usually chosen [126]. A typical87Rb atom density in the trap is
n ≃ 1012−1014 atoms/cm3 giving an inter-atom spacingℓ ≃ 104 Å. Thus the effective atom size is small
compared to both the trap size and the inter-atom spacing, the condition for diluteness (na3

Rb ≃ 10−6

wheren = N/V is the number density). In this limit, although the interaction is important, dilute gas
approximations such as the Bogoliubov theory [127], valid for smallna3 and large condensate fraction
n0 = N0/N , describe the system well. Also, since most of the atoms are in the condensate (except near
Tc), the Gross-Pitaevskii equation [128, 129] for the condensate describes the whole gas well. Effects
of atoms excited above the condensate have been incorporated within the Popov approximation [130].

Most theoretical studies of Bose-Einstein condensates (BEC) in gases of alkali atoms confined in mag-
netic or optical traps have been conducted in the framework of the Gross-Pitaevskii (GP) equation
[128, 129]. The key point for the validity of this description is the dilute condition of these systems,
i.e., the average distance between the atoms is much larger than the range of the inter-atomic interaction.
In this situation the physics is dominated by two-body collisions, well described in terms of thes-wave
scattering lengtha. The crucial parameter defining the condition for diluteness is the gas parameter
x(r) = n(r)a3, wheren(r) is the local density of the system. For low values of the average gas pa-
rameterxav ≤ 10−3, the mean field Gross-Pitaevskii equation does an excellentjob (see for example
Ref. [126] for a review). However, in recent experiments, the local gas parameter may well exceed this
value due to the possibility of tuning the scattering lengthin the presence of a Feshbach resonance [131].

Under such circumstances it is unavoidable to test the accuracy of the GP equation by performing mi-
croscopic calculations. If we consider cases where the gas parameter has been driven to a region were
one can still have a universal regime, i.e., that the specificshape of the potential is unimportant, we
may attempt to describe the system as dilute hard spheres whose diameter coincides with the scattering
length. However, the value ofx is such that the calculation of the energy of the uniform hard-sphere
Bose gas would require to take into account the second term inthe low-density expansion [132] of the
energy density

E

V
=

2πn2a~2

m

[
1 +

128

15

(
na3

π

)1/2

+ · · ·
]
, (17.14)

wherem is the mass of the atoms treated as hard spheres. For the case of uniform systems, the validity
of this expansion has been carefully studied using Diffusion Monte Carlo [133] and Hyper-Netted-Chain
techniques [134].

The energy functional associated with the GP theory is obtained within the framework of the local-
density approximation (LDA) by keeping only the first term inthe low-density expansion of Eq. (17.14)

EGP[Ψ] =

∫
dr

[
~2

2m
| ∇Ψ(r) |2 +Vtrap(r) | Ψ |2 +

2π~2a

m
| Ψ |4

]
, (17.15)

where

Vtrap(r) =
1

2
m(ω2

⊥x
2 + ω2

⊥y
2 + ω2

zz
2) (17.16)

is the confining potential defined by the two angular frequenciesω⊥ andωz. The condensate wave
functionΨ is normalized to the total number of particles.
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By performing a functional variation ofEGP[Ψ] with respect toΨ∗ one finds the corresponding Euler-
Lagrange equation, known as the Gross-Pitaevskii (GP) equation

[
− ~2

2m
∇2 + Vtrap(r) +

4π~2a

m
| Ψ |2

]
Ψ = µΨ, (17.17)

whereµ is the chemical potential, which accounts for the conservation of the number of particles. Within
the LDA framework, the next step is to include into the energyfunctional of Eq. (17.15) the next term
of the low density expansion of Eq. (17.14). The functional variation gives then rise to the so-called
modified GP equation (MGP) [135]

[
− ~

2

2m
∇2 + Vtrap(r) +

4π~
2a

m
| Ψ |2

(
1 +

32a3/2

3π1/2
| Ψ |

)]
Ψ = µΨ. (17.18)

The MGP corrections have been estimated in Ref. [135] in a cylindrical condensate in the range of the
scattering lengths and trap parameters from the first JILA experiments with Feshbach resonances. These
experiments took advantage of the presence of a Feshbach resonance in the collision of two85Rb atoms
to tune their scattering length [131]. Fully microscopic calculations using a hard-spheres interaction have
also been performed in the framework of Variational and Diffusion Monte Carlo methods [136–139].

17.3 Exercises and projects

Project 17.1: Bose-Einstein condensation of atoms

The aim of this project is to use the Variational Monte Carlo (VMC) method and evaluate the ground
state energy of a trapped, hard sphere Bose gas for differentnumbers of particles with a specific trial
wave function. See Ref. [91] for a discussion of VMC.

This wave function is used to study the sensitivity of condensate and non-condensate properties to the
hard sphere radius and the number of particles. The trap we will use is a spherical (S) or an elliptical (E)
harmonic trap in three dimensions given by

Vext(r) =

{
1
2mω

2
hor

2 (S)
1
2m[ω2

ho(x
2 + y2) + ω2

zz
2] (E)

(17.19)

where (S) stands for symmetric and

H =
N∑

i

(−~2

2m
▽2

i + Vext(ri)

)
+

N∑

i<j

Vint(ri, rj), (17.20)

as the two-body Hamiltonian of the system. Hereω2
ho defines the trap potential strength. In the case of

the elliptical trap,Vext(x, y, z), ωho = ω⊥ is the trap frequency in the perpendicular orxy plane andωz

the frequency in thez direction. The mean square vibrational amplitude of a single boson atT = 0K

in the trap (17.19) is< x2 >= (~/2mωho) so thataho ≡ (~/mωho)
1
2 defines the characteristic length

of the trap. The ratio of the frequencies is denotedλ = ωz/ω⊥ leading to a ratio of the trap lengths
(a⊥/az) = (ωz/ω⊥)

1
2 =
√
λ.

We represent the inter boson interaction by a pairwise, hardcore potential

Vint(|ri − rj |) =

{
∞ |ri − rj | ≤ a
0 |ri − rj | > a

(17.21)
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wherea is the hard core diameter of the bosons. Clearly,Vint(|ri−rj |) is zero if the bosons are separated
by a distance|ri − rj | greater thana but infinite if they attempt to come within a distance|ri − rj | ≤ a.

Our trial wave function for the ground state withN atoms is given by

ΨT (R) = ΨT (r1, r2, . . . rN , α, β) =
∏

i

g(α, β, ri)
∏

i<j

f(a, |ri − rj |), (17.22)

whereα andβ are variational parameters. The single-particle wave function is proportional to the
harmonic oscillator function for the ground state, i.e.,

g(α, β, ri) = exp [−α(x2
i + y2

i + βz2
i )]. (17.23)

For spherical traps we haveβ = 1 and for non-interacting bosons (a = 0) we haveα = 1/2a2
ho. The

correlation wave function is

f(a, |ri − rj |) =

{
0 |ri − rj | ≤ a
(1− a

|ri−rj | ) |ri − rj | > a.
(17.24)

a) Find analytic expressions for the local energy

EL(R) =
1

ΨT (R)
HΨT (R), (17.25)

for the above trial wave function of Eq. (17.22). Compute also the analytic expression for the drift
force to be used in importance sampling

F =
2∇ΨT

ΨT
. (17.26)

The tricky part is to find an analytic expressions for the derivative of the trial wave function

1

ΨT (R)

N∑

i

∇2
i ΨT (R),

for the above trial wave function of Eq. (17.22). We rewrite

ΨT (R) = ΨT (r1, r2, . . . rN , α, β) =
∏

i

g(α, β, ri)
∏

i<j

f(a, |ri − rj |),

as

ΨT (R) =
∏

i

g(α, β, ri)e
P

i<j u(rij)

where we have definedrij = |ri − rj | and

f(rij) = e
P

i<j u(rij),

and in our case

g(α, β, ri) = e−α(x2
i+y2

i +z2
i ) = φ(ri).

The first derivative becomes

∇kΨT (R) = ∇kφ(rk)




∏

i6=k

φ(ri)



 e
P

i<j u(rij) +
∏

i

φ(ri)e
P

i<j u(rij)
∑

j 6=k

∇ku(rij)

493



Bose-Einstein condensation and Diffusion Monte Carlo

We leave it as an exercise for the reader to find the expressionfor the sceond derivative. The final
expression is

1

ΨT (R)
∇2

kΨT (R) =
∇2

kφ(rk)

φ(rk)
+
∇kφ(rk)

φ(rk)




∑

j 6=k

rk

rk
u′(rij)



+

∑

ij 6=k

(rk − ri)(rk − rj)

rkirkj
u′(rki)u

′(rkj) +
∑

j 6=k

(
u′′(rkj) +

2

rkj
u′(rkj)

)

You need to get the analytic expression for this expression using the harmonic oscillator wave
functions and the correlation term defined in the project.

b) Write a Variational Monte Carlo program which uses standard Metropolis sampling and compute
the ground state energy of a spherical harmonic oscillator (β = 1) with no interaction. Use natural
units and make an analysis of your calculations using both the analytic expression for the local
energy and a numerical calculation of the kinetic energy using numerical derivation. Compare the
CPU time difference. You should also parallelize your code.The only variational parameter isα.
Perform these calculations forN = 10, 100 and500 atoms. Compare your results with the exact
answer.

c) We turn now to the elliptic trap with a hard core interaction. We fix, as in Refs. [136, 140]a/aho =

0.0043. Introduce lengths in units ofaho, r → r/aho and energy in units of~ωho. Show then that
the original Hamiltonian can be rewritten as

H =

N∑

i=1

1

2

(
−∇2

i + x2
i + y2

i + γ2z2
i

)
+
∑

i<j

Vint(|ri − rj |). (17.27)

What is the expression forγ? Choose the initial value forβ = γ = 2.82843 and set up a VMC
program which computes the ground state energy using the trial wave function of Eq. (17.22).
using onlyα as variational parameter. Use standard Metropolis sampling and vary the parameter
α in order to find a minimum. Perform the calculations forN = 10, 50 andN = 100 and compare
your results to those from the ideal case in the previous exercise. In actual calculations employing
e.g., the Metropolis algorithm, all moves are recast into the chosen simulation cell with periodic
boundary conditions. To carry out consistently the Metropolis moves, it has to be assumed that the
correlation function has a range shorter thanL/2. Then, to decide if a move of a single particle is
accepted or not, only the set of particles contained in a sphere of radiusL/2 centered at the referred
particle have to be considered.

d) We repeat exercise c), but now we replace the brute force Metropolis algorithm with importance
sampling based on the Fokker-Planck and the Langevin equations. Discuss your results and com-
ment on eventual differences between importance sampling and brute force sampling.

Your code should reproduce the results of Refs. [136, 140].

Project 17.2: Liquid4He

Liquid 4He is an example of a so-called extended system, with an infinite number of particles. The
density of the system varies from dilute to extremely dense.It is fairly obvious that we cannot attempt
a simulation with such degrees of freedom. There are howeverways to circumvent this problem. The
usual way of dealing with such systems, using concepts from statistical Physics, consists in representing
the system in a simulation cell with e.g., periodic boundaryconditions, as we did for the Ising model. If
the cell has lengthL, the density of the system is determined by putting a given number of particlesN
in a simulation cell with volumeL3. The density becomes thenρ = N/L3.
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Figure 17.1: Plot for the Van der Waals interaction between helium atoms. The equilibrium position isr0 =

0.287 nm.

In general, when dealing with such systems of many interacting particles, the interaction itself is not
known analytically. Rather, we will have to rely on parametrizations based on e.g., scattering experi-
ments in order to determine a parametrization of the potential energy. The interaction between atoms
and/or molecules can be either repulsive or attractive, depending on the distanceR between two atoms
or molecules. One can approximate this interaction as

V (R) = − A

Rm
− B

Rn
, (17.28)

wherem,n are some integers andA,B constans with dimension energy and length, and with units in
e.g., eVnm. The constantsA,B and the integersm,n are determined by the constraints that we wish to
reproduce both scattering data and the binding energy of saya given molecule. It is thus an example of
a parametrized interaction, and does not enjoy the status ofbeing a fundamental interaction such as the
Coulomb interaction does.

A well-known parametrization is the so-called Lennard-Jones potential

VLJ(R) = 4ǫ

{( σ
R

)12

−
( σ
R

)6
}
, (17.29)

whereǫ = 8.79 × 10−4 eV andσ = 0.256 nm for helium atoms. Fig. 17.1 displays this interaction
model. The interaction is both attractive and repulsive andexhibits a minimum atr0. The reason why we
have repulsion at small distances is that the electrons in two different helium atoms start repelling each
other. In addition, the Pauli exclusion principle forbids two electrons to have the same set of quantum
numbers.

Let us now assume that we have a simple trial wave function of the form

ψT (R) =

N∏

i<j

f(rij), (17.30)

where we assume that the correlation functionf(rij) can be written as

f(rij) = e−
1
2
(b/rij)n

, (17.31)
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with b being the only variational parameter. Can we fix the value ofn using the ’cusp’-conditions
discussed in connection with the helium atom? We see from theform of the potential, that it diverges
at small interparticle distances. Since the energy is finite, it means that the kinetic energy term has to
cancel this divergence at smallr. Let us assume that electronsi andj are very close to each other. For
the sake of convenience, we replacerij = r. At smallr we require then that

− 1

f(r)
∇2f(r) + V (r) = 0. (17.32)

In the limit r → 0 we have

− n2bn

4r2n+2
+
(σ
r

)12

= 0, (17.33)

resulting inn = 5 and thus
f(rij) = e−

1
2
(b/rij)

5

, (17.34)

with

ψT (R) =

N∏

i<j

e−
1
2
(b/rij)

5

, (17.35)

as trial wave function. We can rewrite the above equation as

ψT (R) = e−
1
2

PN
i<j(b/rij)

5

= e−
1
2

PN
i<j u(rij), (17.36)

with
u(rij) = (b/rij)

5 .

For this variational wave function, the analytical expression for the local energy is rather simple. The
tricky part comes again from the kinetic energy given by

− 1

ψT (R)
∇2ψT (R). (17.37)

It is possible to show, after some tedious algebra, that

− 1

ψT (R)
∇2ψT (R) = −

N∑

k=1

1

ψT (R)
∇2

kψT (R) = −10b5
N∑

i<k

1

r7ik
. (17.38)
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