Physics 110A: Midterm Exam #2
Instructions: Do either problem. Do only one problem.

[1] A point particle of mass m slides frictionlessly under the influence of gravity along a parabola.

The parabola is defined by the equation y = z2/2b, where b is a constant.

(a) Treat the confinement of the particle to the parabola as a constraint. Using generalized coor-

dinates = and y, find the Lagrangian L.
(b) Find the equations of motion.
(c) Identify all conserved quantities.

(d) Assuming that the particle is released from rest at a location z = zg, derive expressions for

the forces of constraint ¢); and @y as a function of the horizontal coordinate z alone.

(e) Suppose that the mass m serves as the point of support of a pendulum bob of mass x, suspended
via a massless rigid rod of length £. The pendulum is free to swing in the (z,y) plane. Implementing

the constraint y = x2/2b at the outset, derive the Lagrangian L(z, 6, %, 9)

(f) Find expressions for the momenta p, and py.
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[2] A pendulum consisting of a massless rigid rod of length ¢ and a point mass m is suspended
from a hoop of radius e which lies in a horizontal plane. The point of suspension is driven to
move around the hoop with constant angular velocity 2. The pendulum’s instantaneous motion is
constrained to lie in a vertical plane bisecting the hoop. Do not use the method of undetermined

multipliers. (Since the constraint is “holonomic” it may be implemented at the outset.)

(a) Using the single generalized coordinate 8, the instantaneous displacement of the pendulum rod

from the vertical, write down the Lagrangian for the system.
(b) What is the Hamiltonian? Is H conserved? Explain why or why not.
(c) Write down the equations of motion.

(d) Show that the equations of motion may be written in the form § = —dW,z/80. Find the
(scaled) effective potential, Weg(6).

(e) Derive an equation for the equilibrium value of 6, i.e. the value of  for which the generalized

force Fy vanishes.

(f) Suppose a = £/4/2 and furthermore that 6y = %w. Solve then for 2 and for the frequency of

small oscillations about equilibrium.
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