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Probability Density Functions for Particle in 3D Box

Same Energy  Degenerate States
Cant tell by measuring energy if particle is in 

211, 121, 112 quantum State



Source of Degeneracy: How to “Lift”  Degeneracy
• Degeneracy came from the

threefold symmetry of a
CUBICAL Box (Lx= Ly= Lz=L)

• To Lift (remove) degeneracy 
change each dimension such that
CUBICAL box  Rectangular
Box

•  (Lx≠ Ly ≠ Lz)
• Then
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The Hydrogen Atom In Its Full Quantum Mechanical Glory
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By example of particle in 3D box, need to use separation of 

variables(x,y,z)  to derive 3 independent differential. eqns.

This approach will get very ugly since we have a "conjoined triplet"

To simplify the situation, use appropriate variables

Independent Cartesian (x,y,z) #  Inde. Spherical Polar (r,$ ,%)
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Spherical Polar Coordinate System

2

( sin )

Vol

( )( )

     = r si

ume Element dV

n

dV r d rd dr

drd d

! " !

! ! "

=



D
on

’t 
Pa

ni
c:

 It
s 

si
m

pl
er

 th
an

 y
ou

 th
in

k 
!

   

1

r2

!
!r

r
2 !"
!r

#
$%

&
'(
+

1

r
2 sin)

!
!)

sin)
!"
!)

#
$%

&
'(
+

1

r
2 sin2)

!2"
!2*

+
2m

!
2

(E-U(r))" (r,) ,*) =0 

Try to free up second last term from all except *
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For Separation of Variables, Write " (r,) ,*)=R(r).,()).-(*) 

Plug it into the TISE above & divide thruout by " (r,) ,*)=R(r).,()).-(*) 
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Rearrange by taking the *  term on RHS 
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Now go break up LHS to separate the r & !  terms.....  
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Same argument : LHS is fn of r, RHS is fn of ! , for them to be equal for all r,!

)  LHS = const = RHS = l(l +1)    What do we have after shuffling?
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These 3 "simple" diff. eqn describe the physics of the Hydrogen atom.

All we need to do now is guess the solutions of the diff. equations

Each of them, clearly, has a different functional form



Solutions of The S. Eq for Hydrogen Atom
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The Azimuthal   Diff. Equation :   m 0

Solution :   ( ) = A e   but need to check "Good Wavefunction Condition"

Wave Function must be Single Valued for all    ( )= ( 2 )
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The Polar Diff. Eq: 

Solutions : go by the name of  "Associated Legendre Functions" 
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Solutions of The S. Eq for Hydrogen Atom

   

The Radial Diff. Eqn:  
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Solutions : Associated Laguerre Functions R(r), Solutions exist only if:
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2. And when n = integer such that l = 0,1,2,3,4,,,(n -1) 

                                   n = principal Quantum # 

To Summarize : The hydrogen atom is brought to you by the numbers

            

n = 1,2,3,4,5,.....
l = 0,1,2,3,,4....(n -1)

m
l
= 0,±1,±2,±3,...± l

  Quantum #  appear only in Trapped systems

The Spatial Wave Function of the Hydrogen Atom 
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Radial Wave Functions & Radial Prob Distributions
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Symbolic Notation of Atomic States in Hydrogen

2            2            

  

4            4         

  2  

     ( 0)     ( 1)     ( 2)  ( 3)   ( 4

3            3              3   

)       .....

1      

          

    4          

     

 3

 

 

  

1

s p

s l p l d l f l g l

s

l

s

d

n

p

s p

= = =! = =

"

5            5             5                5        

     4     

    

       

  5              

 4

5s p d f g

d f

Note that:
•n =1 non-degenerate system
•n>1 are all degenerate in l and ml.

All states have same energy
But different spatial configuration
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Facts About Ground State of H Atom
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Interpreting Orbital Quantum Number (l)
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Magnetic Quantum Number ml (Right Hand Rule)

QM: Can/Does  L have a definite direction

Classically, direction & Magnitud
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L=2, ml=0,±1, ± 2 : Pictorially

Sweeps Conical paths of different 
ϑ: Cos ϑ = LZ/L  and average 
                <LX>  = 0 
                <LY>  = 0



What’s  So “Magnetic” ?

Precessing electron Current in loop  Magnetic Dipole moment µ


