PHYS 2D
DISCUSSION SECTION




Quiz this Friday

QM in 3D (math really)



More Realistic QM

QOur world is 3 dimensional

Must use 3 coordinates

Study 2 cases:

Particle in a 3D box
-Essentially the same thing

Hydrogen atom

-Spherical coordinates, very different



Particle in a 3D box

11 Choose Cartesian coordinates x, y, z

11 Schrodinger’s equation

ik i X, V.2, 2 2 2
—I—V"P(A‘,}-’,z,f)-I—U(,\‘,}.’,z)‘{’(,\‘,r):ifz Wey.zt) o o 9 9

2m ot ox’ dy’ 0z’

11 Separation of variables 1:

* W(x,y,z,H)=y(x,y,z)P(t)

i -
¢ Yields VY (x,y.2)+ U(x, 3, 2 (x. . 2) = Ey(x, 3, 2)

2m

+ P(t)=exp(-iwt), E=hw



Particle in a 3D box

0 Separation of variables 2:

* Px,y,z)=U, (x)d,(y)b,(z)
+ Dividing by Y(x,y,z) yields
[_ff 1 2, (x) H_ Pl azwz(y)H ol azm(z)]z E— Const

2my,(x) ox’ 2my,(y) 2m v,(z) oz’

¢ Each part must be independent of coordinates, so

h OQWI (x) n azl//2 (») h 32W3 (2)
a - ™ =Ey,(»)||- =F 4
2m  ox? 1 ('\ ) 2m ay2 ¥ (J ) 'm  Oz2 3‘//3( )

E, + E, +E; = E=Constant




Particle in a 3D box

We have essentially three 1D problems

B R VAEY 3 _ n* 9w, (») _ _ n* 9ws(2)

- 2 _E7 YV
2m  ox> ¥, () 2m  dy- W2 () m 972

=Ey,(2)

b ,=Asink,x=Asin[(n,Tt/L)x]
b, =Bsink,y=Bsin[(n,t/L)y]
b, =Csink,z=Csin[(n,1t/L)z]

n’m'h’ n,’m’h’ n, mw'h’
1 = 2 E2 = 2 3= 2
2mlL 2mL 2mlL

E=E,+E,+E,



Particle in a 3D box

0 Wix,y,zt)=W(x,y,z) (1) =0, (x) Do (y) P 5(z) (1)

E .
-l_, . - . -l_t
¢ Y@ )=y (r) e " =4 [sinkxsmnk,ysink,z]e ”

1 Normalization: 1 — _mP(r)dX dydz

3 3

2 2 |2 SEs
* o4 :[%} and | (1,t)= [%} [sinkxsink,ysmnk,z]e ”
0 k=nTt/L

o Need 3 “quantum numbers” n,;n,n, to specify a state



Particle in a 3D box

Degeneracy: If different sets of (n,, n,, n,)
correspond to the same E, they are said to be
degenerate states

71-2;‘13 > > >
R —~(n +n,+n;);, n =1,2,3..00,n #0

2mL

3 h?

Ground State Energy E .. =
i T

n® Degeneracy

4E, 12 None (2,2,2)
Seom s (31,1
3k, 9 3 (2,2,] )
2E, 6 3 (2,] ,] )

£, 5o (1,1,1)




Hydrogen atom

f: 2 f -‘a .-, —-
—I—V-‘P(.\:y,z.,r)+U(.\~, v,2)¥(x,t)=ih IF(x.y.2.1)
2m ot

Want to find wave function of the electron

Wave function can be described using any 3D
coordinate system

U(x,y,z)~1/r
The system is spherically symmetric: a positive charge at
the center

More natural to use spherical coordinates (r, 8, ) than
Cartesian coordinates (x, y, z)

The differential equation is very different
So the wave functions also look very different



Steps to finding the wave function

To find the wave function, method is still the same:
Write out the form of the differential equation
Separation of variables, W(r,0,0,t)=R(r)O(0)D(P)T(1)
Separate the equation into 4 parts

Solve each part

The 3 spatial parts will each give a quantum
number

Combine all 4 parts and normalize



Spherical coordinates

z rsin 6

------ rsin 6 do

Electron
/ _________ [

Z=7COS
e o S

|
|
|
: 7 J
R . | )7 s
¢_/\fl})& : b \‘
SN 1,7 x=rsinfcos ¢ -
______________ a7 1
y=rsin@sing Y
X X dt = (rsin 6 do)(r de) dr
r= \/ x? +y? + 22 Volume Element dV
o = arctan (2) dV = (rsin0d¢)(rd0)(dr)
5 — 1* sinOdrd6d¢
) = arccos (—)
r



Schrodinger’s equation

2
= V2=izirzi+21. “ i & +2_12 (92
or) r°sm@ 00 d0 ) r“sin“0 9°¢

o1 Multiply Schrodinger’s equation by -2m /h?

izi r2 aw(ra05¢) + - 1 a Sin9 31/)(1',9,‘1’) +
r° or ar r°smf o6 00

1  dy(6,9) 2m

r*sin’ @ 3% T 72 (E-Um)y (r,0,9) =0

7/

Urr)= »



Separation of variables

19

r’ or
1

or r*sin@ 90
0%y (1,0 ¢) 2m

(1‘2 a'/’(fae,¢))+ 1 d (sinB awgaeea¢))+

r’sin’0  9°¢ h2

(E-U@)y (r,0,¢) =0

0 Y(r,0,0)=R(r).0(0).2(¢)

0¥ (r,0,9)

ar

0¥ (r,0,9)

a0

0¥ (r,0,0)

a0

=0(0).2(¢) ——
= R(r)®(¢) ——

= R(r)©(6) — =

aR(r)
66)(0)

3¢(¢)
¢

o Multiply by rsin?8 /(ROO)

sin’g 8 ( ,0R) sinB 9 (. 40\ 1 62<I>+2mr"sin"6 _{_ke2

R arlr ) e a0l 90) " @ o%

hZ




()

9 2
smHa{r aR\+sm6 d (sme ®\+la<1> 2mr’ sin’ (E+ke )=0
R arl o) o 96l” 98] @ a% B .

D() is the first the be separated

The rest of the equation does not depend on @, so
1 3°®
o a7y 1S some constant

Periodic boundary condition: O(d+21)=D ()

> 7 =-(m), O(d)~explim)
Boundary condition @(p+2m)=D(P) is satisfied




©(0) & R(r)

Now that we’ve dealt with O(d)
sin’8 8 [ ,0R\ sinB 4 (. 90\ 19*® 2mr’sin’O _ ke’
R ol o) @ a0l” " 90) @ a% o )

sin’6 8 ( ,0R\ sinB a8 ( . 00\ 2mr’sin’6 _ ke’ )
: —|r"—|+———|sin + . (E+ ) =m,
R ar\" o) © 96l " a6) 7 r

Divide by sin’0 and separate r & 6 terms

2 2 m? 1 P
Lo "2% +2m2r (E'*'ki S P (sinﬂa®\
R or or h r sin“6 ©sinf aek GHJ

Some smart guy solved the O differential equation
and found that solutions exist only when
LHS =const=RHS=1/(/+1)




Separated equations

11 After separation, we have

2
dq;+m12q>=o ................... (1)
d¢

1 df_. d®) m,
1 d ) I1+1) - L 10(6)=0..... 2
52|50 d6J+ (I+1) Sin2 B ) (2)
Ld(,oR) [2mr° . ke* I(I+1)
14d oR\ | E+ _ R(r)=0....(3
. drkr arJ o ( 5 ) ! (r) (3)

o1 All solved by smart people (Legendre, Laguerre)



O(0)

2

m
I(l+1)-—
(I+1 sin’ 0

—.1 i/sin6d—®\+
singdo\ 4o )

0(6) =0

Solutions are called associated Legendre
polynomials P ™(cos0)

Solutions exist only when |I=0, 1, 2, ...
Also require m=-|, -1+1, -1+2, ..., 0, ..., I-2, I-1, |
Ex. =3, m=-3,-2,-1,0,1, 2, 3



R(r)

1 d( ,dR) 2mr2(E+ke2 )_1(142-1) R(r) =0

r_zgkr ;J-i- h r r

Solutions are called associated Laguerre functions

Solutions exist only when E>0 (continuous states) or

_ke’( 1) h IRl (bound states)

. 2a0kn2)’a0 " mke®

n=1, 2,3, ...,
Happens to be what Bohr predicted

Also require I=0, 1, 2, ..., n-1



Quantum numbers

3D problem has 3 quantum numbers

Each set of 3 g-#'s specify a state

In hydrogen the set is (n, |, m))

n goes from O to oo, | is restricted by n, m, is
restricted by |

Ex. If n=2,1=0/1, my=0, m,=-1/0/1

1 possib
4 possib
Q possib

e state with n=1: (1,0,0)
e states with n=2: (2,0,0) & (2,1,-1/0/1)

e states with n=3

N? possible states with n=N



The wave functions

-1 Denote m; as m

0 O(P)=D, () ~exp(imd)
1 0(6)=0,,(0)~P™(cosb)
o R(r)=R, \(r)

a’%) +MD = 0., 1)

1 df g e98) _m )

<16 40 LsmB dBJ + {l(l +1) "y 0(0)=0....(2)
1 d( ,3R\ [2mr* _ ke* I(I+1) ~
F;tr ;) + |: h2 (E+ . )- r2 }R(r) = 0(3)

O T(’r)~exp(-iE:_r/h)

Z 2
Ryp = 2(—) e~ Zr/ao
aop
1
ra = (L) (Z) o
V3 \ 2a0 ag
3
Z \?2 A
Ry = 2| — 1__T eer/an
2(10 2(10
R - _M(i)% 2r\* /s
27 975 \Bag ag

3
Ry = WE(ZNP(ZN(ZrN g,
3 30,0 agn 6a0
T ’I“2
30 — 5 e~ r/3ag
agp ag

m, Yy, (0.9) =0y, (O)®,,(9)
0 (1/4m)"?

0 3/ 47r)"2 cos0
+1  F(3/87m)"%sin6e™°

0  (5/16m)"*(3cos’6 1)
+1  F(15/87)"*sinOcosGe™
+2  (15/327m)"2sin® 6




Woave function for hydrogen

0 Wr0,00=R, (10, (O)0(P)T(t)

£ e—Zr/ao
o 2<a°) ¢ m, Y, (0.0)=0, ()@, (0
1 7 2 7r e - f fmp\"> fmy my
fr = ﬁ(ﬁ) (_0) 0 0 (1/4rm)"?
Z\* Zr\ o 2 .
Ry = 2<%> (1—%> o= Z7/2 | 0 (3/4m) ]:,7059 )
" 2\/5(2)% Zr)2 /3 I +1  F(3/87m)"*sinGe™’
2T B \Ba) \a/) © 5
iﬁf Ly ) 2 0 (5/16m)"(3cos?0-1)
ro= () () (-dm) e 2 41 F015/8m) sin0cos6et?
Ry = 2(%)(1_32_+2§f)) ¢~7r/3a0 2 42 (15/321)"%sin® 62¢

1 We can look at for example the ground state

Z3
Yoo = 1o(r)Yoo(0a¢) hnuloo P = —36‘22’/00
Jta

0



The ground state

Z3 [ ] (] [ ]
1, F=—5e7?”'® is spherically symmetric
MO

We can define the radial probability distribution
P(r)dr =ly ¥ 4ar’dr

This is the probability the electron will be found at a

)

distance [r, r+dr] from the nucleus




01 All the I=m=0 states are spherically symmetric




The excited states

]
1 Orbitals

n=3,0=2,m=0




