
Forced damped harmonic oscillator

ẍ + 2β ẋ + ω2

0 x = f(t)

with ν = iν̃ =

√

ω2
0
− β2

harmonic forcing: f(t) = f
0
cos(Ωt) =⇒

x
h
(t) =











C e−βt cos(νt + ϕ) if ω2
0 > β2 (underdamped)

(C + Dt) e−βt if ω2
0 = β2 (critically damped)

C̃ e−βt cosh(ν̃t + ϕ̃) if ω2
0 < β2 (overdamped)

x(t) = x
h
(t) + A(Ω) f0 cos

(

Ωt − δ(Ω)
)

A(Ω) =
[
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−1/2
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(
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ω2
0
− Ω2

)

adjust constants in x
h
(t) to satisfy boundary conditions

δ(ω
0
) = π

2

A′(Ω) = 0 ⇒ Ω = 0, Ω2 = ω2

0 − 2β2
≡ Ω2

R

phase shift :

amplitude :

if ω2
0 > 2β2, Ω = 0 local minimum and Ω = ΩR global maximum

if ω2
0 < 2β2, Ω = 0 global maximum quality factor: Q =

ΩR

2β

homogeneous solution (valid when f(t) = 0):

β/ω0 = ///0.1 0.25 1.0 2.0




