5 Quantum Statistics : Worked Examples
(5.1) For a system of noninteracting S = 0 bosons obeying the dispersion (k) = hv|k|.

(a) Find the density of states per unit volume g(¢).
(b) Determine the critical temperature for Bose-Einstein condensation in three dimensions.
(c) Find the condensate fraction f, = ny/n as a function of T for T' < T..

(d) For this dispersion, is there a finite transition temperature in d = 2 dimensions? If not, explain why. If so,

compute T2,

Solution :

(a) The density of states in d dimensions is

d%: 02, gi-1
9(6) = | gy 0 = 1K) = 5.8 G

(b) The condition for T' = T, is to write n = n(Te, u = 0):
= /kyT, 27r2 EN s/k T, 2 \
0 0
Thus,

(c) For T' < T, we have

<(3) kBj ¥ g _ 1 ’
n—n0+—w2 o = o =1 C(n)
(d) In d = 2 we have

R ‘ € @) (kLY (d=2) _ 2mn
n= /ds T 1 on ( . = kT, =hv
0




(5.2) Consider a three-dimensional Fermi gas of S = 1 particles obeying the dispersion relation e(k) = A |k/*.

(a) Compute the density of states g(¢).
(b) Compute the molar heat capacity at low temperatures.
(c) Compute the lowest order nontrivial temperature dependence for ;(T") at low temperatures. Le. compute

the O(T?) term in u(T).

Solution :

(a) The density of states in d = 3, with g = 25+1 = 2, is given by

oo

1 ) 1, . dk g 1/4
0 k=(e/A)*/4
(b) The molar heat capacity is
2 ™R kT
cvzg_nRg(EF)kBT:T' ;F )

where ¢, = h?k2 /2m can be expressed in terms of the density using k. = (372n)'/3, which is valid for any isotropic

dispersion in d = 3. In deriving this formula we had to express the density n, which enters in the denominator in
the above expression, in terms of ¢,,. But this is easy:

Ep

1 c 3/4

(c) We have (lecture notes, ch. 5)

2 / 2 2
_ T 29(e) 0 (K,T)
6# - (kBT) g(EF) - 24 £p
Thus, ) )
o 7T_ (kBT) 4
/L(TL, T) - EF(n) + 24 EF(TL) + O(T ) ’

where ¢, (n) = A (37%n)*/3,



(5.3) A bosonic gas is known to have a power law density of states g(¢) = A £° per unit volume, where o is a real
number.

(a) Experimentalists measure T as a function of the number density n and make a log-log plot of their results.
They find a beautiful straight line with slope £. That is, 7,(n) « n3/7. Assuming the phase transition they
observe is an ideal Bose-Einstein condensation, find the value of o.

(b) For T' < T,, find the heat capacity C, .

(c) For T > T., find an expression for p(T, z), where z = e’* is the fugacity. Recall the definition of the polylog-
arithm (or generalized Riemann zeta function)!,

- /OO dt 2
= _1 t — ;
T'(q) ) -1 = nd
where I'(g f dt t71 e~ is the Gamma function.

(d) If these particles were fermions rather than bosons, find (i) the Fermi energy ¢, (n) and (ii) the pressure p(n)
as functions of the density n at 7" = 0.

Solution :

(a) AtT =T_, we have y = 0 and ny = 0, hence

= /da % =T(1+0)¢(1+0)A(k,T) T

— 00

_1 .
Thus, T, < n™# = n’/7 which means o =

Wk

(b) For T' < T, we have p = 0, but the condensate carries no energy. Thus,
_ ‘ € g(E) _ 240
F = V/d€ m = F(2+O’)<(2+O’)A(I€BT)

=T(F)C(F) Atk D)7
Thus,
Cy =T(F) () A®D™
where we have used zI'(z) =T'(z + 1).
(c) The pressureis p = —2/V, which is

o0 oo

(T, z) = —kBT/ds g(e) (1 —ze */*eT) = —Ak T/ds £ In(1 — ze~</%s7)
- 0
AT 4o
1t cr/d8 o Lee/kgT 1 F(1+0) Ak T)*™ Liy ()

0
=T(2) A(k,1)"/3 Liyg/3(2)

Some sources use the notation (,(z) for the polylogarithm, but for those of you who have yet to master the scribal complexities of the
Greek ¢, you can use the notation Ligq (z) instead.



(d) The Fermi energy is obtained from

Ep

n:/dag(s) _AST L L= (Wy = (

l1+o
0
We obtain the pressure from p = —(9E) . The energy is
R
A 240
E:V/dag(a)5:V~ F xy-Ts
240
0
Thus, p = 14%7 £ ie
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(5.4) Atlow energies, the conduction electron states in graphene can be described as fourfold degenerate fermions
with dispersion ¢(k) = hv, |k|. Graphene is a two-dimensional sheet of carbon. Using the Sommerfeld expension,

(a) Find the density of single particle states g(e).
(b) Find the chemical potential (7T, n) up to terms of order 7.

(c) Find the energy density £(T,n) = E/V up to terms of order T*.

Solution :

(a) The DOS per unit volume is

(b) The Sommerfeld expansion is

T r 2 7t
e te=mwoe) = [dz o6+ T (D)2 1) + 355 (6T 6 )+ .

For the particle density, set ¢(¢) = g(¢), in which case

wo (Y T (ETY
™\ hw, 3\ hwv,

The expansion terminates after the O(7?) term. Solving for p,

1/2

T (k,TY
W(T, ) = o, () 2 [1 - (%)
kTN 7 (kTN
_ 1/2 1— l B _ B
v () { 6n < hog, > 72n2 ( hog, ) e }
(c) For the energy density £, we take ¢(¢) = ¢ g(¢), whence
20 I . kT .
Tn)=—
£(T,n) 37 [(wa> * < hog,

kT w2 (k1Y
— 2 frhond2d 1 T Le —— (=
3ﬁ Ut + 2n \ ho, 8n2 \ ho, +




(5.5) Consider a system of N spin-4 particles occupying a volume V' at temperature 7. Opposite spin fermions
may bind in a singlet state to form a boson:

fr+fl = b
with a binding energy —A < 0. Assume that all the particles are nonrelativistic; the fermion mass is m and the
boson mass is 2m. Assume further that spin-flip processes exist, so that the 1 and | fermion species have identical
chemical potential ;.

(a) What is the equilibrium value of the boson chemical potential, y, ? Hint : the answer is y;, = 2/4;.

(b) Let the total mass density be p. Derive the equation of state p = p(y,7T), assuming the bosons have not

condensed. You may wish to abbreviate
X _n
. z
Liy(2) = 5
n=1

(c) Atwhat value of 11, do the bosons condense?

(d) Derive an equation for the Bose condensation temperature T.. Solve this equation for T, in the limits ¢, < A
and ¢, > A, respectively, where

= (%)

(e) What is the equation for the condensate fraction po (T, p)/p when T’ < T¢.?

Solution :

(a) The chemical potential is the Gibbs free energy per particle. If the fermion and boson species are to coexist at
the same 7" and p, the reaction {1 +f | = b must result in AG = p,, — 2p; = 0.

(b)ForT > T,
p=—2mA;" Lig)o(— e"/F8T) 4 2V/Bm Ap? Liy o (et )/ FaT)

where A\, = /27h?/mk,T is the thermal wavelength for particles of mass m. This formula accounts for both
fermion spin polarizations, each with number density ng, = n; = —A72 Lig /2(—=2;) and the bosons with number

density /8 A” Liz 5 (2, €74), with z, = 27 due to chemical equilibrium among the species. The factor of 2%/2 = /8
arises from the fact that the boson mass is 2m, hence the boson thermal wavelength is A /v/2.

(c) The bosons condense when y,, = —A, the minimum single particle energy. This means y; = —3A. The
equation of state for T < T is then

p=—=2mA;° Ligp(— e 2/%T) + aV2((3)m A +py
where p, is the condensate mass density.

(d) At T =T, we have p, = 0, hence

2 h2 3/2 | .
% (m;;— T > - \/§<(%) - L|3/2(—6 A/2kBTc)
BT cC

which is a transcendental equation. Om. In the limit where A is very large, we have

h% (p/2m 2/3 €0
e - (Gy) R

B



In the opposite limit, we have A — 0% and —Li; ,(~1) = 7(3/2), where 5(s) is the Dirichlet 7-function,

n(s) =Y (177170 = (1-2"7°) ((s)

Jj=1

Then
2e0/ky

T(A < gp) = ——8__
RO

(e) The condensate fraction is

_Po _ 1 (Z)B/Q, \/gq%) _ Li3/2(— efA/QkBT)
o o T VB8 ((35) - Li3/2(— e~ A/2kpTe)

—A/%BT)

C

Note that as A — —oo we have —Liz »(— e — 0 and the condensate fraction approaches the free boson

result, v = 1 — (7/7.)3/2. In this limit there are no fermions present.



(5.6) A three-dimensional system of spin-0 bosonic particles obeys a dispersion relation (k) with lowest energy
€y = 0. The Hamiltonian is given by
H= Z kT oy N2 ,

where 71, is the number operator for particles with wavevector k, N = 3", 7, is the total number of particles, V
is the volume of the system, and U is an interaction parameter with dimensions of E - L3.

(a) Treat the interaction term within mean field theory. That is, define N = (N) 4+ 6N, where (N) is the thermo-
dynamic average of N, and derive the mean field self-consistency equation for the number density n = (N)/V by
neglecting terms quadratic in the fluctuations §/N. Show that the mean field Hamiltonian is

Hyp = —3VUR + 3 [ek) + Un| 2y,
k

(b) Derive the criterion for Bose condensation. Examine the cases T’ < T,.(n) and T' > T,(n). For T > T,(n), what
is the relation between T', n, and u?

Solution :
(a) We write

N% = ((N)+ 5N)
<N> + 2(N)6N + (6N)?
—(N)? +2(N) N + (6N)?
We drop the last term, (5N )2, because it is quadratic in the fluctuations. This is the mean field assumption. The

Hamiltonian now becomes R
My = =3VUR? + 3 [e(k) + Un| 7,
k

where n = (N)/V is the number density. This, the dispersion is effectively changed, to

h2K?

U
2m+n

é(k) =
The average number of particles in state | k ) is given by the Bose function,

() = !
K o [GR) — p) /R T] — 1

Note that the grand potential is

0 =-vun?+ VkBT/ds g(e) In (1 — elme"Um/kaT)
0

and that extremizing (2 with respect to the mean field value n yields

% =—-VUn+ VU/ds 9(e) = n= /ds 9()

on 6(6+Un—;t)/kBT -1 6(5+Un—u)/kBT -1
0 0

At fixed T and g, this is a self-consistent equation for the number density n(T’, p1).
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Figure 1: Fugacity 2 versus dimensionless density v = n\3..

(b) At criticality, we must have p = ming £(k) = Un, and the critical number density n (T') is given by

n.(T) = /dEA ,

ea/kBT -1
0

which may be inverted to yield T, (n). Note that n,(T") and hence T,(n) are independent of the interaction param-
eter U within mean field theory. We then have

T<T.(n) : n(T,nyg) =ng+n.(T) (ng >0, =10Un)

9(¢)
T> Tc(n) : n(T7 M) = /dE eletUn—p)/kgT _ 1 (nO =0,p< UTL) ’

0

For ballistic particles we define v = n\3., where A\, = /27h%/mk_T is the thermal wavelength. Thus T.(n) =
(2nh2 /m) (n/(3/2))*"* and, for T > T, (n),

n\s. = Liz /o (= e_U"/kBT) = v= Li3/2(z e )
where § = U/k,TA3. o UT'/? a dimensionless parameter formed from U and 7. This may be considered an

equation of state relating the three intensive quantities (¢, z, v), or, equivalently, (T, 1, n). In Fig. 1 we show z(v)
for three different values of §. Note that U = 0 entails § = 0, whence we have the familiar relation n\3. = Lis /5 (2).



(5.7) A three-dimensional gas of particles obeys the dispersion (k) = Ak®/2. There are no internal degrees of
freedom (i.e. the degeneracy factor is g = 1). The number density is n.>

(a) Compute the single particle density of states g(¢).

(b) For bosons, compute the condensation temperature 7. (n).
(c) For fermions, compute the ground state energy density e, (n).
(d) For photon statistics, compute the temperature 7'(n).

(e) For photon statistics, compute the entropy density s(n) = S/V.

(f) For bosons and fermions, compute the second virial coefficient B, (T").

Solution :

(a) With ¢ = Ak” we have k(¢) = (¢/A)'/?, and

( ) 1 k2 E%—l 51/5
E) = — —— = =
g 272 &'(k) k(e 2n2g A3/ 5m2 A6/5

(b) The number density n(T, z, n,) for bosons, in the grand canonical ensemble, is

o0

9(€)
TL(T,Z,TLO):/dEm‘FTLO s

0

where n, is the condensate density. For T' < T,,., we have 2 = 1 and ny > 0. For T" > T, .., we have z < 1 and
ng = 0. Precisely at T' = T}, both conditions apply: z = 1 and n, = 0. Thus,

= i 0 _TEICE) (BTY_ T (b

es/keTe — 1 - 2n2o0 A 5m2 A

Thus,
o/3 5/6
T (n) = 2m2an /. A 5m2n /. A
L(G)eF)) ks \L(G)CE)) ks
(c) The ground state energy density for spinless (i.e. g = 1) fermions is

E, [ d% A k3te
2o _ AR Ok, — k) = - D
AT /(27r)3 Ok, k) 212 340

The number density is

N a3k k3 9 \1/3
n=? :/(%)3 Ok k)= =5 = k= (67°n)
Thus,
(67T2)U/3 142 _ 6 2\5/6 11/6
Eo(n):ﬁuéln 3:ﬁ(67r) -An

2We will solve the problem for the more general dispersion (k) = A k% and then indicate the result for o = g

10



(d) The photon density is

oo

_ 9(¢)
n—/da Tkl ]
0
which is the same expression as in part (b) above! Thus,

/3 5/6
T(n) = _2rfon \ A — _omn A
L(2)¢(3)) ks \T(5)<(5)) ks

(e) The grand potential is

o) ) o) H(E)
k
Q(T, V) = V]{BT/dE g(&') 111(1 —e e/ BT) = -V /de m s
0 0
where g(e) = H'(¢). Integrating g(¢) to obtain H (), we have
v o7 g3lo I(2+1)¢(2) 1+2
Q(T7 V) = _67T2A3/a' /dE ec/ksT _ 1 = 62 A3/ V(kBT)

0

The entropy density is then

()7_13_(2,“%4’2)((%4'1) kT 3/0k
SIETvar T 672 A B

The number density, as we have seen, is

hence
oy = SG D)
¢(3)

o

ok, = S
On dimensionful grounds, we knew a priori that s(n) oc nk,.

(f) We have

2= Lles/keT 1 2120 A

o0 /U
p 1 H(e) L T(3) (kTN
kT kT /dE T 1 T ome \a ) Hia(E)

0

" — /ood(E 9(e) -4 r(2) (kBT>3/ULi%(iz)

where the top sign is for bosons and the bottom for fermions. It helps to define the thermal wavelength
220 1/3 kT 1/o 572 1/3 A 2/5
A= | —— =B Y il
=) (%) () )

nA: = £ Lis (£2) = 2+ 27%722 1 O(2%)

SO

pAY,
T

B

=+lis (£2)=2% 9 1=/ ;2 4 0(z?)

11



From the first of these, we have
z=n bk F273n2\5 + O(n®A7)

Substituting this into the second equation, we obtain the lowest nontrivial term in the virial expansion of the
equation of state:

p —1-(3/c
7 T:n$2 1=/ )n2/\3:’p+(9(n3/\?p)
B
The second virial coefficient is then
52 A 6/5
By(T)=52"1"0G/)\3 =g~ [
(1) =% T =T AT \ BT

12



(5.8) Consider a three-dimensional gas of noninteracting quantum particles with dispersion (k) = A |k|3/2.

(a) Find the single particle density of states per unit volume g(c).

(b) Find expressions for n(T, z) and p(T), z), each expressed as power series in the fugacity z, for both Bose-
Einstein and Fermi-Dirac statistics.

(c) Find the virial expansion for the equation of state up to terms of order n?, for both bosons and fermions.

Solution :

(a) The density of states for dispersion ¢(k) = A |k|? is

d
ge) = / d'k 6(e — Ak7)

2m)d
_ g-Qd 7 d—1 (E/A)l/g) - d_q
= /kk aAkU ——— e — =Dce ,
0
with )
_ g —d/o
D=—+—=>— A
(2ym)?oT'(d/2)
(b) We have
n(T,z) = (&1~ C;(T) 2
j=1
p(T,2) =k, Ty (£1Y 7127571 Ci(T) 2
j=1
where

o0

C,(T) :/dsg(s) eI/ — DF(d/o)<

0

kBT)d/U
J

Thus, we have

:tan—Zj (£2)’

+por/kyT = Zj*("“) (£2)

j=1

where r = d/o and

o 1 _ (2ym)%oT(d/2) < A >d/°'
T DT(d/o) (k,T)¥° ~ 2gDT(d/o) \k,T

B
has dimensions of volume.

(c) We now let = £z, and interrogate Mathematica:

In[1]= y = InverseSeries[x + x72/2°r + x°3/3°r + x"4/4°r + O[x] 5]

In[2]= w

y + y°2/2°(r+1) + y~3/3"(r+1) + y~4/4"(r+1) + O[y]l~5

13



The result is
b= nkBT[l 4 By(T)n+ By(T)n? + .. } ,

where

By(T) =52 "V wy,
By(T) = (2*2’“ ~2. 3*“*1))@%
B4(T) — :l:27(3’r‘+1) 3177“ (22T+1 —5. 37“71 _ 27‘71 37“),0%

Substitute o = 2 to find the solution for the conditions given.

14



(5.9) You know that at most one fermion may occupy any given single-particle state. A parafermion is a particle
for which the maximum occupancy of any given single-particle state is k, where k is an integer greater than zero.
(For k = 1, parafermions are regular everyday fermions; for k = oo, parafermions are regular everyday bosons.)
Consider a system with one single-particle level whose energy is ¢, i.e. the Hamiltonian is simply H = en, where
n is the particle number.

(a) Compute the partition function Z(y, T') in the grand canonical ensemble for parafermions.

(b) Compute the occupation function n (u,T). What is n when e = —00? When ¢ = ? When ¢ = +00? Does
this make sense? Show that n_(u, T') reduces to the Fermi and Bose distributions in the appropriate limits.

(c) Sketch n_(p,T) as a function of x4 for both T'= 0 and T > 0.

(d) Is Bose condensation possible?

Solution:

The general expression for = is

Now the sum on n runs from 0 to k£, and

(a) Thus, 2 =[], E, where
1 — e(kDB(—e)

S =

1 _ eﬁ(ﬂfsa)
(b) We then have
@) 02, 10ln=,
n = — = —
“ ou B Op
1 k+1

AN

ll\')
I
—
o
—_
4V]

&=

Figure 2: k = 3 parafermion occupation number versus € — p for ksT = 0, kT = 0.25, kgT = 0.5, and kT = 1.
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and
1 k+1

ne(T 1) = —gmy =1 ~ S0 DB 1

One thenhasn.__ (1, T) =k, n._, (1, T) = ik,and n_, (1, T) = 0.

(c) A plot of n (T, pt) for k = 3 is shown in Fig. 2. Qualitatively the shape is that of the Fermi function f(e — ). At
T = 0, the occupation function is n(e, T = 0, u) = k ©(u — ¢). This step function smooths out for T finite.

(d) For each k < oo, the occupation number n(z, T') is a finite order polynomial in z, and hence an analytic function
of z. Therefore, there is no possibility for Bose condensation except for k& = oo.

16



(5.10) A gas of quantum particles with photon statistics has dispersion (k) = A |k|*.

(a) Find the single particle density of states per unit volume g(¢).
(b) Repeat the arguments in ch. 5 of the lecture notes for this dispersion.

(c) Assuming our known values for the surface temperature of the sun, the radius of the earth-sun orbit, and
the radius of the earth, what would you expect the surface temperature of the earth to be if the sun radiated
particles with this dispersion instead of photons?

Solution :

(a) See the solution to part (a) of problem 8 above. For d = 3 and o = 4 we have

g _ _
g(a) _ mA 3/46 1/4

1/3

(b) Scaling volume by \ scales the lengths by A\'/3, the quantized wavevectors by A~'/3, and the energy eigenval-

ues by A=%/2, since ¢ oc k*. Thus,
(3E> 1F
P=—\57] — 597 >
av )s 3V
which says
OF 8p 3 7/4
(), =7 (@), r=tr = o
Indeed,
p(T) = —k,T /g(s) In(1— efE/kBT)
g - —u
=53 i (kBT)7/4/duu V4 n(1 —e™)

(c) See ch. 5 of the lecture notes. Assume a dispersion of the form (k) for the (nonconserved) bosons. Then the
energy current incident on a differential area dA of surface normal to 2 is

T
Note that oe(k) k, O
gelR) _ B 06 '
. = cosfe' (k)

Now let us assume a power law dispersion ¢(k) = Ak®. Changing variables to ¢t = Ak*/k,T, we find
dpP 2
= oT%*a
aa "’ !

where )

g k]23+ A e
8m2h
One can check that for g = 2, A = fc, and o = 1 that this result reduces to Stefan’s Law. Equating the power

c=C(2+2)r(2+2)

17



incident on the earth to that radiated by the earth,

2
4nRY - or20te ) e _ ynpe ppeive)

5 =
dmaz

which yields

R \att
T = (=2 T
= (a) 1

Plugging in the appropriate constants and setting o = 4, we obtain 7, = 45.2 K. Brrr!

18



(5.11) Consider a three-dimensional ultrarelativistic gas, with dispersion ¢ = hc|k|. Find the viral expansion of
the equation of state p = p(n, T') to order n? for both bosons and fermions.

Solution : We have

_ dgk 1 1 —Be(k)
/Bp_:Fg (27T)3 n( :er )

% 1
e (2m)3 2z tefe) 1 7

where g is the degeneracy of each k mode. WIth ¢(k) = hick, we change variables to ¢t = Shck and find

3 3 3 o0 ;

g (kT / t g (kT A

= — dt ———— = = +1)7 =
op 672 ( he ) z7letF1 72\ he Z( ) J*

oo Jj=1
_ 8 (kT 3/Oodt r _ & (AT 3 i(il)jfl 27
"= o2\ The z=letT1 w2\ he = g3

where we have integrated by parts in the first of these equations. Now it’s time to ask Mathematica:

In[1] = y = InverseSerieS[x + x72/2°3 + x°3/3°3 + x"4/4°3 + x°5/5°3 + O[x] "6]
2 5x°3 31x74 56039x"5
Qutf1] = x - ~2 - 2%X2 _=2°X = X2 4 0MxI6
8 864 13824 62208 000
Inf[2] = w=1y + y~2/2°4 + y"3/3"4 + y~4/4°4 + y°5/574
Xx"2 47x"3 25x74 2014561x"5 R
Qut[2] = x - — - - - + O[x]"6
16 5184 9216 1866240000
So with the definition 5
c
N — 72/3 g—1/3 7
T=7T"8 —kBT
we have
p:nkBT(l—i-BQn—i—B?,nz—i—...) ,
where
_ 1 43 47 6 25 49 _ 2014561 y12
By =Fw5Ar » Bi=—zsmmAM o Bi=TFgisAr » Bs = —Tsezd0000 AT
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(5.11) Almost all elements freeze into solids well before they can undergo Bose condensation. Setting the Linde-
mann temperature equal to the Bose condensation temperature, show that this implies a specific ratio of k,©, to
h%/Ma?, where M is the atomic mass and a is the lattice spacing. Evaluate this ratio for the noble gases He, Ne,
Ar, Kr, and Xe. (You will have to look up some numbers.)

Solution : The Lindemann melting temperature 7}, and the Bose condensation temperature 7, for monatomic
solids are given by
o2 Mk,O2a 2k NP
woet SR e ()

where « is the lattice constant, M the atomic mass, and @ the Debye temperature. For a simple cubic lattice, the
number density is n = a~3. Helium solidifies into a hexagonal close packed (HCP) structure, while Neon, Argon,
Krypton, and Xenon solidify into a face-centered cubic (FCC) structure. The unit cell volume for both HCP and
FCCis a®/ V2, where a is the lattice spacing, so n = V2 a3 for the rare gas solids. Thus, we find

Ty =z k.0, .
T. o \h%/Ma?

C

a_l%(ag%f”%

If we set z = 0.1 we find £ ~ 5. Now we need some data for ©, and a. The most convenient table of data
I've found is from H. Glyde’s article on solid helium in the Encyclopedia of Physics. The table entry for “*He is for
the BCC structure at a pressure p = 25 bar. For a BCC structure the unit cell volume is 4a*/3+/3. Define the ratio
R=k,0,/(h?/Ma?).

where

As one can see from Tab. 1 and from the above equation for 7,,;/T,. the R values are such that the melting
temperature is predicted to be several orders of magnitude higher than the ideal Bose condensation temperature
in every case except *He, where the ratio is on the order of unity (and is less than unity if the actual melting
temperature is used). The reason that “He under high pressure is a solid rather than a Bose condensate at low
temperatures is because the *He atoms are not free particles.

aystal | a(A) | M (amu) | 0, (K) | T (K) | T, | h*/Md®k, (K) | R

‘He 3.57 4.00 25 1.6 3.9 0.985 25
Ne 4.46 20.2 66 24.6 0.50 0.125 530
Ar 5.31 39.9 84 83.8 0.18 0.0446 1900
Kr 5.65 83.8 64 161.4 0.076 0.0188 3400
Xe 6.13 131 95 202.0 0.041 0.0102 20000

Table 1: Lattice constants for Ne, Ar, Kr, and Xe from F. W. de Wette and R. M. J. Cotterill, Solid State Comm. 6, 227
(1968). Debye temperatures and melting temperatures from H. Glyde, Solid Helium in Encyclopedia of Physics.
“He data are for p = 25 bar, in the bec phase (from Glyde).
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(5.13) A nonrelativistic Bose gas consists of ballistic particles of spin S = 1. Each boson has mass m and magnetic
moment /. A gas of these particles is placed in an external field H.

(a) What is the relationship of the Bose condensation temperature T.(H) to Tc(H = 0) when poH > k,T?
(b) Find the magnetization M for T' < T, when p,H > k_T. Calculate through order exp(—poH/k,T).
Solution :
(a) The number density of bosons is given by

n(T, z) = )\;3 {Li3/2 (z e"OH/kBT) + Li3/2 (z) + Li3/2 (z e_“OH/kBT)}

The argument of Li_(z) cannot exceed unity, thus Bose condensation occurs for z = exp(—p H/k,T) (assuming
H > 0). Thus, the condition for Bose condensation is given by

nA} = ((3/2) + Ligq (e ot/ FaTe) 4 Liy o (e 20 /FpTe)

This is a transcendental equation for T' = T, (n, H). In the limit y,H > k,T,, the second two terms become
negligible, since

Thus,

When H = 0, we have Thus,

omh? n 2/3
ToH = 0) = 7(3«3/2))

Thus,
T.(H — o0)

—32/3 -9
T.(H = 0) 3 .08008. ..

(b) For T < T,(n, H) we have
Nnge = TL(G). + A%S Li3/2 (67(U+1)#0H/kBT)

where n? is the density of condensed particles with spin polarization o. Condensation occurs only in the o = —1
channel, which contains the single particle ground state |k = 0,0 = —1). Thus n) = n% = 0but n’ € [0,n] in the
condensed phase. The magnetization density is

8Q>
M=—| — = Ugn_ —n
<BH TV of +)

The total number density isn =n_ + ng + n ., hence
M = p(n—ng —2n,)
For T' < T., we have z = exp(—puoH/k,T) and therefore

M= pgn— NO)\;%*#UH/J@BT i 0(672,u0H/kBT)
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(5.14) Consider a set of N noninteracting S = 1 fermions in a one-dimensional harmonic oscillator potential. The
oscillator frequency is w. For k,T < Tw, find the lowest order nontrivial contribution to the heat capacity C(T'),
using the ordinary canonical ensemble. The calculation depends on whether N is even or odd, so be careful! Then
repeat your calculation for § = 3.

Solution :

The partition function is given by
Z = gO(me0 + g, E-PEr 4

3

where g; and E; are the degeneracy and energy of the j*™ energy level, respectively. From this, we have
F=—-kThZ=FE,— kBTln(gO +9; e M/keT 4 ) ,
where A; = E, — Ej, is the excitation energy for energy level j > 1. Suppose that the spacings between consecutive

energy levels are much larger than the temperature, i.e. E;;y — E; > k,T. This is the case for any harmonic
oscillator system so long as hw > k,T, where w is the oscillator frequency. We then have

PzJ%—@Tm%—§wgwﬂM%T+m
0

The entropy is

F 91 —a,/k 91 A1 -

S=——=1 - 1/kpT = = Ay kT

a7 ngo—i—goe +gOTe +

and thus the heat capacity is
S g1 A1 A
CT)=T— == 1/ksT g
O =T = g ot ® i

With g, = g; = 1, this recovers what we found in ch. 4 of the lecture notes for the low temperature behavior of
the Schottky two level system.

N even :
: 4 ]
T v
A ] 1 A
I v v !
A l A l A ]
1 v 1 v 1 v
A l A l A ]
I v I v ! v
go=1 g1—2
N odd :
A 1
! v
A ] 4 ] 4 ]
1 v 1 v 1 v
4 ] 4 ] 4 ] 4 4 ] ]
1 v 1 v 1 v 1 1 v v
A 1 A 1 A 1 A 1 A 1 A 1
! v ! v ! v ! v ! v ! v
4 ] 4 ] 4 ] 4 ] A ] 4 ]
1 v 1 v : 1 v 1 v 1 v 1 v
go=2 ' g1=4

Figure 3: Ground states and first excited states for the S = 1 one-dimensional simple harmonic oscillator.
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— occupancy 0

excited
state

o o o — -&- — occupancy s+1
g:K(K> - - -0 -o — -@ occupancy K—1
st/ 1 2 3 4 K-1 K
eXCited _—— — & — — occupancy 1
state - o — — — — occupancy s—1
g = K( K ) 2 & & & -~ -@ occupancy K
s=1) 1 2 3 4 K-1 K
ground _ — — — — occupancy 0
state o o o — — — occupancy s
K\ - - - -e -~ -e- occupancy K
90 = (é) 1 2 3 4 K-1 K

Figure 4: Ground states and first excited states for the general S case, with K = 25+1.

OK, so now let us consider the problem at hand, which is the one-dimensional harmonic oscillator, whose energy
levels lie at E; = (j 4 3)hw, hence A; = jhw is the j*™ excitation energy. For S = 3, each level is twofold degen-

erate. When N is even, the ground state is unique, and we occupy states | j, 1) and | j,] ) forj € {0, ..., £-1}.
Thus, the ground state is nondegenerate and g, = 1. The lowest energy excited states are then made, at fixed

total particle number N, by promoting either of the | j = % —1,0) levels (¢ =t or |)toj = . There are g, = 2

5

ways to do this, each of which increases the energy by A; = fw. When N is odd, we fill one of the spin species

up to level j = % and the other up to level j = % In this case g, = 2. What about the excited states? It

turns out that g; = 4, as can be seen from the diagrams in Fig. 3. For N odd, in either of the two ground states,
N+1

the highest occupied oscillator level is j = =5=, which is only half-occupied with one of the two spin species. To

make an excited state, one can either (i) promote the occupied state to the next oscillator level j = 43, or (i) fill

the unoccupied state by promoting the occupied state from the j = £ level. So g; = 2 - 2 = 4. Thus, for either
possibility regarding the parity of N, we have g,/g, = 2, which means

o(T) = ehlkeT 4

This result is valid for N > 1.

An exception occurs when N = 1, where the lone particle is in the n = 0 oscillator level. Since thereisnon = —1
level, the excited state degeneracy is then g; = 2, and the heat capacity is half the above value. Of course, for
N =0wehave C = 0.

What happens for general spin S? Now each oscillator level has a K = 25+ 1 spin degeneracy. We may write
N = rK + s, where r and s are integers and s € {0,1,..., K—1}. The ground states are formed by fully
occupying all | j, m) states, with m € {1,..., K}, from j = 0 to j = r—1. The remaining s particles must all be
placed in the K degenerate levels at j = r, and there are () ways of achieving this. Thus, g, = ().

Now consider the excited states. We first assume r > 0. There are then two ways to make an excited state. If
s > 0, we can promote one of the s occupied states with j = r to the next oscillator level j = 7+ 1. One then has
s—1 of the K states with j = r occupied, and one of the K states with j = r+1 occupied. The degeneracy for this
configurationis g = () (,*,) = K(,*,). Another possibility is to promote one of the filled j = r—1 levels to the
j = rlevel, resulting in K — 1 occupied states with j = r—1 and s+ 1 occupied states with j = r. This is possible
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for any allowed value of s. The degeneracy of this configurationis g = (,/* ) (%) = K(,},). Thus,

K K
K K
w5

RS e (“'/kB
(kB] ) o

and thus for » > 0 and s > 0 we have

aﬂ=§@
0

K —s s fiw V2
K. Tk —hw/kgT
{s+1+K—s+1} B(kBT)e +

The situation is depicted in Fig. 4. Upon reflection, it becomes clear that this expression is also valid for s = 0,
since the second term in the curly brackets in the above equation, which should be absent, yields zero anyway:.

The exceptional cases occur when r = 0, in which case there is no j = r —1 level to depopulate. In this case,
91 = K(*,) and g,/g, = Ks/(K — s + 1). Note that all our results are consistent with the K = 2 case studied
earlier.
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(5.15) A noninteracting Bose gas in d = 3 dimensions has dispersion (k) = hc|k|.

(a) Find T, (n).
(b) For T < T,, find n(T,n,) and p(T).
(¢) For T > T,, find n(T, z) and p(T, z).
(d) Find and plot the molar heat capacity at constant volume as a function of 7'/7T,. Comment on its noteworthy
features.
Solution :
(a) The density of states is obtained from g(¢) de = %, which yields

2

) = Sty

The critical temperature is then determined by

n:/dg g(e)  _<B) (kT
es/kpTe _q 2 he ’
0

hence

One has ((3) =~ 1.2020569.

(b) For T' < T,, we have

2 \ he
1) (k,T)*
p(T) = % ((hc)?”

One has ¢(4) = I ~ 1.0823232.

(c) For T' > T,, we have

(T, z) = % (k;LT)B Lis(2)

4
% (]({;3;2) Liy(2)

p(T, Z) =

™

(d) The energy is givenby E — uN = —% In=. WithIn= = — 342 = 3pV/, the energy for T > T, is

)
E(T,V,z) = uN — V%(ﬁp)
3V (kD)

13 (he)3 Lia(2)




The particle number for 7' > T, is

V (k,TY
N V) = 2 (S i)
When T' < T,, we have
_3¢WV (k) _ BV (kTY
E(T7 V) - 3 (hC)3 ) N(Tv ‘/7 nO) - VnO + 2 he

We may now compute ¢y, v, the molar heat capacity at constant volume. For 7' < T,

=5 (3, - 565

3V (kTN . ATV (kTN ., | dz
dN‘V_?<%> L'3(2)T+F( ho ) L'2(2)7 )

For T' > T,, we write

so setting dN||, = 0 requires a relation between dz and dT’, viz.

dz _ dT 3Lig(2)
T Liy(2)

We next differentiate the energy E, obtaining

12k, (K,TY 3
3 -2
_ 31‘“213 (kBT) ALy () — SE@ Ly
m he |_|2(Z)

Thus, dividing through by dT" and then by N/N,,

CV,N(T’ Z) - 3R

Aliy(2) 3 Li3(z)]
Lig(z)  Liy(2) |

along with

n(T,z) = 1 (’CB_T>3U3(Z) N Lig(z)_g(3)<Tc;"))3

w2\ hc

Note that 2 — 0 as 7" — oo, in which case ¢y, y — 3R, which is the appropriate Dulong-Petit result for the case of
a linear dispersion in d = 3 dimensions.

One remarkable aspect to our result is that

: C12¢(4)
T_};I}l(n) cyn(T) = G) R~ 10.80471 R

. 12¢(4)  9¢(3)

1 = — ~ 4.
i VD= Ty Ty | AR ARTRR

which says that ¢y, \(T") exhibits a discontinuous drop at the critical temperature 7;,(n).
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(5.16) Consider free fermions with density of states g(¢) = A& and number density n.

(a) Find the Fermi energy €,(n).
(b) Find the chemical potential shift at finite temperature up to terms of order 7.

(c) Find the heat capacity at constant volume C, y; to first orderin 7'

Solution :

(a) We have

Ep

a+1 %ﬂ
n:/dEQ(E)ZAEF = £ =<M)

a+1 ¥ A
0

(b) Invoking the Sommerfeld expansion,

Ep

n— / dz g(2) + %5 g'(,) (k1) + T g (2,) (B, 1) + ..
0

€F
We now write y1 = ¢, +dp and solve for du(e,., T'), using n = [ de g(e). We write the double power series expansion
0

of the above result, up to orders (k,7)* and (k,T)? o
0= g(er) o+ 39/ () (0)* + T/ (&) (BT + g (e) (ko T) 61+ B 67 (6) (R T)* .
We now solve for the coefficients of the order (k,7)? and (k,T)* terms in 6u(T), yielding

_ 7T2 g/(aF) 2 7T4 79”/(51-“) 109/(51:) g”(a}:) 59/3(51-“)
w =g (aT) _%{ 9 o) 7 (er)

}(kBT)4+...

Substituting g(¢) = Ae® into the above expression, we find

ar? (k,T)?  ala—2)2a—T)rt (k,T)*
)=~ 360 ER

F

(c) The heat capacity is

2
Cyn =5 V(e KT = 5 VA KT

where ¢, (n) is given in the solution to part (a).
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(5.17) In an n-type semiconductor, the donor levels lie a distance A below the bottom of the conduction band.
Suppose there are M such donor levels. Due to the fact that such donor levels are spatially localized, one can
ignore the possibility of double occupancy. Thus, each donor level can be occupied by at most one electron, but of
either spin polarization. Assume the conduction band dispersion is isotropic, given by ¢, = h*k*/2m*. You may
set the conduction band minimum to €,(0) = 0.

(a) Assuming that the conduction band is very sparsely populated, find an expression for the conduction elec-
tron density n (T, p).

(b) Suppose there are IV, electrons sitting on the donor sites, i.e. N, of the M donor levels are singly occupied.
Find the entropy of these electrons.

(c) Find the chemical potential of the donor electrons.

(d) Use the fact that the donor electrons and the conduction band electrons are in thermal equilibrium to elimi-
nate u from the problem, and find the conduction electron density n.(7") and the fraction v4(T") of occupied
donor sites. Assume that the donor concentration is p,, and that all conduction electrons are due to singly
ionized donors.

Solution :

(a) We have

d% 1 5
_ ~ 9\=3 phte/kpT
fle = 2/(27T)d eBle—nd 11 2Ac T e

where /i, is the chemical potential and \, = (27h?/m*k,T)'/? thermal de Broglie wavelength for the conduction
electrons.

(b) We assume that each donor site can either be empty, or else occupied by an electron in one of two possible
polarization states. We forbid double occupancy of the donors, due to the large Coulomb energy associated with
such a state. The number of configurations for N, occupied donor sites is then

M
__ oN,
a0 =2% (1)

and therefore
9Na M1 )

Sy =kyln| —————
@ (Nd!(M—Nd)!

The free energy of the donor system is then

2Na M|
F(T,Ny,M)=—-N,A -k, Tl ———
N, (M — N,)!

N,, (N, M—N, M—N,
x—NdA—NdkBTan—i-MkBT{ﬁdln<ﬁd)+( - d>ln( - d)} ’

where we have invoked Stirling’s approximation. The chemical potential for the donor level electrons, which we

will need later, is then
[y = (a_F) :—A—kBTln2+kBTln< Ja ) :
ONg )1 as 1—-f4

where f; = N, /M is the fraction of donor sites which are occupied.
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(c) Invoking our results from part (a) and (b), and setting . = 11y = 1, we have

e“/kBTz%n 2=

Thus,
(fd—l _ 1) n, = /\;3 o= A/kpT

Now suppose the donor site density is p,. All the conduction electrons must come from ionized donor sites. The
fraction of such sites is 1 — f,, hence n, = (1 — f;) pq. Therefore, we have

(1—fq)? _ e A/ksT

fa PaA3

b(T)

This yields a quadratic equation for 1 — f; , whose solution is

L fi= 2o /24 = o= {—%b+\/ib2+b}pd

Note that f; — 1 as b — 0. In this limit, which is achieved when k,T < A, or when p ;A3 > 1, or by some
combination of these two conditions, all the donor sites are occupied, and the conduction electron density is zero.
It is energetically/entropically two costly for the donors to donate an electron to the conduction band. In the
T — 0 limit, we have 1 — f; ~ Vb, hence the chemical potential becomes

1 orhz \*/?
2Pd m*k,T

which ultimately ends up exactly halfway between the donor levels and the bottom of the conduction band.

w(T —0)=—3A+k,Tln

This problem is very similar to the adsorption model considered in ch. 4 of the lecture notes. There, we considered
a surface of adsorption sites in equilibrium with a classical gas. The only difference here is that the adsorbate
particles can exist in one of two energetically degenerate polarization states. One can also solve for the donor
density in the grand canonical ensemble. The donors are independent, hence the partition function for the donor

electrons is
Zq = (1+2e#/*T eA/kBT)M

Note the factor of two, due to the degeneracy of the spin polarization states. If we were to include the possibility
of doubly occupied donors, we would have instead

Sy = (14 2e/ksT A/haT 4 (2u/kaT e(zAfUVkBT)M :
where the energy of the doubly occupied level is —2A + U, with U being the Coulomb repulsion energy for two
electrons to sit on the same localized donor site. Again, we have assumed U is much larger than every other
energy scale in this problem, meaning we can ignore the possibility of double occupancy. The grand potential for
the donor electrons is then 2, = —k,T'In=,, and so

P 09 B 1
COM\ Oy g EA/RT 1

which recovers the result previously obtained in part (a).
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